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ON THE STRUCTURE OF LOCALLY
SOLID TOPOLOGIES

BY

C. D. ALIPRANTIS AND O. BURKINSHAW

1. Introduction. This paper considers what conditions on the order structure
of a Riesz space will insure that one locally solid topology is finer than another,
or when does one topology induce a finer topology than another on the order
bounded subsets. The basic tool employed for the comparisons will be the
carrier of a locally solid topology. We shall deal mainly with topologies whose
carriers are order dense; a locally solid topology with order dense carrier will
be called entire. Among the main results of this work are the following:

1) The best possible extension of Amemiya’s comparison Theorem ([3], [1, Th.
12.8, p. 87]) will be obtained: If 7 is an entire topology, then t induces a finer
topology on the order bounded subsets than any Lebesgue topology on the
space. This result will allow us to compare metrizable topologies with
Lebesgue topologies.

2) The relation between the topological dual L’ and the order continuous dual
L, is also studied. It is shown that if 7 is a locally convex-solid topology on
L that is entire, then L/ is order dense in L;, extending a result of
Luxemburg and Zaanen [5, Th. 37.1, p. 520].

2. Preliminaries. For notation and basic terminology concerning Riesz
spaces not explained below we refer the reader to [1].

Let L be a Riesz space. A net {u,} of L is order convergent to u, in symbols
u,—~2su, if there exists a net {v,} with the same indexed set such that
|u, —u|=wv, for all @ and v, 6. A Riesz subspace K of L is called order dense,
if for every 8 <u e L, there exists 0 <ve K with 6 <v=u.

As the title of the paper indicates, we shall deal with locally solid topologies
on Riesz spaces. A locally solid topology 7 on a Riesz space is a linear topology
having a basis for zero consisting of solid sets. A locally solid topology 7 on a

Riesz space L may or may not satisfy one of the following properties:

(1) o-Lebesgue; if u,| 0 in L, then u,—> 6.

(2) Lebesgue; if u, |6 in L, then u,—>6.

(3) Pre-Lebesgue; if 6 <u, |, then {u,} is a 7-Cauchy sequence.

(4) o-Fatou; if 7 has a basis for zero consisting of solid and o-order closed
sets.

(5) Fatou; if 7 has a basis for zero consisting of solid and order closed sets.
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A sequence {V,} of solid 7-neighborhoods of zero is called a normal
sequence of neighborhoods if V,,,+V, ;< V, holds for all n. If {V,} is a
normal sequence of 7-neighborhoods, then the ideal N = (;_; V,, is called the
null ideal of {V,}.

DEFINITION. Let 7 be a locally solid topology on a Riesz space L, and let N’
denote the collection of all normal sequences of solid T-neighborhoods of zero.
The carrier C, of 7 is defined to be:

c.=U [Nd: N=fjl v, {Vn}eN].

The carrier C, is always a o-ideal of L[1, Th. 12.3, p. 84]. This ideal will be
the key tool for the discussion in this paper. The carrier C, of a locally solid
topology 7 can also be introduced in terms of Riesz pseudonorms; if p is a
Riesz pseudonorm its null ideal is defined by N, ={ue L :p(u)=0}. If P is the
collection of all 7-continuous Riesz pseudonorms, then C, = |J {N&: pe P}. It
should also be noted that if two locally solid topologies on a Riesz space satisfy
TS 71, then C, cC,..

3. Entire topologies. In this section we shall study the properties of locally
solid topologies whose carriers are order dense. We start by naming this

property.

DeFINmTION 3.1, An entire topology on a Riesz space L is a locally solid
topology 7 on L whose carrier C, is order dense in L.

From the above definition, it follows immediately that an entire topology must
necessarily be Hausdorff. Some classes of entire topologies are described in the
next result.

THEOREM 3.2. Let L be a Riesz space. Then:

(i) Every metrizable locally solid topology on L is entire.
(ii) Every Hausdorff Fatou topology on L is entire.
(iii) Every Hausdorff Lebesgue topology on L is entire.

Proof. Part (i) is obvious, since the carrier is exactly L. Part (ii) is proven in
[1, Th. 12.3, p. 84], and (iii) follows from (ii) by observing that a Lebesgue
topology is also a Fatou topology.

It should be noted that there are entire topologies which do not belong in the
three classes of the previous theorem. We next describe some important Riesz
spaces having all their Hausdorff locally solid topologies entire. It will follow
that C[0, 1] has this property.

THeorem 3.3. Let X be a separable metric space. Then every Hausdorff
locally solid topology T on C(X) satisfies C, = C(X), and hence 7 is entire.
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Proof. Let {x;, x,, ...} be a countable dense subset of X. For each pair of
positive integers k and n, choose f ,, € C(X) such that:

1) 0=fi.(x)=1/n forall xeX
(2) fin(x)=0 if d(x,x)=1/n (where d is the metric),
() fin(a)=1/n.

Let {u,, u,, ...} be an enumeration of the double sequence {f; .}

Now if 7 is a Hausdorff locally solid topology on C(X), use induction to
select a normal sequence {V,} of solid 7-neighborhoods of zero such that
u, £V, for all n. We claim that N = ();,_; V,, ={6}. Indeed, if § <f e N satisfies
f(x;)>0 for some i, then there exists some k with 6 <u, <f. So, y, e Nc V,,
contrary to u, € V,. Thus N ={6}, and hence N*= C(X) so that C, = C(X).

Recall that C.(X) denotes the Riesz space of all real valued continuous
functions with compact support defined on the topological space X.

CoROLLARY 3.4. Let X be a metric space. Then every Hausdorff locally solid
topology on C.(X) is entire.

The next result characterizes the entire topologies in terms of Fatou to-
pologies and has a number of important consequences.

THEOREM 3.5. Assume that a Riesz space L admits a Hausdorff Lebesgue
topology. Then for a locally solid topology T on L the following statements are
equivalent:

(i) 7 is entire, i.e., C. is order dense in L.
(ii) L admits a Hausdorff Fatou topology coarser than .

Proof. (i)=> (ii). Let 7* be a Hausdorff Lebesgue topology on L. Choose a
basis {V} of zero for 7 consisting of solid T-neighborhoods. For each V e{V},
let V* denote the 7*-closure of V; clearly each V* is solid and order closed. It
should also be clear that {V*} defines a Fatou topology on L which is coarser
than 7. To complete the proof we shall show that this topology is Hausdorff.

By way of contradiction assume that § <u e V* for all V*, Since C, is order
dense, there exists § <v € C, with 6 <v =< u. Similarly since C,~ is order dense,
there exists 6 <w e C,- with § <w =v. Replacing u by w we can suppose that
ue€ C,NC,~ Pick a normal sequence {V,} of solid 7-neighborhoods of zero
with ue N9 where N=[\%_, V.. Similarly, pick another normal sequence
{W,} of solid t*-neighborhoods of zero with ue M, where M= (\%_, W,.
Clearly u e V¥ for all n. Now for each n, choose u, € V, with 6 <u, <u and
u—u, € W,. Then {u,}=M* and u,—>u in M<, where T, is the metrizable
Lebesgue topology on M? generated by {W, N M%}. Now by [1, Th. 15.9, p.
107], there exists a subsequence {v,} of {u,} and a net {w,} satisfying § =w,Tu
in M9, and such that given a, there exists n, with w, <v, for all n=n,. It
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follows that {w,}< N. But since {w,}<= N9 we get w, =8 for all «. Hence
u =0, a contradiction. Statement (ii) is now immediate.

(i)=> (). If 7, is a Hausdorff Fatou topology, then by Theorem 3.2(ii), C,, is
order dense in L. Now if 7, < 7, then (by virtue of C, < C,) C, is order dense in
L, regardless of whether or not L admits a Hausdorff Lebesgue topology.

Recall that the order dual L™ of a Riesz space L is the Riesz space consisting
of all order bounded linear functionals on L. Also, L, denotes the order
continuous linear functionals on L, and L the o-order continuous linear
functionals. If ¢e€L™, we remind the reader that C,=NZ where
N, ={ue L:|¢|(lu))=0}.

LemMA 3.6. Let T be a Hausdorff o-Fatou topology on a Riesz space L. Then
C, < C. holds for each g€ L.

Proof. Let 0 <ueC,. Since C,®CY{ is order dense in L and C, has the
countable sup property, there exists a sequence {u,+v,}< C.DC? with 6=
u, +v,Tu in L. We shall show that v, = 0 for all n. It will then follow from the
o-order closedness of C, that ueC..

Assume that v # 6 for some k (note that v, € C, N CY). Choose a normal
sequence {V,} of o-order closed solid T-neighborhoods of zero with v, & V.
Since NG N* is order dense in L(N=(\%_, V,), there exists a sequence
{x, +y.}= N®ON* with §=<x, +v,Tv.. It follows that y, =6 for all n, and so
v € V1, which is impossible. The proof of the Lemma is now complete.

TueoreMm 3.7. If L, separates the points of L, then every Hausdorff o-Fatou
topology on L is entire.

Proof. Let 7 be a Hausdorff o-Fatou topology on L, and let  <uelL.
Choose 6 <¢ e L, with ¢(u)>0, and then pick a net {u, +v,}< N, @ C, with
0 <u, +v,Tu. Since N, is a band of L, there exists an index a with § <v, =u.
By Lemma 3.6, v, € C, < C,, so that C, is order dense in L.

For a locally solid Riesz space (L,7) with topological dual L', we put
L'=L'NL; and L’,=L'NL};.In[5, Th. 37.1, p. 520] it was shown that if 7 is
generated by a Riesz norm, then L. and L/ were order dense in L, and L,
respectively. This result can be extended to metrizable locally convex-solid
topologies [1, Th. 15.8, p. 106]. The next theorem gives some conditions
sufficient for L’ to be order dense in L.

THeorem 3.8. Let (L, 7) be a Hausdorff locally convex-solid Riesz space. If ~

is either entire or a o-Fatou topology, then L', is order dense in L, .

Proof. Let 0 <@ <L, . We claim that in either case there exists § <ue C,
with ¢(u)>0. Indeed, this is clearly true if = is entire. If 7 is a o-Fatou
topology, choose 6 <ue C_, and note that by Lemma 3.6, ueC,.
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Pick a normal sequence {V,} of solid and convex T-neighborhoods of zero
with ue N4, where N=(\7_, V.. Note that {V, NN} defines a metrizable
locally convex-solid topology 7,, on N and that the restriction of ¢ to N¢ is
order continuous. By [1, Th. 15.8, p. 106], there exists a r,,-continuous linear
functional ¢; on N with 8 <¢,=¢ on N Now since 1, is coarser than the
restriction of 7 to N% ¢, is 7-continuous on N, and hence by the Hahn-
Banach Theorem ¢, has a 7-continuous extension to L, which we denote by ¢,
again. Put ¢ =|p,|A¢ in L™, and note that YL’ and §<y¢=¢ which
completes the proof.

Recall that the absolute weak topology |o| (L, A) determined on a Riesz
space L by an ideal A of L™, is the locally convex-solid topology generated by
the family of Riesz seminorms {p, : ¢ € A}, where p(u)=|¢| (lu]) for all ue L.
The next result is a converse of the previous theorem.

TueorREM 3.9. Let T be a Hausdorff locally convex-solid topology on a Riesz
space L. If L! separates the points of L, then 7 is entire.

Proof. Note that |o| (L, L}) is a Hausdorfl Lebesgue topology satisfying
lo| (L, L) < 7. The result now follows from C,, < C, and the order denseness
of C|U|.

Let us denote by B the disjoint complement of L, in L_, that is, L] =
L, ®B. As a Corollary of Theorem 3.8 we have the following result.

Tueorem 3.10. If B separates the points of a Riesz space L, then L, ={6}.

Proof. Note that 7=|o| (L, B) is a Hausdorff o-Lebesgue locally convex-
solid topology on L, satisfying (L, 1)’ = B, see [1, Th. 6.6, p. 40]. By Theorem
3.8 we infer that BN L, ={6} is order dense in L, , which is impossible unless
L, ={6}.

We close this section by mentioning a Hausdorff locally solid topology that is
not entire. (It should be clear, however, from the above discussion that a
“reasonable” Hausdorff locally solid topology must be entire.)

Let (X,3,u) be a o-finite non-atomic measure space, and let L=
L.(X,3, w). Write L™ =L;®(L;)*% Then (L;)* separates the points of L [4,
p. 348], and so 7=|o| (L, (L})?) is a Hausdorff locally convex-solid topology
on L. It can be shown that C, ={6}, so that 7 is not entire; for details see [2,
Theorem 8].

4. An extension of Amemiya’s comparison theorem. I. Amemiyain[3]proved
that for Dedekind complete Riesz spaces a Hausdorff Fatou topology induces a
finer topology on the order bounded subsets than any Lebesgue topology on
the space. In [1, Th. 12.8, p. 87] this result was shown to be true without the
hypothesis of Dedekind completeness. We shall generalize this result further
here. To do this we need a Lemma first.

https://doi.org/10.4153/CMB-1980-025-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1980-025-5

190 C. D. ALIPRANTIS AND O. BURKINSHAW [June

LemmMA 4.1. Let 7 be an entire topology on a Riesz space L, and let A be either
an ideal or an order dense Riesz subspace of L. Then 7 restricted to A is entire.

Proof. Let 7, denote the restriction of 7 to A, and let 8 <u € A. Since 7 is
entire, there exists § <v € C, with @ <v =<u. In either case we can assume that
ve A (if A is an ideal, then ve A; and if A is order dense in L, there exists
weA with §<w=v, and we replace v by we C,).

Now choose a normal sequence {V,} of solid 7-neighborhoods of zero with
ve N4 where N=(7_, V.. Then {V,NA} is normal sequence of solid
7,-neighborhoods of zero of A, and v belongs to the disjoint complement of

w=1(V,NA)in A. Thus v € C,, and therefore 7, is an entire topology on A.

We are now ready to generalize Amemiya’s Theorem.

THeOREM 4.2. Let T be either entire or a Hausdorff o-Fatou topology on L.
Then 1 induces a finer topology on the order bounded subsets of L than any
Lebesgue topology on L.

Proof. Let 7, be a Lebesgue topology on L (not necessarily Hausdorff), and
let 8 =x e C,,. Note that 7, restricted to C,, is a Hausdorff Lebesgue topology,
and moreover, note that C, has the countable sup property. Thus if 7 is a
Hausdorff o-Fatou topology, then 7 restricted to C, is a Fatou topology. On
the other hand, if 7 is entire, then by Lemma 4.1 7 restricted to C,, is also
entire, and thus by Theorem 3.5 there exists a Hausdorff Fatou topology on C,,
that is coarser than the restriction of 7 to C, . Therefore, in either case, there
exists a Hausdorff Fatou topology 7* on C, which is coarser than 7 on C,,. By
[1, Th. 12.8, p. 87] 7* (and hence 7) restricted to [0, x] is finer than 7, on
[6, x]. Thus the result holds for the order bounded subsets of C,,.

Now assume that the order bounded net {u,} satisfies 6 =u, <u for all a,
and u, —— 0. To finish the proof we have to show that u, ——>6. Let V be a
solid T;-neighborhood of zero. Choose another solid 7,-neighborhood W of
zero with W+ W+ Wgc V. Now select a normal sequence {W,} of solid
7,-neighborhoods of zero with W;=W; put N=%_, W,. Since N®N? is
order dense in L and 7, is a Lebesgue topology, there exists § <v+w e NON?
with 6 =v+w=u and u—(v+w)e W. Note that we C,, and that (u—w)" =
(u—v—-w)+ve W+ W. According to the first part of the proof there exists 3
such that u, Awe W for all « =p. But then

O0=u,=(u,—w) ' +turw=u-w)y+u AweW+wW+wWcV
for a =B, implies u, € V for a =p. Hence, u, —> 6, and we are done.

CoRroLLARY 4.3. If 7 is a metrizable locally solid topology on a Riesz space L,
then 7 induces a finer topology on the order bounded subsets of L than any
Lebesgue topology on L.
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The next result is a converse of Theorem 4.2 and actually shows that
Theorem 4.2 is the best possible generalization of Amemiya’s theorem.

THEOREM 4.4. Let * be a Hausdorff Lebesgue topology on a Riesz space L. If
7 is a locally solid topology on L that induces a finer topology than t* on the
order bounded subsets of L, then T must be entire.

Proof. We claim that C.» < C,. To see this, let 6§ =u € C,«. Choose a normal
sequence {V,} of solid 7*-neighborhoods of zero with ue N9 where N=

%_1V,. Since 7*< 1 holds by hypothesis on [0, u], there exists a normal
sequence {W, } of solid 7-neighborhoods of zero with W, N[6, ul< V,, N[0, u]
for all n. Put M= (>_, W,, and note that u e M*. Indeed, since MO M? is
order dense in L, there exists a net {w, +v,}< M®M* with 6 =w_ +v,tu in
L. Since w, e MN[0, ul= NN[6, u]={6}, we get w, =0 for all a; therefore,
0=v.u in L, and so ue M% Thus ueC,, so that C.«< C,. The result now
follows by observing that by Theorem 3.2, C,« is order dense in L.

Note It is interesting to observe that the Hausdorff Lebesgue topologies on
a Riesz space share many properties. For example, they induce (by Theorem
4.2) the same topology on the order bounded sets, and they have the same
carrier. However, in spite of all these similarities a Riesz space can admit more
than one Hausdorff Lebesgue topology; see [1, Example 12.11, p. 88].
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