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Revolution applied to the Sphere.
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1. In attempting some work on geodesics on a spheroid, I was
led to work out the geodesic on a sphere, and it may be interesting
to see how the usual Spherical Trigonometry results arise from the
general equation of a geodesic on a surface of revolution.

2. The general equation of a geodesic on a surface of revolution is

r‘-‘ci(# = constant,
ds
where » is the distance of a point on gebdesic from the axis, and ¢
the angle of azimuth, or angle between the plane through the axis
and this point and a fixed plane through the axis,
. on a sphere, taking 0 as colatitude, ¢ as longitude, ¢ radius of

. . 2@
sphere, the equation becomes a“’sm-0£ = constant = a*/k, say,

s
ksin BE =1,
or a®d6® + a*sin*0d¢® = A*sin*0d¢?,
e, rzg/,--sinﬂa(i:sinﬂe - 1) — ",
pe

The direct way to evaluate the length of a geodesic would be to
integrate this latter equation between 6 and ¢, then tind a relation
between s and 8 from the equation

2

st = Kesin0ur (%sin"@ _ 1),
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taking in both as constants initial values 6,, ¢, and then eliminat-
ing k. This gives s in terms of 6 and ¢ of points at either end of
geodesic. This method is done in §4, but I give first a more direct
method of integration.

el

1 (dﬁ 1

@ _sm‘B do t S

Differentiate to get rid of %: after reduction, the equation takes the
d*6 do\?

form sinf—- - _cosﬁ( ) ~ cosf sin®*d = 0.
d¢* dé

The solution is to be periodic in ¢, .'. assume a solution of form

sin d—z =Qcos¢ + R, where Q, R are functions of 6.

d 0 dR df
sm¢d¢ +cos¢d4 = —Qsmgb+cos<i>d? Z‘# Gfdﬁ :1% R

d*6 { 1
si n¢d¢2 d¢> 4) cosqu + Qsing = 0.
Our equation to be solved, if it agrees with this, is

sin@sin¢z;; -~ dcost‘)— {Qcos¢ + R} - singcosfsin®0 = 0,

0
e sin¢-:%9, - %—#{ 2Qcotfcose + 2Reotf} - singsinfeosd = 0,

and is to be same as

#6  d0({dQ
sind o5~ dg\\ag ~

Qsing = - singsinfcost, ... Q= - sinfhcosh,

)cos4> + ﬁid—lgl— +Qsing=0;

d
and d—g ~1=2Qcotd, and ‘2—? = 2Rcoté.

Q= —sinfcosh, .- a9 = —cos26, .- %‘g— = 1= - 2cos’0 = 2Qcotb,

do
agreeing.
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dR o :
If ——=2Rcotf, R =csin®f, where ¢ is a constant;

a6
.. the solution of the equation is

singbiq = — sinflcosfeose + esinf.

ad
Measure for convenience ¢ from starting point of geodesic,
when ¢=0, 6=6, .. 0= —sinf,cosb, + csin®f,,

¢ =cotf,;

". the solution is sinOOSin¢>g~g = sinf cos#sind — sinfcoscosd]

= Psin, say.
ds * Loz 2 2(d9)2. . 3 —_
Now (%)=asm9+a 7t R if s=ao,

2
sin® osingda(:il——:) = 5in%0,sin?fsin’¢ 4 P’sin®f ;

ia' _ sinf(P* + sin®f,sin’¢p) .
d$  sinf,sing v/ P? + sinfgsinig ’

but P%ind 4 sin®f,sinfsin’p = Psinﬁosin¢3—i + sin%fgsinfsin’e ;
ae . . .
do Pd—4> + sinf,sinfsing

dé = VP + sin%f,sin’¢

Now P2+ sin®f,sin’p + (cosf,cosf + sinfsinfeosd) =1,
d < g < g p do
and ‘-i—(#{coseocos0+ sinf,sinfcosg} = — sinf,sinfsing — PI# ;

integrating, o =cos™{cosf,cosf + sinf,sinfeosd} + constant,

and putting ¢ =0 when 0 =0,, ¢=4¢,, we get this constant =0,
cos% = cosb,cosf + sinfsinfeose ;
in general, the result will be

88
coB——

= cosf,cos8 + sinf,sinfcos(p — ¢b,),

which is the Spherical Trigonometry result.
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4. Take now the method mentioned in § 2.

46 = dd:'-’sinze(% sin®@ - 1) = d¢’sin®6(m’sin*0 ~ 1), where m = % .

de
de= dfcosech = — ! , where v =cotd,
»m® — cosec*d NmP -1 -
Py
‘. . ¢=co8~'———— + constant.
NmE=
cotd coté
b — =08 ——= — cOsTn .
b= JmE=1. V-1
. L ]C2 .
ds* = K'sin*0d 6" | (?sm"’ﬁ - 1) :
inf py
do = s a0 N mag , where £=cosf,
~'m%in®6 - 1 Nm? -1 - m*&
o=cos™! ﬂ«f_ + constant ;
\/m’ -1
_, mcosf _, meosf,
O~ 0y == COS T e — cOs T —= .
Jmi -1 mE -1
m’cost cosb, 1 — S
. cos(u — o) = 1 = V(m3sin®d — 1)(m’sin%, - 1),
cott cot, 1 = < 5 3
and cos(¢ — ) = = ' T NJ(m* ~ cosec*0)(m® — cosec’l,).

3 — < o
*. cos(o — o) = cos - % _ sinfsiné, cos(¢p - ¢b,) + cosd cosb,, as before.

5. We can also find s in terms of ¢ — ¢, and the inclinations
of the tangents at the extremities of the arc to the meridian.

Let { be inclination at point where colatitude = 6, and length of
arc s, and a at point 6,, s, then equation of the geodesic may be

. R /
written a?sm26‘—¢ = constant,

ds
t.e. asindsin{= constant = asinf,sina =a*/k ;

sinf sin =sinf, sina and msiné, sina=1,
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Get equations for ¢, & in terms of (, integrate, and then

eliminate 6,.
siné = sinf, sina cosec( ;

dé P d¢
0050% = — sinf,sina cot{ cosec(‘—i— 5

sin®f cos’0(msin6 — 1) = cos‘-’o(fzq )2
d$
3 Ly o o d 2
= 8in*@, sin’a cot*( cosec-(‘(gi) .
Substitute for sinf, cosf in terms of {, and the equation becomes

2
sin?((:ll—i) = sin*( — sin%*@, sin‘a ;

in{ d d
L dp=—= 2 ( ¢ — = - - “7’ - , where 7 = cos(,
/sin% — sin%@, sin% A1 — sin®, sin%a — »?
cos cos’a
4) - (f) =cos l——m—o——— COS e
’ /1 —sin%,sina V1 — sin%f, sin’a

mcos , mcosa
cos™ ! ——x=—

= Co8™ ———= — .
A\,/ m?—-1 m’* -1
Now do® =sin’0d¢* + d6?
(do-)'3 - sin’{ sin®@, sin’a cot’{ cosec*(
oo sz ) =sin®0 . ——— 5
d sin®{ — sin*fysin‘a cos®f
sin%f, sin’a ]
=" on reduction,
sin*((sin® ~ sin®0, sin"a)
di dv
do = — _,c_ = - , where v = cot{,
sinf ~/m‘sm2( -1 -1 -
_, cotf , cote
o -0y =08 ——== — 008 ————,
Jm* <1 NEe
s—~g, cotlcota 1 3 3 3 ;
ot  (m? - cosec*)(m* - cosec®a).

.". cos(o —y) = COS =t —
( o) a m-1 m*-1

2 el 1 _
And cos(ch ~ o) = — f:sfcf %+ —— (s~ 1)(msinta = 1)
8 —8

Pt the known result in

cos(p — ¢,) = cosa cos{ + sina sin cos

Spherical Trigonometry from triangle with side s -s, and angles

d—dy, T -0, { OF b—dhy, « 7=
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