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SOCLES OF VERMA MODULES IN QUANTUM GROUPS

A.V. JEYAKUMAR AND P.B. SARASIIA

In this paper the Verma modules M,()\) over the quantum group v.(sl(n + 1), C),
where ¢ is a primitive £th root of 1 are studied. Some commutation relations
among the generators of U, are obtained. Using these relations, it is proved that
the socle of M.(}) is non-zero.

0. INTRODUCTION

A quantum group U, = U,(g) is a g-deformation of the classical universal envelop-
ing algebra U of a complex semi-simple Lie algebra g, where ¢ is an indeterminate.
The representations of U, have recently occupied the attention of many mathematicians
(see for example, [1, 2, 3, 4]). When ¢ is a root of unity, the representation theory
of Uy has a close bearing on the modular representation theory of semi-simple, simply
connected algebraic groups and affine Lie algebras.

In [1], De Concini and Kac defined the notion of Verma modules over U and U,
(where ¢ is a primitive £th root of 1, £ is an odd integer) analogous to the classical
Verma modules. In this paper, we study the Verma module M,()) over U. = U,.(g),
where g = sl(n + 1), and in particular prove that the socle of M,(A) over U, is non-
zero.

1. PRELIMINARIES

1.1. Let us fix some notations which are standard (see for example, [1}).

For a fixed n € N, let (aij),; ;¢ be the cartan matrix of type An.

Let ¢ be an indeterminate and let A = C[q, ¢~ ] with the quotient field C(q). For
any integer M > 0, we define

M _ M
M == €4, [M=([M][M-1)...],
M| _ (M) ) M)
[:‘J_W—_j]t forj €N, [0]_1.

and
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Let U, be the C(g) algebra with 1, defined by the generators E;, F;, K'
(1 € i < n) with the relations:

(2) KK '=K'K;=1, KK;=K;Ki,

(b) K:E;K ' = ¢*E;, K.F;K'=q %Fj,

(<) E:F; - F;E; _5,,__:;‘,

(d) E:E; = E;E; if a;; = 0,

(e) E?E; — (¢+ ¢ ') E:E;E: + E;E? = 0if ag; = -1,
(f) F-F-=F-F- if ag; = 0,

(8) F2F; — (g4 ¢~V )FiF3F; + FiF? = 0if agj = —1.

Then U, is a Hopf algebra over C(g) which is called the quantum group associated
to the matrix (ei;), with comultiplication A, antipode S and counit v defined by

AE;=E;®@1+K:®FE;, AF.;=F,QK'+1Q®F,
AK; = K; ® K;

SE;=—-K'E;, SF;=-F,Ki, SK;=K*

vE; =0, vF;=0, vK;=1.

Also introduce the elements

K: "—K-_l -n
(Kism) = & ‘qq_qilq ) w .

1.2. It is well known that one can introduce a root system associated to the matrix
(aij). We briefly describe the construction here. For details refer to [1, 5].

Let P be afree abelian group with basis w;, ¢ =1, 2, ..., n (P is usually called the
lattice of weights). Let Pt denote the subgroup of non-negative integral combinations
of wy, ws, ..., w, and any element of Pt is called a dominant weight. Define the

following elements in P:

p=Zw;, aj=Za,-,'w.' (j=1,...,n)
=1 =1
let Q=) Zai, Qi=) Zia
Define a bilinear pairing P x @ — Z by

(1.2.1) (wi | @j) = &ij.
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Then (a; | @;) = a;j, so that we get a symmetric Z-valued bilinear form on Q
such that (a | a) € 2Z.

Define automorphisms 7; of P by riw; = w; — §i0; (3,7 =1,2,...,n).

Then r;a; = aj — a;ja;. Let W be the (finite) subgroup of GL(P) generated by
T1,T2, ..., Tn. Then @ is W-invariant and the pairing Px Q — Z is W-invariant. Let
II={aj, as,..., an}, R =WII and denote RN @+ by R*. Then R is a rcot system
corresponding to the cartan matrix (a;;) with Weyl group W and R* the system of
positive roots. Clearly p is half the sum of positive roots. We introduce a partial
orderingof P by A 2 pif A—pu € Q4. Let wy be the unique element of W such that
wo(RY) = —RY.

1.3. Let U4 be the A-subalgebra of U, generated by the elements E;, Fj, K,-il , [Ks; 0]
(i=1,2,...,n). Let U} (respectively Uy ) be the A-subalgebra of U4 generated by
the E; (respectively F;) and U the subalgebra generated by the K; and [K;;0).

1.4. We shall show how to choose a canonical basis for U, from the given set of gen-
erators (for details see [1, 5, 6]).

We note that we can define an anti-automorphism w of U, defined by
(1.4.1) wE;=F; wF;=E; wK; = K1, wqg=gqt.
For any 7, 1 < ¢ < n, there is a unique algebra automorphism T; of Uy such that

(1.4.2) T:E; = -F;K;, T;E;= —-EJ'E" + q_lE;Ej if aj; = -1
and Tj(E;) = E;if a;j =0

(1.4.3) T.F; = —K'E;, T;F;=—F;F;+ qF:F;jifa;; =—1
and T;(F;) = Fi;if a;; =0

(1.4.4) T:K; = K;K; *7, Tw =uwT:

Let w € W and let r;, .. Ty be a reduced expression of w. Then the automor-

phism T, =T, ... T;, of U, is independent of the choice of the reduced expression of
w.
Fix a reduced expression r; r;, ...7riy of the longest element of W, where N =

|R*|. Then this gives us an enumeration of the elements of R*:

,31=a.-1, ﬂz=r,-la.-,,...,ﬂN=r.-l...r,-N_la;N.
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We define the root vectors:

Eg, = T"lTiz .. 'Tiu—lEin
Fg, = Tith'z ... T;

LI

F;, which is the same as wEg,.
For J = (jh j27 sevy ]N) € Zi’ let

(1.4.5) E'=E} ...E}N, F/=uwE.
The elements F/ K™ ... K™» E™ where j, r € Z¥, (m;...m,) € Z™ form a basis

of U, over C(q).

1.5. Given ¢ € C*, we now consider the specialisation U, = Uas/(g — €)U4. We take
€ in such a way that 2 # 1.
Then U, is an algebra over C with generators E;, F;, K&' (1 <i < n) (identi-

1
fying these vectors with their images), and defining relations,

(a) K:K; = K;K;, K:K'=K'K;=1,
(b,) K'iEjKi_l = eaijEJ" KiFJ'Ki—l = E_Giija

K; —'Ki_l
(c") E;F; — F;E; = b;; i
(dl) Ei'zEj - (5 + E_I)EiEjEi +EjE;2 =0if ag; = -1,
(e') F?Fj — (e + e ) FiFjF; + F;F? =0 if a;j = —1,
(') EE; = E;E; =0, FiFj=F;F;=0ifa;;=0.

1.6. We denote by U}, U, U? theimagesof U}, Uy, and UY in U,. The automor-
phism T; of U, defined in (1.4) clearly induces an automorphism T; of U,. The vectors
EJ | F7 et cetera of (1.4.5) can then be taken to represent their images in U,. Then the
elements E7, j € ZY form a basis of U} over C, and the elements F/ K™ ... K*E™

where j,7 € Ziv and (m;...my) € Z™ form a basis of U, over C.

2. SOME COMMUTATION RELATIONS

2.1. We shall now introduce certain basic relations among the generators of U, corre-
sponding to the positive roots.

Consider the following sequence of elements in U,.

E,, T2T1(E2)’ 1-'1'+1(E1') 1=12,...,n,
(211) T;_Q(E,') 1= 3, ceey T, T,'+3T,'+1(E.‘) 1= 1, ey M — 2,
ooy TaTacs ... To(EL).
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For convenience we shall write the above terms in the same order.

(2.1.2) By, By, E""+.1’ i=1,2,...,n, B2, 1=3,...,n,
Eiivriv2, 3=1,...,n=2,..., E13 n.

The subscripts correspond to the various positive roots: For example the subscript
12 corresponds to a; + az, and 123 corresponds to a; + az + as. )

For A; and A; these elements are E;, Fy, E;; (see [6]) and E,, E,, E;, Eia,
E;3, E;23 respectively.

2.2. Using the identities (1.4.2) we obtain the following commutation formulas among
the elements defined in (2.1.2).

E,ot1. kEBrt1k42.t = €Exq1 4By sp1. 6+ €E sg1.4,1 <8, k<n, k+1 << n;

Ev2.kEsst1.4=Esst1.2E12.5,1 <k <n,1<5,L<k;

Esor1. 4Bt k=€ 'Ergpr. kEra1 1 <8, k<0, 8 <€k

Eyst1.kEsst1.6 =€Eypi1.tBray1. 0,1 <8, k<08 <LK

Eysot1.5Ett41..m = EBter1.mEsstrk + (€7 —€) Errt1..pEsstr.m,
<s,k<n,s#k,s<l<k<m<nl=k=r=p,€<r,p< k, 7 # p;

Ei2.kExt2 = Ex42B12.6, 1<k<n-—-1;

E:E; = E;E;, i,j=1,2...n, i#3j, ai;=0.

The above commutation formulas give rise, by induction, to commutation formulas
between the basis element of U .

m P —_ TP P m
Bl B =€ Ek+1..1Enl+1...k

min (7:2) ((p—j)m+3)
. p —3F m—
+ Z € (i)t [] [ ]E..+1 tE:+i...zEu+J1 &
= il li
1<, k<, k+1<L€<Ln

m —
Ean+l kEl£+l a2 Ell+1...tEa‘+l...k

min (m,u)

i+1 _ © . —j _: .

w2 e = e 7] 5] BB B B
j=1

<s,k<n, sk, s<l<k<t<n,l=k <k

E 1 kBl =€ TPE 3B i1k 1K 8, k<, 8 <UL K

E;nz...kEfa—H...t = Ef.+1...¢EInz...k’ 1<k<n, 1<s,E<k;

E i1 kB 1. 0 =€ PEL 1 4B 1S58, k<0, s <EE;

=r=pt<np

T # P
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Ei”;....kEl;:+2 = E:.;.zE;nz_,_k, l<k<n-1;
EME] = BJET i aij=0,i#j, i,j=1...n.

By using the relations wE; = F;, we = ¢~}

Fi ’s.

we obtain similar relations among the

3. VERMA MODULES

3.1. The notion of Verma modules over U, and U, was introduced by De Concini and
Kac in [1]. In the rest of the paper, we shall be concerned only with Verma modules
over U, , where ¢ is a primitive £th root of unity. We recapitulate the definition below:

For each A € P the Verma module M,()) over U, is the vector space M,(A) in
which there exists a non:zero distinguished vector vy such that Ufvy = 0, Kvy =
eAl@)yy, K € U? where (| ) is the pairing from P x W — Z defined in (1.2) and
{Fivx (j € Z¥)} is a basis of M,()). Let L.()) denote the unique irreducible quotient
of M,(A) by its unique maximal submodule.

Then we have
(3.1.1) Kvy = e(Al")v,\.

Also for each h=1,2, ..., N, Fyv, is a weight vector of weight A — a;, as easily

seen below.
KFyvy = E_(ala")FhKv,\

= g~(@lon)g(Ala) f 4y (since (ai | a) = (a | ax))

= e=(-anle) pyq,
3.1.2. This shows that for any r € Z;, F{vy is a weight vector of weight A —ra), and
, . ) N
therefore each Flv) (= F* ... F}VNV,\) is a weight vector of weight A — }° jhan.
A=1

3.2 VERMA MODULES OVER SOME SUBALGEBRAS OF U,.
We first define the subalgebras U,, U}, U, of U, generated by

{Fj’ HKimiv E",0<ji, i< ¥, (m1 m,.) € Z"},

=1

{ET, HK{"", 0<r <€, (mi...m,)€ 2"},

i=1

{Fj, 0 € ji <€} respectively.
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The set
(3.2.1) {Flj‘ FINK™ KM ED L EW,0< Gi, i < £, (my...mp) € z"}
is a basis of U, and the set
(3.2.2) {F' .. FJ¥,0<ji< €} isa basis of U..

We can then define the Verma modules M, () of weight A over U, analogously
to M.()) over U,, that is, there exists a non-zero vector (say) o such that U}%y =0,
K7y = Al for K € U and {F7%x, 0 < j; < £"} form a basis of M, .()).

There is a natural injective homomorphism f,.: M, (1) — M,()) given by

(3.2.3) f-(Fi%,) = Fiv,.

3.3. We next introduce certain elements defined by I, of U, which play an important
role in our future study of the socles of Verma modules and homomorphisms between
Verma modules.
For each positive integer r, let I, = Ff"'l . Ff;’l which is an element of U .
It then follows that I.v, is a weight vector of U,v) of weight A —2(£ — 1)p, where
p is half the sum of the positive roots.

In fact,
(3.3.1)
KlLowy=KFYYEE =1 F oy
= A~ -Dertotanle)pt’=1  pL-ly,  from [3.1.2]
= c»:(x""’(tf"l)”la)Ff'-l ven Ffvr_lv,\
= QHPlI -1 | pl-lyy [since €2 =1)

— "— r—
= E(X 2[p+2p|a)F1l 1 .. -Ffv lvA

= MDA RE 1 Py,

In particular, when A = 0, we see that I, is a weight vector of M, (0) with
minimal weight —2(£ - 1)p.

We observe for later use that I, is an integral of U, . In fact, for a € R* and
a € Nsuchthat 0 < a < €7, RLI, and I, F§ arein U . Hence F2I,%, and I, F2%, are
weight vectors of M, .(0) with weight —2(¢ — 1)p—aa. By the minimality of the weight
~2(¢ - 1)p, it follows that F2I, = I, F2 = 0. This shows that I, is an integral of U,
in other works ul, = v(u)l, for all v € U, where v: U7 — C is the augmentation
function.
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3.4 A HOMOMORPHISM BETWEEN TWO VERMA MODULES. M,(}), M,.(x) is a map
¢: M. (A) = M,.(p) such that ¢ is a vector space homomorphism and ¢(uv) = ué(v),
u €U, veM(N).

LEMMA 3.4.1. If M.()), M.(p) are Verma modules over the quantum group
U., and there is an injective U, module homomorphism ¢: M.(A) — M.(u), then
A = p and ¢ is multiplication by some element of C.

PROOF: Let v, v, be non-zero highest weight vectors of M,(\), M.(u) respec-
tively. Since vy generates M,()), ¥ is determined by ¥(vx). Say ¥(vi) = uv,,
u € U7 . Now by definition, U is the union of the subalgebras U for r =1, 2, ...
and so there is some r for which v € U_ . Since I, is an integral for U,

v(u)lv, = Luv, = Lp(va) = ¢(1,v1)

where v: U — C is the augmentation function and I vy is an element of the basis for
M. (), so is non-zero, and therefore v(u) # 0. But ¥(v,) must have weight A, so uv,
has weight A, which contradicts v(u) # 0 unless A = p. Since v, spans the p-weight
space of M.(p), ¥(va) = cv, = cv) for some ¢ € C, and ¢ is just multiplication by

c. 0

4. SOCLE OF VERMA MODULES

Denote the socle of the U, module M,(A) by Soc(M.(A)) and the socle of the U,
module M, () by Soc(M,,(A)).

Since for any » > 0, M, .()) is finite dimensional, clearly Soc (M, (X)) # 0. It
is interesting to note that even for the infinite dimensional module M,(}), its socle is
non-zero. We proceed to prove this in this section.

LeMMa 4.1. If0+# uw e U for some r € N, then U,u contains CI,.

PRrOOF: We shall order the positive roots a(1), a(2), ..., a(N) in such a way that
if a(i) +a(j) = a(k) then k <14,j.

If 0 < a < £ then clearly

" —1ppa _ pl"—14a _
Foay Faqy =Foqy =0

We shall prove by induction on 1, with 1 <1 < N, that Fé;l—)l cee :ESIFG“ =0

whenever a € {a(l1), ..., a(i)} and 0 <a< €.
Suppose there exists some 7, 2 < 2 < N, such that

LT —1 ot — " — a
(4.1.1) Fony Finy' - FailyFa =0,
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whenever a € {a(l), a(2),...a(i —1)} and 0 <a < €.

Now, suppose that there is some a € {a(l), a(2), ..., a(i)} and choose a such
that 0 <e < €.

If & = oz), then F:ZSI F2 =0, and so

£ —1 ot — 2 —
FEFLS .. Fi5 Fe=0.

If a # ai), then the commutation relations defined in (2.2) imply that

" —1 L™ -1 1a
Fint - Fany'Fa

is a sum of elements of the form

- -
Fiy - FlilyFpu
with 8 € {a(1),...,a(i—1)}, 0 < b < €7, u € U, and each element of this form
equals 0 by (4.1.1). So (4.1.1) holds for all 1.

Using this equation together with the commutation relations defined in (2.2), if
1<i1< N and 0 <a<{, then

£ r_
(41.2) Fo) Fagy - FailnFaw
—1(i-1)(£" -1 -1 L —1
— e DR RS FETy =0

andsoif 1<i1< N and 0 <a, b <€ then
a  plf—1pf —1 - b
FaoFony Fazy - FaimnyFaw

G (£ =1)a ot — - ath

=0ifa+b>{.

Suppose u is a non-zero element of U . Then by the basis of U the element u is of
the form

FotWFa) .. Foly) with 0< a(1), ..., a(N) < €.

By repeated use of (4.1.2)

_ilsa(N)  pfl-o(l), _ o pfiol il
CF:(N) ¢ ...F:(l) ¢ u_CFa(N;"‘Fa(l)l

= CI, as required.
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COROLLARY 4.2. Let r be a positive integer.
I,.+1 eU.l,.

PRroOOF: Lemma 4.1 implies that CI,y C U,yy1,, so Iryy € Uppa I, CUI,. 0
COROLLARY 4.3.
(i) If M is a non-zero U, submodule of M, .(\) and T\ € M, ,()), then
ILvsae M.
(i1) If M is a non-zero U, submodule of M ()) and vy € M,.()), then I,vy €
M for all r.

PROOF:
(i) By the basis of M, (A}, M contains some vector uv) with u € U . By
Lemma 4.1, I,vx € CLv, C Uuva C M.
(i1) By the basis of M,()), M contains some vector uvx with u € U, hence
u € U for some r.
By Lemma 4.1, I,vx € CLvy CUuvy C M. 0
COROLLARY 4.4. Soc(M,(A)) is simple.

ProoF: Soc(M. (A)) is a non-zero U, submodule of M, (A) and by Corollary
4.3 (i) the submodule U, I, v is contained in every simple component of Soc (M, ()))
and hence Soc (M, (])) itself is simple. a

LEMMA 4.5. Let A € Pt, the set of dominant weights. Then for all r > 0, the
highest weight of Soc (M. ())) is wo(XA —2(€ — 1)p) and hence is independent of r.

PRrROOF: From (3.3.1), the lowest weight of M, () is A —2(¢ — 1)p for all » > 0.
From Corollary 4.3(i), we have seen that any non-zero submodule of M, .(A) contains
I.7x. Hence Soc (M, (A)) contains I, ) whose weight is A — 2(£ — 1)p. Therefore the
lowest weight of Soc (M, (1)) is A —2(¢—1)p for all » > 0 and hence the highest
weight of Soc (M, (1)) is wo(A — 2(€ —1)p) = wo(A + 2p), which is independent of r.
Hence the result. 0

We shall proceed to prove our main result concerning the socle of the Verma mod-

ules.
THEOREM 4.6. Soc(M.())) is non-zero for all A € P+.

PROOF: Let vy, Dx be non-zero highest weight vectors of the Verma modules
M.()) over U, and M, ,()) over U, respectively. Let M be an arbitrary non-zero
U. submodule of M,(A). Then by Corollary 4.3(ii), I,vx € Usuva C M for all » and
hence U.I,vy C M. Now, let I denote the submodule [} U,Ivx of M.(}).

r>0
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Replacing M by each simple component of Soc(M,())), it immediately follows
that Soc(M.(A)) D I.

We proceed to prove that I # (0). Since M,,(A) is finite dimensional,
Soc(M, (X)) # 0. By Corollary 4.3(i), Soc(M,,(A)) is simple and we can take
Soc(M,.-(X)) to be isomorphic to the simple U, module L., (p) (where p is
wo(A —2(€ — 1)p)). Also by Corollary 4.3(i), Soc (M, (A)) contains I,¥y. Therefore
there is some z, in U, such that z,.I,9) is in the highest weight space of Soc (M, ())).
In other words, z,I,9x € (M,+()))*, the pth weight space of M, ,()). Now let f, be
the injective U, module homomorphism from M, () to M,(A) described in (3.2.3),
then fr(gA) = v,.

So, z.Ivx = fr(z,I,D)) € M (A)".

This shows that for each »,

UeIwa 0 (M(X))" # (0)

and is a finite dimensional C-vector space (since (M,()))” is finite dimensional).

From Corollary (4.2), we have the descending chain of submodules
Uc vy N (M (X)) 2 U Lva N (M (A)) 2 ....

Hence its intersection which is just I N M,(X)* is non-zero which implies that I # 0.
Since Soc(M.(A)) D I # 0, it follows that Soc(M,.())) # 0.
Hence the theorem. U
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