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Twisted jets, motivic measures and
orbifold cohomology
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ABSTRACT

We introduce the notion of twisted jets. For a Deligne-Mumford stack X of finite type
over C, a twisted oco-jet on X is a representable morphism D — X such that D is a smooth
Deligne-Mumford stack with the coarse moduli space Spec C[[t]]. We study a motivic
measure on the space of the twisted oo-jets on a smooth Deligne-Mumford stack. As
an application, we prove that two birational minimal models with Gorenstein quotient
singularities have the same orbifold cohomology as a Hodge structure.

1. Introduction

In 1995, Kontsevich introduced the theory of motivic integration [Kon95]. Since then, this remark-
able idea has become a powerful method for examining both the local and global structures of
varieties.

Let X be a variety over C. For n € Z>oU{oc}, an n-jet on X is a C[[t]]/(#"*1)-point of X, where
we have followed the convention (t*) = (0). The n-jets of X naturally constitute a variety (or pro-
variety if n = 00), denoted L, X. For m > n, the natural surjection C[[t]]/(#™"1) — C[[]]/(t")
induces the truncation morphism L,, X — L, X.

Consider the case where X is smooth and of dimension d. Then L, X is a locally trivial affine
space bundle over X. (Whenever X is singular, it fails. For example, for n = 1, L; X is the tangent
space of X and hence not a locally trivial bundle over X.) The idea of Kontsevich is to give Lo X a
measure which takes values in the Grothendieck ring Ml of k-varieties which is localized by the class
L of the affine line. For each n € Z>(, the family of constructible subsets of L, X is stable under
finite union or finite intersection. In other words, this family is a Boolean algebra. The map

{constructible subsets of L, X} — M
A {A}L™

is a finite additive measure. For each m > n € Z3, because the truncation morphism =, : L,, X —
L, X is alocally trivial affine space bundle of relative dimension (m — n)d, the pull-back

(7™)~1 : {constructible subsets of L,, X} — {constructible subsets of L,, X},

is considered to be an extension of the measure into a bigger Boolean algebra. The motivic measure
on L, X is defined to be the limit of these extensions. Denef and Loeser generalized the motivic
measure to the case where X is singular [DL99].

The integral of a function with respect to the motivic measure produces a new invariant. In
particular, when X is smooth and the function is equal to one, then the integral, which is the
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TWISTED JETS, MOTIVIC MEASURES AND ORBIFOLD COHOMOLOGY

full volume of Ly, X, is the class of X in M. It reduces to the Hodge structure of the cohomology
of X if X is complete. By the transformation rule of Kontsevich, for any resolution Z7 — X,
it equals the integral of a function on L Z determined by the relative canonical divisor Ky, x.
This implies the following theorem of Kontsevich, which we will generalize.

THEOREM 1.1. Let X and X' be smooth complete varieties. Suppose that there are proper birational
morphisms Z — X and Z — X' such that Kz x = Kz x+. Then the rational cohomologies of X
and X' have the same Hodge structures.

The key point is that by the valuative criterion for properness, almost every co-jet on X lifts
to a unique oo-jet on Z, and hence the map LoZ — Ly X is bijective outside of measure-zero
subsets. Note that Batyrev first proved the equality of Betti numbers in the case where X and X’
are Calabi-Yau varieties, with p-adic integration and the Weil conjecture [Bat99a].

Let X be a variety with Gorenstein canonical singularities. Denef and Loeser gave Lo, X another
measure, called the motivic Gorenstein measure, denoted by ,uGOT [DLO02]. As in the case when X is
smooth, ,uG‘)r(L X) is calculated by the relative canonical divisor Kz, x for a resolution Z — X.
This implies the following proposition.

PROPOSITION 1.2. Let X and X' be varieties with Gorenstein canonical singularities. Suppose that
there are proper birational morphisms Z — X and Z — X' such that Kz/x = Kz/x/. Then
B (Lo X) = 1§ (Lo X')

Quotient singularities form one of the mildest classes of singularities.! If X is a variety with
quotient singularities, then we can give X an orbifold structure. In the algebro-geometric context,
there is a smooth Deligne-Mumford stack X such that X is the coarse moduli space of X and the
automorphism group of general points of X is trivial. Although the natural morphism X — X is
proper and birational, not quite every oo-jet on X lifts to a C[[t]]-point of X from lack of the strict
valuative criterion for properness. However, by twisting the source Spec C[[t]], we can lift almost
every oo-jet on X to X. More precisely, a twisted co-jet on X is a representable morphism D — X
such that D is a smooth Deligne-Mumford stack with the coarse moduli space Spec C[[t]] and D
contains Spec C((t)) as an open substack. (The paper by Abramovich and Vistoli [AV02] was the
inspiration for this notion — they introduced the notion of a twisted stable map.) For almost every
oo-jet 7y : Spec C[[t]] — X, there is a unique twisted co-jet D — X such that the induced morphism
SpecC[[t]] — X of the coarse moduli spaces is 7. If L,X is the coarse moduli space of the twisted
oo-jets on X, then we define the motivic measure pyx on LooX in a similar fashion as on Ly X,
though it takes values in the Grothendieck ring of Hodge structures. We show the following close
relationship between ,uGOT and po.

THEOREM 1.3. The following equality holds:
Gor _ Z Ls
YcI(x
For the precise meaning, see Theorem 3.15.
Chen and Ruan defined the orbifold cohomology for arbitrary orbifold [CRO00]. It originates from
string theory on orbifolds [DHVWS86]. Let X be a variety with Gorenstein quotient singularities

and X as defined earlier. The inertia stack of X, denoted I(X), is an object in the algebro-geometric
realm that corresponds to the twisted sector. We define the ith orbifold cohomology group of X by

(X GB H720)(Y,Q) @ Q(-s(Y)),

YcI(X

Here the words ‘quotient singularities’ mean ‘quotient singularities with respect to the étale topology’; see Defini-
tion 4.27.
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where Y runs over the connected components of I(X), Y is the coarse moduli space of Y and s(Y) is
an integer which is representation-theoretically determined.

Remark 1.4.

i) We guess but are not sure that our orbifold cohomology is equal to that of Chen and Ruan in
[CRO0]. The point we wonder about is whether the cohomology groups of Y are isomorphic to
those of the analytic orbifold (V-manifold) associated to Y.

ii) The orbifold Hodge numbers (i.e. the Hodge numbers associated with H? | (X,Q)) are equal to
Batyrev’s stringy Hodge numbers [Bat99b]. This follows from Lemma 2.16 and Theorem 1.3.

Theorem 1.3 implies that when X is complete, the invariant ,ug;(‘)r(LooX ) reduces to the alter-
nating sum of the orbifold cohomology groups of X. Hence we obtain the following theorem as
conjectured by Ruan [Rua00].

THEOREM 1.5 (Corollary 3.16). Let X and X' be complete varieties with Gorenstein quotient
singularities. Suppose that there are proper birational morphisms Z — X and Z — X' such that
Kz/x = Kz/x:. Then the orbifold cohomologies of X and X' have the same Hodge structures.

If X and X' are birational minimal models, that is, Kx and K’ are nef, then for a common
resolution Z of X and X', we have the equality K,/ x = K/x/ (see [KM98, Proposition 3.51]).
Hence X and X’ have the same orbifold cohomology with a Hodge structure. Note that in the
case where X and X' are global quotients, Theorem 1.5 is due to Batyrev [Bat99b] and Denef and
Loeser [DL02]. After writing out the initial version of this paper, we learnt via e-mail from Ernesto
Lupercio that he and Mainak Poddar had independently proved Theorem 1.5.

1.1 Contents

The paper is organized as follows. In § 2, we review motivic measures. Section 3 is the central
part of the paper. Here we introduce the notion of a twisted jet and examine their space. Then we
prove the main result. In § 4, we review Deligne-Mumford stacks and prove some general results on
Deligne-Mumford stacks, which we need in § 3.

1.2 Conventions and notations
e In §§ 2 and 3, we work over C.

For a Deligne-Mumford stack X, we denote by X the coarse moduli space of X.

We denote by (Sch/S) (respectively (Sch/C)) the category of schemes over a scheme S
(respectively over C).

For a C-scheme X (or more generally a stack over C) and a C-algebra R, we denote by X ® R
the product X xcSpec R. Then we denote by X [[t]] (respectively X [[t'/!]]) the scheme X @C|[[t]]
(respectively X @ C[[t/1])).

2. Motivic measures — a review

In this section, we would like to review the theory of motivic measures, developed by Kontsevich
[Kon95], Batyrev [Bat99b], Denef and Loeser [DL99, DLO02]. It is also worth mentioning [Cra99]
which has a nice introduction and [Loo02, DLO1] for surveys.

2.1 Completing Grothendieck rings

Let us first construct the ring in which motivic measures take values. Note that a variety means a
reduced scheme of finite type over C.
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DEFINITION 2.1. We define the Grothendieck ring of varieties, denoted by Ky(Var), to be the abelian
group generated by the isomorphism classes { X'} of varieties with the relations {X} = {X\Y }+{Y}
if Y is a closed subvariety of X. The ring structure is defined by {X}{Y'} = {X x Y'}.

In the same fashion, we can define the Grothendieck ring of separated algebraic spaces of finite
types. In reality, it is the same as Ky(Var), since every noetherian algebraic space decomposes into
the disjoint union of schemes [Knu71, Proposition 6.6].

Suppose that A is a constructible subset of a variety X, that is, A is a disjont union of the locally
closed subvarieties A; C X. Then we put {A} := > .{A;} € Ko(Var), which is independent of the
stratification choice. We denote the class of A! by L and the localization Kq(Var)[L~!] by M. For
m € 7Z, let F,,,M be the subgroup of M generated by the elements { X}~ with dim X —i < —m.
The collection (F,,M),cz is a descending filtration of M with

FpM - FyM C Fpyyn M. (1)

DEFINITION 2.2. We define the complete Grothendieck ring of varieties by

~

NI := lim M/ Fy,, M.
By condition (1), it has a natural ring structure.

Note that it is not known whether the natural map M — M is injective.

Recall that a Hodge structure is a finite-dimensional Q-vector space H with a bigrading H ®
C = @p,qez HP? such that HP? is the complex conjugate of H?P and each weight summand
@p +q=m HP? is defined over Q. The category HS of Hodge structures is an abelian category with
a tensor product.

DEFINITION 2.3. We define the Grothendiek ring of Hodge structures, denoted Ky(HS), to be the
abelian group that consists of the formal differences {H} — {H'}, where {H} and {H'} are iso-
morphism classes of Hodge structures. The addition and the multiplication come from & and ®,
respectively.

A mized Hodge structure is a finite-dimensional Q-vector space H with increasing filtration W H,
called the weight filtration, such that the associated graded Gr‘,/VH underlies a Hodge structure
having Grnvg H as a weight m summand. For a mixed Hodge structure H, we denote by {H} the
element {GrY H} of Ko(HS).

The cohomology groups H:(X,Q) with compact supports of a variety X has a natural mixed
Hodge structure.

DEFINITION 2.4. We define the Hodge characteristic x,(X) of X by
xn(X) =) (~1)'{HI(X,Q)} € Ko(HS).

Consider the following map:
(Varieties) — Ko(HS), X — xp(X).
It factors through the map
(Varieties) — M, X — {X},

because the following hold:

o Xn(X xY) = xa(X)xa(Y);

o \n(X)=xn(X\Y)+xp(Y)if Y C X is closed,;

e the Hodge characteristic of the affine line, y,(A!) = {H2(A!,Q)}, is invertible.
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We also denote by xj, the induced homomorphism M — Ky(HS).

For m € Z, let F,,Ko(HS) be the subgroup generated by the elements {H} such that the
maximum weight of H is less than or equal to —m.
DEFINITION 2.5. We define the complete Grothendieck ring of Hodge structures, denoted by K, (HS),
as follows:

Ko(HS) := lim Ko(HS)/ Fyn Ko (HS).

We can see that the natural map Ky(HS) — IA(O(I-IS) is injective. As the maximal weight of
H'(X,Q) does not exceed 2dim X, xj extends to x;, : M — Ko (HS).

2.2 Jets on schemes
For the sake of convenience, we denote by (t°°) the ideal (0) of the power series ring C[[t]].
For n € Z>o U {oo}, we denote by D,, the affine scheme Spec C[[t]]/(t"*1).

DEFINITION 2.6. Let X be a scheme. For n € Zso U {oco}, we define the scheme of n-jets® of X,
denoted L, X, to be the scheme representing the functor
(Sch/C) — (Sets)
U +— Hom(sch/c) (U X Dn,X)

Greenberg [Gre61] proved the representability of the functor for n < co. For m,n € Zxo with
m < n, a canonical closed immersion D,,, — D,, induces a canonical projection L, X — L,, X. Since
all these projections are affine morphisms, the projective limit Lo X = lim. _ L, X exists in the
category of schemes.

If X is of finite type, then, for n < oo, sois L, X. If X is smooth and of pure dimension d, then,
for each n € Z>q, the natural projection L, ;X — L,X is a Zariski locally trivial A-bundle. If
f:Y — X is a morphism of schemes, then for each n, there is a canonical morphism f, : L,Y —
L, X.

2.3 Motivic measure

Let X be a scheme of pure dimension d. By abuse of notation, we also denote the set of points of
LooX by LooX. Let m, : Loo X — L, X be the canonical projection.

DEFINITION 2.7. A subset A of Lo X is stable at level n if we have:

i) m,(A) is a constructible subset in L, X;
i) A=, tr,(A);
iii) for any m > n, the projection 7, 1(A) — mn(A) is a piecewise trivial A%bundle.

(A morphism f : Y — X of schemes is called a piecewise trivial A%-bundle if there is a stratification
X =[] X; such that f|p-1(x,: f~HX;) — X; is isomorphic to X; x A? — X, for each i.) A subset
A of Lo X is stable if it is stable at level n for some n € Zx.

The stable subAsets of Lo X constitute a Boolean algebra. If A C Lo X is a stable subset, then
{mm(A)YL=™ ¢ M is constant for m > 0. We denote it® by px(A). The map

px : {stable subsets of Lo, X} — M
A px(A)

is a finite additive measure. Let us extend this measure to a bigger family of subsets of L,,X.

In [DL99], an oo-jet is called an arc. As it is more convenient, we prefer our terminology.
3This differs from the definition in [Cra99], [Bat99b] and [DL99] by a factor L.
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DEFINITION 2.8. A subset A C Lo X is called measurable if, for every m € Z, there are stable subsets
Ap C LooX and C; C Lo X, @ € Zso such that the symmetric difference (AU A,,) \ (AN A4,,) is

contained in U;C; and we have px(C;) € F,,M for all 7, and lim; . px(C;) = 0 in M.

The measurable subsets of L,,X also constitute a Boolean algebra. Suppose that A C Lo X is
measurable and A,, C L. X, m € Z are stable subsets as in Definition 2.8. We put pux(4) =
limy,— o0 ptx (Asm). It is independent of the choice of A,,, see [Loo02, Proposition 2.2], [DL02,
Theorem A.6]. The map

px : {measurable subsets of Loo X} — M
A px(A)
is a finite additive measure.

DEFINITION 2.9. We call this the motivic measure on Lo X.

DEFINITION 2.10. Let A C Loo X be a measurable subset and v : A — Z U {oco} a function. We say
that v is a measurable function if the fibers are measurable and px (v~ (00)) = 0. For a measurable
function v, we formally define the motivic integration of L” by

[ L dux = 3 ux 7 )L
A nez

We say that IL¥ is integrable if this series converges in M.

Ezample 2.11. Let J be an ideal sheaf on X. A point v € Lo, X corresponds to a morphism Specx —
Lo X for the residue field x of v and hence to a morphism +' : Speck[[t]] — X. The function

ordJ : Loo X — Z>o U {oo}
i i ()71 = (1)
is a measurable function by the following lemma.

LEMMA 2.12 [Loo02, Proposition 3.1], [DL99, Lemma 4.4]. For a subvariety Y C X of positive
codimension, the subset Lo.Y C Ly X is of measure zero.

Ezample 2.13 [Bat99b, Theorem 3.6], [Cra99, Theorem 2.15]. Let X be a smooth variety of dimen-
sion d and E = Y., d;E; an effective divisor on X with simple normal crossing support. For a
subset J C {1,...,7r} we define

ES =) E\ U E.
icJ ie{1,...r)\J
If Jg is the ideal sheaf associated to E, then we have the following formula:

L—1
—ordJ _ o
/LOOX]L D SR} |

JcA{1,...,r} icJ

2.4 The transformation rule

Let X and Y be varieties of pure dimension d and f : Y[[t]] — X[[¢]] a morphism over D,. We define
the morphisms f, : L,Y — L, X as follows. For a scheme U, a U-point v of L,Y is a morphism
~' i D, x U — Y. If ¢ is the composition of natural morphisms D,, x U LN D, — D, then we
define f,, () to be the U-point of L, X corresponding to the composition

Dy x Uy« D = v & X[ — X.
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Assume that Y is smooth. We define the jacobian ideal sheaf gy of f to be the zeroth Fitting
ideal sheaf of Q) x() (see [EH99, V.1.3] or [Eis95, 20.2]). This is the ideal sheaf such that

ngdY[[t]]/Doo = f*(Q_‘ff[[tH/Doo/(tors)) as subsheaves of Qdy[[tH/Dw, where (tors) is the torsion. The

following, called the transformation rule, is the most basic theorem in the theory.

THEOREM 2.14. [DL02, THEOREM 1.16], [Loo02, THEOREM 3.2]. Let A be a measurable set in LY
and v : foo(A) — Z U {0} a measurable function. Suppose that foo|a is injective. Then we have

the following equality:
/ LI/ d/LX — / Luofoo—ordgf dMY-
foo(A) A

We will generalize this later (Theorem 3.18).

2.5 The motivic Gorenstein measure

Let X be a variety with 1-Gorenstein and canonical singularities, that is, the canonical sheaf wx
is invertible and all discrepancies are greater than or equal to zero (see [KMMS87, §§ 0-2]). Then
there exists a natural morphism Q% — wx. The kernel of this morphism is the torsion. We define
an ideal sheaf Jx on X by the equation

Ixwx = Im(Q% — wx).
Then L% is integrable by Example 2.13 and Lemma 2.16.

DEFINITION 2.15. We define the motivic Gorenstein measure ug;(or on Lo X as follows:

pS5°" : {measurable subsets of Lo X} — M

A / LOIX .
A

LEMMA 2.16. Let X and X' be complete varieties with 1-Gorenstein canonical singularities.

i) Let A be a measurable subset of Loo X and f: Z — X be a resolution. Then
/]Lordjx d/,LX :/ }L—OrddeZ’
A f=H(A)
where X is the ideal sheaf associated with Kz,x .
ii) Suppose that there exist proper birational morphisms f : Z — X and g : Z — X' with
Kz/x = Kz x. Then we have p§” (Loo X ) = p§9" (Loo X').

Proof. i) By Theorem 2.14, we have
/ ]Lordjx d,qu :/ Lordjxofoo—ordﬂfluz.
A 1M (A)
We have to show
ordJx o foo —orddy = —ord X. (2)

Pulling back Ixwy = Q% /(tors), we have (f~1Jx)(f*wx) =2 J;0%. On the other hand, we have
ffwx 2 Kwz 2 KQL. Hence (f1Jx) - K = J;. This shows equation (2).
i) is a direct consequence of item 1i. O

Remark 2.17. The invariant u§°" (Lo X ) has been already introduced in [Kon95] using a resolution of
singularities. Denef and Loeser constructed the invariant more directly with the motivic Gorenstein
measure [DL02].
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Suppose X is complete. The question is whether yj, o ,ug’(or(LooX ) is the alternating sum of a
kind of cohomology groups, as in the case where X is smooth. It is known that when X is a global
quotient, the answer is yes [Bat99b, DL02]. Our result, Theorem 3.15, states that when X has only
quotient singularities, the answer is also yes.

3. Twisted jets

In this section, we deal with the theory of Deligne-Mumford stacks. See § 4 for the generalities
about Deligne-Mumford stacks.

3.1 Non-twisted jets on stacks

The following is a direct generalization of the notion of jets on schemes.

DEFINITION 3.1. Let X be a Deligne-Mumford stack. For n € Z>o U {oco}, we define the stack of
non-twisted n-jets of X, denoted by L, X, as follows. An object of L,X over U € (Sch/C) is an
object of X over U x D,,. For a morphism ¢ : V' — U in (Sch/C), a morphism in L, X over ¢ is a
morphism in X over ¢ x idp,,.

LEMMA 3.2. For every n € Z>o U {oo}, L,X is a stack.

Proof. Tt is clear that they satisfy the axioms of a category fibered in groupoids. If (U; — U); is an
étale covering in (Sch/C), then so is (U; x D,, — U x Dy,);. As a result, they also satisfy the axioms
of a stack. H

Let f:Y — X be a morphism of schemes and Z C Y a closed subscheme with an ideal sheaf a.
We say that f is Z-étale if for any ring A and any nilpotent ideal J C A, and for any commutative
diagram of solid arrows

Spec A/J —@; Y
SpecA—— X
such that ¢~'a is nilpotent, there is a unique broken arrow which makes the whole diagram com-

mutative. Z-étaleness is also defined for a representable morphism of stacks in the evident fashion.

LEMMA 3.3.

i) Let M be a scheme and N C M a closed subscheme. We denote by (L, M )y the subscheme of
L, M parametrizing the jets with the base point in N. Let p : M — X be an N-étale morphism.
Then, for every n € Z>o U {oo}, we have a natural isomorphism as follows:

(L,M)y = L, X xy N.
ii) For every n € ZxoU {00}, L,X is a Deligne-Mumford stack.
Proof. i) Let us first show that L, X xx N is an algebraic space. Let 7 : L, X — X be the canonical
projection. An object of L,X xx N is a triple (v, f,«) where v : U x D,, — X, f : U — N and
a : w(y) — p(f) is a morphism in X over U. By definition, an automorphism of (v, f,«) is an
automorphism 6 of v such that o o 7(#) = p(idy) o a. Hence § must be the identity. We have thus

proved that the automorphism of every object of L, X xo N is trivial and hence that L,X xx N is
an algebraic space (see [LMO00, Corollaire 8.1.1]).
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The diagram of solid arrows

Ug—t N m

_ 7
—
T ~
—~
—

U x D,

is commutative. We can see that there is a unique broken arrow 7 in the diagram. If n < oo, since p is
N-étale, this is trivial from the definition. If n = oo, since Dy, is the direct limit of D,,, 0 < n < oo,
this follows from the case n < co. Sending (7, f, @) to 7 defines a morphism ® : L, X xxM — L, M.

The inverse of the morphism ® is given by (pn, 7ar) @ (LpnM)n — L, X Xy N where p,, : L,M —
L,X and mpr : (LpyM)y — N = (LoM)n are the natural morphisms. We have thus proved item i.

ii) Now suppose that p is étale and surjective. Consider the following cartesian diagram:
L, M —— L,X
le - lﬂ
M—X

As 7y is representable and p is étale and surjective, 7 is representable (see [LM00, Lemme 4.3.3]).
This completes the proof (see [LMO00, Proposition 4.5]). O

3.2 Twisted jets

For a positive integer [, we put ¢; := exp(2myv/—1/1). Let u; = ({;) be the group of the Ith roots of 1.
p acts on D, by ¢ : t — (t. We denote by D!, the quotient stack [D,, /] with m = nl. The stack D!,
has the canonical atlas D,, — D! and the closed point Spec C — D! . We fix a morphism D!, — D,,
such that D,, is the coarse moduli space of Dfl for this morphism and such that the composition

D,, — 'Dfl — D,
is given by the ring homomorphism C[[t]]/(t"*1) — C[[t]]/ (™), t — ¢\

DEFINITION 3.4. Let X be a Deligne-Mumford stack. A twisted n-jet of order | on X is a repre-
sentable morphism D!, ® Q — X for an algebraically closed field Q > C.

For a Deligne-Mumford stack X, the inertia stack of X, denoted by I(X), is the stack parametriz-
ing the pairs (£, «) such that £ € obX and a € Aut(&). For details on inertia stacks, see § 4.3. There
is a natural forgetting morphism I(X) — X. For | € Zwg, let I(X) C I(X) denote the substack
parametrizing the pairs (£, «) with ord(a) = I.

Let v : DL ® Q — X be a twisted n-jet of order I on X. The canonical morphism

4:Dp®0—D o —-X
is considered to be an Q2-point of L,,X and the canonical morphism

7 :SpecQ — D,,, @Q — DL @0 — X

is considered to be an Q-point of X. Since the automorphism group of the closed point of @ln ® Q
is identified with p;, v induces an injection p; — Aut(7). If b € Aut(7) is the image of (;, then the
pair (7, b) is regarded as an Q-point of I'(X) and the triple (%, (7, b), id=) is regarded as an Q-point
of Ly, X x~ I'(X). We define a map ¥ by

U : {twisted n-jets of order [ on X} — |LyX x o IH(X)]
v (:}/7 (77 b)> ldﬁ)
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LEMMA 3.5. The subset Im(¥) C |L,,X x I'(X)| is closed for Zariski topology.

Proof. Fix an atlas p: M — X with M separated.

We will first characterize the points in Im(¥). On account of the arguments on groupoid spaces
in § 4.1, we can see that the following points are equivalent.

i) To give a commutative diagram
Dy @ Q0 —= M
L)
'Dln R0 —'y> X
such that v is a twisted n-jet of order .

ii) To give a morphism of groupoid spaces

(Dm®Q) ><,ul—>6l MX:)CM

prl lul—action Prll lpr2

D,, ® Q M

n
such that the composition
Spec s (D ® Q) x {G} — (D @ Q) % 5 M xo¢ M
corresponds to an automorphism of order [ of the following Q-point of X:
SpecQ — D,, Q- M L x.
iii) To give a morphism ¢ : D,, ® Q@ — M x M such that pr; od o (; = pryod and the composition
SpecQ — D, ® Q) SMm X M
corresponds to an automorphism of order [ of the following Q-point of X:
SpecQ < Dy @ Q@ 2 M xo M 25 M 2 X
Any point of | L, X x I'(X)| is represented by the triple (v, (1/,b), idg) such that 1 is an Q-point
of L,,X with an algebraically closed field €2, v is an Q-point of X corresponding to the composition
SpecQ<—>Dm®Qi>9C

and b is an automorphism of ). Then the equivalence above implies that:

(W, (¥, b),idE) is in Im(W) if and only if for a lift n : D, ® Q@ — M of 1, there exists
a morphism 6 : Dy, ® Q — M xx M such that pry od = n and pry0d = no (; and the (&)
composition SpecQ) — D,, ® Q) SMm X M corresponds to b.

Let &€ and ¢ be points of L,, X xI'(X). Suppose that ¢ is in Im(¥) and ¢ is a specialization of .

It suffices to show that ¢ is in Im(¥). By [LMO00, Proposition 7.2.1], there is a complete discrete
valuation ring R with an algebraically closed residue field £ and a quotient field K such that there
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is a commutative diagram as follows:
Spec K

|

Spec R—2— L, xx I'(X)

=

Speck

(Here by abusing the notation, the arrows ¢ and £ in the diagram are representatives of the
points o and &, respectively.) If § corresponds to a triple (Ag, (Ar, bR),idE), then, the pull-backs
(A, (ke bK),idg) and (Ax, (As, bi),idx-) correspond to o and &, respectively. By extending R,
we can assume that A : Spec R — X lifts to vg : Spec R — M. As p is étale, A\g : D,, ® R — X
uniquely lifts to 7 : D), ® R — M such that the diagram

Spec R X— M

f/l

is commutative. Let K be the algebraic closure of K, let n be the composition D,, @ K — D,, ® R =
X and let b, : Spec R — M Xy M be the lift of vg which corresponds to br. From (&) and the
previous assumption, there is a morphism 6 : D,, ® K — M xy M such that pr;od = 1 and
pryod = n o (;, and the composition

SpecK < Dy, @ K 2 M xoe M
equals the composition

_ Y
Spec K — Spec R -2 M X M.

We can replace K with a finite extension K’ of K. Moreover, replacing R with its normalization in
K’, we can assume that K’ = K and that b, and 0 induce the same morphism Spec K — M x M.

b/
Spec K —— Spec R—2> M xo M

| e )

D, K——=D,,® R M

Consider the unique morphism 7 : D,, ® R — M X M such that pr; or = . Then the two
morphisms, pry o7 and 7o ¢, are the same morphism because of the separatedness of M. Then the
composition D,, ® k — D,,, ® R = M x M satisfies the condition in (&). Hence & € Tm(¥). The
proof is now complete. O

DEFINITION 3.6. We define the stack of twisted n-jets of order | on X, denoted by L. X, to be the
reduced closed substack of L, X x I'(X) with support Im(¥). We define the stack of twisted n-jets
on X, denoted by L,X, to be the disjoint sum ]_[120 LLX. In particular, LoX is the inertia stack
I(X).

If we set
lo := max{l | l = ord(«a), for some £ € obX and for some « € Aut(&)},

then for any I > ly, L1 X = ). So the disjoint sum is indeed a finite sum.
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3.3 The formal neighborhood of I(X) and its canonical automorphism

Let X be a smooth Deligne-Mumford stack with z : Speck — X its closed point. Then the tangent
space T, X is defined to be T,,M for an atlas M — X and a lift v : Speck — X of x, uniquely
determined up to unique isomorphism. Then Aut(z) naturally acts on 7,,X. We now globalize it.
Let Y be a connected component of the inertia stack I(X) with F' : Y — X being the forgetting
map. Let Xy be the image of Y by F. The completion O of Oy along Xy is considered to be an
Ox,-algebra. Then we define a coherent sheaf A on Y to be the pull-back of Ox by F :Y — X.

DEFINITION 3.7. We define N := Spec A and call it the formal neighborhood of Y.
If we set X := Spec @x where we consider @x to be an Oy-algebra, there is a natural morphism

X — X which is Xo-étale. Since Y — Xy is unramified and flat, it is étale. Hence the natural
morphism N — X is also étale and the composition N — X — X is Y-étale.

Let U and V be varieties. Let £ : U — X be an étale morphism, v : V' — U a morphism and «
an automorphism of £ o v. Suppose that ((ov,a) : V — Y is étale.

V—~2=U
|
Yy——=X

Then we obtain the commutative diagram

<

U

v,
e
13

v

_

X

—

= o

U xx U be the corresponding morphism.
U x xX U

prll lprz

U

where ‘=’ denotes a two-morphism. Let &

(o}

v

v

If @U is the completion of Oy along v(V'), then Ay = U*@U. We have a canonical automorphism of
Ay as follows:

(Pr1) !
Ay 22 OUxxU — Ay

and hence a canonical automorphism of A and N. Now this automorphism of N is considered to be
a globalization of the action on 7, X mentioned above.

3.4 Shift number and orbifold cohomology

Suppose that Y is contained in I'(X) for an integer I > 1. Let (x, ) be a closed point of Y where z
is a closed point of X and o € Aut(z). Then « acts on the tangent space T, X. For a suitable basis,
this automorphism is given by the diagonal matrix

diag(¢", ..., (")
with 1 <a; <! and d = dim X.
DEFINITION 3.8. We define the shift number of Y by

1 1o
s(Y) ::dim:)C—YZajzjzz:l—a]
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This is determined by the rank of the eigenbundles of N for the canonical action. Hence it
depends only on Y.

Suppose that the coarse moduli space X = X is a variety with Gorenstein quotient singularities
and X has no reflections. Then the matrix diag(¢;", ..., ¢) is in SLy(C) (see [Wat74]). Hence s(Y)
is an integer.

Now, let us define the orbifold cohomology.

DEFINITION 3.9. Assume X is complete. Then we define the ith orbifold cohomology group with a
Hodge structure as follows:

2n(X,Q) =P E>Y(Y,Q) @ Q(-s(Y)),
Y

where Y runs over the connected components of 1(X) and Q(—s(Y)) is a Tate twist Q(—1)®*(¥).

Since the natural morphism Y — X is quasi-finite, Y is a scheme (see [LMO00, Théoréme A.2]).
Because of this and Corollary 4.23, Y is a complete variety with quotient singularities. Therefore the
rational cohomology groups of Y have pure Hodge structures. For the projective case see [Dan78,
Corollary 14.4]. For the general case, it follows from the following two facts: one is that the inter-
section cohomology of every complete variety has pure Hodge structures [Sai90], the other is that
the rational cohomology of a variety with quotient singularities equals the intersection cohomology.

3.5 The motivic measure on twisted oco-jets

Let X be a smooth Deligne-Mumford stack of pure dimension d. By abusing the notation, we
also denote by L,X the set of points |[LooX| = |LocX|. We denote by 7, the natural morphism
Lo X — L,X.

DEFINITION 3.10. A subset A of £,.X is stable at level n if we have:
i) m,(A) is a constructible subset in £,,X;
i) A=m tr,(A).

A subset A C LX is stable if it is stable at level n for some n € L.

We define the notion of the measurable subset similarly. Then we define motivic measure p on
L X by
pixc(A) := L™y, (mn(A)) € Ko(HS), n>> 0,
where L = {Q(—1)} = xn(A!). It is well defined by the following proposition.

PROPOSITION 3.11. Let n € Zxq, let B C L,X be a constructible subset and let C' be the inverse
image of B by the natural morphism £,,{1X — £,X. Then we have the equality x;(C) = Lo, (B).

Proof. Let Y be a connected component of I'(X)(= L{X) and put (£,X)y = L£,X Xr(x) 4. Let
7=, 7,b),idy) € (LnX)y C L, X x Y be an Q-point. Then we have the following commutative
diagram of solid arrows:

7.b
Dy ® Q(Lﬂzl —=N

—
g -~
—

—

—~

D, ® ) . X
gl

Since N — X is Y-étale, there is a unique broken arrow o that fits into the diagram. Sending v to
o determines a closed immersion

L (LnX)y — LmN.
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Let g be the canonical automorphism of N. In view of the definition of N and & in the proof of
Lemma 3.5, we see that for o € L,,N, 0 € Im(:) if and only if 0 0 (; = g o 0. From Lemma 3.12,
there exists an atlas h: V' — Y such that Ny :=N xyV 2V & Cl[vy,...,v.]] (¢ =dimX — dimY),
and the pull-back of g is given by diag({",...,¢), 1 < a; <. So for an m-jet 6 on Ny, hod is in
Im(¢) if and only if the image of 6 by L,,(Ny) — L,V is (-invariant and 6*(v;) is of the following
form:
rot® + ’I"1tai+l + T2tai+2l + -

Therefore, we have (£,X)y xyV = L,V x A" and the projection (L£,+1X)y xyV — (L£,X)y xyV
is a Zariski locally trivial A%bundle.

We may assume that a finite group, say G, acts on each connected component V’ of V., V! — Y
is G-invariant and the induced morphism V'/G — Y is étale (see Lemma 4.26). Then we have
(LnX)y x5 (V'/G) = ((L,V')/G) x A", Therefore, from Lemma 3.14, to prove the proposition,
it suffices to show that there is a stratification of (L, V')/G such that the natural morphism
(Lpt1V"))G — (L,V')/G is, over each stratum, an analytically locally trivial fibration of the
quotient of an affine space by a linear finite group action.

Let H be a subgroup of G and W C V' a connected component of the locus of the points with
stabilizer H. Let w € W be a close point. As is well known, there is a representation p : H C
GLgim y(C) which describes the H-action on an analytic neighborhood of w. Let (L,V), C L,V
be the subset of the jets which maps the only point of D,, to w. Then the induced H-action on
(L, V) = AmdmY s given by p®™. Therefore (L, 1V )w/H — (L,V')w/H is an analytically
locally trivial fibration of AY™9 /1. Let G’ C G be the subgroup of the elements keeping W stable.
Then H is a normal subgroup of G’. It is easy to see that the image of (L, V')w /H in (L,V')/G is
naturally isomorphic to ((L,V')w/H)/(G'/H). Since G’ /H freely acts on (L, V') /H, the assertion
follows. -

LEMMA 3.12. Let G be a finite group, V a smooth G-variety and W a smooth closed subvariety
consisting of G-invariant points.

i) Assume that V and W are affine, say V = Spec R and W = Spec R/p. Moreover assume that
p is generated by ¢ = codim(W, V') elements. Then the completion of V' along W is isomorphic
as G-schemes to Spec(R/p)[[z1,...,zc]], G C GL.(R/p).

ii) Assume that G is a finite cyclic group. Then there is an affine open covering UV; of V' such

that for every i, if we write V; = Spec R and W N'V; = Spec R/p, the completion of V; along
W NV, is isomorphic as G-schemes to Spec(R/p)|[[z1,...,z]], G C GL.(C).

Proof. i) We denote by R the completion of R with respect to an ideal p and by ]/%\p the completion
of the local ring R, with respect to the maximal ideal. Let K be the quotient field of R/p and
fi generators of p. It is well known that there is an isomorphism Z/D:p — Kl[z1,...,2.]] sending
fi to z;. We have a natural injection R — ]/%\p =~ Kl[z1,...,z.]]. Clearly the image contains the
subring (R/p)[[x1,...,z.]]. Consider the injection ¢ : (R/p)[[x1,...,z.]] — R. Since the induced
map R/p — ]:2/]3 is the identity and the images f; of x; generate p, ¢ is a surjection and hence an
isomorphism (see [Eis95, Theorem 7.16.]).

Consider the induced G-action on R = (R/p)[[z1,...,z.]]. For g € G, write g(z;) = Y ajjxj +
(higher terms), a;; € R/p. Denote by g the endomorphism of R associated to the invertible matrix
(a;j). Working in characteristic zero, we can isomorphically replace x; with z} = - ¢ g Lg(x;).
We find that, with respect to the new coordinates, the G-action is linear.

ii) In the previous situation, SpecR is naturally isomorphic to the completion of the normal
bundle Ny v along the zero section. Here let us assume G is a cyclic group with generator g. Then
Nyy v decomposes to eigenbundles. On each eigenbundle, the g-action is uniquely represented by a
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scalar matrix al where [ is the identity matrix and a € C. Therefore, by shrinking V' to an open
subset where the eigenbundles are free, we conclude that the G-actions on Ny and Spec R are
realizable in C. U

Remark 3.13. The author guesses that even in the case of a general finite group, the action on
Ny v is étale locally realizable in C. From facts on splitting fields of finite groups (see [CR88]),
this is true at least over the generic point of W.

LEMMA 3.14. Let T and S be varieties and f : T — S an analytically locally trivial fibration of
A?/G for a finite group G C GLg(C). Then x1,(T) = xn(S)LE.

Proof. Since the fiber is a quotient of an affine space, the higher direct images of Qp vanishes

Qs (i=0),

71 Qr = {0 (i > 0).

Hence the spectral sequence is degenerate and it follows that H(T,Q) = H'(S,Q) for every i.

Taking a stratification of S, we may assume that S is smooth. Since S and T have at most
quotient singularities (in the analytic sense), by Poincaré duality we conclude that HI™T—{(T Q) =
HEm574(S, Q).

By regarding the sheaves as mixed Hodge modules, as studied by Saito [Sai90] (see also [Sai89]),
we can regard these isomorphisms of cohomology groups as those of mixed Hodge structures. This
implies the assertion. U

3.6 Main theorem

Let X be a variety with Gorenstein quotient singularities. Then X has canonical singularities. Let
X be a smooth Deligne-Mumford stack without reflections such that X is the coarse moduli space
of X. We denote by \ the canonical morphism X — X. If v : D! ® Q — X is a twisted n-jet on X
of order [, then it induces a morphism +' : D,, ®  — X of the coarse moduli spaces. We define the
map A(,) : L£,X — L,X by v+ ~'. The following theorem is our main result.

THEOREM 3.15. Let B C LoX be a measurable subset and put A := A\()(B). Then we have the
following equation in Ko(HS):
XnnS(A) = Y L uy(rg ' (Y) N B),
YcI(X)

where Y runs over the connected components of I(X).

The proof is postponed until the end of the section.

COROLLARY 3.16. Let X and X' be complete varieties with Gorenstein quotient singularities. Sup-
pose that there are proper birational morphisms Z — X and Z — X' such that Kz/)x = Kz/x.
Then the orbifold cohomology groups of X and X' have the same Hodge structure.

Proof. By Theorem 3.15 and Proposition 3.11, we have

XntS (L = > L@
YcI(X)

Z orb X @)}

From Lemma 2.16, we have > ,(=1){H! , (X,Q)} = >_.(-1){H ,(X’,Q)}. Since H! (X,Q) and
H! (X', Q) have a pure Hodge structure of weight 4, { H  (X,Q)} = {H! , (X', Q)} for every i. O

orb
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LEMMA 3.17. Let X, denote the singular locus of X with a reduced subscheme structure.

i) The subset )\(_oi) (Loo(Xsing)) of LooX is of measure zero.

ii) The map A () is bijective over LooX \ Loo(Xsing)-

Proof. i) It suffices to show that for every n, m,(LoX \ )\(_oi) (Loo(Xsing))) = £,X. But this is clear
by the local description of £,X in the proof of Proposition 3.11.

ii) Surjectivity. Let n : Spec Q[[t]] — X be an Q-point of Lo X \ Loo(Xsing) with an algebraically
closed field Q. We define D to be the normalization of the fiber product X xx SpecQ[t]] (see
Definition 4.13). Then the Deligne-Mumford stack D contains the scheme SpecQ(()) as an open
substack. Therefore, the coarse moduli space D of D contains Spec((t)) as an open subscheme.
The scheme D must be the spectrum of a local ring S C Q((¢)). From the universality of coarse
moduli space, there is a natural morphism D — SpecQ[[t]]. So we have Q[[t]] € S C Q((t)). As
Q[[t] and Q((t)) are the only intermediate rings between Q[[t]] and Q((¢)), the ring S must be
Q[[t]]. Suppose that E = Spec S is an atlas of D and S is a regular local ring. Since S = Q[[t]]
is henselian, the natural morphism £ — D is finite [Gro, Theorem 18.5.11]. Hence S is complete
(see [Eis95, Corollary 7.6]). So S = Q[[t]]. Consider the groupoid space E xq E = E. The scheme
FE xp E must be the disjoint sum of spectra of complete regular local rings. Since the first projection

ry : Exp E — I is étale, there is an isomorphism

E[[-- [[E=ExpE

EH---HE%EXDEPLE
is isomorphic on each component. If [ denotes the number of the components in E x ¢ E, then the
second projection pry : E X E — E determines the action of some group G on E with |G| = [.
Since this action is effective, the group G is isomorphic to p; for some [. For a suitable isomorphism
w = G, the action is given by t +— (;t. Hence the stack D is isomorphic to D, @ and the morphism
Dl @0 =D — Xis a twisted co-jet on X. The image of this twisted oo-jet by Aoo) 18 7.

such that the composition

Injectivity. Let 71,72 : DL, ® Q — X be two twisted oo-jets on X of order I. We suppose that
N = Noo)(M) = Aoo)(11) and 7 € Lo X \ Loo(Xsing). Construct D from 7 as above. Then for
each i € {1,2}, there is a unique morphism h; : DL ® Q — D such that the following diagram is
commutative:

SpecQ((t))—— D! @ Q

WV AN

Spec Q(( D X

)

Spec Q((t ))%DOO®Q—W>X

Let E be an atlas of D as above. Then the natural morphism E xpj, (DL, ® Q) — E is a bi-
rational morphism of smooth one-dimensional schemes. Therefore it is an isomorphism and so is h;

(see [LMOO, Proposition 3.8.1]). Then we can easily see that v, and v2 have the same image in
|LooX X IH(X)]. O

To prove Theorem 3.15, we now need to generalize the transformation rule. Let V be a Deligne—
Mumford stack over Dy, of pure relative dimension d. For each n € Z>o U {oco0}, we define V,, to
be the moduli stack of the Do,-morphisms D,, — V. Then for m > n, there is a natural projection
Vo — V. So we can define the motivic measure py over Voo which takes values in KO(HS), in a
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similar fashion as before. (We should replace condition iii in Definition 2.7 with the condition that
Xn(Tmi1A) = L (7 A). Tt makes sense because of Lemma 3.14.)

Let W be another Deligne-Mumford stack over D, of pure relative dimension d and let h : W —
V be a Do-morphism. We put Q/W/V = Im(Qw/p.. \ (tors) — Qyy/y), where (tors) C Qyy/p_ is
the torsion. Then we define the jacobian ideal sheaf J; of h to be the zeroth Fitting ideal of Q,W/V'

THEOREM 3.18. Let A C W4, be a measurable set. Suppose that heo|a : A — Vo is injective. Let
v be a measurable function on heo(A). Then

/ LI/ d/LV — / Lyohoo—ordgh d/LW
o (4) A

Proof. 1t is a direct consequence of Lemma 3.19. U

We denote by J(V/Dx) (respectively d(W/Dx)) the dth Fitting ideal sheaf of Qy,p_ (respec-
tively QW/Doo)'
LEMMA 3.19. Let A C W4, be a stable subset of level . Assume that he|a is injective, that ord gy,

is constant and equal to e < oo and that ord J(V/Dy,) and ord J(W/D+,) are bounded from above
on hoo(A) and A, respectively. Then for n > 0, h,, : 1, A — h,m, A is a piecewise trivial A°-bundle.

Proof. Looijenga’s proof [Loo02, Lemma 9.2] also works in this setting.
Take a non-twisted oco-jet v : Spec Q[[t]] — W in A, and put m := (¢) C Q[[t]]. Let g be the image
of the closed point by ~y. Take another § € A such that m,_.(7) = m,—c(0). Then the morphism

0 — 7* . qu N mn—e+1/m2(n—e+1)

is a C[[t]]-derivation. So it defines an [[t]]-module homomorphism

90 - /Y*QW/DOO _ mn—e+1/m2(n—e+l).

The length of the torsion of v*Qyy/p_. equals (ord 9(W/Dw))(7y) and hence it is bounded. So, since
n > 0, the composition map

n—e+1) n—e+1/mn+1

a0 - V*QW/DOO 3_9> 1,nn—e+1/rn2( —m
annihilates the torsion. Conversely, every Q[[t]]-module homomorphism v*Qyy/p . — mnetl /mrtl
that annihilates the torsion is 96 for some 6.

After some work, we can see that if 6 € A is such that h,m,(7) = h,m,(0) then m,_c(v) = m—c(0)
(see [Loo02, Lemma 9.2]). So 90 is defined. It is easy to see that m,(01) = m,(62) if and only if

007 = 00y and that h,m,(01) = h,m,(02) if and only if ; and 00y have the same image in
Homaj; ((hy)*Qyp.., m™ =t /m™ 1) Hence h, ' hy,m,(7) is isomorphic to an affine space
Homgyg (7 Qg p m" ™ /m" 1) 2= Ker(Homgqyg (7" Q). \ (tors), m" e /mn )
— Homgqy (h)*Qy/p.,, m" T /m™ ).
The length of y*(¥, sy equals e = ord In(7). So hth,m,(y) is isomorphic to an affine space of
dimension e.
The rest is easy. ]

Proof of Theorem 3.15. Let Y be a connected component of I'(X) and N its formal neighborhood.
We may assume that B is contained in '©). Let N be the quotient of N by the canonical
automorphism g, that is, Spec A? where A? C A is the subsheaf of the g-invariant sections. Then
the natural morphism N — X factors as
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In the proof of Proposition 3.11, we saw that for each n,m with m = nl, there is a closed
immersion ¢ : (£,X)y — L,N. Let [I] : D,, — D, be the morphism associated to the ring
homomorphism defined by t + t'. If v : DI ® Q — X is a twisted n-jet in 7, (B), then ¢(v) fits into
the diagram

Dy @ Q- (3)

[

Dn®Q—U>j(f

Then A,y (7) = fn(o). We define a subset B C LN to be the image of B by the map v — o. Then

A = foo(B) and fo| 5 is bijective outside of measure zero subsets. Let Jx (respectively J5) be the
ideal sheaf on X defined by

Ixwx = Im(Qg( — UJX)

(respectively Jzws, = Im(Q% — wx))

and define ug;(or and ugNor to be Lo"49x /5 and Lerd7x 5 respectively. Since the morphism f has no

ramification divisor, by a similar argument as in the proof of Lemma 2.16 we see that f~1Jyx =J FRUE
where J¢ is the jacobian ideal sheaf. So, by Theorem 3.18, we obtain

1S (B) = u§e(A).

We have thus reduced the problem to the case of a cyclic quotient; it suffices to show the following
lemma. O

LEMMA 3.20. Let the notation be as above. We have L*(9) yx(B) = Xh,u%‘)r(B).

Proof. The proof is essentially by a trick used in [DL02]. We first consider an easy case where X
is a quotient stack [A%/G] of an affine space over a ring R whose spectrum is a smooth variety of
dimension d — ¢, and G C SL.(C) a finite cyclic group of order I generated by g = diag(¢;",..., ("),
1 < a; < I. Suppose that Y is the component associated to g. Then N = A%(: Spec R[[x1, ..., x]]),
its canonical automorphism is g = diag(¢;",...,¢") and N = A%/ (. Since the natural morphisms
A% — A% and A% /G — A%/G are (Spec R)-étale, and since we consider only jets which send the
only closed point into Spec R, it is easy to replace A, A} /G with A%, A% /G.

Consider three R-algebra homomorphisms:
i) R[[t]][z] — R[t]
i — R[[t]]

iii) B*: R[[t][z]® — R[[t]][z], the composition of a* and the inclusion R[[t]][z]¢ — R][[t]][z].

[z], i — tYay;

2], z; = @i, t o £

Since R[z]“ is generated by the monomials 2" ... z™ with 3" a;m; = 0 (mod 1), there is a R[[t]]-

homomorphism v* : R[[t]][z]¢ — R[[t]][z] with u* o * = a* o v*, i.e.

*

R[[t]][z] —— RI[#]][z]

T

R[[t]][z]Y — R[[t]][z]

v
Here the horizontal arrows are R[[t]]-algebra homomorphisms and the vertical ones send ¢ + #.
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Write the diagram of the associated schemes as follows:

N[t =— Ez|[t]]

A S
N[[t] =5 Exllt]]

where E; are copies of A%,.
Let By be the image of B by ¢ : (LooX)y < LooN. Then for v € By, (v')*(x;) is of the form

(V)" (i) = rot® + rt®H gt (4)
If we put 1 := u!(y'), then we have
n* (i) = ro +rit! + gt 4
Therefore if we define 0 € LE by
8 (z;) = ro+rit +rot? 4+, (5)

then we have the following commutative diagram:

By[[t] = Dos ®

T

Ex[[t]] ~5 Do ®Q

Here [I] is the morphism defined by t + t!. Let By C Loo(E1) be the image of By by the map
v — 0. It is easy to see that if B is stable at level n, then so is By, and that {7, (B)} = {mu(Bo)} =
{mn(B1)}L~¢, where m; are truncation morphisms of L,X, LooN and L, E1, respectively. Therefore

Xnig, (Br) = px(B)LE. (6)
Put 0 := v (d). The chain of the correspondences, v — 7' — § — o, defines a map (LooX)y —
LooN, which is the same as in the proof of the theorem (see diagram (3) and compare it with the
last two diagrams).

Shrinking Spec R to an open subset, suppose that the canonical sheaf wspecr of Spec R is
generated by a section €’. Consider a d-form e = dxy A --- Adz. A e on N. This is stable under the
G-action. If r denotes the natural morphism N — N, the canonical sheaf wy; of N is generated by a
d-form é with r*é = e. Direct computation gives v*é = t>- “i/l(dazl A+ ANdzx. Ae€'). Hence we have
the following equations for subsheaves of Q%l[[tﬂ /D

(=M s vt ws = (1= (w *Qgg[[tﬂ /p..)/ (tors)
= (=" - V19D
=Jv VWi
This means that ord J5 0 v —ordJy, = — > a;/l. From the transformation rule, we obtain that
th%"r(A) = L~ X%/!yp (By), and using equation (6), that Xh,uGor(A) = L5 ux(B). We have

proved the assertion in this case.
As for the general case, the proof follows along almost the same lines: we take the fiber product

N xy V for an atlas V' — Y to linearize the canonical automorphism. Define By, By,; and BV in
the evident fashion. Using the argument for the preceding case and replacing B, we find that By
and Bv are stable at level n and a morphism v, : 7, By,1 — 7TnBV is a trivial affine space bundle of
the expected relative dimension. Here we have used Lemma 3.19 instead of the transformation rule.
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The natural morphism 7, 1By — 7, By, is an affine space bundle of relative dimension d — ¢
which is Zariski locally trivial on V. (Recall equations (4) and (5). This bundle results from the
truncation L,1(Spec R) — L, (Spec R) and the identity of (r;)o<i<n.) Hence m, 1By — By is
also a Zariski locally trivial affine space bundle of the expected relative dimension. By the same
argument as in the proof of Lemma 3.11, we can conclude that 7, 1B — 7, B is an analytically
locally trivial fibration of a quotient of an affine space. The lemma follows from Lemma 3.14. [

4. General results on Deligne-Mumford stacks

In this section, we give some general results on Deligne-Mumford stacks which we need in § 3. There
are currently some good references for stacks (e.g. [DM69, Vis89, Gém01, LMO00]).

We fix a base scheme S.

4.1 Deligne—-Mumford stacks

A stack is a category fibered in groupoids over (Sch/S) such that every Isom functor is a sheaf
and every descent datum is effective. A morphism of stacks X — Y is representable* if for any
U € (Sch/S) and any morphism U — Y, the fiber product U xy X is represented by a scheme.

DEFINITION 4.1. Let P be a property of morphisms f : Y — X of S-schemes, stable under base
change and local in the étale topology on X (e.g. surjective, proper, etc.). We say that a representable
morphism f : Y — X of stacks has property P if for every S-scheme U and every morphism U — X,
the projection U xyY — U has property P.

DEFINITION 4.2. A (separated) Deligne—Mumford stack is a stack X which satisfies the following:
i) the diagonal A : X — X x X is representable and finite;

ii) there exists a scheme M and a morphism M — X (necessarily representable after condition i),
which is étale and surjective.

A scheme M in condition ii is called an atlas of X. A Deligne-Mumford stack X is of finite type if
there is an atlas of finite type.

DEFINITION 4.3. Let P be a property of morphisms f : Y — X of S-schemes, stable under étale
base change and local in the étale topology on X (e.g. birational, being an open immersion with
dense image, etc.). We say that a representable morphism f : Y — X of stacks has property P if for
every scheme U and every étale morphism U — X, the projection U XY — U has property P.

DEFINITION 4.4. Let Q be a property of schemes that is local in the étale topology (e.g. reduced,
smooth, normal, locally integral, etc.). Let X be a Deligne-Mumford stack. We say that X has
property Q if an atlas of X has property Q.

DEFINITION 4.5. A (not necessarily representable) morphism f : Y — X of finite-type Deligne—
Mumford stacks is proper if there is a S-scheme Z and a proper surjective morphism g : 7 — Y
such that f o g is (necessarily representable and) proper.

A Deligne-Mumford stack X of finite type is complete if it is proper over S.

Although our condition appears weaker than that of [DM69, Definition 4.11], the two conditions
are actually equivalent by Chow’s lemma (see [DM69, Definition 4.12], [LMO00, Théoréme 16.6] and
[Vis89, Proposition 2.6]).

“In [LMOO0], this is called schématique.
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Ezample 4.6. Let Z be a S-scheme and G a finite group acting on X. The quotient stack [Z/G] is
defined as follows: an object over U € (Sch/S) is a G-torsor P — U with a G-equivariant morphism
P — Z, and a morphism over U’ — U is a cartesian diagram

P ——P
| ° |
o U

which is compatible with the G-equivariant morphisms P’ — Z and P — Z. It is a Deligne-Mumford
stack with a canonical atlas Z — [Z/G].

Here we define the points of a Deligne-Mumford stack. For details see [LMO0O0, ch. 5].

DEFINITION 4.7. Let X be a Deligne-Mumford stack. A point of X is a S-morphism Spec K — X
for a field K with a morphism Spec K — S.

Let x; : Spec K; — X (i = 1,2) be points of X. We say that x; and x5 are equivalent if there is
a field K3 such that K3 D K;, Ky and the diagram

Spec K3 —— Spec Ko

L

Spec K3 X

commutes.

DEFINITION 4.8. We define the set of points of X, denoted by |X|, to be the set of the equivalence
classes of points of X.

The Zariski topology on |X| is defined as follows: an open subset is |U| C |X| for an open substack
U C X. There is a one-to-one correspondence between the closed subsets of |X| and the reduced
closed substacks of X.

We now introduce the notion of (étale) groupoid space which is equivalent to Deligne-Mumford
stacks. Further details can be found in [Vis89, p. 668], [LM00, (2.4.3), (3.4.3), Proposition 3.8, (4.3)]
and [G6mO01, § 2.4].

DEFINITION 4.9. An (étale) groupoid space consists of the following data:

i) two S-schemes Xy and Xi;

ii) five morphisms: source and target q; : X1 — Xo (i = 1,2), origin ¢ : Xo — X3, inverse
7 : X1 — Xy and composition m : X1 X4, x40 X1 — X1 which satisfies the following:

a) ¢ and g9 are étale and (q1,q2) : X1 — Xo x Xy is finite;
b) the axioms of associativity, identity element and inverse.

We denote this groupoid space by X; = Xj.

Given a groupoid space X7 = X, we define the category fibered in the groupoids [X; = X’
as follows: an object over U € (Sch/S) is a morphism U — Xy of S-schemes and a morphism of
a:U— Xptob:V — Xqis a pair of morphisms f: U — V and h : V — X7 such that gyohof =a
and g2 o h = b. Then [X; = Xy is a prestack (see [LMO00, § 3.1]).

DEFINITION 4.10. We define the stack associated to a groupoid space X; = Xg, denoted by
[X71 = Xo], to be the stack associated with the prestack [X; = Xo] ([LMO00, Lemme 3.2]).
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The stack X = [X; = X is a Deligne-Mumford stack with the canonical atlas Xy — X. We can
identify the fiber product Xy xo Xo with X;. Conversely, given a Deligne-Mumford stack X and an
atlas Xog — X, then the schemes Xy and X7 = M xy M underlies a natural groupoid space structure
with ¢; = pr; and € = Ajpy/x. The associated stack [M xy M = M] is canonically isomorphic to X.
In summary, giving a groupoid space X1 = X is equivalent to giving a Deligne-Mumford stack X
and an atlas Xy — X.

Let £ : U — X be a morphism, which is considered as an object of X. If £ lifts to & : U — X,
then the automorphism group of £ is identified with the set of morphisms n : U — X; with
qron=gqeon=¢.

DEFINITION 4.11. A morphism f : (Y1 = Yy) — (X1 = Xo) of groupoid spaces is a pair of
morphisms f; : ¥; — X; (i = 0, 1) which respects the groupoid space structures.

Given a morphism f : (Y7 =2 Yp) — (X1 =2 Xj), then we have a natural morphism of prestacks
[f] : [Y1 = Yy — [X1 = Xo| and hence a natural morphism of stacks [f] : [Y1 = Yp] — [X1 = X{]
from [LMO00, Lemme 3.2].

Conversely, consider a commutative diagram

Yo —% X,

|

d—g =X
such that X, Y are Deligne-Mumford stacks and the vertical arrows are atlases. If we define Y; :=
Yo xyYp and X := Xy x X, and if f; : Y7 — X is the natural morphism, then the pair of (fo, f1)
determines a morphism f : (Y7 = Yy) — (X7 = Xj) of groupoid spaces. Evidently [f] = g.

Ezxample 4.12. Let X = [Z/G] be a quotient stack with G finite. There is a canonical atlas Z — X.
Then the groupoid space Z X Z = Z is isomorphic to the groupoid space
G'—action

7 x G Z

pry

whose origin, inverse and composition are induced by the group structure of G.

Let X be a locally integral Deligne-Mumford stack, associated to a groupoid space X1 = Xj.
Let X;'°" be the normalization of X;, respectively. Then the lifts of the structure morphisms of
X1 = Xp induce a groupoid space X" = Xj.

DEFINITION 4.13 [Vis89, Definition 1.18]. We define the normalization X" of X to be the stack
associated with X{°" = X§°".

It is easy to show the uniqueness and the universality of the normalization.

4.2 Quasi-coherent sheaves
DEFINITION 4.14. A quasi-coherent sheaf F on a Deligne-Mumford stack X consists of the following
data:

i) for each étale morphism U — X with a scheme U there is a quasi-coherent sheaf ¥y on U;

ii) for each diagram of étale morphisms

®p

N

X
417
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with V' and U schemes there is an isomorphism @, : F — ¢*JFy that satisfies the cocycle
condition.

Ezample 4.15.

i) The structure sheaf Oy on X is defined by (Oy)y := Op.

ii) The sheaf of differentials Qx5 is defined by (Qx/5)v := Qs and by the canonical isomor-
phism.

iii) Let f : Y — X be a morphism of Deligne-Mumford stacks. We define the sheaf of relative
differentials {dy,x of Y over X to be the unique sheaf such that for each commutative diagram

étale

V—Y

|

.

étale ’

where (Qy/x)v := Qy/y. Then we have the following exact sequence:

[ Qx5 — Qyys — Qyyx — 0.

DEFINITION 4.16. In Definition 4.14, if every Fy; is an Op-algebra and every @, is a homomorphism
of Oy -algebras, then we say that J is an Oy-algebra.

As in the case of schemes, to an Oy-algebra F we can associate a representable and affine
morphism SpecF — X. For details, see [LM00, Equation (14.2)].

4.3 Inertia stacks

In this section, we study the inertia stack. It is an algebro-geometric object corresponding to the
twisted sector introduced by Kawasaki [Kaw78] and used by Chen and Ruan [CRO0] to define
the orbifold cohomology.

DEFINITION 4.17. For a Deligne-Mumford stack X, its inertia stack, denoted by I(X), is the stack
defined as follows: an object over U € (Sch/S) is a pair (£, «) where £ € ob Xy and o € Aut(§), and
a morphism (£, ) — (n, 3) is a morphism 7 : £ — 7 in X such that yoa = Fo 7.

There is a natural forgetting morphism I(X) — X. The forgetting morphism I(X) — X is
isomorphic to
pry 1 X XA xxx,a X — X.
Hence, if X is complete, then so is I(X).
The following lemma may be well known.

LEMMA 4.18. Let Z be a scheme with an action of a finite group G. Then we have an isomorphism
z/iap= 11 [2/¢),
g€Conj(G)

where Conj(G) is a set of representatives of the conjugacy classes, Z9 is the locus of the points fixed
under the g-action and C(g) is the centralizer of g.

Proof. Let U € (Sch/S) be a connected scheme. An object of [Z/G] over U is a G-torsor P — U
with a G-equivariant morphism P — Z. Its automorphism « is an automorphism of a G-torsor
P — U that is compatible with P — Z. For some étale surjective V' — U, the fiber product
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Py := P xy V is isomorphic to G x V' as G-torsors over V. Here GG x V is a G-torsor for the right
action of G. The pull-back ay is represented by the left action of some g € G. g is determined up
to conjugacy and we can assume g € Conj(G).

Let ¢ : G x V = Py — P be the natural morphism. Now let us show that if a« € C(g) and
b ¢ C(g), then we have ¥({a} x V) N({b} x V) = 0. Let = (respectively y) be a geometric point
of {a} x V (respectively {b} x V) and assume that ¢)(z) = 1(y). Then we have

Y(x) =v(geg™") = av(x)g™! = av(y)g ' = ¥(gyg™") # ¥(y).

This is a contradiction. So P decomposes into C'(g)-torsors as P = P’ x J where P’ := ¢(C(g) x V)
and J is a finite set. Let fiy denote the composition f o). In the following diagram:

Clg) xV LVs 7

Clg)xV——2Zz
fv

we have go fyy = fy oay since ay equals the right action of g on C(g) x V and fy is G-equivariant.
We also have fiy = fy o ay and hence g o fyy = fy. This implies that fy(C(g) x V) is in Z9 and
hence so is f(P’). Thus the C(g)-torsor P’ — V with f: P’ — Z9 is an object of [Z9/C(g)]. For a
non-connected U € (Sch/S) and an object of I([Z/G]) over U, we can assign it to be an object of
I yeconji)[27/C(9)] in the obvious way. We leave the rest for the reader. O

DEFINITION 4.19. A morphism f : Y — X of stacks is barely faithful if, for every object £ of Y, the
map Aut(§) — Aut(f(€)) is bijective.

Clearly, all barely faithful morphisms are faithful functors. From [LMO00, Proposition 2.3 and
Corollaire 8.1.2], all barely faithful morphisms of Deligne-Mumford stacks are representable in the
sense of [LMO00, Définition 3.9]. Because all separated and quasi-finite morphisms of algebraic spaces
are schématique [LMOO, Théoreme A.2|, all barely faithful and quasi-finite morphisms of Deligne—
Mumford stacks are representable for our definition.

Ezample 4.20. All immersions are barely faithful. All morphisms of schemes are barely faithful.
LEMMA 4.21. Barely faithful morphisms are stable under base change.

Proof. Let f :' Y — X be a barely representable morphism of stacks and a : X’ — X any mor-
phism of stacks. An object of the fiber product Y x X' is a triple (£, 7, «), where £ is an object
of Y, n is an object of X' and « : f(§) — a(n) is a morphism in Xy for some U € (Sch/S).
Its automorphism is a pair of automorphisms ¢ € Aut(§) and ¢ € Aut(n) with ao f(¢) = a(y) o c.
Since the map f : Aut(§) — Aut(f(&)) is bijective, for each 1 there is one and only one ¢ with
ao f(¢) = a(y) o a. We have thus proved the lemma. O

PRrROPOSITION 4.22. Let f:Y — X be a barely faithful morphism of Deligne-Mumford stacks. Then
the inertia stack 1(Y) is naturally isomorphic to the fiber product Y x I(X).

Proof. The natural morphism ¥ : I(Y) — Y xo I(X) is defined as follows: for an object & of
Y and its automorphism «, the pair (£, «), which is an object of I(Y), is mapped to the triple

We will show initially that W is a fully faithful functor. Let £ be an object of Y. The automorphism

group of (&, (f(§), f(a)),idf()) is a pair of automorphisms 3 € Aut(§) and v € Aut((f(), f())) =
C(f(«)) such that f(5) = v. Hence ¥ is barely faithful. Let 1 be another object of Y and 7 an
automorphism of 7. It suffices to show that if Homyy((&, @), (n,7)) = 0, then

HomyxxI(DC) (\Il(é.? Oé), g’(na T)) = 0.
419
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Suppose that there is an element (o,¢) of Homy,., r¢x)(¥(§, @), ¥(n, 7)), where o is a morphism
¢ — n and ¢ is a morphism f(§) — f(n) such that the diagram

f(&) ——= ()

f(a)l lf(f)

f(&) —=f(n)

is commutative and f(o) = e. Since f is barely faithful, the diagram

§——=1

§—=1

is commutative, that is, Hom ) ((§, @), (n,7)) # 0.

Now, let us show W is an isomorphism, that is, an equivalence of categories. Let (&, (6, 3),v)
be an object of Y x I(X) where v is an isomorphism f(£) — 6. Then there is a natural bijection
Aut(€) — Aut(f(§)) — Aut(f). Let o € Aut(§) be an automorphism corresponding to 3 € Aut(6).
Then we can see that ®(&, «) is isomorphic to (&, (0, 3),v). We have thus completed the proof. [

COROLLARY 4.23. If S = SpecC and X is a smooth Deligne-Mumford stack, then I(X) is also
smooth.

Proof. From Lemmas 4.26 and 4.21, there is an étale, surjective and barely faithful morphism
11,[M;/G;] — X such that each M; is smooth and each G; is a finite group. Then the assertion
follows from Lemma 4.18 and Proposition 4.22. U

4.4 Coarse moduli space
DEFINITION 4.24. Let X be a Deligne-Mumford stack. The coarse moduli space of X is an algebraic
space X with a morphism X — X such that:

i) for any algebraically closed field €2 with a morphism Spec Q2 — 5, X(2) — X (2) is a bijection;

ii) for any algebraic space Y, any morphism X — Y uniquely factors as X — X — Y.

Keel and Mori proved that the coarse moduli space always exists [KM97, Corollary 1.3].

Example 4.25. Let Z be an algebraic space and G a finite group acting on Z. Then the coarse
moduli space of the quotient stack [Z/G] is the quotient algebraic space Z/G.

The following lemma is well-known.

LEMMA 4.26 (see, e.g., [AV02, Lemma 2.2.3]). Let X be a Deligne-Mumford stack and X its coarse
moduli space. Then there is an étale covering (X; — X); such that X xx X; is isomorphic to
a quotient stack [Z;/G;] with a scheme Z; and a finite group G;. Hence the canonical morphism
X — X is proper.

Now we assume S = SpecC.

DEFINITION 4.27. Let X be a variety. We say that X has quotient singularities if there is an étale
covering (U;/G; — X); with a smooth variety U; and a finite group G;.

Lemma 4.26 shows that for a variety X, X has quotient singularities if it is the coarse moduli
space of some smooth Deligne-Mumford stack. In fact, ‘only if” also holds (Lemma 4.29).

Let X be a smooth Deligne-Mumford stack and x : SpecC — X a closed point. Then Aut(z)
acts on the tangent space T,X.
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DEFINITION 4.28. We say that o € Aut(z) is a reflection if the subspace of the a-fixed points
(T, X)“ is of codimension 1.

LEMMA 4.29. Let X be a k-variety with quotient singularities. Then there is a smooth Deligne—
Mumford stack X without reflections such that the automorphism group of general geometric points
is trivial and X is the coarse moduli space of X.

Proof. We will give only a sketch. There is a finite set of pairs (V; — X, G;); such that:

i) V; is a smooth variety;

ii) Gj is a finite group acting effectively on V; without reflections;

iii) V; — X is a morphism étale in codimension 1 which factors as V; — V;/G; — X with

Vi/G; — X étale.

Let V;; be the normalization of V; x x V. Then the natural morphisms V;; — V; and V;; — Vj are
étale in codimension 1. From the purity of branch locus, they are actually étale, and hence Vj; is
smooth. The diagonal A : V; — V; xx V; factors through A’ : V; — V;;. Then, with a suitable
multiplication morphism, the diagram

A
[1Vi; =—=11Vi

has the structure of groupoid space. We set X as the associated stack. Clearly X has no reflections.
The canonical morphism X — X makes X the coarse moduli space of X (see [Gil84, Proposition 9.2]).
Any geometric point xz of X has a lift  : SpecQ) — V; with € being an algebraically closed field.
The automorphism group of z is identified with {y : SpecQ — Vj; | proy = pyoy = X }. If y is over
the smooth locus of X, then this group is trivial. ]
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