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Abstract

We study non-abelian versions of the Mellin transformations, originally introduced by Gabber-Loeser on complex
affine tori. Our main result is a generalisation to the non-abelian context and with arbitrary coefficients of the
t-exactness of Gabber-Loeser’s Mellin transformation. As an intermediate step, we obtain vanishing results for the
Sabbah specialisation functors. Our main application is to construct new examples of duality spaces in the sense of
Bieri-Eckmann, generalising results of Denham-Suciu.

Contents

1 Introduction

2 Preliminaries

2.1 Universal local system . . . . . . . . . . . . e e e e
2.2 (Weakly) constructible complexes, perverse sheaves and Artin’s vanishing. . . . . . . .
2.3 Sabbah specialisation complex . . . . ... .. ... o o
t-exactness of the Sabbah specialisation functor

Local vanishing of the multivariate Sabbah specialisation functor

Non-abelian Mellin transformations 12
Some applications 14

R U B AW W

AUt AW

1. Introduction

The geometry and topology of a complex algebraic or analytic variety can be studied via the cohomology
groups of its coherent and constructible sheaves. The Fourier-Mukai transformation on the coherent
side and the Mellin transformation on the constructible side are functors that allow one to compute
the cohomology groups of a coherent or constructible sheaf twisted by all (topologically trivial) line
bundles or local systems. As the Fourier-Mukai transformation has become an essential tool in birational
geometry, the Mellin transformation has also proved useful in the study of perverse sheaves, especially
on complex affine tori [9, 14], abelian varieties [20, 3] and, more generally, semi-abelian varieties [12,
13, 15]. In particular, whether a constructible complex is a perverse sheaf can be completely determined
by its Mellin transformation.
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In this paper, we establish non-abelian generalisations of the z-exactness result of Gabber-Loeser [9]
to certain families of Stein manifolds, such as complements of essential hyperplane arrangements. In this
general setting, we reduce the global #-exactness of the Mellin transformation to a certain local vanishing
result for the multivariable Sabbah specialisation functor [19]. In fact, we show the r-exactness of the
multivariable Sabbah specialisation functor, generalising the well-known result about the z-exactness of
the nearby cycle functor. As a special case of this local vanishing result, we prove a local version of the
t-exactness result of Gabber-Loeser. Using the r-exactness of the non-abelian Mellin transformations,
we construct new families of duality spaces that generalise those of Denham-Suciu [7].

Let A be a Noetherian commutative ring of finite cohomological dimension. Let U be a complex
analytic variety with fundamental group G. Let L be the universal A[G]-local system on U (as defined
in Section 2.1). Denote by g : U — pt the projection to a point space. For an A-constructible complex
F on U, we define its Mellin transformations by

MY (F) = Rg.(F®a Ly) and MY (F) = Rqi(F ®4 Lu)).

We omit the uppercase U when there is no risk of confusion. These are non-abelian counterparts of
similar transformations introduced by Gabber-Loeser [9] on complex affine tori.

Our main result is a generalisation to the non-abelian context of Gabber-Loeser’s t-exactness of the
Mellin transformation M. (see [9, Theorem 3.4.1], [14, Theorem 3.2]).

Theorem 1.1. Let U be a complex manifold with a smooth compactification U C X, such that the
boundary divisor E = |J <k <, Ex is a simple normal crossing divisor. Assume that the following
properties hold:

1. For any subset I C {1,...,n}, E] := Mgy Ex \ Uygs Ei is either empty or a Stein manifold. When
1 =0, this means U = X \ E is a Stein manifold.

2. For any point x € E, the local fundamental group of U at x maps injectively into the fundamental
group of U: that is, the homomorphism 1 (Uy) — m1(U) induced by inclusion is injective, where
Uy = Bx N U with By a small enough complex ball in X centred at x.

Then for any A-perverse sheaf P on X, the Mellin transformation W..(Ply) is concentrated in degree
zero. In other words, the functor

F = M(Fly) : DE(X, A) - D”(A[G])

is t-exact with respect to the perverse t-structure on D? (X, A) and the standard t-structure on D? (A[G]).

Remark 1.2. If U is algebraic, the conclusion of the above theorem can be reformulated as the assertion
that the functor

M, : D2(U, A) — D°(A[G])

is t-exact. Indeed, if we choose an algebraic compactification j : U — X satisfying the properties of
the theorem, then a constructible complex F in U is the restriction of the constructible complex Rj.F
on X. A similar statement holds in the analytic category, provided that one works with a fixed Whitney
stratification S of the pair (X, E) and constructibility is taken with respect to S (e.g., see [18, Theorem
2.6(c)]).

Examples of varieties U C X satisfying the above conditions include complements of essential
hyperplane arrangements, toric arrangements and elliptic arrangements in their respective wonderful
compactifications, as well as complements of at least n + 1 general hyperplane sections in a projective
manifold of dimension n (see [7, Section 2.3]).

Notice that the standard inclusion (C*)" < P" satisfies both conditions in Theorem 1.1. Thus we
get the following generalisation of Gabber-Loeser’s #-exactness theorem from field coefficients to more
general ring coefficients, where constructibility is taken in the algebraic sense. We also remark that
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the original proof of Gabber-Loeser does not apply to this general setting since it uses in an essential
way the artinian and noetherian properties of the category of perverse sheaves with field coefficients.
Moreover, our result cannot be directly deduced from that of Gabber-Loeser. Indeed, given an A-perverse

L
sheaf P, it is possible that P ®4 A/m is not perverse for some maximal ideal m of A.

Corollary 1.3. The Mellin transformation
M. : D((C)", A) — D (A[Z"])

is t-exact with respect to the perverse t-structure on D?((C*)", A) and the standard t-structure on
Db (A[Z"]).

As another application of Theorem 1.1, we obtain new examples of duality spaces (in the sense of
Bieri-Eckmann [4]) that are non-affine or singular varieties. In particular, we recast the fact, initially
proved by Denham-Suciu [7] by different methods, that linear, toric and elliptic arrangement comple-
ments are duality spaces.

As akey step in proving Theorem 1.1, we obtain local vanishing results about Sabbah’s specialisation
functors (Theorem 4.2). As a special case, we obtain a local version of the 7-exactness result of Gabber-
Loeser, where constructibility is taken in the analytic category.

Theorem 1.4. Let P be an A-perverse sheaf defined in a neighbourhood of 0 € C". Let B ¢ C" be a
small ball centred at the origin, and let B° be the complement of all coordinate hyperplanes in B. Let
Lpeo be the universal | (B°)-local system on B°. Then

Hk(B°,73|Bo ®a Lpo) =0 forany k #0.

In this paper, we make essential use of the language of derived categories and perverse sheaves (see,
e.g., [11], [211, [8], [17] and [18] for comprehensive references).

2. Preliminaries
2.1. Universal local system

Let X be a connected locally contractible topological space with base point x. Let G = 71 (X, x), and let
p : X — X be the universal covering map. We regard the universal cover X as the space of homotopy
classes of paths from the base point x to a variable point in X, with the natural action of G on the right. Let

Lx = p\Ag,

where Ay is the constant sheaf with stalk A on X. Then Lx is a local system of rank-one free right
A[G]-modules. Equivalently, Lx can be defined as the rank-one A[G]-local system such that the stalk
at x is equal to A[G] and the monodromy action is defined as the left multiplication of G on A[G].

Remark 2.1. We call Lx the universal local system of X for the following reason. Given any A-module
representation p : G — Auty(V), we can regard V as a left A[G]-module. Then we have an A-local
system Lx ®a[g] V whose monodromy action is precisely p. Moreover, every A-local system on X can
be obtained uniquely in this way.

Lemma2.2. Let (Y, y) and (Z, z) be two path-connected locally contractible pointed topological spaces.
Let Ly and Lz be the universal A[m\(Y,y)]- and A[n1(Z, z)]-local systems on Y and Z, respectively.
Let g : Y — Z be a continuous map with g(y) = z. If g. : mi(Y,y) — n1(Z,z2) is injective, then
as an A[n(Y,y)]-local system, g*(Lz) is a direct sum of copies of Ly indexed by the right cosets
g1 (Y)\m1(2).
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Proof. By definition, the local system g*(Lz) has stalk A[7;(Z, z)] at y, and the monodromy action
of @ € (Y, y) is equal to the left multiplication of g.a. As a left A[x(Y, y)]-module, A[n(Z, 7)] is
free, and the summands are parametrised by the right cosets g.; (Y)\7;(Z). Thus the assertion of the
lemma follows. O

2.2. (Weakly) constructible complexes, perverse sheaves and Artin’s vanishing.

Recall that a sheaf 7 of A-modules on a complex algebraic, respectively, analytic variety X is said to be
weakly constructible if there is an algebraic, respectively, analytic Whitney stratification S of X so that
the restriction F|s of F to every stratum S € S is an A-local system. We say that F is constructible if,
moreover, the stalks F for all x € X are finitely generated A-modules. Let D”(X, A) be the bounded
derived category of complexes of sheaves of A-modules on X. A bounded complex F € D”(X, A)
is called (weakly) constructible if all its cohomology sheaves H/(F) are (weakly) constructible. Let
D?W)C(X ,A) be the full triangulated subcategory of D”(X, A) consisting of (weakly) constructible
complexes.

The category D’(’W)C(X ,A) is endowed with the perverse t-structure: that is, two strictly full sub-
categories ” D(Sve)C(X ,A) and P D(Zve)C(X , A) defined by stalk and, respectively, costalk vanishing con-
ditions; see [2] or [11, Chapter X] for details. The heart of the perverse t-structure is the category of
(weakly) A-perverse sheaves on X.

Artin’s vanishing theorem for perverse sheaves is a key ingredient of both the local and global
vanishing results in this paper. We recall here the version for weakly constructible complexes.

Theorem 2.3 ([11, Theorem 10.3.8]). Let X be a Stein manifold.

1. Forany F € PD2.(X, A), H*(X, F) = 0 for k > 0.
2. Forany F € PDZ0(X, A), H*(X, F) = 0 for k < 0.

2.3. Sabbah specialisation complex

In this subsection, let X be a connected complex manifold. For 1 < k < n,let fi : X — Cbe holomorphic
functions, and let Dy = f,~ 1(0) be the corresponding divisors. Set | J; <x <, Dx = D, with complement
X\ D =U. Let

F=(f,....,fn): X—>C",

and denote by Fy : U — (C*)" the restriction of F to U. Leti: D < X and j : U — X be the closed
and open embeddings, respectively. Let £ c+)» be the universal local system on (C*)", and let

LE = Fj(Lcoyn)-
We make the following.

Definition 2.4. The Sabbah specialisation functor is defined as

Wr : DY, (X, A) = D{

(w)ce

(D,R), F = i"Rj.(Flu ®a L{)),

where R = A7 ((C*)™)].

Remark 2.5. (i) The above definition is similar to that of [6, Definition 3.2], and it differs slightly from
Sabbah’s initial definition [19, Definition 2.2.7], where one has to restrict further to Ny Dy. Both [6] and
[19] assume A = C.

(i) When n = 1 and A is a field, the functor Wy is noncanonically isomorphic to Deligne’s
(shifted/perverse) nearby cycle functor ¥ i [—1]. In this case, WF is an exact functor with respect to the
perverse t-structures (see [5, Theorem 1.2], as well as the discussion in [19, Section 2.2.9]).
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3. t-exactness of the Sabbah specialisation functor

As already mentioned in Remark 2.5, it is known that when defined over a field, the univariate Sabbah
specialisation functor is exact with respect to the perverse z-structures. The proof uses the (stalkwise)
isomorphism between the univariate Sabbah specialisation functor and the perverse nearby cycle functor
to conclude the right t-exactness and then uses Verdier duality to deduce the left t-exactness. However,
this proof does not work when the ground field is replaced by a general ring since the Verdier duality
may no longer exchange the subcategories ” D= and ” D 2°. Instead, one needs to also compute costalks.
In this section, we prove the t-exactness of the univariate Sabbah specialisation functor over a general
ring (Theorem 3.1) by showing a costalk formula (Proposition 3.3). Consequently, we prove that the
Sabbah specialisation functor in any number of variables is also t-exact (Corollary 3.4). Throughout
this section, we work with bounded weakly constructible complexes.

Let X be a complex manifold, and let f: X — C be a holomorphic function. Let D = £~!(0), and
set U = f~1(C*). Leti: D < X and j: U < X be the closed and open embeddings, respectively.

Fixing, as before, a commutative Noetherian ring A of finite cohomological dimension, we let L=
be the universal A[r;(C*)]-local system on C* and denote its pullback to U by

Eg = f*ﬁc*

Given a weakly A-constructible complex F on X, the univariate Sabbah specialisation complex of F is
the following object in D% (D, A[7(C*)]):

W (F) =i"Rju(Flu ®a L],).
Theorem 3.1. The Sabbah specialisation functor
¥, : DY .(X,A) - D5, (D, A[m (C)])

is t-exact with respect to the perverse t-structures.

Fixing a chart of X near x € D, we consider two real-valued functions on this chart: r is the Euclidean
distance to x, and d is the function given by d(y) = |f(y) — f(x)].

Lemma 3.2. Let F be a weakly A-constructible complex on X. Choose 0 < € << § << 1. Define
Mes ={yeX|r(y) <6,0<d(y)<e} and AL ={zeC"||z] <€}

Let f" : Ile s — A% be the restriction of f, which is the Milnor fibration of f at x. Then R f!(F|n, ;) is
locally constant on A%, : that is, it has locally constant cohomology sheaves.

Proof. Ttis a well-known fact that (see, e.g., [21, Corollary 4.2.2])
Rf/(Fln.,) = DRf/D(Fln, ,),

where D denotes the Verdier dualising functor. By [21, Definition 5.1.1 and Example 5.1.4],
Rf!D(Fln, ;) is locally constant. Hence, R f/(F|r, ;) is also locally constant. O

The following result shows that the Sabbah specialisation functor Wy has the same costalks as
Deligne’s perverse nearby cycle functor i ¢ [—1]. In view of Remark 2.5(2), one would expect that there
is a noncanonical isomorphism between these two functors. However, this fact, if true, is not needed in
this paper.

Proposition 3.3. Let F be a weakly A-constructible complex on X. Then

HY (D, ¥y (F)) = HE (M, Fluy ) 3.1
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where My is a local Milnor fibre of fat x € D and Hy (-) denotes the local cohomology at x € X. Here,
My can be identified with the fibre of f’ from the preceding lemma.

Proof. By applying the attaching triangle

- . oo+l
S —id - it —

to Rj.(Flu ® Eg), we get the distinguished triangle

I Flu ® L) = Rju(Fly © L) — 1" Rjo(Fly ® L) 5. (32)
Letiy : {x} = X and k : {x} = D be the inclusion maps with iy =i o k. Applying the functor

i, to the triangle (3.2) and using the fact that i’ Rj. = 0, we get from the corresponding cohomology
long exact sequence that for any k € Z,

H* (%" Rj(Fly ® £]))) = HY ik j (Flu ® £])).
Since
i Rj(Fly ® L) = kK\i'id™ Rj(Flu ® L) = KXWy (F),
we get, for any k € Z, an isomorphism
HY (D Wy (F)) := H (k¥ (F)) = B (i ju(Flu @ L)) (3.3)
For 0 < € << § << 1, we have

HY i (Flo @ £]) = H ({y € X | r(y) < 6,d(y) < €}, ji(Flu ® L))
= H* ({y e X | r(y) < 6,0 < d(y) < e}, Fly ® L)) (G4
= HY (AL, R/ (Fln, ;) ® Le+laz ),
where the first isomorphism can be deduced, for example, from [17, Proposition 7.2.5], and the last
follows from the projection formula.

Let Exp : C — C* be the universal covering map, and let Exp, : Exp™'(A%) — A% be its restriction.
Then L+ = Exp, A.. By the projection formula, we have

HE AL RS (Fln 5) ® Lovlaz) = HE (Exp™ (AL Expl RE (Fln, 5) ® Agypi(a))

(3.5)
= H**' (Exp' (A9), Expt Rf/(Flu. ,))-

Since Exp~'(A%) is a real two-dimensional contractible manifold, H2(Exp~'(A2),A) = A and
H*(Exp~'(A2),A) = 0 for k # 2. Since Rf/(Fln, s) is locally constant and its stalk is isomorphic to
RU(My, F|m, ), we get by the Kiinneth formula that

HE (Exp™ (ML), Expl RS (Fln, »)) = HE (M, Fluy ) (3.6)
Now the desired formula given by equation (3.1) follows from equations (3.3), (3.4), (3.5) and (3.6). O
Proof of Theorem 3.1. Since E{, is a local system of free A-modules, the tensor product ®A£5 is t-
exact. Since j is an open embedding of a hypersurface complement, it is a quasi-finite Stein morphism,

and hence Rj., is also t-exact (see, e.g., [ 18, Proposition 3.29, Example 3.67, Theorem 3.70]). The right
t-exactness of ¥y follows now from the right t-exactness of i*.
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For the left t-exactness of ¥, we need to check the costalk vanishing conditions on each stratum. By
Proposition 3.3, we notice that W has the same costalks as the Deligne perverse nearby cycle functor
¥ 5 [—1]; see, for example, [21, Lemma 5.4.2] or [18, Proposition 4.11] for the costalk calculation of the
latter. Then the assertion follows from the corresponding result for the (left) t-exact functor  r [-1];
see, for example, [21, Theorem 6.0.2] or [18, Theorem 4.22(2)]. m]

Next, we show how to derive the #-exactness of the multivariate Sabbah specialisation functor from
the univariate case of Theorem 3.1.

Corollary 3.4. Under the notations of Definition 2.4, the multivariate Sabbah specialisation functor
¥r : Db (X,A) — D% (D, R) is t-exact with respect to the perverse t-structures.

Proof. Without loss of generality, we assume that n > 2. Let f = f; --- f;;, and let fy : U — C* be the
restriction of f to U. As before, denote f;; (Lc+) and F; (L(c+n) by C{] and L, respectively.
Using the natural isomorphisms 7; ((C*)") = Z" and 7 (C*) = Z, the holomorphic map

I: (C)"—C" (21,.--520) > 21" 2
induces the homomorphism
72" > 2, (ar,...,ap) > a1 +---+ay,
on the fundamental groups. Then we have a natural isomorphism of rank one A[Z]-local systems,
£l = L5 ®apzn) AlZI,

where the A[Z"]-module structure on A[Z] is induced by &.
Fix a splitting Z" = Ker(¢£) @ Z of the short exact sequence

0 — Ker(¢) —>Z”£>Z—>O,
which induces a splitting of the short exact sequence of affine tori
1 - Ker(I) - ()" Lo 1.

By the definition of the universal local system, the above splitting of affine tori induces an isomorphism
of A-local systems

Lcoyn = Lier(m) ®a Lo
We denote the pullback F* Lyer(m) by £, Then taking the pullback of the above isomorphism, we have
Lh =1y 04 L,

as A-local systems.

Since F is a weakly A-constructible complex on X and L, is a local system of free A-modules,
Rj.(Flu ®a Ly,;) is a weakly A-constructible complex on X (see [18, Theorem 2.6(c)]). Therefore,
considering W (F) as an object in D]v?vc (D, A[Z]) under the functor between group algebras induced
by & : Z" — Z, we have

Wi (F) = i"Rj(Flu ®a LE) =2 i"Rj.((Flu ®a Ly;) ®a E{]) =¥ (Rj.(Flu ®a L))-

Since F is a weakly A-perverse sheaf on X and L, is a local system of free A-modules, the tensor
product Fly ®a Ly, is a weakly A-perverse sheaf on U. Since j : U < X is an open embedding whose
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complement is a divisor, j is a quasi-finite Stein mapping, and hence the pushforward R . (Fly ®a Eb)
is a weakly A-perverse sheaf on X. By Theorem 3.1, W (Rj.(Flu ®a L[,)) is a weakly A-perverse sheaf.
Since the definition of the perverse ¢-structure does not involve the ring of coefficients, we conclude that
Yr (F) is also perverse as a (weakly) R-constructible complex. O

4. Local vanishing of the multivariate Sabbah specialisation functor
Let X be acomplex manifold. For 1 < k < n,let fi : X — C be holomorphic functions as in Section 2.3,
with Dy = f 1(0) the corresponding divisors. Set

F=(f,....fn): X—>C"

For any subset I C {1,...,n}, let

D,:ﬂDk and D;zD,\UDm.
kel mel

ForasubsetJ C {1,...,n}, welet Doy = J;5; D;. We also let

Dyy = U Dy and D3, =Dom\ Dsme.

|1 |=m

Let D=Dsjand U =X\ D.Let Fy : U — (C*)" be the restriction of F to U.
If S is an open submanifold of X, we denote the open embedding by js : S — X. If S is a locally
closed, but not open, subvariety of X, we denote the inclusion map by is : § — X.

Remark 4.1. Here we do not assume that the divisors Dy define a local complete intersection. So the
codimension of Dj is only < |/|. In fact, D may not be equidimensional.

Given any weakly A-constructible complex F on X and any nonempty subset I c {1,...,n}, we
define

Wpe (F) = iZ;RjU*(ﬂU ®4LY),

that is, the restriction of the Sabbah specialisation complex W (F) to Dj. Here, Lf] is defined as in
Section 2.3. While, of course, ¥pe (F ) also depends on F, we drop this dependence from our notation
to avoid clutter.

In this section, we prove the following.

Theorem 4.2. Let R = A[r1((C*)")]. Then the functor
¥p; : D%, (X,A) — D%, (D}, R)

is t-exact with respect to the perverse t-structures.

First, we show that the functor ‘PD; is right r-exact.

Lemma 4.3. The functor Wp: is right t-exact: that is, it maps PD0 (X, A) to P DY (DS, R).

C

Proof. By definition, for any weakly constructible complex F on X, we have Wp: (F) = i},. ,Vr(F),
7,

where ip; p : D3 < D is the inclusion map. The right t-exactness of ‘PD; follows from Corollary 3.4,
together with the fact that the pullback functor 7}, ,, is right 7-exact (here we write ipe p as a composition
7

of the closed inclusion of Dy into D, followed by the open inclusion of Df into Dy); see [2, 1.4.10,

1.4.12] o
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The left 7-exactness of Wpe along zero-dimensional strata can be formulated as the following local
vanishing result. In particular, the proposition is weaker than Theorem 4.2.

Proposition 4.4. Let x € Dj be an arbitrary point, and denote the closed embedding by i : {x} — Dj.
Then for any constructible complex F in P DZ0.(X, A), we have

H* (i, ¥p;(F)) =0 forany k <O0. 4.1

Before proving the remaining left -exactness of the functor Wpe, we need the following lemma,
which is a local cohomology version of [1, spectral sequence (10)]. We give here a different proof, and
we will use similar arguments later to show Lemma 5.2. Here, we use local cohomology instead of
the cohomology of the exceptional pullback to avoid introducing more notations for the inclusion maps
from x to various spaces.

Lemma 4.5. Assume |I| = m. There is a spectral sequence

HE! (X (ips_ ipe Rju«(Flu ®a ,CS)) when1—m < g < -1
s Sy
E{"I =1{H? (X, l‘D*i*DRjU*(]-'|U ®a 55)) when g =0
0, otherwise

= HY™ (D], ¥p: (F)).
Proof. Consider the double complex .A** of weakly constructible sheaves on X defined by
AP = (ip,,)ip, . Rjus(Flu ®a LT)

when0 < p=-g <m—1and when0 < p =-1-¢g < m — 2. For other p, g, we let AP = 0.
By base change, we have a natural isomorphism

(lszH)*lDZPH (lDz,,)*lDZPR]U*(]:|U ®a Eu) = (lDZ,,H )*ll)zp+1 RJU*(]:|U ®A EU),

and hence the adjunction distinguished triangle can be written as

(ipz, hips Rju+(F @4 L)) = (ip.,ip. Rjv«(F ®a L7)
- 4.2)

. " . +1
— (lszH)*lDZ,H]RJU*(‘F ®a 55) —.

Now we define all the horizontal differentials d’ to be zero except 1 < p < m — 1, where we let
d : AP~1:=P — AP-=P be the second map in equation (4.2). Similarly, we define all the vertical
differentials d”’ to be zero except 0 < p < m — 2, when we let d” : AP>~P~! — AP-~P be the identity
maps.

Since all column complexes (AP-*,d”’) are exact except p = m — 1, and the (m — 1)th column is
equal to (ip,,,)«i},  Rju.«(Flu ®a L) [m — 1], we have an isomorphism

tot(A™*) = (ip,, )i, Rjv«(Flu ®a L))
in D% __(X, R), where tot(A**) is the total complex of .A** considered an object in D%,__(X, R).
Consider the filtration F,, := A®*=7 of .A** by row truncations. The graded pieces of the filtration

are the rows in 4% °. Using the adjunction distinguished triangle, we have

(iD;_q)!i}‘);_quU*(.Fly ®a L)[1] whenl-m<gq<-1
tot(Grg (A™%)) = {ip.it Rju (Flu ®a LE) when ¢ = 0 (4.3)
0 otherwise,
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where tot(Gr,(A**)) is the total complex of Gr,(.A**®) viewed as an object in D% _.(X,R).
Since x € Dj and Dj is open in Dy, the complexes R(iDZm)*iB)ijU*(}'ly ®4a Ef]) and
R(i D}’)*i*p; Rju«(Flu ®a L};) are quasi-isomorphic in a neighbourhood of x. Hence we have isomor-
phisms

HE (X, (i, i, Rjve(Flu ®a £5)) = HE (X, Ry )ip, Rjv. (Flu @4 £5))

. 4.4
= HI* (D, Wp: (F)).
Taking local cohomology of the filtered complex tot(.4°%*), we have a spectral sequence
EPY = HY™ (X, tot(Grg (A™*))) — HZ™ (X, tot(A™?)).
The isomorphisms given by equations (4.3) and (4.4) yield the spectral sequence in the lemma. O

Proof of Theorem 4.2 and Proposition 4.4. We simultaneously prove the theorem and the proposition
using induction on |I|, the cardinality of I. When |I| = 1, Theorem 4.2, and hence Proposition 4.4,
follow from Corollary 3.4 (since restriction to opens is t-exact). Fixing an integer m > 2, we assume
that Theorem 4.2, and hence Proposition 4.4, hold for all  with |I| < m, and we want to show that they
both hold for I with |I| = m.

To prove Proposition 4.4, we notice that the statement can be reduced to the case when D is a simple
normal crossing divisor. In fact, consider the multivariate graph embedding

Fl:X > XxC" x (x,F(x)),

which restricts to a closed embedding U — X X (C*)". The local vanishing in equation (4.1) of Sabbah’s
specialisation functor for F' : X — C” can be reduced to the local vanishing of the Sabbah specialisation
functor for the projection p, : X X C* — C". This is due to the following natural isomorphism

RE[WE(F) =2 ¥,,(RF F),

where F is the restriction of F' to D.
Now we prove Proposition 4.4, assuming that D is a simple normal crossing divisor. We identify
Al ((C)™)] with A[#7, ..., ;] using the standard isomorphisms
Alm ((CYM] = A[Z"] = Alr}, .. ..5,].

n

Let B, be a small polydisc in X centred at x, and let U, = B, NU. Without loss of generality, we assume
that I = {1,...,m}. Since D is a normal crossing divisor, we have a natural isomorphism A [, (Uy)] =
Alfy,.... 1, ]. Let Ly, be the universal A[r7, ..., 1, ]-local system on U,. As A[t},...,1;,]-local
systems on U, we have a noncanonical isomorphism

£5|Ux = Ly, ®a A[I:HI, St
Therefore,
H* (i, ¥p3 (F)) = H" (ixipe Rju«(Flu ®a L7)))
= HY (Bx’i*D;RjU*(f|U ®a Lu,)) ®a Alt,y,- - 03]

Thus it suffices to prove the vanishing in equation (4.1) under the following assumption, which we will
make for the remainder of the proof of Proposition 4.4.

Assumption. The space X = B, = Al is a small polydisc in C! centred at the origin x, and n = m and
fis- -, fm are the first m coordinate functions. In particular, ELF] =Ly and U = Uy.
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We claim that

>-q

(X (ipe ). Rive(Flu @4 Lu)) =0 (4.5)

forl-m<g<-land p+q <0.Infact,letJ c {1,...,m} with |J| = —¢. To show equation (4.5), it
suffices to show thatfor 1 —-m < g < -landp+¢q <0,

Y (X, (g iy, Rju-(Flu ©a L)) = 0. “6)

Without loss of generality, we assume that J = {1, ..., —g}. By the above assumptions, U = (A°)"" x
A!=™ where A is a small disc in C centred at the origin, and A® = A\ {0}. We further decompose U as
U = (A°)"9 x (A°)"* x Al=™ and we let Eé and Eg be the pullback of the universal local systems
L (p2)-a and L poymegupt-m to U, respectively. Then as A[t}, . .., 1, ]-local systems,

Ly =L eaLl],

where the A[f7, ..., 1, ]-module structures on £{] and E{; are induced by the natural projections

7 (U) = 1 ((A°)™9) and 711 (U) — w1 ((A°)"™*9), respectively. Thus, we have

l’E;RjU*(]'WU ®a ﬁU) = i*D;RjU*(F|U ®a ﬁé ®a ﬁg') 7
= iZ;RJU*(ﬂU ®4 L{;) ®a Lps, '

where Lpe is the universal local system on DY, and the second isomorphism follows from the fact that
E{; extends as an A [tqu, ..., tym]-local system to X \ (D_g41 U -+ U Dy,), and the restriction of the
extension to D is isomorphic to ﬁD;-
Applying the inductive hypothesis in Theorem 4.2 to the space X \ (D _44+1 U --UD,,) and functions
fi,..., fq, it follows that
G = ipe Rju.(Flu ®a L) € "D (D3 Al ... 1%,]).
By equation (4.7), we have

HE (X, (g iy, Rjv(Flu ®a £0)) = HE (X, (i) (G @4 L13). 4.8)

Consider the distinguished triangle

(ips)1(G ®a Lps) — R(ips).(G ®a Lps) = (ip.,)ip_, R(ips)(G ®a Lps) =,

Since i* R(i D2 ) (G ®a ED;) = 0, the local cohomology long exact sequence implies that

Hor (X, (ips 1 (G ®a Lps)) = HYM (X, (ip., )ip_, R(ips)(G ®a Lps))

. - : (4.9)
= HY (D>J’ZD>JR(ZD_°])* (G ®a 503))'

Notice that the last term of the above isomorphism is equal to the (p + ¢)th cohomology of the costalk
at x of the multivariate Sabbah specialisation functor applied to G with respect to the holomorphic
functions fi|p, on Dy fori € {1,...,m} \ J. Thus, by Corollary 3.4,

HEY(X, (ip.,)«i}_ R(ips).(G ®4 Lps)) =0 (4.10)
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when p + g < 0. Combining equations (4.8), (4.9) and (4.10), we have
HPHa! (X (ipe )i Rjva(Flu ®a cU)) =0 @.11)
J J

when p + g < 0.
Notice that

HY (X, ip.ipRju«(Flu ®a Lu)) = HY (D, it Rju«(Flu ®a Lu)),

and the right-hand side is equal to the (p+¢g)th cohomology of the costalk at x of the Sabbah specialisation
Yr (F). Thus, by Corollary 3.4, we have

H,Ixﬂq (X, iD*iERjU* (.F|U ®A EU)) =0 4.12)

when p + g < 0.

Therefore, the vanishing in equation (4.1) follows from Lemma 4.5 and equations (4.11), (4.12). We
have finished the proof of Proposition 4.4.

We now complete the proof of Theorem 4.2. In Lemma 4.3, we have proved the right r-exactness of
¥p:. By Proposition 4.4, we know the left -exactness of the functor ¥p: at zero-dimensional strata. The
proof of the left #-exactness at higher-dimensional strata can be reduced to the case of zero-dimensional
strata by using the standard normal slice arguments (see, e.g., [21, page 427]). O

The next corollary shows that Theorem 4.2 can be considered a generalisation of the #-exactness of
the Sabbah specialisation functor.

Corollary 4.6. Let R = A[n; ((C*)")], and define the functor ¥p, by
¥p, : Db, (X, A) - Db (D;.R), F iy Rju.(Flu ®a Lu).

Then ¥p, is t-exact with respect to the perverse t-structures.

Proof. 1t suffices to show that if P is a weakly constructible A-perverse sheaf on X, then ¥p, (P)
is perverse. Notice that Wp,(P) is equal to an iterated extension of constructible complexes
(ip,,D; )= (iDg,DJ)g‘PD; (P) for J > I. Since D is a hypersurface complement in Dy and D is closed
in Dy, Theorem 4.2 implies that (ip, p, ) (iDj,DJ )g‘PD; (P) is a perverse sheaf supported on D ;. Since
extensions of perverse sheaves are also perverse, ¥p, (P) is a perverse sheaf on D. O

5. Non-abelian Mellin transformations

First, we recall and extend the notations of Theorem 1.1.

Let X be a compact complex manifold. Let £ = | J; <, <4 Ex be anormal crossing divisor on X, and let
U = X \ E with inclusion map j: U < X. For any nonempty subset I C {1,...,d},let E; = (;¢; E;
and E} = Ef\Ujgr Ej. Let Exp = U\ fj=m Er,andlet ES | = E>p \ E> 41" For any open submanifold
S of X, we denote the open embedding by js: S < X. For a locally closed, but not open, submanifold S
of X, we denote the inclusion map by is: S < X. Let Ly be the universal A[x;(U)]-local system on U.

Proposition 5.1. Under the above notations, let P € D%(X,A) be an A-perverse sheaf. Given a
nonempty subset I C {1,...,d}, assume that at every point x € E3, the local fundamental group maps
injectively to the global fundamental group: that is, the condition (2) in Theorem 1.1 holds. Then

is a weakly constructible A-perverse sheaf on E;.

Here we denote divisors by E, as opposed to D in the earlier sections, since no defining equations are present in this case.
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Proof. It suffices to check the statement locally on Ej. For an arbitrary point x € Ej, let B, be
a small ball in X centred at x, and let Uy = By N U. By Lemma 2.2, Ly|y, is a direct sum of
possibly infinitely many copies of Ly . Let i E{NB.,B, E; N Bx — By and jy, B,: Ux — By be
the closed and open embeddings, respectively. The restriction of the complex i*E; Rj.(Plu ® Ly) to

E} N By is equal to (iE;me,BX)*R(jUX,BX)*(P|UX ® Lylu,), which is just a direct sum of copies
of (iezng,.8,) R(ju,,B.)«(Plu, ® Ly, ). Hence, by Theorem 4.2, the weakly constructible complex
(ieenBy,B,) " R(ju,,B,)«(Plu, ® Lulu,) is an A-perverse sheaf on E7 N By. O

Before proving Theorem 1.1, we need the following lemma, similar to Lemma 4.5.

Lemma 5.2. There exists a spectral sequence

e [H(X i, )i Rio(Plo @ £u)) when g <0
: 0 when g > 0
= HP*(X,i.i"Rj.(Plu ®4 Lv)).

Here, if E ‘;_q | = 0, our convention is that both (i ES__ ., ), and it are zero functors.
> Sgit !

+ >-q+l1

Proof. As in the proof of Lemma 4.5, we define a double complex 5°° by
BP-1 = (l'EZ,,)*i*EZpRjU*(MU ®a Lu)

when p = —qg > 0or p—1=—¢q > 0. For other values of p, g, we let BP>? = 0. Consider the adjunction
distinguished triangle

(i, ) igs Rive(Plu ®a Lu) = (iE., )ik, Rjv.(Plu ®4 Lu)
: 5.1)

. . |
- (iEzpn)*iEZI,+1RJU*(P|U ®a Ly) 5.

We define all horizontal differentials d’ to be zero except p > 0, in which case we let d’ : BP>7P —
BP+1=P be the second map in equation (5.1). We define all vertical differential d”’ to be zero except
p > 1, when weletd” : BP-~P — BP-~P*! be the identity map. For the rest of the proof, we can use the
same arguments as in the proof of Lemma 4.5, with local cohomology replaced by hypercohomology. O

We now have all the ingredients for proving our main result, Theorem 1.1.

Proof of Theorem 1.1. Given any A-perverse sheaf P on X, we need to show that
H*(M.(Ply)) =0 for k # 0.

By assumption, U is a Stein manifold. Since P|y ®4 Ly is a weakly constructible A-perverse sheaf, by
Artin’s vanishing Theorem 2.3, we get

H*(M.(P)) = H*(U, Ply ®4 Ly) =0 for k > 0.
To show the vanishing in negative degrees, we consider the following distinguished triangle:
. . .k 1
J71(Plu ®a Lu) = Rj.(Plu ®a Lu) — i.i"Rj.(Plu ®a Lu) 5,

where i: E — X and j: U — X are the closed and open embeddings, respectively. Since X and E are
compact, the associated hypercohomology long exact sequence reads as

- > HE(U.Ply ®a Lu) = H (U, Ply ®a Lu) — H*(E.i*Rj.(Plu ® Lu)) = -+ (5.2)
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By Proposition 5.1, as a weakly constructible complex on E‘;_q b ipe R ju«(Plu ®a Ly) is
= >—-g+1

perverse. By assumption, E? is a disjoint union of Stein manifolds. Thus, by Artin’s vanishing

>—qg+1
Theorem 2.3, we have that
HP (X, (l.Eg-qH)!i’lﬁ’fg_qHRjU*(P'U ®a EU)) = Hé?“l (E;—q+1’ l'*E;qHRjU* ('P|U ®a EU))
vanishes for ¢ < 0 and p + g < 0. Therefore, by Lemma 5.2, we have
H*(X,i.i"Rj.(Ply ®a Ly)) =0, for k < 0. (5.3)

Furthermore, since P|y ®4 Ly is a weakly constructible A-perverse sheaf on the Stein manifold U, we
get by Artin’s vanishing Theorem 2.3 that

HY(U,Ply ®a Ly) =0, fork <0. (5.4)
By plugging equations (5.3) and (5.4) into the long exact sequence (5.2), we conclude that
H*(M.(P)) = H*(U,Ply ®a Ly) =0, fork <0,

thus completing the proof of Theorem 1.1. O

6. Some applications

One of our motivations for studying the #-exactness of the non-abelian Mellin transformation is to extend
results of Denham-Suciu [7] concerning duality spaces (in the sense of Bieri and Eckmann [4]). Let us
first recall the following definition.

Definition 6.1. Let U be a topological space with fundamental group G, which is homotopy equivalent
to a connected, finite-type CW-complex. Let L; be the universal Z[G]-local system on U. We say that U
is a duality space of dimension nif H* (U, Lyy) = 0 for k # nand H" (U, Ly ) is a torsion-free Z-module.

It is proved in [7] that for any smooth, connected, complex quasi-projective variety U satisfying the
conditions of Theorem 1.1, the topological space U is a duality space of dimension dim¢ U. In particular,
complements of essential hyperplane arrangements, elliptic arrangements or toric arrangements are
examples of duality spaces. The aim of this section is to construct new examples of duality spaces that
are non-affine or singular varieties (see Proposition 6.4 and Corollary 6.6). In fact, our results apply
more generally to complex analytic varieties.

We begin with the following general result.

Proposition 6.2. Let U C X be complex manifolds satisfying the conditions of Theorem 1.1. Let
f:Y — U be a proper map from a pure d-dimensional complex analytic variety Y, satisfying the
following assumptions:

(i) finduces an isomorphism on fundamental groups.
(ii) Rf.(Qy[d]) and Rf.(Fy|[d]) are perverse sheaves on U, where F = F, is a field of prime
characteristic p.
(iii) Rf.(Zy[d]) € PDZ(U,Z) is semi-perverse.

Then Y is a duality space of dimension d = dimc Y. In particular, when f is the identity map of U, we
get that U itself is a duality space of dimension dim¢ U.

Proof. We follow similar arguments as in the proof of [14, Theorem 4.11(1)]. First, by definition, we
have that

H*(Y, Ly) = H* (MY (Zy)).
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By (i), we get that Ly = f*Ly with coefficients in A = Z, Q or F. By the properness of f and projection
formulas, we have

M (Zy) = MY (RfiZy)

as well as
MY (Zy) ® Q = MY (Qy) = MY (Rf.Qy) (6.1
and
Y L Y U
M, (Zy) ®z F = M, (Fy) =M (Rf.Fy). (6.2)
By Theorem 1.1, the assumptions (ii) and (iii) and the isomorphisms in equations (6.1) and (6.2),

the complexes MY (Zy [d]) ®z Q and MY (Zy [d]) 6L§Z F are concentrated in degrees zero and the
cohomology of MY (Zy [d]) vanishes in positive degrees. Thus, by Lemma 6.3 below, the complex
MY (Zy [d]) is also concentrated in degree zero, and its cohomology in degree zero is a torsion-free
Z-module. In other words, Y is a duality space of dimension d. o

Lemma 6.3. Let N*® be a bounded complex of free Z-modules. Suppose that

1. H*(N®* ®; Q) = H*(N* ®z Fp,) =0 for any k # 0 and for any prime number p;
2. HX(N*) =0 for k > 0.

Then H*(N*®) = 0 for k # 0, and H(N®) is a torsion-free Z-module.

Proof. By (2), it suffices to show that H*(N*) = 0 for k < 0 and H°(N*) is torsion-free. For any k < 0,
since HX(N* ®7 Q) = 0, HX(N*) is a torsion Z-module. Thus it suffices to show that H* (N*) is torsion
free for all £ < 0.

Suppose that for some k < 0, H*(N*) has nonzero torsion elements. Let ko be the smallest such
k, and let p be a prime number such that H*0(N*) has nonzero p-torsion elements. Here, notice that if
n € HX(N*®) has order m > 0, and if p is a prime divisor of m, then %77 is a p-torsion element. The

p-torsion element in H* (N*®) induces a short exact sequence
0— F, — H*(N*) — H*(N®)/F, — 0.
Then as part of the associated long exact sequence, we have
0 = Torg (H*(N®)/F,,F,) — Tor:(F,,E,) = F,, — Tor-(H* (N*®),F,),

which implies that ToriZ (H*(N*®),F ») # 0. By the universal coeflicient theorem, there is a noncanonical
isomorphism

HY(N* ®; F,) = H*"\(N*) ®2 F, ® Tor”(H® (N*), F,).
Thus H*1(N* @7 F,) # 0. Since ko < 0, this contradicts our assumption (1). O

The following are consequences of Proposition 6.2.

Corollary 6.4. Assume U C X are complex manifolds satisfying the conditions of Theorem 1.1. Let
f:Y — U be a proper birational semi-small map from a pure d-dimensional complex manifold Y. Then
Y is a duality space of dimension d. In particular, blowing up U along any codimension-two submanifold
gives rise to a duality space.
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Proof. 1t suffices to check that the map f satisfies the assumptions of Proposition 6.2.

First, since f is a birational and proper map between the complex manifolds U and Y, f induces an
isomorphism between their fundamental groups (see, e.g., [10, page 494]).

Secondly, since Y is smooth and f is semi-small, by [21, Example 6.0.9], we have:

1. Rf.(Qy|[d]) and Rf.(Fy[d]) are perverse sheaves on U.
2. Rf.(Zy[d]) € PDE°(U,Z) is semi-perverse.

Hence the assertion follows from Proposition 6.2. O

Corollary 6.5. Let U be a complex manifold with a compactification X satisfying the conditions in
Theorem 1.1, and let Z C U be a connected closed analytic subvariety, which is also locally closed in
X. Assume that Z is a local complete intersection, and the inclusion Z — U induces an isomorphism
on fundamental groups. Then Z is a duality space of dimension dimc Z.

Proof. First, since Z is locally closed in X, R(j 0i). Zz = Rj. j*i.Z5 is constructible on X, where Z
is the closure of Zin X, andi : Z — U,i: Z — X and j : U — X are the inclusion maps (see, e.g.,
[18, Theorem 2.5]).

Let d = dimc Z. Since Z is a local complete intersection, Zy [d], Qz[d] and Fz[d] are perverse
sheaves on Z. Since i is a closed embedding, i. Zz[d], i. Qz[d] and i, Fz[d] are perverse sheaves
on U. Since i : Z — U is also assumed to induce an isomorphism on fundamental groups, the assertion
follows from Proposition 6.2. O

Corollary 6.6. Let Y C P" be a hypersurface such that the singular locus Ysne has codimension at least
3. Let Dy,...,D,, C P" be smooth hypersurfaces in general position and transversal to Y such that
YNnDiN---ND,=0. ThenY \ (D U---U Dy,) is a duality space.

Proof. SetU =P"\ (D U---UDy,,).Itis clear that U with compactification P" satisfies the conditions
in Theorem 1.1. Note that Y \ (D U --- U D,;,) is a hypersurface in U. By the above corollary, we
only need to show that the inclusion map Y \ (D; U ---U D,,) — U induces an isomorphism on the
fundamental groups. By the Lefschetz hyperplane section theorem, after intersecting with a generic
projective linear space L ¢ P" with dim L = 3, we can assume that Y is a smooth hypersurface Y in P3
intersecting D U - - - U D, transversally. Using the Lefschetz hyperplane section theorem, we get that

Y\(DiU---UD,,) > P>\ (D, U---UD,,)

induces an isomorphism on the fundamental groups. O

We regard a complex manifold U as in Theorem 1.1 as the affine/Stein counterpart of a complex
projective aspherical manifold. The Mellin transformations of certain projective aspherical manifolds
are discussed in [16], where, under certain assumptions, we show that the Mellin transformation of a
nontrivial constructible complex is nonzero (see [16, Proposition 3.3 and Proposition 5.6]).

We conjecture that this fact remains true in the more general setting of Theorem 1.1.

Conjecture 6.7. Assume that U C X are complex manifolds satisfying the conditions in Theorem 1.1.
Let F € Db (X, A) be a constructible complex such that Fly # 0. Then M. (F|y) # 0.

Remark 6.8. If U c X are algebraic varieties, and if U admits a quasi-finite map to some semi-
abelian variety, then the conjecture holds; for more details, see [16, Remark 5.15]. Such examples
include complements of essential linear hyperplane arrangements, complements of toric arrangements
and complements of elliptic arrangements.

A particular consequence of Conjecture 6.7 is that the perverse t-structure on D% (U, A) can be
completely detected by the Mellin transformation.

Proposition 6.9. Assume that the above conjecture holds for complex manifolds U C X satisfying the
conditions in Theorem 1.1. Then for an A-constructible complex F on X, F|y is perverse if and only if
M. (Flu) is concentrated in degree zero.
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Proof. The ‘only if’ part is exactly Theorem 1.1. To show the converse, suppose that F|y is not a
perverse sheaf. Then there exists k # O such that PH*(F|y) # 0. It follows from Theorem 1.1 that
H*(M.(Fly)) = HO (M. (PH*(F|v))), which is nonzero by Conjecture 6.7. This is a contradiction to
the assumption that 9. (F|y) is concentrated in degree zero. O
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