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SOME GENERALIZATIONS OF AN IDENTITY
OF SUBHANKULOV

BY
D. SURYANARAYANA* AND DAVID T. WALKER

ABSTRACT. In 1957, M. A. Subhankulov established the follow-
ing identity

& wlnr)n (r), .
r§1 Jo(r) dl(zn,r) e d k) 6’

where r=r12, (r;,r,)=1; u is the Mobius function and J, is the

Jordan totient function of order 2. Since the Ramanujan

trigonometrical sum C(n, 1)=Y, .. » di-(r/d), we rewrite the above

identity using C(n, r).

In this paper, we give a generalization of Ramanujan’s sum, which
generalizes some of the earlier generalizations mainly due to E.
Cohen, and prove a theorem from which we deduce some generali-
zations of the above identity.

§1. Introduction. In 1957, M. A. Subhankulov [10] established the following
curious identity (in a slightly different form and notation):

(1) Z M(h'z)fz Z du.( ) 2(n)—

=1 (D aGn

where r=rr3, (r,, r,)=1; u is the well-known M®ébius function and J, is the
Jordan totient function of order 2. The identity (1) may also be found in a
subsequent paper of Subankulov written jointly with 5. N. Muhatarov (cf. [11],
eq. (3)).

Since it is known (cf. [8], Theorem 271) that

(2) C(n,7)= Z du(3r>

dl(m,r)
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and ¢(2)= m2/6, where {(s) is the Riemann Zeta function defined for s >1 by
{(s)=Yn-1n"° and C(n,r) is the Ramanujan trigonometrical sum (cf. [8],
§5.6) defined by

(3) Cn,r)= ). expQmixn/r),

x(mod r)
(x,r)=1

we can rewrite the identity (1) as follows:

#(’1’2)'2 2
) ,; L S0 =wm)i@).

In this paper, we establish some identities as generalizations of the identity
(4). For example, we prove that for k=1,

© 5, LU G (1, )= gumc2b),

where r=rir2, (r,, r,) = 1; Ji(r) is the Jordan totient function of order k (cf. [7],
p. 147; also cf. [2] and [3]) which has the arithmetic evaluation

(6) _ K [T\ ok
5= ¥ du(3)=rTla-p™,

p a prime, g, (r)=1 or 0 according as re Q, or r¢ Q,, Q, being the set of all
k-free integers (a positive integer r is called k-free, if r is not divisible by p*
for any prime p) and Cy(n,r) is E. Cohen’s [1] generalized Ramanujan sum

defined by

(7) Ce(n,r)= Z exp(2mixn/r*),
x(mod r*)
(x, r*H=1

the summation being extended over all x modulo r*, whose greatest common
kth power divisor with r* is 1. E. Cohen (cf. [1], eq. (2.5)) also established the
following arithmetic evaluation of Cc(n, r):

®) Gonn= ¥ du(t)
d*|n d
d|r
In fact, we first prove a general result, from which we deduce some
generalizations of the identity (4) (for example, see Remark 2 and (16) of §3),
in the following:
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THeoREM. If a and B are integers each =2; if k, u, and n., . . ., n, are integers
each =1; and if v,(n) is the non-negative integer such that p*™ is the highest
power of the prime p that divides n, where n=(ny, ..., n,), then
-1)

z IJv('lfz)rz

ku)(nly ey My, r)

r=1 J ( )
1 1 1
={a) (1— — u) (1— et u)
M (gt T (gt
k=v,(n)<(B-1Dk (B—1Dk=v,(n)<pk
1 1 1 )
X 1— oa— u+ a—(B— u— a—Bku |?
Ipl ( peiv pr @Dl perek
v, (n)=pk

where r=rr5, (r,,r,)=1, and each product is extended over all primes p
subject to the restrictions on v,(n) mentioned under each product.

In the above Theorem C{(ny, ..., n,, r) is a generalization of Ramanujan’s
sum defined as follows:

(10) C¥(ny, ..., N 1r)= Z expai(nyx+ « - -+ nx)/r"),

(x;)(mod r*)

(), r*ue=1
where the summation is extended over all x; modulo r*, for i=1 k such
that the greatest common kth power divisor of (xl,..., X.) and r* s 1.

Following the method adopted by M. Sugunamma (cf. [12]), Theorem 1) and
E. Cohen (cf. [5], Lemma 2 and cf. [6], p. 30), we get the following arithmetic
evaluation:

(11) C(ny, ... Mo 1)= ) dku”‘(gr>’
da*|n

dl|r

where n=(n4, ..., n,).

Remarx 1. We note here that (10) gives a generalization of some of the
known generalizations of Ramanujan’s sum. For example, when n,=---=
n. = n, (10) reduces to C¢(n, r), which is due to M. Sugunamma [12]; when
u=1, ny=n, (10) reduces to Cc(n, r) which is due to E. Cohen [1]; when k =1,
ny=---=n,=n, (10) reduces to C*(n, r) which is again due to E. Cohen [4];
and finally when k =1, (10) reduces to C*(ny, ..., n,, r) which is once again
due to E. Cohen (cf. [5] and [6]).

§2. Proof of the Theorem. Since the general term in the series (9) is a
multiplicative function of r and the series is absolutely convergent, it can be
expanded into an infinite product of Euler type (cf. [8], Theorem 286). Hence
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by (6) and (11), we have

T11r>)r
§ BB o nn)

r=1 ] ( )
- H {1_ C?cu)(nla sy Ny, p)_ Czu)(nh L pB)pa(Gn}
T.(p) J(p®)
1 e |
-0 () T (-25)
p p - 1 p p - 1,
v, (n)<k k=v,(n)<(B- 1)k
ku (B—1ku Ku Bku (B--1Dku
-1 -1 —
p* -1 p*-1/ 7 p-1 pT -1
B-DHk=v,(n)<Bk vp(n)=gk
3 H / 1 _\) 1_[ (1 _pa+it> l_[ (1 _pfu'rku +p~u+(61)ku>
b kl—p"" b l-p* b l-p*
v, (n)<<k k=v,(n)<(B— 1)k (B-Dk=v,(n)<pk
. aatku —a+(B-Dku _ —a+Bku
< 1 (1 p tp — p )
p l-p
vp(n)=pk
1 > ( 1 > ( 1 1 )
=l|\— L V-t o
I;I<1—p 1;[ Pt I;I \opre pr ey
k=v,(n)<(B—-1)k (B-1k=v,(n)<<Bk
, 1 1 1
X H <l~pa*ku+pa*(B*»])ku_pa*Bku>'
u,,(ng)ZBk

Now, applying Euler’s result that {(a) =], (1-p *), (cf. [8], Theorem 280),
the Theorem follows.

§3. Some special cases. Taking 8 =2 in (9), we have the following result: For
a=2, k=1and u=1,

(s , .
(12) r;”]"(’) Xor ><n1,...,rzu,r)=4<a>gn(1—m>,

where r=nr3, (ri,r:)=1and n=(n,, ..., n,).

If ne Qy, then the right side of (12) becomes {(a). On the other hand, if
né Q. and a =2ku, then the right side of (12) becomes zero. Hence from
(12), we obtain the following:

M(rlrz)rz (u) {f(a), if neQy
13) c e R )= .
(13) ; Ly CF oot 0, if n¢Qy and a=2ku
Taking a =2ku in (13), we have

Z P«(rlrz)’?

14
us =1 Jauu(r)

C(ny, ...y Ny 1) = gar(n){2ku).
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As a particular case of (14), taking n,=---=n, = n, we have the identity
(15) § BT o ) g gk,
r=1 JZku(r)

Remark 2. Now, taking u =1 in (15), we have the identity (5). Also, taking
k=1 in (15), we have the following identity, which is a generalization of (4),
different from (5):

(16) 5, I cuy )= 2 n)g o).
r=1 JZu(r)
Taking a =2k(u+1) in (12), we get the following identity:

an  §EEEEEE cog, =@k 1) 22

r=1 ]2k(u+1)(r)

where ®,(n) is Klee’s [9] generalized Euler totient function ¢(n), which has
the arithmetic evaluation

(18) <1>k<n>:d; w(d)(n/d*)=n [II (1-p™*

As it is clear from (6) and (18) that @, (n*) = J.(n), we obtain, from (17), the
following identity:

o) § EOETR e e = 1@k ) 220
=1 ok n(r)
Taking ny= - -+ =n,=n in (19), we have
oo 2k(u+1)
20) ¥ BRI et = gk 1) 280

=1 Tk 1)(’)

As a particular case of (20), taking k=1 and u=1, we have

(7172)"2 2 12(")
1) B0 cn )—
221 Ju(r) n?

ReMARK 3. We can deduce some results from the Theorem in case =3
also. For example, in this case, if a =ku and k=uv,(n)<(B—1)k for some
prime divisor p of n=(ny,...,n,)>1, then the sum of the series in (9)
becomes zero.
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