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ON THE STRUCTURE OF LOCALLY 
SOLID TOPOLOGIES 

BY 

C. D. ALIPRANTIS AND O. BURKINSHAW 

1. Introduction. This paper considers what conditions on the order structure 
of a Riesz space will insure that one locally solid topology is finer than another, 
or when does one topology induce a finer topology than another on the order 
bounded subsets. The basic tool employed for the comparisons will be the 
carrier of a locally solid topology. We shall deal mainly with topologies whose 
carriers are order dense; a locally solid topology with order dense carrier will 
be called entire. Among the main results of this work are the following: 

1) The best possible extension of Amemiya's comparison Theorem ([3], [1, Th. 
12.8, p. 87]) will be obtained: If r is an entire topology, then r induces a finer 
topology on the order bounded subsets than any Lebesgue topology on the 
space. This result will allow us to compare metrizable topologies with 
Lebesgue topologies. 

2) The relation between the topological dual V and the order continuous dual 
L~ is also studied. It is shown that if r is a locally convex-solid topology on 
L that is entire, then L'n is order dense in L~ extending a result of 
Luxemburg and Zaanen [5, Th. 37.1, p. 520]. 

2. Preliminaries. For notation and basic terminology concerning Riesz 
spaces not explained below we refer the reader to [1]. 

Let L be a Riesz space. A net {ua} of L is order convergent to u, in symbols 
ua-^>u, if there exists a net {va} with the same indexed set such that 
|ua — u | < va for all a and u« | 0 . A Riesz subspace K of L is called order dense, 
if for every 6<ueL, there exists 0<veK with 0 < v < u . 

As the title of the paper indicates, we shall deal with locally solid topologies 
on Riesz spaces. A locally solid topology r on a Riesz space is a linear topology 
having a basis for zero consisting of solid sets. A locally solid topology r on a 
Riesz space L may or may not satisfy one of the following properties: 

(1) o--Lebesgue; if unld in L, then un >6. 
(2) Lebesgue; if u^ld in L, then ua——»0. 
(3) Pre-Lebesgue; if 0 < u n j , then {un} is a T-Cauchy sequence. 
(4) cr-Fatou; if r has a basis for zero consisting of solid and <r-order closed 

sets. 

(5) Fatou; if r has a basis for zero consisting of solid and order closed sets. 
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A sequence {Vn} of solid r-neighborhoods of zero is called a normal 
sequence of neighborhoods if V „ + 1 + V n + 1 ç V „ holds for all n. If {Vn} is a 
normal sequence of r-neighborhoods, then the ideal N= fln=i Vn is called the 
null ideal of {Vn}. 

DEFINITION, Let r be a locally solid topology on a Riesz space L, and let JV 
denote the collection of all normal sequences of solid r-neighborhoods of zero. 
The carrier CT of T is defined to be: 

Cr=lj\Nd:N= n Vw{Vn}eA 

The carrier CT is always a cr-ideal of L[ l , Th. 12.3, p. 84]. This ideal will be 
the key tool for the discussion in this paper. The carrier CT of a locally solid 
topology T can also be introduced in terms of Riesz pseudonorms; if p is a 
Riesz pseudonorm its null ideal is defined by Np = {u e L : p(u) = 0}. If 0* is the 
collection of all r-continuous Riesz pseudonorms, then CT = U {N*: p e 3P}. It 
should also be noted that if two locally solid topologies on a Riesz space satisfy 
Ti ç T2, then CTl c CT2. 

3. Entire topologies. In this section we shall study the properties of locally 
solid topologies whose carriers are order dense. We start by naming this 
property. 

DEFINITION 3.1. An entire topology on a Riesz space L is a locally solid 
topology r on L whose carrier CT is order dense in L. 

From the above definition, it follows immediately that an entire topology must 
necessarily be Hausdorff. Some classes of entire topologies are described in the 
next result. 

THEOREM 3.2. Let L be a Riesz space. Then: 

(i) Every metrizable locally solid topology on L is entire. 
(ii) Every Hausdorff Fatou topology on L is entire. 

(iii) Every Hausdorff Lebesgue topology on L is entire. 

Proof. Part (i) is obvious, since the carrier is exactly L. Part (ii) is proven in 
[1, Th. 12.3, p. 84], and (iii) follows from (ii) by observing that a Lebesgue 
topology is also a Fatou topology. 

It should be noted that there are entire topologies which do not belong in the 
three classes of the previous theorem. We next describe some important Riesz 
spaces having all their Hausdorff locally solid topologies entire. It will follow 
that C[0,1] has this property. 

THEOREM 3.3. Let X be a separable metric space. Then every Hausdorff 
locally solid topology r on C(X) satisfies CT = C(X), and hence r is entire. 
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Proof. Let {xu x2,...} be a countable dense subset of X. For each pair of 
positive integers fc and n, choose fkn e C(X) such that: 

(1) 0 < / k n ( x ) < l / r c for all xeX, 
(2) fk,nW = Q if d(xk,x)>l/n (where d is the metric), 
(3)/Uxk)=l/n. 

Let {wl5 u 2 , . . . } be an enumeration of the double sequence {/k,n}. 
Now if r is a Hausdorff locally solid topology on C(X), use induction to 

select a normal sequence {Vn} of solid r-neighborhoods of zero such that 
uné Vn for all n. We claim that N = fln=i Vn = {6}. Indeed, if 0 < / e AT satisfies 
/(Xi)>0 for some i, then there exists some k with 0<uk<f. So, ukeN^ Vk, 
contrary to uk<é Vk. Thus N = {0}, and hence Nd = C(X) so that CT = C(X). 

Recall that CC(X) denotes the Riesz space of all real valued continuous 
functions with compact support defined on the topological space X. 

COROLLARY 3.4. Let X be a metric space. Then every Hausdorff locally solid 
topology on CC(X) is entire. 

The next result characterizes the entire topologies in terms of Fatou to­
pologies and has a number of important consequences. 

THEOREM 3.5. Assume that a Riesz space L admits a Hausdorff Lebesgue 
topology. Then for a locally solid topology r on L the following statements are 
equivalent: 

(i) r is entire, i.e., CT is order dense in L. 
(ii) L admits a Hausdorff Fatou topology coarser than r. 

Proof. (i)=>(ii). Let r* be a Hausdorff Lebesgue topology on L. Choose a 
basis {V} of zero for T consisting of solid r-neighborhoods. For each Ve{V}, 
let V* denote the r*-closure of V; clearly each V* is solid and order closed. It 
should also be clear that {V*} defines a Fatou topology on L which is coarser 
than r. To complete the proof we shall show that this topology is Hausdorff. 

By way of contradiction assume that 6 < u e V* for all V*. Since CT is order 
dense, there exists 6 < v e CT with 6 < v < u. Similarly since CT* is order dense, 
there exists 6 < w e CT* with 6 < w < v. Replacing u by w we can suppose that 
ueCTDCT*. Pick a normal sequence {Vn} of solid r-neighborhoods of zero 
with ueNd, where N=f]Z=iVn. Similarly, pick another normal sequence 
{Wn} of solid r*-neighborhoods of zero with ueMd, where M= Pln=i Wn. 
Clearly u e V* for all n. Now for each n, choose un e Vn with 6 < u^ < u and 
u-uneWn. Then {un}^Md and un—^>u in Md, where ra is the metrizable 
Lebesgue topology on Md generated by {Wn DMd}. Now by [1, Th. 15.9, p. 
107], there exists a subsequence {vn} of {un} and a net {wa} satisfying 0 < w«f u 
in Md , and such that given a, there exists na with w a <i ; n for all n>na. It 
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follows that {wtt}çiV. But since {w a}çN d , we get wa = 6 for all a. Hence 
u = 0, a contradiction. Statement (ii) is now immediate. 

(ii)=>(i). If rr is a Hausdorff Fatou topology, then by Theorem 3.2(ii), CTi is 
order dense in L. Now if rx ç r, then (by virtue of CTi ^ CT) CT is order dense in 
L, regardless of whether or not L admits a Hausdorff Lebesgue topology. 

Recall that the order dual L~ of a Riesz space L is the Riesz space consisting 
of all order bounded linear functionals on L. Also, Ln denotes the order 
continuous linear functionals on L, and L~ the cr-order continuous linear 
functionals. If <p e L~, we remind the reader that Q, = N*, where 
N<p={ueL:\<p\(\u\) = 0}. 

LEMMA 3.6. Let r be a Hausdorff cr-Fatou topology on a Riesz space L. Then 
Q, ç CT holds for each <p e L~. 

Proof. Let 6<ueC(p. Since CT®Cd is order dense in L and Q, has the 
countable sup property, there exists a sequence K + u n } ç C T © C j with 0 < 
un + vn\u in L. We shall show that vn = 6 for all n. It will then follow from the 
cr-order closedness of CT that u e CT. 

Assume that vk^ 6 for some fc (note that vkeC(pC]Cd). Choose a normal 
sequence {Vn} of a-order closed solid r-neighborhoods of zero with vk£VA. 
Since N®Nd is order dense in L(N= Hn=i Vn), there exists a sequence 
{xn + yn}^N®Nd with 0<xn + ynîvk. It follows that yn = 6 for all n, and so 
vk G V1? which is impossible. The proof of the Lemma is now complete. 

THEOREM 3.7. If L~ separates the points of L, then every Hausdorff a-Fatou 
topology on L is entire. 

Proof. Let r be a Hausdorff cr-Fatou topology on L, and let 6<ueL. 
Choose 0<cpeL~ with <p(w)>0, and then pick a net {ua + u a } ç N ^ S Q with 
0 < wa + u a î w. Since N^ is a band of L, there exists an index a with 0 < va < u. 
By Lemma 3.6, ua G Q ç CT, so that CT is order dense in L. 

For a locally solid Riesz space (L, T) with topological dual L \ we put 
L'C = L'C)L~ and L ' n =L 'HL~ . In [5, Th. 37.1, p. 520] it was shown that if r is 
generated by a Riesz norm, then L'c and L^ were order dense in L~ and L~, 
respectively. This result can be extended to metrizable locally convex-solid 
topologies [1, Th. 15.8, p. 106]. The next theorem gives some conditions 
sufficient for L'n to be order dense in L~. 

THEOREM 3.8. Let (L, r) be a Hausdorff locally convex-solid Riesz space. If r 
is either entire or a a-Fatou topology, then L'n is order dense in L~. 

Proof. Let 0<(peL~. We claim that in either case there exists 6<ueCT 

with <p(w)>0. Indeed, this is clearly true if r is entire. If T is a cr-Fatou 
topology, choose 0 < u e Q,, and note that by Lemma 3.6, ue CT. 
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Pick a normal sequence {Vn} of solid and convex r-neighborhoods of zero 
with ueNd, where N= fln = i Vn. Note that {VnnNd} defines a metrizable 
locally convex-solid topology rm on Nd, and that the restriction of <p to Nd is 
order continuous. By [1, Th. 15.8, p. 106], there exists a rm-continuous linear 
functional <px on N d with 0 < <px < <p on Nd . Now since rm is coarser than the 
restriction of T to Nd, <ç>1 is r-continuous on Nd, and hence by the Hahn-
Banach Theorem <pt has a r-continuous extension to L, which we denote by <px 

again. Put ^ = |<Pi| A cp in L~, and note that ip€L'n and 0<i/f<<p which 
completes the proof. 

Recall that the absolute weak topology \cr\ (L, A) determined on a Riesz 
space L by an ideal A of L~, is the locally convex-solid topology generated by 
the family of Riesz seminorms {p^ : <p G A}, where p«p{u) = |<p| (|w|) for all ueL. 
The next result is a converse of the previous theorem. 

THEOREM 3.9. Let r be a Hausdorff locally convex-solid topology on a Riesz 
space L. If L'n separates the points of L, then r is entire. 

Proof. Note that |cr| (L, L'n) is a Hausdorff Lebesgue topology satisfying 
|cr| (L, L ^ ) Ç T . The result now follows from C ^ ç CT and the order denseness 
of C w . 

Let us denote by B the disjoint complement of L~ in L~, that is, L~ = 
L~0JB. As a Corollary of Theorem 3.8 we have the following result. 

THEOREM 3.10. If B separates the points of a Riesz space L, then L~ = {0}. 

Proof. Note that r = \a\ (L, B) is a Hausdorff cr-Lebesgue locally convex-
solid topology on L, satisfying (L, T)' = B, see [1, Th. 6.6, p. 40]. By Theorem 
3.8 we infer that B HL~ = {0} is order dense in L~, which is impossible unless 
L~ = {6}. 

We close this section by mentioning a Hausdorff locally solid topology that is 
not entire. (It should be clear, however, from the above discussion that a 
"reasonable" Hausdorff locally solid topology must be entire.) 

Let (X, 2 , JLL) be a a-finite non-atomic measure space, and let L = 
LUX, 2 , ILL). Write L~ = L~®{L~)d. Then (L~)d separates the points of L [4, 
p. 348], and so T = |<x| (L, (L^)d) is a Hausdorff locally convex-solid topology 
on L. It can be shown that CT ={0}, so that T is not entire; for details see [2, 
Theorem 8]. 

4. An extension of Amemiya's comparison theorem. I. Amemiya in [3] proved 
that for Dedekind complete Riesz spaces a Hausdorff Fatou topology induces a 
finer topology on the order bounded subsets than any Lebesgue topology on 
the space. In [1, Th. 12.8, p. 87] this result was shown to be true without the 
hypothesis of Dedekind completeness. We shall generalize this result further 
here. To do this we need a Lemma first. 
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LEMMA 4.1. Let r be an entire topology on a Riesz space L, and let A be either 
an ideal or an order dense Riesz subspace of L. Then r restricted to A is entire. 

Proof. Let rx denote the restriction of r to A, and let 0<ueA. Since r is 
entire, there exists 0<veCT with 6<v < u. In either case we can assume that 
v e A (if A is an ideal, then veA; and if A is order dense in L, there exists 
w eA with 6 < w < v, and we replace v by w G CT). 

Now choose a normal sequence {Vn} of solid T-neighborhoods of zero with 
veNd, where N = Hn=i ^n- Then {V^HA} is normal sequence of solid 
^-neighborhoods of zero of A, and v belongs to the disjoint complement of 
p|^=i ( Vn H A) in A. Thus v G CTl, and therefore T1 is an entire topology on A. 

We are now ready to generalize Amemiya's Theorem. 

THEOREM 4.2. Let T be either entire or a Hausdorff v-Fatou topology on L. 
Then r induces a finer topology on the order bounded subsets of L than any 
Lebesgue topology on L. 

Proof. Let TX be a Lebesgue topology on L (not necessarily Hausdorff), and 
let 0 < X G CTi. Note that TX restricted to CTl is a Hausdorff Lebesgue topology, 
and moreover, note that CT] has the countable sup property. Thus if r is a 
Hausdorff o--Fatou topology, then r restricted to CTl is a Fatou topology. On 
the other hand, if T is entire, then by Lemma 4.1 T restricted to CTl is also 
entire, and thus by Theorem 3.5 there exists a Hausdorff Fatou topology on CTl 

that is coarser than the restriction of T to CTl. Therefore, in either case, there 
exists a Hausdorff Fatou topology r* on CTl which is coarser than r on CTl. By 
[1, Th. 12.8, p. 87] r* (and hence T) restricted to [6, x] is finer than TX on 
[6, x]. Thus the result holds for the order bounded subsets of CTl. 

Now assume that the order bounded net {u^} satisfies 6 < u« < w for all a, 
T T l 

and wa > 0. To finish the proof we have to show that u^ > 6. Let V be a 
solid Ti-neighborhood of zero. Choose another solid ra-neighborhood W of 
zero with W+W+W^V. Now select a normal sequence {Wn} of solid 
TX-neighborhoods of zero with Wx= W; put N= Hn=i Wn- Since N®Nd is 
order dense in L and TX is a Lebesgue topology, there exists 0 < u + w e N ® N d 

with 0 < t> + w < u and w - (v + w) G W. Note that w G CTl, and that (u - w)+ = 
( M - I ) - W ) + U G W + W . According to the first part of the proof there exists |3 
such that ua A W G W for all a > |3. But then 

6 < wa = (i^ - w)+ + ua A w < (M - w)+ + ua A w G W + W + Wç V 

T 

for a > |8, implies wa e V for a > |3. Hence, wŒ > 6, and we are done. 

COROLLARY 4.3. I / T is a metrizable locally solid topology on a Riesz space L, 
then r induces a finer topology on the order bounded subsets of L than any 
Lebesgue topology on L. 
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The next result is a converse of Theorem 4.2 and actually shows that 
Theorem 4.2 is the best possible generalization of Amemiya's theorem. 

THEOREM 4.4. Let r* be a Hausdorff Lebesgue topology on a Riesz space L. If 
r is a locally solid topology on L that induces a finer topology than T* on the 
order bounded subsets of L, then T must be entire. 

Proof. We claim that CT*Ç CT. To see this, let 0 < u e CT*. Choose a normal 
sequence {Vn} of solid r*-neighborhoods of zero with ueNd, where N = 
Hn=i Vn. Since T * Ç T holds by hypothesis on [0, w], there exists a normal 
sequence {Wn} of solid r-neighborhoods of zero with Wn fl[0, w]ç Vn H[0, u] 
for all n. Put M= fln=i Wn, and note that ueMd. Indeed, since M © M d is 
order dense in L, there exists a net {wa + D a } ç M ® M d with 0 < w a + u a î u in 
L. Since wa G M H [ 0 , w ] c N n [ 0 , w] = {0}, we get wa = 0 for all a ; therefore, 
0 <v j [u in L, and so weM d . Thus KG CT, SO that CT*ç CT. The result now 
follows by observing that by Theorem 3.2, CT* is order dense in L. 

NOTE It is interesting to observe that the Hausdorff Lebesgue topologies on 
a Riesz space share many properties. For example, they induce (by Theorem 
4.2) the same topology on the order bounded sets, and they have the same 
carrier. However, in spite of all these similarities a Riesz space can admit more 
than one Hausdorff Lebesgue topology; see [1, Example 12.11, p. 88]. 
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