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Abstract

The complete classification of the finite simple groups that are (2, 3)-generated is a problem which is
still open only for orthogonal groups. Here, we construct (2, 3)-generators for the finite odd-dimensional
orthogonal groups Qy+1(q), k > 4. As a byproduct, we also obtain (2, 3)-generators for Qj{k(q) withk > 3

and ¢ odd, and for Q3 ,,(¢) with k > 4 and g = +1 (mod 4).
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1. Introduction

A group is said to be (2, 3)-generated if it can be generated by an involution and an
element of order 3, equivalently if it is an epimorphic image of C, * C3 = PSL,(Z). In
1996 (see [6]), it was shown that the symplectic groups PSp,(g), with g = 2/,3/, are
not (2, 3)-generated and that, apart from the members of these two infinite families and
a finite number of undetermined exceptions, the finite simple classical groups, defined
over the Galois field F,, are (2, 3)-generated. Since then, many authors contributed to
a constructive solution of the (2, 3)-generation problem of these groups (for example,
see [13, 14]). As a consequence, the list £ of the known exceptions consists now of the
following ten groups: PSL,(9), PSL3(4), PSL4(2), PSU3(3%), PSU3(5%), PSU4(2%) =
PSp,(3), PSU4(3?%), PSU5(2?), PQ{(2) and PQ{(3). This list is complete for linear,
unitary and symplectic groups, as shown in [8—10].

In [11], we proved that the finite simple 8-dimensional orthogonal groups are
(2, 3)-generated, with the exceptions of PQ;(Z) and PQ§(3) found by Vsemirnov
[16]. In this paper, we consider orthogonal groups of dimension n > 9 and prove the
following constructive result.
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THEOREM 1.1. Assume q is odd. The following orthogonal groups are (2, 3)-generated:

(1) Qus1(q) with k > 4;

(i) Qp(q) withk > 3;

(iii) Qp,.,(q@) withk >4 and g = 1 (mod 4);
(iv)  Q,,,(q) withk > 4 and q = 3 (mod 4).

We recall that the (2, 3)-generation of Q5(g) = PSp,(¢), when gcd(g, 6) = 1, was
proved in [2] (see also [12]). Notice that the groups Qs(3/) are not (2, 3)-generated,
but they are (2,5)-generated (see [4]). In [7], it was proved that the groups €27(gq)
are (2,3)-generated for all odd g. As a consequence of all this, the constructive
(2, 3)-generation problem for the finite simple classical groups remains open only for
the following orthogonal groups:

(i) PQ3(g) withk > 5 and g even;
(i) PQj (), PQ,(9), g odd;
(i) PQ}, (q) with k > 3 and ¢ odd,;
(iv) PQy, . ,(¢) withk > 4 and g = 3 (mod 4);
(v) PQ ,(q) withk >4 and g =1 (mod 4).

In our proof of Theorem 1.1, the cases n € {9, 11, 13, 17} are dealt with in Section 3,
where we use slightly different generators to make the proofs more efficient. For the
general case, the generators are given in Section 4. The corresponding proofs are in

Section 5 for n € {15, 18, 19} or n > 21 and in Section 6 for n € {12, 16, 20}.

2. Preliminary results

Let F, be the Galois field of order g = p’, a power of the prime p > 2, and let F be
the algebraic closure of the field F,. We make GL,(F) act on the left on V = F", whose
canonical basis is € = {e1, e2,...,e,}.

Up to isometry, there are two nondegenerate quadratic forms on Fy. If n is even,
these two forms are not similar: we say that the quadratic form has sign + if the
dimension of any maximal totally singular subspace is n/2; it has sign — if the
dimension of such a space is n/2 — 1. The corresponding isometry groups are denoted
by Of(g) and O;(g). If n is odd, the two quadratic forms are similar. Hence, the
corresponding isometry groups are isomorphic and are denoted by O;(q), or simply
by O,(¢). In short, we write Oj,(g), where € = o if nis odd, € = + or € = — if n is even.

If J is the Gram matrix of the symmetric bilinear form S associated to a nondegen-
erate quadratic form Q on FZ,

Bw.w)=v'Jw and 20()=pB,v) forallv,weF]

In particular, since ¢ is assumed to be odd, the form Q is determined by g, that is, by J.
When 7 is even, the isometry group of J is O, () if either det(J) is a square in F; and
n(qg — 1)/4 is even, or det(J) is a nonsquare and n(g — 1)/4 is odd; it is O}, (g) otherwise
(see [1, Proposition 1.5.42]).
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The group € (g) is the derived subgroup of Of(g) and has index 2 in SO;(g),
the subgroup of Of(g) consisting of matrices of determinant 1. Alternatively, Q;,(¢g)
consists of the elements in SO{(g) with spinor norm in (F;)z. We recall that the
spinor norm 6 : O;(g) — F,/ (IF;)2 is a homomorphism. For any nonsingular v € F”,
the reflection r,, of centre (v), acts as w — w — Q(v)~8(w, v)v for all w € V. Moreover,
0(r,) = Q(v)(IF*’j;)2 (see [15, pages 145, 163 and 164]).

Given an eigenvalue A of a matrix g € GL,(F), write V,(g) for the corresponding
eigenspace. The characteristic polynomial of g is denoted by y,(f). Let w € F be a
primitive cube root of 1.

LEMMA 2.1. Let H be a subgroup of GL,(F) and U be a proper H-invariant
subspace. Suppose that g € H has the eigenvalue A € F. If the restriction gy does

not Igve the eigenvalue A, then there eiists an H'-invariant subspace U, with
dim(U) = n — dim(U), such that V,(g") < U.

PROOF. There exists a nonsingular matrix P such that

AT 0
P 'HP = {(%” g’“) | he H}, PTH'PT = {( " T) |he H} .
h B, C,

SetA = Az, B=B,, C = C, and k = dim(U). Under our assumption, A € GL,(F) does
not have the eigenvalue 1. Hence, the same is true for AT. So, imposing

AT 0\ (w ATw Aw — e
(BT cT) (w) - (BTW + CTW) - (aw)’ weF, weF,

we get w = 0 and

VaPTg™PT = {(%) | CTw = m} <E={e|k+1<i<n).
Set U = P7TE. Since E is invariant under PTHTP™T, we _get that U is H'-invariant.
From V,(g") = P"TV(PTg"PT), it follows that V;(g") < U. O

COROLLARY 2.2. Let H be a subgroup of GL,(F) and U be a proper H-invariant
subspace. Suppose that there exists J € GL,(F) such that h"Jh = J for all h € H. If
g € H has the eigenvalue A € F, then

TVag" = Vi (g)-
Also, if gy does not have the eigenvalue A, then there exists an H-invariant subspace
W, with dim(W) = n — dim(U), such that V-1(g) < W.
In particular, for A= A" (that is, A = +1), we may assume that gy has the
eigenvalue A.

PROOF. From g'Jg =J, we get g(J™'s) =J g Ts = A7 (J7'5) for all 5 € Vy(g"). It
follows that J~'V,(g") < V-1(g). However, take v € V,-1(g). Then, g'Jv = Jg~'v = AJv
gives Jv € V (g"), whence V,-1(g) < J7 1V (gh).
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If gy does not have the elgenvalue A, we apply Lemma 2.1: so, there exists
an H'- 1nvar1ant subspace U, with dim(U) = n — dim(U), such that VA(gT) < U. Set
W =J~'U. For any h € H, we have hW = h(J"'U) = J"'"h"TU = J-'U = W. Hence,
W is H-invariant and dim(W) = dim(U) = n — dim(U). Fma]]y, Vii(g) =J7'Vygh) <
JlUu=w. O

To prove our Theorem 1.1, we define two elements x, y of respective orders 2 and 3,
where y € €3 (¢) and x depends on some parameter a € F,. Our aim is to find suitable
conditions on a such that x € Q(g) and the subgroup H = (x,y) is not contained in
any maximal subgroup M of Q;(g).

The maximal subgroups of classical groups, described in [1, 5], belong to eight
classes Cy,C»,...,Cg, and a further class S. Note that, for orthogonal groups, the class
Cs is always empty. Those which are relevant in our results can be roughly described
as follows (see [5, Table 1.2.A)):

groups that are reducible over F (classes C; and C3);

e imprimitive groups, that is, stabilizers of decompositions F; = &;_, W;, where
dim(W;) = n/t (class C;). When ¢ = n, they are also called monomlal

e stabilizers of subfields of F, of prime index (class Cs). They are conjugate to
subgroups of GL,(qo), where g = g;, with r prime.

To understand these groups, it is also necessary to know the representations of
classical groups in higher dimensions, where they may fix nondegenerate forms. In
particular, we need (for instance, in Lemma 3.5) the representation i : GLy(g) —
GL3(g) arising from the action of GL;(q) on the space of homogeneous polynomials
of degree 2 in two variables over F,, namely

b bib, b

b, by 1 2

1/ b b =|2b1bs bibsy + bybs 2byb4|. 2-1)
P b2 bsbs b2

0 0 1
Note that Im(y) preserves the symmetric form ((1) —})/2 8) whenever b1by — bybz = 1.

Finally, we recall some well-known facts (for example, see [5, page 185]). Let
Sym(¢) be the subgroup of GL/(F) consisting of the permutation matrices. Clearly,
Sym(¢) preserves the bilinear form defined by I,. Moreover, it fixes the vector
u = Y., e; and the subspace u*.

If p 1 ¢, then u is not isotropic, whence F’ = u* L (u). The restriction of Sym(¢)
to the subspace u' provides a representation of Sym(¢) of degree ¢ — 1. The Jordan
canonical form of any o € Sym(¢) is obtained from the Jordan form of o, adding a
unique block (1).

If p| ¢, thenu € ut. Set W = (e1 —eiy1 | 1 < i <€ —2). With respect to the decom-
position ut = Weo (u), every o € Sym(£) has matrix

T
Vo

ow 0
( W 1) , O-IW € GLg_z(p), Vo € Fi_z.
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FIGURE 1. Generators of Qq(g).

The representation o~ — o7z has degree ¢ — 2. For any o of order not divisible by p,
its Jordan form is obtained from that of o, adding a unique block L.

3. The casen € {9,11,13,17}

) . . 001 .
In this section, we take J = dlag(I,,_g, ((IJ (1) 8)) of determinant —1. For any a € FZ,

we define four matrices xy,x,, y1,y2 € SL,(g) with x = y? = I,, as follows.

(x1) xjactson¥ ={ey,...,e,}as:
e theidentity if n = 9;
e the permutation (ey, e3)(es, e4) if n = 11;
e the permutation (ey, e;)(e4, es) if n = 13;
e the permutation (e}, e3)(e2, e4)(es, €6)(es, €9) if n = 17.

(2)  xp = diag(l,-9, X), where X = X(a) is as in Figure 1.
(y1) i acts on € as:

e the identity if n € {9, 11};

e the permutation (e, e3, e4) if n = 13;

e the permutation (es3, e4, €5)(eg, €7, €g) if n = 17.
(0n)  y2 = diag(l,—9, ¥), where y is as in Figure 1.

We can see x, as the product of an even number of transpositions and the matrix
. . 0 0 2/ o .
diag(l,_3, x3) with x3 = ( (/J2 —01 8a ) Identifying Sym(n — 3) with the group of permu-
a

tation matrices fixing {¢; | 1 < j < n — 3} and acting as the identity on (e,_2,e,_1,¢€,),
the first factor of x, viewed in Sym(n — 3) X GL3(g) is in Alt(n — 3) < Q,(¢). In
particular, it is an involution and the same applies to x3. Similarly, also x; is the
product of an even number of transpositions, so is in Alt(n — 3) < Q,(¢g). Moreover,
x3 € Q3(g) if and only if —a € (]F;)z. Indeed, x3 is the product of the reflections with
centres {ae,_» — 2e,) and {e,_1), whose spinor norms are, respectively, —2a(IF;;)2 and

1 mm%\2
E(Fq) :
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Clearly, y; and y, have determinant 1. Moreover, y; € Alt(n —9) < Q,(¢) and
ngyz = J. Since x;x; = xpx; and y;y2 = y2y1, we conclude that x := x;x; and y := yy;
have respective orders 2 and 3, and

H :=(x,y) <Q,(q) when —a e (F)).

We also assume that a € ]F; is such that Fp[a] = IF,.
By direct computation, we see that the characteristic polynomial of xy is

Xo@®O=(t+a)t+aHY"?-D=r"+@+a )"+ - —(a+a)y- L
In particular, tr(xy) = —(a + a~!). Moreover, the minimal polynomial of xy is

¢+ D@ 2-1) ifa=1,
(t+a)t+a )2 -1) otherwise.

min,, () = {

If a # 1, the minimal polynomial of xy coincides with its characteristic polynomial.
Hence, consideration of the canonical rational form of xy when a # 1 and direct
computation when a = 1 tell us that (xy)"2 # I,, has a fixed point space of dimension
n — 2, namely it is a bireflection.

LEMMA 3.1. For 1 < j,k <n—3, there exists h € H such that he; = ey.

PROOF. Clearly, it is enough to show that, for k < n — 3, there exists & € H such
that he; = e;. Noting that ye; = e;, yer = e3, xe3 = e4, yeq = es for n =9, xe; = es,
ye3 = ey4, yeq = es, xeq = ey for n € {11, 17}, and xe| = e;, yey = e3, ye3 = e4 xeq = es
for n = 13, our claim is true for k < 5.

Now, let 5 < ¢ < n — 3 be the largest integer for which, for all 1 < i < ¢, there exists
h; € H such that hje; = e;. If £ <n—3, there exists & € {x,y} such that he, = ey,
which is a contradiction. O

LEMMA 3.2. Assume a* —a—1#0ifn=9, (a- 1)@ +2a>+a+1)#0ifn=11
and a* + a*> —a+ 1 # 0 if n = 17. Then, the group H is absolutely irreducible.

PROOF. Assume, for a contradiction, that U is a proper H-invariant subspace. Define
go =[xyl gu=ww g3=@ . g = @) .

Under our hypotheses on a, for n =9, we have V|(g9) = {e;). By Corollary 2.2, we
may assume e; € U and hence ey, ...,e,_3 € U by Lemma 3.1. Similarly, for n = 11,
we have Vi(g11) = (e3), for n = 13, we have V (g13) = (e;) and for n = 17, we have
Vi(g17) = {es). In all these cases, as above, we may assume ey, ...,e,—3 € U. Noting
that ye,_3 + €,-3 = —2€,-2, y*€,—s = €, and y’e,_» = —1e,, we get the contradiction
u=YV. O

For the following result, we need the traces of [x, ywW,i=12:

tr([x,y]) =1 + a+a?+¢g, and tr([x,y]z) =(1+d*+a??-4da-«k,
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where
. 3 ifn=9,
1 ifn=9, .
S = . and «,=1{2 ifn=11,
0 otherwise .
4 ifn=13,17.

LEMMA 3.3. The group H is not contained in any maximal subgroup M in class Cs of
Q(q).

PROOF. Suppose the contrary. By [1, Tables 8.58 and 8.74] and [5, Proposition
4.5.8], we have either M = €, (q0) where g = ¢q; and r is an odd prime, or M =
S0O,(qo) where g = q(z). Thus, there exists g € GL,(F) such that x8 = xy, y¢ = yj,
with xg, v € GL,(qo). From tr([x, V) = tr([x%, y¢V) = tr([x0, yoV), j = 1,2, it follows
that 4a + «,, = (tr([x, y]) — ¢)? — tr([x, y]2) € F,,, whence a € F,. So, F, =F,[a] <
F,, implies go = g. ]

LEMMA 3.4. Assume a* —a — 1 # 0 for n = 9. If H is absolutely irreducible, then H is
not contained in any monomial subgroup of Q,(q).

PROOF. For the sake of contradiction, suppose that H is contained in a monomial
subgroup M € C, of Q,(g). In this case, we may assume g = p and H acts monomially
with respect to an orthonormal basis B = {v{,v,,...,v,}, see [5, Proposition 4.2.15].
Moreover, by [1, Tables 8.58 and 8.74] and [5, Proposition 4.5.8], the order of M
divides 2"~!|Sym(n)|. In particular, any prime divisor ¢ of |H| should satisfy o < n. If
we can show that e; € B, we easily get a contradiction. Indeed, from e; € B, it follows
that e¢; € B for all 1 <i<n -3 (see Lemma 3.1). Hence, we may assume v; = ¢; for
1 <i<n-3. In particular, e,_-3 € B. As ye,_3 = —2e,-2 — €,-3 is not an element of
(e;| 1 £i<n—-3), ye,_3 should be orthogonal to v,_3 obtaining the contradiction
v1_3Jye,,_3 = el_3Jyen_3 =-1#0.

So, we now show that e; € B. To this purpose, note that if tr() # 0, then 4 must
fix at least one (v;). Moreover, given i € H of order k, h{v;) = (v;) implies hv; = Av;,
with A = +1. So, consider the permutation ¢ induced by % on the (v;). If /¥ acts as the
identity on {(v{), (»2), ..., {v,)} for some b > 1, then h’v; = +v; for every i. It follows
that ¢ has order k or k/2. In particular, if 4 has odd order, it permutes B and its cycle
structure is determined by its rational canonical form. Also, if 2 € H does not have the
eigenvalue —1, from A(v;) = (v;), we get hv; = v;. Clearly, this applies to & = y. Since
y has order 3, setting r = 0if n=9,r=1if n =13 and r = 2 if n € {11, 17}, y fixes v;
for 1 < j < r and permutes the remaining vectors v; in (n — r)/3 orbits of length 3.

Case n = 11,13,17. Call s the number of vectors u; = e; + ye; + y*¢;, with ye; # e;,
fixed by y. Then, any v; € V(y) can be written as

r s
vy = Z a;e; + Zﬂjuj.
i=1 =

https://doi.org/10.1017/51446788724000016 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000016

[8] The (2, 3)-generation of orthogonal groups 137

Substituting e; by A;e; and u; by pju; if necessary, we may assume that all the
coefficients a;, 5 are in {0, 1}. Since y fixes vy, by the transitivity of H on the subspaces
generated by the vectors of B, due to its irreducibility, we may also assume v3 = xvy,
V4 = yv3, vs = yvg and ve = xvs. Imposing v]Jvs = vaJv6 = 0forallj € {1,4,5}, we get
vy € {ey,...,e )}, unless n € {11,17}, ¢ = 3 and a = —1. In these exceptional cases, by
direct computation, the order of (xy)?xy? is divisible by a prime o > 41, which is a
contradiction as o does not divide [Sym(n)|, n < 17 (see the beginning of the proof).

Case n=9. Take h = [x,y] and suppose a’> —a —1 # 0. Then Vi([x,y]) = (e1). We
have
2 2 2 2
tr(h) = w and yu(-1) = 8(a+—2a+1).
a a
It follows e; € B unless, possibly, when a*> + 1 = 0 or a®> + a + 1 = 0. As previously
remarked, the order of any element of M, and hence a fortiori of H, if odd must belong
to the set {1,3,5,7,9, 15}, and if prime must belong to {2, 3, 5,7}. Assume a2+1=0.
If p#5, we may take & = [x,y]?, as Vi(h) = (e;) and tr(h) = —4a -2 # 0. If g = 5,
then a = 2 and [x, y] has order 156 = 22 .3 .13, which is a contradiction. So, assume
a®> +a+1=0.1If p # 3, the permutation induced by xy on the (v;) has order divisible
by 21, which is a contradiction. If ¢ = 3, then a = 1 and [x, yI*y has order 41, which is
a contradiction. |

LEMMA 3.5. Assume n = 9. If the group H is absolutely irreducible, then it is neither
contained in a maximal subgroup in class C, of Qo(q) nor contained in any maximal
subgroup in class C7.

PROOF. For the sake of contradiction, suppose that H is imprimitive. By Lemma
3.4, we may assume H <M = Q3(q)>.2*.Sym(3), where M permutes a decompo-
sition F) = W) @ W, @ Wa, with dim(W;) = 3. Set & = (xy)’ and N = Q3(¢)*. From
dim(Vi(h)) =7, we get Vi(h) N W; # {0}, whence hW; = W; for each i =1,2,3. It
follows that (xy)’ € N. Since 7 is coprime to the index of N in M, we get xy € N.
Since y acts as a 3-cycle on {W;, W,, W3}, it follows that the elements (xy)iy, 1<i<7,
have trace equal to zero. Thus, 0 = tr(xy?) = —(a + a~') gives the condition a®> + 1 = 0.
In this case, tr((xy)’y) = 1, which is a contradiction.

Now, suppose that H is contained in a maximal subgroup M in class C; of Q,(q). By
[1, Table 8.58], M = Q3(¢)*.[4]. Then, & = (xy)’ belongs to Q3(g)>. Suppose first that
xy is semisimple. Up to conjugation, / = diag(f, l,ﬁ[l) ® diag(B,, 1,,851) for some
B1.p2 €F,. In order that it has the eigenvalue 1 with multiplicity (at least) 7, we need
B1 = B> =1, which gives h = Ig, which is a contradiction. Finally, assume that xy has
order divisible by p. Up to conjugation and because of (2.1),

11 1) (B0 0
h={0 1 2|®[0 1 0| PBeE.
01

0 00 p!
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Hence, yu(t)= (-1t -p)>@t-p")>°. Since h is a bireflection (that is,
dim(Vy(h)) = 7), we must have 8 =1, in which case dim(V;(h)) =3, which is a
contradiction. O

LEMMA 3.6. If H is absolutely irreducible, then the H-module V = F" is not the deleted
permutation module of degree { = n + 1,n + 2.

PROOF. Assume the contrary. From what is seen at the end of Section 2, up to
conjugation, we may assume H < Sym(¢) < GL/(p), with{ =n+ 1,n + 2.

Case { = n + 1.Fix h € H such that dim(V(h)) = 1 and call { its preimage in Sym({) <
GL,(p). Then, £ has at most two orbits. It follows that tr({) = 0 if £ is an {-cycle or the
product of two cycles of length at least two. Otherwise, tr({) = 1 and ¢ is a cycle of
length £ — 1. Note that £ and & have the same order.

We may take i = xy, as dim(V,(xy)) = 1. Hence, tr({) — 1 = tr(xy) = —(a + a™")
gives the following two cases: if tr({) =0, then a®> —a+ 1 = 0; if tr({) = 1, then
a*+ 1 =0. In the second case, the characteristic polynomial Xxn(t) is divisible by
> + 1, and then xy has order divisible by 4. However, ¢ has odd order n, being an
n-cycle, which is a contradiction.

So, assume a”> — a + 1 = 0. In this case, > + ¢ + 1 divides Xx(t) and hence the order
of £ is divisible by 3. Furthermore, (xy)"~2 has order p when n € {11, 17}. Forn = 11, we
get that the order of  is 6, 9 or 12, in contrast with (xy)? of odd order p. For n = 17, the
order of ¢ is 9, 12, 15 or 18. However, (xy)° # I}7 and the other values are in contrast
with (xy)"® of odd order p. For n € {9, 13}, we apply the previous argument to other
elements 4 such that dim(V(h)) = 1. For n = 9, we take h = [x, y] whose trace is equal
to 1, which is a contradiction. For n = 13, we take & = (xy®)?xy, which has trace equal
to 3. Since tr(h) = tr({) — 1 € {—1, 0}, we get an absurdity unless p = 3. However, in
this case, a = —1 and 4® has order 41, which is a contradiction as #* € H < Sym(14).

Case € = n+ 2. In this case, g | £, and hence we need to consider only the following
cases: (a) (n,q) = (9, 11); (b) (n,q) = (11,13); (¢) (n,q) = (13,3); (d) (n,q) = (13,5);
(e) (n,q) = (17,19). Take g = (xy)*(xy?)’ in case (a); g = xy(xy*)? in cases (b), (c) and
(e); and g = xy(xy?)’ in case (d). By direct computation, in all these cases, the order
of g is divisible by a prime o > n + 4, which is a contradiction as o should divide
[Sym(n + 2)|. O

THEOREM 3.7. Suppose n € {9, 11,13, 17} and let a € IF; be such that:

(1) ]Fp[a] = Fq;
(i) —ae (@)

a*—a-1#0 ifn=09;
(i) @-D@+2a>+a+1)#0 ifn=11;
at+a*>-a+1%£0 ifn=17.

Then, H = Q,(q). In particular, Q,(q) is (2, 3)-generated for any odd q.
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PROOF. By condition (ii), H is a subgroup of Q,(¢). By condition (iii), Lemmas 3.2,
3.4 and 3.5, the group H is absolutely irreducible and is neither contained in a
maximal subgroup in class C, of €,(g) nor contained in any maximal subgroup in
class C;. Since it contains the bireflection (xy)"~2, we can apply [3, Theorem 7.1]
which, combined with condition (i) and Lemma 3.3, gives two possibilities: (a) H
is an alternating or symmetric group of degree ¢ and F" is the deleted permutation
module of dimension £ — 1 or £ —2; (b) H = Q,(q). Case (a) is excluded by Lemma
3.6: we conclude that H = Q,,(g).

Finally, we have to prove that there exists an element a satisfying all the
requirements. If ¢ = p, take a = —1. Suppose now g = p/ with f>2, and let
N(g) be the number of elements b € F; such that F,[b] # F,. By [12], we have
N(g) < p(p"?' = 1)/(p = 1), and hence it suffices to check when (p/ —1)/2 -
p(pY?) = 1)/(p — 1) > 4. This condition is fulfilled unless ¢ = 3%. So, assume g = 9
and take a € Fy whose minimal polynomial over Fj is > + 1. Then, Fs[a] = Fo and
—a = (a+ 1)? is a square. O

4. Generators for n € {12, 15, 16} and for n > 18

For ne{12,15,16} and for n> 18, write n=3m+9+r, with m>1 and
r€{0,1,2}. Take the symmetric bilinear form corresponding to the Gram matrix
g 00
J= ( 88 I0 18) having det(/) = 1. For any a € F, we define four matrices xy, x2, y1, ¥2
of GL,(q) as follows.

(x1) x; acts on € as the product v,v; of the following two disjoint permutations:

id if r =0 and n is odd,
(e1,e2) if » = 0 and n is even,
_(er1,e) if r =1 and n is odd,
e (e1,e2)(e3, e6) if r = 1 and n is even,
(e1,e3)(er, e4) if r =2 and n is odd,
(e1,e3)(er,es)(e7,e19) if r =2 and n is even,
and
m—1
vy = l_[(€3j+r+3,€3j+r+4) = (€43, €r4a)(€r16,€r17)  +* (€n9, €,38).
j=0

()  xp = diag(l,-9, X), where X = X(a) is as in Figure 2.
(y1) y1 acts on % as the permutation
m—1

V3 = 1_[(63j+r+ls €3j4r+25 33j+r+3)
Jj=0

= (ert15€r42, €r43)(€r14s €145, €r16)  * * (€n115 €n-105 €1-9).

(n)  y2 = diag(I,-9, ¥), where y is as in Figure 2.
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100 0 00O O O -1 0 000 1 0O0O
001 0 00O O O 0 0 00O —% 000
010 0 00O O0 O 0 0 000 O O0O0°1
000 —-1000 0 0 0 0 000 0 10O
=10 00 a 1 0 0 0 O y=10 0 010 0 00O
000 0 001 0 O -2 -2000 1 00O
000 0 010 0 O 0 0 001 0 0O00O0
000 0 O0O0O0 ~1 a 0 0 100 0 O0O0O
000 0 O0O0OO0O O 1 0 0 000 0O 010

FIGURE 2. Alternative generators of Qy(q).

Let us identify Sym(n — 8) with the group of permutation matrices fixing the set
{ej| 1 <j < n—8)} and acting as the identity on {e,_7,€,_¢, - ..,e,). The matrix x| is
the product of N transpositions in Sym(n — 8), where N is as follows:

‘r:O r=1 r=72
neven | N=m+1 N=m+2 N=m+3
nodd | N=m N=m+1 N=m+2

Now, n is odd if and only if m and r have the same parity. It follows that N is
always even, whence x; € Alt(n — 8) < Q;(qg). In particular, x, is an involution and the
same is easily verified for x,. To see that x, € Q¢ (g), note that X = diag(1, A, h~T) with
h € SL4(g). Since diag(1,g,¢™") € SOy(q) for each g € GL4(g), we conclude that ¥ is
in Qo(q).

Clearly, y; and y, have order 3 and determinant 1. Moreover, y; € Alt(n — 9) <
Q¢ (q) and ygjyg =J. Since x1x; = xpx; and y;y, = y»y;, we conclude that x = xx;
and y = y,y, have respective orders 2 and 3, and that

H :=(x,y) < Q(q).

We also assume that a € ]F; is such that Fp[a] = F,.
When n # 12, we can decompose Fy into the direct sum of the following
[x, y]-invariant subspaces. Take

(e1,e3,e4) ifn =15,
(e1,e5) D(er, e4) if n =16,
A = q{e1, €2, e4,€5) B (€3, €7, €3) if n =19,
(e1, €2, €6, €3) ® (€3, €4, €5, €9) if n = 20,

(e1,e2,e3,e4,€5,¢€6,€3,€9) ®(e7,ey1,e12) ifn=23.
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Otherwise,
(e1,e2,e3,e4,€6,€7) ifr=0,
A = {(e1, e, e4, €5) D (€3, €6, €7, €8, €10, €11) ifr=1,
(e1,er,e3,e4,e5,¢e6,€3,€9) D{e7,€10, €11, €12, €14, €15) ifr=2.
Moreover,
m—4-r
B = D (e5+4r+3) €orare3js €10+4r43)),
Jj=0

C= <en—13’ €n-105 €n-9, €n—8, €n—7, €n—65 €n—5, €n—4, €43, €2, €n—1, en>-
LEMMA 4.1. Assume n # 12. Then, (|x, y]m)24 =l and ([x, y]|gg)3 =1L

PROOF. For n € {15, 16, 19, 20,23}, the element [x,y] acts on A as the following
permutation:

(e3,e4) ifn =15,
(e1,es5)(e2, e4) if n = 16,
(e1, es, eq, €2)(e3, €3, €7) ifn=19,
(e1, eq, €3, €2)(e3, €4, €9, €5) if n = 20,

(e1,e6,e5,€3,€4,€9,€8,€2)(e7,€12,€11) ifn=23.

Otherwise, it acts on (A as

(e1,e4, €3, €2, €7, €6) if n.= 0 (mod 6),
(61, €s, €4, 62)(63, es, 67)(66, €1, 610) if n=1 (mod 6),
(e1, ec, €3, €2)(e3, €4, €9, €5)(e7, €12, €11, €10, €15, €14)  if n =2 (mod 6),
(€2, 7, €)(e3, €4) if n = 3 (mod 6),
(e1,e5)(e2, eq)(e3, €3, €7, €6, €11, €10) if n = 4 (mod 6),

(e1, e, €5, €3, €4, €9, €8, €2)(€7, €12, €11)(€10, €15, €14) if n =5 (mod 6).
Finally, [x, y] acts on each summand of 8 as the cycle (e5.4r+3j, €10+4r+3j> €9+4r+3j). O

By Lemma 4.1 and direct computations (in particular, for n = 12), the element
7 = [x,y]** has characteristic polynomial (t — 1)". More precisely, setting
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1 0 —4a 0 -32a> -36a> -8a —56a°
0 1 —4a 0 -284*> -324> -8a —64d°
00 1 O 8a 8a 0 16a
90 = 0 0 —-8a 1 -72a*> -64a> -16a —1284>
7100 0 0 1 0 0 0
00 0 O 0 1 0 0
00 0 O 4a 4a 1 8a
00 0 O 0 0 0 1

we have 7 = diag(l,_g, ), where
9= 17() + S(El’ﬁ + 2E2,8 + 2E4’5 - E2’5 - 2E1,8 - 2E4’6)

if n € {12, 16,20}, and ¢ = ¥y otherwise. Notice that the minimal polynomial of ¥ is
(t — 1)3. It follows that 7 is an element of order p fixing the 9-dimensional subspace
So = (en-g,€n—7, . .., e,). Furthermore, the fixed point space of 7|5, has dimension 5,
unless n € {12, 16,20} and ¢®> = 3, in which case it has dimension 7.

5. The casen € {15,18,19} or n > 21

The subspace Sy is invariant under K = (y, 7): our first aim is to find conditions on
a €l so that Kjs, = Qo(q). In the following, we identify y, T with their restrictions
to So.

LEMMA 5.1. The group Kis, is absolutely irreducible.

PROOF. We apply Corollary 2.2 to g = [y, 7] and A = 1. So, we may assume that
the eigenvector s = e,_g — ¢,_7 1s contained in U. Take the matrices M, M,, whose
columns are the images of s under the following elements:

L7FUEN ORI A S A S o G S L O o

TS TR N e T R e G ) N

Then, det(M,) = —2%a'%(4a* + 3) and det(M,) = —2%°a'°(284> — 3). Clearly, these
two matrices cannot be both singular, whence dim(U) = 9, which is a contradiction. O

LEMMA 5.2. The group Ky, is neither monomial nor contained in any maximal
subgroup PSL;,(8), PSL,(17), Alt(10), Sym(10), Sym(11) in class S of Qq(g).

PROOF. Recall that 7 is an element of order p. Considering the order of the maximal
subgroups M described in the statement and the conditions on ¢ given in [1, Tables
8.58 and 8.59], we may reduce to the following cases:

(i) M=28:Alt9) and q € {3,5);
(i) M =2%:Sym(9)andq="7;
(iii) M = Alt(10) and g € {3,7};
(iv) M =PSL,(17)and g = 9;

(v) M =Sym(ll)and g = 11;
(vi) M =PSL,(8) and g = 27.
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Now, we look for an element of H whose order does not divide |M|. In particular, it
suffices to find an element of H whose order is divisible by a prime o > 17 in case (iv),
o > 11 otherwise. Define g; = y#. If g € {3,9}, then g, has order divisible by 41. If
q =5, then g3 has order divisible by a prime o0 > 13. If ¢ = 7, take j = 2 when a = +2,
and j = 3 when a € {1, £3}. Then, the order of g; is divisible by a prime ¢ > 43. If
g =11, take j = 2 if a = +5 and j = 1 otherwise. Then the order of g; is divisible by a
prime o > 19. Finally, if ¢ = 27, then g, has order divisible by 37. In all these cases,
we easily obtain a contradiction. |

For the next lemma, we use the following traces of elements of Kjg,:
tr((yt)?) = —2176a* + 1284%, tr((y*7)*) = 1920a* + 1284>. (5-1)

LEMMA 5.3. The group Kis, is neither contained in a maximal subgroup in class C;
of Qo(q) nor contained in any maximal subgroup in class C7.

PROOF. By Lemma 5.2, the group Ks, is not monomial. So, suppose that Kjs, pre-
serves a nonsingular decomposition IFg =W, @ W, ® W5 with dim(W;) = 3. Clearly,
for each k € Kjg,, its cube fixes each W;, preserving a nonsingular symmetric form.
Thus, its eigenvalues are il,ai,a;l. It follows that k> must have the eigenvalue 1
with multiplicity at least 3, or the eigenvalue —1 with multiplicity at least 2. Assume
first p=3. We have x(.(1) = (t — 1)f(r), where f(t) =1+t —(a"? +a®— D® -
@? -1 — (@ - Dt* = (@2 - DA - (@2 +a® - 1)f> +t + 1. Then, f(1) = —a'?> # 0
and f(—1) = 1, which is a contradiction. Next, assume p # 3. From tr(t) = 9 # 0, we
get that T fixes each W;. By the irreducibility of Kjs,, the element y acts on {W;, Wy, W5}
as the 3-cycle (W, W,, W3). In this case, both (y7)? and (y*7)? should have trace 0, in
contrast with (5.1) which gives 0 = tr((y*7)?) — tr((y7)?) = 2"%a*.

Finally, suppose that Kjs, is contained in a maximal subgroup M = Q3(q)>.[4] € Cy,

and hence actually in Q3(¢)*. Up to conjugation, we may suppose 7 = (é i % ) ® (é é % )

The dimensions of the fixed point space of this tensor product and of 7 are, respectively,
3 and 5, which is a contradiction. O

LEMMA 5.4. The group Ks, is not contained in any maximal subgroup M = PSL,(g).2
or M = PSL,(¢?).2 in class S of Qo(q).

PROOF. Suppose the contrary.

Case M = PSL,(g).2. In this case, M arises from the representation ® : GL,(q¢) —
GLoy(g) obtained from the action of GL;(¢) on the space T of homogeneous polyno-
mials of degree 8 in two variables 11, 1, over F,. Up to conjugation in GL,(g), we may
assume

e,

T=0(L +Eip) = {
hh > 1+
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Direct computation (with respect to the basis 8, ¢]t, ..., 73 of T) gives that the fixed
point space of this linear transformation is generated by #}. So, it has dimension 1,
which is a contradiction as 7 has a fixed point space of dimension 5.

Case M = PSL;(g%).2. To understand M, start from the representation ¢ : GL,(¢*) —
GL;3(¢%) described in (2.1). Next, consider the subspace W of Mats(g?) consisting
of the matrices A such that AT = (al‘{j) = A?. Clearly, W has dimension 9 over F,
and we may consider the representation ® : GL3(¢*) — GLo(g) induced by A
W(@)TAW(g))” for all g € GL3(¢%). The group M arises from this representa-
tion. Again, up to conjugation in GL,(¢?), we may suppose 7 = OW(l, + E1)) =

(I)(((l) } %)) Direct calculation gives that the fixed point space of ®(y(I, + E;2)) on

001
W< Mat3(q2) is generated by E», E33, E» 3 + E35. Thus, it has dimension 3, which is
again a contradiction as 7 has a fixed point space of dimension 5. |

PROPOSITION 5.5. Suppose that q is odd and n € {15, 18, 19} or n > 21. Let a € F, be
such that Fpla] = F,. Then, Kis, = Q9(q).

PROOF. By Lemmas 5.1 and 5.3, K5, is absolutely irreducible, and is neither
contained in a maximal subgroup in class C, of Q¢(g) nor contained in any maximal
subgroup in class C7. Furthermore, by Lemmas 5.2 and 5.4, either K5, = Qg(q)
or Kjs, is contained in a maximal subgroup M € {Qy(gp), SO9(gp)} in class Cs,
where g = g;, for some prime r > 2. Suppose there exists g € GLg(F) such that 78 =
To, Y8 = yo, with 79,y € GLo(qo). From —2176a* + 128a® = tr((yr)?) = tr((y%78)?) =
tr((yoTo)?), it follows that 17a* — a® € F,,. Similarly, from tr((*7)?) = 1920a* + 12842,
we obtain 15a* + a* € F,,. It follows that 32a* € F,, and then a* € F,. Again,
from tr(y’7*(y7)%) = —49 152a° + 16 384a° + 3840a* + 256a° € F,,, we get a € F,,.
So, F, =F,la] <F, implies go = g, which is a contradiction. We conclude that
Kis, = Qo(g). O

Define Ey = Sy = {0} and, for 1 < ¢ < n,
Er=(|1<i<?l) and S;=(e|n—-C+1<i<n).

COROLLARY 5.6. Suppose q odd and n € {15, 18,19} or n > 21. Let a € F,, be such
that Fpla] = F,. Then:

i) H=Q,(q) ifnisodd;

(i) H=Q'(q) ifqg=1(mod4)andn is even,

(i) H=Q}(q) ifg =3 (mod4)andn =0 (mod4),

(iv)y H=Q,(q)ifq=3(mod4)andn =2 (mod 4).

PROOF. By [I, Proposition 1.5.42(ii)], when n is even, we have H < Q7 (g) or

H < Q. (q) according as n(qg — 1)/4 is even or odd, respectively. Let £ be maximal
with respect to

K[ = diag(In—fs QZ(Q)) < H’
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where € € {o, +}. Noting that K’ = diag(I,,—9, Qy(g)) by the previous proposition, we
have that ¢ is at least 9 and we need to show that ¢ = n. For the sake of contradiction,
assume 9 < € < n.

Suppose first that (r,€) ¢ {(2,n—2),(2,n— 1)} and (r,¢) ¢ {(1,n—4),(2,n — 8)}
when 7 is even. Then:

(a) if €=0 (mod 3), then x fixes the subspaces S,-; and E,_,_;, and acts as the
transposition (e,—¢, €y—¢+1) ON {€n—¢, €n—r11);

(b) if £ =j (mod 3), with j = 1,2, then y fixes the subspaces S,_; and E,_,_3,;, and
acts as (€p—(-2+j» €n——1+js €n—t+j) ON {€n—-2+js €n—t—1+j> €n—t+))-

Setting ¢ = xin case (a), and g = y in case (b), we claim that K, := (K, Kf) equals
diag(ly—e-1, Q5 (q)), €€ {o, £}. (5-2)

Noting that g~'S; is obtained from S, by replacing e,_¢; by e,_¢, one gets (S;, g7'S;) =
Se+1- Thus, K¢y fixes Sgy1, induces the identity on E,_,_; and fixes the restriction of J
to Sp41, of determinant 1. If follows that K, is contained in the group (5-2). Call p the
matrix in GL,(g) which acts according to e,_¢ — —e,_¢, €,-4 > —2e,, €, —%en_4
and fixes the remaining vectors ¢;. Since p has determinant 1 and spinor norm (]Fj;)z, it
belongs to K%, which induces Q7 on g7 'S;. Now, {p, K;) is the stabilizer in the group
(5-2) of the nondegenerate subspace (e,_¢). So, it is a maximal subgroup of the group
(5-2). From Ky, 1 £ (o, K¢), we get the final contradiction Ky, = diag(I,-¢-1, 921(‘1))-

It remains to exclude the exceptional cases: in each of them, we get the same
contradiction.

Case l.r = 1,€ = n — 4, neven. Let R be the stabilizer of ¢¢ in K,,_4. Then, (R*, K,,_4) =
K,_3, as it fixes the vectors ey, >, e3 and the subspace E7, inducing Q,_3(qg).

Case 2. r=2, { =n—-38, n even. Let R be the stabilizer of ey in K,_g. Then,
(R*,K,_g) = K,_7, as it fixes the vectors ey, e, ..., e; and the subspace E+, inducing

Qn—7 (CI)

Case3.r=2,{=n—-2.LetR bg the stabilizer of ez in K,,_,. Then, (R*, K,,_») = K,,_1,
as it fixes e; and Ey, inducing Q¢ _,(¢).

Case 4. r =2, ¢ =n— 1. Similar to the above cases. O

6. The case n € {12, 16, 20}

The values n = 12, 16, 20 require some small adjustments with respect to the general
case, described in Section 5. So, in the proof of the following results, we only give the
necessary modifications.

LEMMA 6.1. Assume a® # 2,3. Then, the group Kis, is absolutely irreducible.

PROOF. We have s=e, 3—e,7 by the hypothesis a?# 3. Now, det(M,)=
—234%a? - 2)(4a* - 13a> + 16) and det(M,) = —23a%(a® — 2)(28a* — 834 — 16).
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Since a® # 2, the matrices M|, M, are both singular only if p = 13 and a® = 3, which
is excluded by hypothesis. |

LEMMA 6.2. The group K, is neither monomial nor contained in any maximal
subgroup PSL;(8), PSL,(17), Alt(10), Sym(10), Sym(11) in class S of Qq(g).

PROOF. If ¢ € {3,5, 11} proceed as in the proof of Lemma 5.2. If ¢ = 7, take j = 1 if
a=+1andj=3if a = +2; take g = 7°y7y if a = +3. Then, the order of gj and the
order of g are divisible by a prime o > 43. If ¢ = 9, then g has order divisible by 13,
a prime that does divide |[PSL,(17)|; if ¢ = 27, then g, has order divisible by a prime
o € {13,73}. ]

LEMMA 6.3. Assume a* # 3. The group Kis, is neither contained in a maximal
subgroup in class C, of Qo(q) nor contained in any maximal subgroup in class Cs.

PROOF. We proceed as in the proof of Lemma 5.3, describing only the necessary
modifications to prove the primitivity of Kis,. For p = 3, we have y (2 (1) = ( — 1) f(2),
where f(1) =18 =" —(a'? —a® + D® —a'?P + (a® — Dt* — a1 — (@'? —ab + D -
t+ 1. Also in this case, f(1) = —a'? and f(-1) = 1. If p # 3, the product yr should
have trace 0, in contrast with tr(yr) = —16. ]

LEMMA 6.4. Assume a*> # 3. The group Kis, is not contained in any maximal subgroup
M = PSL,(q).2 or M = PSL,(¢%).2 in class S of Qo(q).

PROPOSITION 6.5. Assume g odd and n € {12,16,20}. Leta € IFZ be such thatF, [a%] =
F, with a* # 2,3. Then Kis, = Qo(q).

PROOF. By Lemmas 6.1 and 6.3, K, is absolutely irreducible and is neither contained
in a maximal subgroup in class C, of Q9(g) nor contained in any maximal subgroup
in class C7. Furthermore, by Lemmas 6.2 and 6.4, either K5, = Qo(g) or Kjs, is
contained in a maximal subgroup M € {Qq(qo), SO9(go)} in class Cs, where g = g,
for some prime r > 2. Suppose there exists g € GLo(F) such that 8 = 7y, y¢ = y,, with
70, Yo € GLo(qo). From tr((y7)?) = —2176a* + 6784a*> — 224 and tr((y*1)?) = 1920a* —
5504a® — 288, we get that —17a* + 534 and 15a* — 434> belong to F,,, whence
64a* € [F,- We conclude that Kj5, = Qo(g). O

COROLLARY 6.6. Assume ¢q odd and n € {12,16,20}. Let a € ]F; be such that
F,,[az] =F, with a* # 2,3. Then H = Q(q). In particular, Q' (q) is (2, 3)-generated.

PROOF. Since K5, = £29(q), we can repeat the argument of Corollary 5.6, proving that
H = Q) (q). For the second part of the statement, we have to prove that there exists an
element a satisfying all the hypotheses. If ¢ = p, take a = 1. Suppose now g = p/ with
J =2 and let N(q) be the number of elements b € [ such that Fp[bz] # F,. By [12,
Lemma 2.7], it suffices to check that the condition p/ — 2p(p/?) = 1)/(p - 1) > 1 is
always fulfilled (the requirements a” # 2, 3 can be dropped). o
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7. Conclusions

We can now prove our main result.

PROOF OF THEOREM 1.1. The (2,3)-generation of Q,(q), ng odd, follows from
Theorem 3.7 when n € {9, 11,13, 17} and Corollary 5.6 for the other values of n.
Due to Corollaries 5.6 and 6.6, we also proved the (2, 3)-generation of the following
even-dimensional orthogonal groups: €, (¢), when g = 1 (mod 4) and k = 6 or k > 8;

Q] (q), when g =3 (mod 4) and k > 3; Q;, ,(q), wheng =3 (mod4)andk>4. O
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