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Delaunay ends of constant mean curvature surfaces

M. Kilian, W. Rossman and N. Schmitt

ABSTRACT

The generalized Weierstrass representation is used to analyze the asymptotic behavior
of a constant mean curvature surface that arises locally from an ordinary differential
equation (ODE) with a regular singularity. We prove that a holomorphic perturbation of
an ODE that represents a Delaunay surface generates a constant mean curvature surface
which has a properly immersed end that is asymptotically Delaunay. Furthermore, that
end is embedded if the Delaunay surface is unduloidal.

Introduction

Delaunay surfaces play a prominent role in the theory of non-compact complete constant mean
curvature (CMC) surfaces because they constitute the simplest possible end behavior. A famous
result by Korevaar et al. [KKS89], building on results of Meeks [Mee88|, asserts that a properly
embedded annular end of a CMC surface is a Delaunay end. The study of Delaunay ends by the
conjugate surface methods of Grofle-Brauckmann et al. [GKS03, GKS05] requires the additional
assumption of Alexandrov embeddedness, and is restricted to embedded (unduloidal) Delaunay ends.
The gluing techniques of Mazzeo and Pacard [MPO01, MP02] are limited to attaching Delaunay
ends with small asymptotic necksizes.

The methods used in this paper, based on the generalized Weierstrass representation of
Dorfmeister et al. [DPW98], provide a means to study both embedded unduloidal and non-
Alexandrov-embedded nodoidal type ends of arbitrary asymptotic necksize. The results presented
here were initially motivated by recent examples of CMC surfaces, such as the three-parameter
families of trinoids in the three space forms [SKKR], the n-noids [RS06, Sch07a], the dressed Delau-
nay surfaces (bubbletons) [PS93, SW93|, the n-noid bubbletons [KKS89] and perturbed
Delaunay surfaces [KMSO00]. On the evidence of computer experiments [Sch07b, Sch02b], it has been
long thought that the ends of these surfaces are asymptotic to half unduloids and half nodoids. We
prove this asymptotic behavior here.

The generalized Weierstrass representation describes CMC immersions locally via potentials. The
relation between the potential and the immersion involves a loop group valued differential equation,
a loop group factorization and a Sym—Bobenko type formula [Bob91b, Sym85]. Hence, the method
provides only an indirect relation between the geometric properties of the induced immersion and
its potential. Nevertheless, the method has been useful in proving the existence of many new classes
of non-compact CMC surfaces with non-trivial topology. Particular progress has been made when
the surface is homeomorphic to an n-punctured Riemann sphere [KMS00, KSS04, Sch07a, SKKR].
In this case, the punctures correspond to poles of the potential. We prove that an immersion whose
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DELAUNAY ENDS

potential has a simple pole with an appropriate residue has, at that pole, an end which is asymptotic
to a half-Delaunay surface.

More specifically, given a potential Adz/z of a Delaunay surface, consider a holomorphic per-
turbation £ = Adz/z + O(2") dz. Our main result, stated precisely as Theorem 3.6, and generalized
in Theorem 5.9, is as follows.

THEOREM. An annular CMC immersion induced by a holomorphic perturbation of a Delaunay
potential is C*°-asymptotic to a half-Delaunay surface. In particular, it is properly immersed.
Moreover, if the underlying half-Delaunay surface is embedded, then the end of the immersion
is properly embedded.

The surface induced by a perturbed Delaunay potential may gain topology or geometric com-
plexity; see, for example, the n-noids [RS06, Sch07a, SKKR], as shown in Figure 1, and higher genus
examples with ends [KKRS05]. Since these surfaces are obtained from potentials which at each end
are perturbations of Delaunay potentials, all of their ends are asymptotically Delaunay.

The convergence of the surfaces is obtained by showing that their moving frames and metrics
converge. More specifically, let &3 and ® be the respective solutions to the ordinary differential
equations (ODEs) d®y = ®gAdz/z and its perturbation d® = ®&. The convergence of the ratio of
d to Py is shown using the holomorphic gauge relating them at the regular singularity z = 0. The
periodicity of the Delaunay surface provides growth rate estimates on the positive part of ®q by
Floquet analysis. This leads to the convergence of their unitary and positive factors, in turn implying
C'-convergence of the surfaces. A bootstrap argument strengthens this to C'>-convergence.

In Part II we deal with the situation in which the initial condition to the ODE does not extend
holomorphically from the r-circle to the unit circle, even though the monodromy of the solution
is still unitary. We show that in this setting the solution has acquired singularities that arise from
Bianchi-Béacklund transforms. Thus, the second part accommodates the additional singularities that
appear from dressing by simple factors and proves that adding bubbles to a surface with a Delaunay
end preserves this Delaunay end.

The generalized Weierstrass representation

The r-Iwasawa factorization
We use the following subsets of C:
St={\eC||\=1} and C*=C)\ {0},
Cr={AeCl||A=r}, re(0,1],
D, ={\eC||N <r}, D:=D.\{0}, re(0,1],
A, ={ eCls<|A\<r}, 0<s<r,
Ar=A 1y, 7 €(0,1)

Given a domain & C C\ {0} which is invariant under the map A — 1/A, and a holomorphic map
X : U — Moy oC, define the holomorphic map X* : U — My oC by
—_—t
X*(A) = X(1/N) .
We use the following loop groups.
e For r € (0,1], A, SLyC is the group of analytic maps C, — SLyC.
e For r € (0,1), AJSLyC C A,.SLyC is the subgroup of loops each of which is the boundary
of a holomorphic map Y : A, — SLyC satisfying the condition Y* = Y ~!. The subgroup
A%SLyC C A1SLoC is the subgroup of loops X satisfying the condition X* = X 1.
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Ficure 1. A CMC immersion of the six-punctured sphere with asymptotically Delaunay ends
and pyramidal symmetry [Sch07a]. Five of the six ends are unduloidal; the sixth is nodoidal with
large negative weight. This image was created with CMCLab [Sch02a], a freely available software
implementation of the generalized Weierstrass representation.

e Forr € (0,1], AP**SLyC C A,SLyC is the subgroup of loops for which each loop is the boundary
of a holomorphic map D, — SL,C.

o Let 7 C SLsC denote the group of upper triangular matrices whose diagonal elements are in
R-o. For r € (0,1], A;FSLyC C AR**SLyC is the subgroup of loops X such that X(0) € 7.

e For r € (0,1), AJSLyC € A,SLoC is the group of analytic maps X € A, SLsC such that X is
the boundary of a holomorphic map A, ; — SLyC.

e For r € (0,1), A*MSL,C C A,SLyC is the group of analytic maps X € A,SLyC such that X is
the boundary of a meromorphic map A, — SLyC satisfying X* = X! away from its poles.
For r =1, A’{MSLQ(C = AJSL,C.

For k € Zx¢, we define the C*-topology on each of these loop groups with respect to the loop
parameter A in their respective domains C,., A, or D,. The C'°°-topology is the intersection of the
C*-topologies. The multiplication map

AXSLoC x AFSLyC — A,SLeC
is a C*° diffeomorphism [BP95, Mci94]. The unique factorization of a loop ® € A, SLyC into
® = Uni, [®] - Pos,[®]

is the r-Iwasawa factorization of ®. We call Uni,[®] the r-unitary factor and Pos,[®] the r-positive
factor of ®. The QR-factorization is the Iwasawa factorization of constant loops SLoC — SUy x 7.

Dressing a loop X € A,SLyC by C € A,.SLyC is left-multiplication of X by C, followed by
projection of the r-Iwasawa factorization to the unitary group. We denote the dressed loop by C'#, X
or Uni, [CX].
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The generalized Weierstrass representation

The generalized Weierstrass representation [DPW98] represents harmonic maps in terms of certain
holomorphic 1-forms with values in a loop algebra (holomorphic potentials). This representation
constructs all CMC surfaces in the three-dimensional Euclidean, spherical and hyperbolic space-
forms [SKKR], and is as follows for Euclidean 3-space.

1. Let ¥ be a Riemann surface. With r € (0, 1], let £ be an r-potential, that is, a A,sloC-valued
meromorphic 1-form on ¥ which is the boundary of a meromorphic differential on D,., with a
pole only at A = 0, which is simple and is only in the upper-right entry. To avoid branch points
in the induced surface, assume also that the coefficient of A~! in the series expansion of the
upper-right entry of £ in A at A = 0 is never zero on X.

2. Let @ be a solution to the ODE d® = ®¢ on the universal cover S of ©. We call ® the
holomorphic frame.

3. Then F = Uni,.[®] is the extended frame of some CMC immersion f : & — R3.
4. The Sym formula
f=Sym,[®] = 2H 'F'F!
computes the associate family of CMC immersion f with CMC H € R* from the frame F,

with associate family parameter A € S'. Here, the prime denotes differentiation with respect
to 0, where A = ¢ € S,

The immersion f of 3 descends to an immersion of ¥ at A = 1 if and only if every element Mp
of the monodromy group of the extended frame F' satisfies

Mp(l)==+1 and Mp(1)=0.

Given d® = ®¢ and an analytic gauge g = g(z, ) : ¥ — A, SLyC, then ¥ := ®g satisfies the
equation d¥U = Un, where

n==¢&g:=g '€g+g ' dg.

Part 1. Delaunay asymptotics

In Part I we show that under the assumption of unitary monodromy, an immersion constructed from
a perturbed Delaunay potential is asymptotic to a Delaunay immersion. In Part IT we generalize
this result to the setting of A,.SLyC for arbitrary r.

Outline of results

In §1 we discuss the construction of the family of Delaunay immersions via the generalized Weier-
strass representation. The generalized Weierstrass potential for the Delaunay immersion is of
the form Adz/z, where A is an slyC-valued Delaunay residue given in Proposition 1.1. We com-
pute the Iwasawa factorization of the holomorphic Delaunay frame exp(Alogz) in Theorem 1.5.
This is an extension of a result in [SKKR].

These factors are used in § 1.4 to compute the growth rate of the positive Iwasawa factor and in
§4 to compute asymptotics of dressed Delaunay frames. We also estimate the growth rate 7 of the
positive Iwasawa factor of exp(Alog z) as z — 0 (Theorem 1.13). This growth rate result is used in
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§2.4 to show the following: given a holomorphic perturbation

€= A% +0(2%) dz
of the Delaunay potential A dz/z producing a closed once-wrapped Delaunay surface, let ® satisfy
d® = ®¢ on an r-circle with unitary monodromy around z = 0. Then we show that the unitary and
positive factors of ® are asymptotic to those of a holomorphic Delaunay frame (Theorem 2.11).

In §3.2, we use this convergence to obtain C°°-convergence of the CMC end to a Delaunay
surface. The convergence of the positive part implies that of the metric, and together with the
frame convergence, a bootstrap argument on the Gauss equation gives the C°°-convergence. If
the base Delaunay surface is embedded, then the asymptotic end is embedded and has exponential
convergence. These results are summarized in Theorem 3.6.

In Part II we generalize these results to the case of dressed holomorphic frames.

1. The Delaunay frame and its growth

1.1 The Delaunay residue

A Delaunay surface is described by a holomorphic potential on C* of a very simple kind. Our
description of these potentials is in the setting of [SKKR].

PROPOSITION 1.1. Let A : St — sloC be analytic. Then the following are equivalent.

(i) We have A* = A, and A is the boundary of a meromorphic map A : D; — sloC such that A is
holomorphic on Dy \ {0}, the upper-right entry of A has a simple pole or no pole at zero and
the other entries of A do not have poles at zero.

(ii) There exist a,b € C and ¢ € R such that
c ax™l+b
A_<b+a>\ —c ) (1)
Proof. 1If A is of the form (1), then part (i) clearly holds.

Conversely, suppose that part (i) holds. Since A extends meromorphically to Dy, and A* = A,
then A extends meromorphically to CP!. The entries of A are then meromorphic functions on CP?,
from which it follows that A must be of the form (1). O

After a rigid motion, the harmonic Gauss map of any Delaunay surface is framed by the
r-unitary part of the solution ®(z) = exp(zA4) of the ODE d® = ®Adz, for some A as in (1)
(see [BK06, SKKR]). This prompts us to make the following definition.

DEFINITION 1.2. A Delaunay residue is a meromorphic sloC-valued matrix map as in (1), with
a,b e C* and ¢ € R. Let 4 : C* — C be an eigenvalue of A satisfying Re u > 0.

It can be shown [BK06, KMS00] that up to rigid motions, any Delaunay surface in R® can be
obtained by an off-diagonal Delaunay residue with real non-zero parameters a,b € R* satisfying the
closing condition a4+ b = 1/2, and that the resulting necksize of the surface depends on the product
ab: when ab > 0, the resulting surface is an unduloid, when ab < 0, it is a nodoid, and when a = b,
the resulting surface is a round cylinder (see [Kil04, SKKR]).

For a,b € C*, we denote as the vacuum the case |a| = |b| and ¢ = 0.

1.2 The Delaunay frame

The unitary frames for all CMC tori are computed in [Bob91la, Bob91b] in terms of theta functions.
In the case of spectral genus 1, the Iwasawa factorization of exp((z + iy)A)) can be expressed in
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Y
v, v, 0
(a) (b)

FIGURE 2. (a) The A-plane with the zeros 11 and v, = 1/77 of the eigenvalues of a typical Delaunay
residue. See Notation 1.3 and Lemma 1.7. (b) Graphs of Re uu (above) and 7 (below) over a half-disk
for a typical Delaunay frame. Here Re i represents the growth of exp(Alog z), 7 the growth of its
positive factor, and their difference the growth of its unitary factor.

terms of elliptic functions and elliptic integrals, and has a Floquet form whose period is that of
the induced Delaunay surface. The computation of this factorization in Theorem 1.5 requires the
following sets and functions.

Notation 1.3. Given a Delaunay residue A, let vy, 9 € C be the zeros of det A, with |v1| < |va]. Let
p € S be the point on the straight line segment with endpoints 11 and vs, or p = v; = v in the
case of the vacuum. Let o = —p. Define the following subsets of C (see Figure 2(a)):

Ia={rpeCl0<r<oo}, Ja={mpeClln|<r<|nl}, Ki=(Za\Ta)U{v,n}
The set of resonance points for A is

Sa={\eC |uln) € 12°). (2)

Notation 1.4. Let A be a Delaunay residue and let a,b, ¢ be its coefficients as in Proposition 1.1.
Define v : R — R+ as the elliptic function satisfying

(') = =o'+ 4(|al* + [b* + )v? — 16]ab]?,  0(0) = 2J8), (3)

taking the non-constant solution except in the case of the vacuum. When ¢ # 0, v/(0) is taken to
have the same sign as —c. The function v is the restriction to R of an elliptic function on C with a
real and a pure imaginary period; let p € R be its real period.

Define the elliptic integral of the third kind ¢ : R x (C\ J4) — C by
* 2dt
T,\) = = , 4
V@A) /0 1+ (4ab\)~1v2(t) )
and define 0 : C\ J4 — C by a(X) = ¥(p, A).

THEOREM 1.5. Let A be a Delaunay residue and let ® = exp((x + iy)A). Then there exists an
analytic map R : R x (C\ Ja) — SLoC satisfying R(x + p,\) = R(z, \), such that, restricting to

C\ Ja,
Uniy[®] = exp((z + iy — p lox)A)R, (5a)
Posi [®] = R exp(p oz A). (5b)
191
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Proof. Let prime denote the derivative with respect to x. With h = diag((b/|b|)"/2, (b/|b])~1/2),
define R(z,\) : R x (C\ Ja) — SLyC by
R(z,\) = exp((p~ o (Nz — Pz, 1) A)S(z, ),
_(vP44abh v+ 2cv B —1)2
Sl($,>\) = < 0 2(b—|—5>\)v h, S(l‘,)\) = (det Sl) Sl.

The square root (det S1)'/2 can be taken to be a single-valued analytic function in A on R x (C\ J4),
its sign chosen so that S(0,\) = I. Then R is periodic in z with period p because each of the two
factors defining it are.

On C\ Ja, define F = exp((1 — p~to)rA)R and B = R~ !exp(p~toxA). Then

o  _u, Zab
FUF = (1 - ¢/)A).S = R SR R (6a)
27 0
y
-—— v
B'B™' = —(—¢/A).S = 4;;; L= BoN =T (6b)
v v

Since 6 is analytic in A on C*, and 6* = —0, then F' extends to a map R — AJSLyC. Similarly,
7 is analytic in A on C, and n|y—¢ is upper-triangular with real diagonal entries, so B extends to a
map R — AfSLQ(C. Hence, ® = exp(iyA)F - B is the 1-Iwasawa factorization of ®. O

COROLLARY 1.6. Let A be a Delaunay residue and let o be as in Notation 1.4 for this A. Let
exp((x + iy)A) = F - B be the 1-Iwasawa factorization. Then exp(cA) extends to a holomorphic
function of A on C, and the following quasiperiodicity formulas hold for all x € R and n € Z:

F(z+np,y) =exp(n(p—o)A)F(z,y), IeC¥, (7a)
B(z +np) = B(z)exp(ncA), XeC. (7b)

Proof. Since ® = FB, and ® and B are holomorphic in A on D}, then F on S! extends holomorphi-
cally in A to Dj. Since F* = F ~1 then F extends holomorphically in A to C*. Since ® is holomorphic
in A on C*, then B extends holomorphically in A on C. (This can also be seen from the ODE (6b)
satisfied by B.) However, by (5b), B(p) and exp(cA) are equal on C\ J4. The quasiperiodicity
formulas for F' and B follow by (5). O

1.3 The Delaunay growth exponent

Our proof of the convergence of the r-Iwasawa factors of a holomorphic Delaunay frame & =
exp(Alog z) and a perturbation of it requires growth bounds on Pos,[®]. Being an exponential, ®
grows exponentially, and its growth rate is the absolute value of the real part of an eigenvalue p
of the Delaunay residue A. On S! (r = 1), the factor Pos,[®] has the same growth behavior as ®,
because Uni,[®] does not grow. For r < 1, the Floquet behavior of Pos,[®] again implies exponential
growth, its rate determined by the eigenvalues of its value after one period.

We begin by studying the real part 7 of these eigenvalues, showing it is less than the real part
of the eigenvalue u of A.

LEMMA 1.7. Let A be a Delaunay residue and let 1 be its eigenvalue as in Definition 1.2. Let o be as
in Notation 1.4 for this A. Then the function 7 = p~! Re uo extends to a single-valued continuous
function on C, which is real analytic and harmonic on C\ K 4. Moreover, with K 4 as Notation 1.3,
T=00nKs, 7>00nD;\Ka, and 7 = p on S'.
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Proof. We first consider the nonvacuum case.

Step 1. We show that o extends holomorphically as a function of A along any curve in C\ {v1, v2}.
Let J(t, \) dt be the integrand defining ¢ in (4). Then J can be extended to a meromorphic function
of t on C, by considering v as an elliptic function on C. Let v be a curve with endpoints 0 and p
which is homotopic to the straight line [0, p] in C \ sing(v). Let A = {\ € C|J(t,\) # oo along 7}.
Then we can define 5(\) on A as the integral of J along . Since ¢ is analytic, and is equal to o on
the intersections of their domains A N (C\ J4), then & is an analytic extension of o. This provides
a construction for analytically extending o along any curve in C\ {v1,10}.

Step 2. Since for all z € R, B(x,\) = Pos;lexp(zA(A))] is a holomorphic function of A on C,
then B(p,A) is holomorphic in A. Hence, cosh(puo) = & tr B(p,A) is analytic on C. An argument
shows that at A € C, if cosh(uo) & {1}, uo is analytic at A, and if cosh(uo) € {£1}, po is of the
form mik 4 pg for some k € Z and some holomorphic function g near .

Step 3. Near A = 0, o is analytic. Hence, if any branch of po is analytically extended along a
closed once-wrapped curve around 0, with respective values pg and p; at the beginning and end
of the curve, then p; = —pg. Likewise, if any branch of po is analytically extended along a closed
curve around v, with respective values ¢y and g; at the beginning and end of the curve, it follows
from step 2 that ¢ = —qgo mod 2mi.

Putting these together, if po is analytically extended along a closed once-wrapped curve around
0 and vy, with respective values ry and r; at the beginning and end of the curve, then 1 = rg
mod 27i. Hence, 7 is a single-valued real analytic function on C\ K4. It is harmonic there because
it is locally the real part of an analytic function.

Step 4. To show that 7 is continuous on K4 \ {v1,v2} with value 0, write p and o in terms of
their real and imaginary parts g = 1 +iuo and o = o1 +i0y. Then Re o = p101 — poos. Since o9
and p; are 0 on K4, 7 is continuous on K4 \ {v1v2} with value 0 there.

Step 5. We now show that 7 is continuous at v and v, with value 0. By step 2, with & € {1, 2},
we have 7 = Re(c + ng) = Re(ug) near vy, for some ¢ € miZ and holomorphic function g. Since
w(vg) is continuous at v, and p(vg) = 0, then 7 extends continuously to v with value 0 there.

Step 6. To show that 7 = p on S!, since F in (7a) takes values in SUs on S!, then by (7a),
so does exp((p — o)A). Since A is tracefree and is hermitian on S!, then p — o is pure imaginary
on S!. Hence, 7 = p on S!.

Step 7. Since T is continuous on D; and harmonic on D; \ K4, then by the maximum principle
for harmonic functions, 7 on D; attains its minimum on the boundary S' U4 of Dy \ K4. Since 7
is 0 on K4, then 7 is strictly positive on Dy \ K 4.

For the vacuum case, let a, b be the coefficients of the Delaunay residue as in Definition 1.2, and
let a be as in Notation 1.3. Then 7 = Re p~! uo satisfies all of the properties of the theorem, where

p=bla"2AT 2N+ ) and pluo = 2/bla 2NV, (8)
U

LEMMA 1.8. Let A be a Delaunay residue, let j be its eigenvalue as in Definition 1.2, and let T be
as in Lemma 1.7 for this A. Then 7 € (0,Re ] on D1 \ K4.

Proof. In the case of the vacuum, the result follows by (8); hence, we assume the nonvacuum case.
(See Figure 2(b) for the graphs of Re(u) and 7 for a typical Delaunay residue.)

We first show that Re(p) — 7 is nonnegative on D for some r near zero, and then apply the
maximum principle for harmonic functions to conclude it is strictly positive on Dy \ K 4.

Step 1. We prove the following claim: Let » > 0 and let f : D,, — C be a holomorphic function.
If f has the symmetry f(A) = f()\), and f(0) € Ry, then there exists 7; € (0,7] such that g :=
Re(A~1/2f) is nonnegative on Dy, where the square root is chosen to have nonnegative real part.
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To prove the claim, let z = z + iy = A'/2, and let
hi= o=l = Ref(2%) + 2 Im f(2).

The function k(x,y) = Im f(2?) is real analytic in 2 and y. By the symmetry of f, f(—y?) is real,
so for all y, k(0,y) = Im f(—y?) = 0. It follows that k(z,y)/z is real analytic in z and y. Then
lim, o yk(z,y)/z = 0, s0lim,_.oh = f(0) € Ry. Hence, there exists r € (0, 7] such that h is strictly
positive in D,,. Since Re A~Y2 s strictly positive on Dy, \ R¢o, then so is g. However, g is 0 on R_,
so g is nonnegative on Dy .

Step 2. Let o be as in Lemma 1.7 on D),,|, so 7 = Reo. With a as in Notation 1.3, define
J Dy, — Chby

f = N2 (u(ad) - (o).
Then f is holomorphic on Dy, |, f(X) = f(\) and f(0) € Ry. By the above claim applied to f,
there exists 71 € (0, |v1]] such that Re \™'/2f = Re(u(a))) — 7(a\) is nonnegative on Dy, . Hence,
Re(p) — 7 is nonnegative Dy .

Step 3. For any s € (0,7;], define V; as the union of C, and the straight line segment along K4
from 14 to this circle. Then for all s < 1, Re(u) — 7 is harmonic on the open region R between Vj
and S', is 0 on S' and V, N K4, and is nonnegative on Cs by step 2. By the maximum principle for
harmonic functions, Re(u) — 7 is strictly positive on R;. Since this is true for any s € (0,77), then
Re(p) — 7 is strictly positive on Dy \ K 4. O

1.4 Growth of the Delaunay positive part

Above we investigated the function 7, the real part of the eigenvalue of the value of Pos, [exp(A log z)]
after one period, showing that it is less than the real part of the eigenvalue u of the corresponding
Delaunay residue. The Floquet behavior of Pos,[exp(Alog z)|, detailed in Theorem 1.5, implies
that 7, and hence p, bounds the exponential growth of Pos,[exp(Alog z)] (Lemma 1.11).

Notation 1.9. For v € C2, we denote the vector norm by |v| = Votv, and for M € Mayo(C), we set
|M|| = max |Muv|.
lv]=1

For a map M : R — May2(C) on a subset R C C we set
Ml = sup [[M(A)].
AER

Given r € (0,1], a subset R C C containing C,, and a loop X € A,SLoC which extends to a map
Y : R — SLyC, by an abuse of notation we write || X]|5 for [|Y]%.

LEMMA 1.10. Let X : R — slbC be a continuous map on a domain R C C, and let p: R — C
be any eigenvalue function of X. Then there exists a continuous function ¢ : R — R, such that
lexp X || < celRenl,

Proof. The result follows from the formula exp X = cosh(p)I+u~!sinh(x)X and the estimates
|cosh 1] < elRe#! and |1 sinh p| < elRerl, 0

LEMMA 1.11. Let A be a Delaunay residue, and let 1 be its eigenvalue as in Definition 1.2. Let T
be as in Lemma 1.7. Then there exists a continuous function ¢ : Dy \ {0} — Ry such that for all
(z,A) € {0 < |z| <1} x Dy \ {0},

|Posi[exp(Alog 2)]|| < clz| " < c\z|_Re“. 9)

Proof. For x+iy € C, define B(x + iy, A) = Pos [exp((z +iy)A)]. With p as in Corollary 1.6, define
2o : R — [0,p) and n : R — Z as the unique functions such that x = 2y + np. Let o be as in
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Notation 1.4 for A. By Corollary 1.6,
B(z +iy) = B(xo + np) = B(xo) exp(ncA). (10)

This quasiperiodicity of B determines its growth rate as follows.

Define the continuous function ¢; : C* — Ry by ¢1(\) = max,¢(o ) || B(x, A)||. Then || B(zo, A)[| <
c1(A) on [0, p) x C*. With 7 as in Lemma 1.7 for A, by Lemma 1.10 there exists a continuous function
co : C* — R, such that on C*,

llexp(nap(p, N)AN))|| < cael™™ D ggel=0rNllaV]
Define the continuous function c3 : C* — Ry by c3(A\) = max,¢[p ) eI Then
llexp(n(p, N)AMN))|| < e2(A)es(A)el ™7l (11)
The quasiperiodicity (10), the choice of ¢, and (11) yield the estimate
1B + iy, M| < e1(V)ea(Nes(A)e T,
Since 0 < |z| < 1, then = < 0. However, |z| = €%, 50 |2| " = e~ = el The growth estimate (9)

follows with ¢ = ¢1eocs.

The second inequality in (9) follows by Lemma 1.8. O

1.5 Dressed Delaunay frames

The growth bound on the positive r-Iwasawa factor of the holomorphic Delaunay frame & =
exp(Alog z), computed above in Lemma 1.11, is preserved by dressing (right-multiplying) ® by
an r-loop C, provided that the unitarity of its monodromy is preserved. In the special case that C
can be extended analytically to A, 1, the resulting frame C'® again induces a Delaunay immersion
(Lemma 1.12), and the growth of its positive factor is bounded by the same bound as that for
Pos,[®] (Theorem 1.13).

The general case of dressing by an arbitrary loop C' which preserves the unitarity of the
monodromy is characterized in §4.2, where it is shown that C'® induces a multibubbleton, a
Bianchi-Béacklund transformed Delaunay immersion. The same growth bound applies to the positive
part of C'® for this larger class of dressing matrices.

LeEMMA 1.12. Let A be a Delaunay residue. Let r € (0,1]. Let C € AISLyC, and assume
Cexp(2miA)C~1 € A*SLyC. Let C = C,, - Cy be the r-Iwasawa factorization of C'. Then:

(i) C’+AC’;1 extends meromorphically to CP! and is a Delaunay residue;

(ii) Sym,[Cexp(Alog z)] and Sym, [exp(Alog z)] are Delaunay surfaces differing by a rigid motion.

Proof. Let M = exp(2miA) and let A; = CLACT". Since CMC™! € AZSLyC, then CLMC' =
exp(2miA;) € ASLoC. With p a local analytic eigenvalue of A or Aj, the formula

exp(2miAy) = cos(2mp) T+u~ "t sin(2mu) Ay
shows that A; extends meromorphically to S'. Since exp(2miA;) € A*SLyC, then A} = A; away

y —x

for some meromorphic functions z and y in a neighborhood of S! satisfying = 2*. Since A4 is
holomorphic on S', then so is

—det A = —det Ay = z2* + yy”*.
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Hence, zz* + yy* is bounded on S'. Since zz* and yy* are each nonnegative on S!, then each is
bounded on S, so each is holomorphic on S'. It follows that x, y and y* are holomorphic on S,
so A; is holomorphic on S'. Since A; is holomorphic on D; and satisfies A} = Ay, then A is a
Delaunay residue by Proposition 1.1.

To show that Cexp(Alog z) induces a Delaunay immersion, note that
Cexp(Alog z) = Cy exp(A; log 2)Cy,
SO
Uni,[C exp(Alog z)] = C,Uni,[exp(A; log z)].
Hence, Sym,.[C exp(Alog z)] and Sym,.[exp(A; log z)] differ by a rigid motion. By [SKKR, Lemma 6],
Sym,.[exp(A; log z)] and Sym, [exp(Alog z)] are Delaunay surfaces differing by a rigid motion. [

THEOREM 1.13. Let A be a Delaunay residue and let u be its eigenvalue as in Definition 1.2. Let
T be as in Lemma 1.7. Let r € (0,1]. Let C € AISLyC be such that the dressed monodromy
Cexp(2miA)C~1 around z = 0 is in ASLsC. Then there exists a continuous function ¢ : D} — R
such that for all (z,\) € {0 < |z| < 1} x Df,

||Pos, [C exp(Alog 2)]|| < ¢z < || 7RH.

Proof. Let C = C,, - C¢ be the r-Iwasawa factorization of C'. By Lemma 1.12, A4; = C’+AC’;1 is a
Delaunay residue. Then

Cexp(Alog z) = Cy exp(A; log 2)C1,
SO
Pos, [C exp(Alog z)] = Pos, [exp(A; log 2)]C. (12)
It follows from det A = det A; that the function 7 in Lemma 1.7 for A is the same as that for A;. By
Lemma 1.11, there exists a continuous function ¢; : D1\ {0} — Ry such that on {0 < |z] < 1} x DJ,

[|Pos,[exp(A; log 2)]|| < e1]z] ™" < ez Re-. (13)
Let ¢o = ||C4|| on D;. Then by (12) and (13),
|Pos, [C exp(Alog 2)]|| < c1ea||Pos, [exp(A; log 2)]|| < crealz| ™™ < erealz| TReH.
The result follows with ¢ = ¢¢o. O

2. The perturbed Delaunay frame

We use the following notation throughout the next several sections. Let A be a Delaunay residue
and let p be an eigenvalue of A with nonnegative real part. Let Sa be the set of resonance points
for A, defined in (2). Let ¥ C C be a neighborhood of 0 € C and let ¥* = 3\ {0}. Choose r € (0, 1].

DEFINITION 2.1. We make the following definitions.
(i) A perturbed Delaunay r-potential is an r-potential & on ¥* of the form
£ =Az"Ydz +0(2%) dz.
(i) An r-gauge is an analytic map ¥ — AP*SL,C.

(iii) Given neighborhoods X, C C of 0 € C, a coordinate change 9 is a holomorphic map ¥ :
¥/ — ¥ which satisfies (0) = 0 and has a holomorphic inverse ¥(X) — 3.

2.1 The 24P lemma

Given a linear matrix ODE d® = ®¢ for which £ has a simple pole at z = 0 and residue A, a
standard result in the theory of regular singularities [Har82] states that under certain conditions on
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the eigenvalues of A, there exists a solution of the form ® = 24P = exp(Alog z) P, where P extends
holomorphically to z = 0. Lemma 2.3 summarizes these results for our context, in which £ depends
analytically on a parameter A. We call the decomposition (16) the z4P decomposition.

The coefficients of the 24P gauge P can be computed in terms of a linear map .%,, whose
definition and properties are given in the next lemma.
LEMMA 2.2. Let A € glyC and let 1, 1o € C be the eigenvalues of A. For n € Zx, define the linear
map %, : gl,C — ¢gl,C by
Z(X)=nX+[A, X].
Then we have the following.

(i) The eigenvalues of £, are n, n, n + 1 — p2, n — p1 + po. Hence, £, is invertible if and only
ifn#0 and py — po & {n,—n}.
(ii) Supposen € Z,. Let R = nI—i—A—E, where A denotes the adjugate of A. Then .4, is invertible
if and only if R is invertible, and in this case, £, ! is given by
n?; N (X)=X - R'[A X]. (14)
(iii) For any X € gl,C, tr(£,X) = ntrX. Hence, if £, is invertible, then for any Y € gl,C,
trY = ntr(Z;Y).
(iv) Let n € Z,. If A is holomorphic (respectively meromorphic) on some domain R, then %, is
holomorphic (respectively meromorphic) on R. In this case, if p; — po is not identically n or
—n, then £, ! extends meromorphically to R.
Proof. Statement (i) follows from the fact that the eigenvalues of ad4 are 0,0, 1 — po, —p1 + po.

To prove statement (ii), since the eigenvalues of R are m + pu; — pa, n — py + po, then by
statement (i), R is invertible if and only if ., is invertible. In this case,

Z(X —RA X)) =nX +(I-nR ' -~ AR[A, X] + R[4, X]A
=nX + R Y((R—nI-RARM[A, X] + [A, X]A)
= nX + R™Y(—A[A, X] + [A4, X]A) = nX.
Statement (iii) is clear from the definition of .%;, and the fact that tr[A, X] = 0.

Identifying gl,C with C*, the entries of the 4 x 4 matrices for .%, and .Z; ! are rational functions
of the entries of A, and hence are meromorphic. This proves statement (iv). O

LEMMA 2.3. Let R = C*\ S4.
(i) There exists a holomorphic solution P : 3 x R — SLyC to the gauge equation
(Az7ldz).P=¢, P(0,)N) =1. (15)

(ii) Let r € (0,1] and assume C, NS4 = (). Let O : 5* — A.SLyC be a holomorphic solution to the

equation d® = ®¢ on the universal cover Y* — 3% of ©*. Then there exists C € A, SLoC such
that

O(z,\) = C(N) exp(A(A) log z) P(z, A). (16)
(iii) Moreover, if ¢ satisfies ¢ = Az~ dz + O(2") dz, then P satisfies P =1+ O(z"*1).
Proof. (i) By the pointwise version of this lemma (see [Har82, Theorem 10.1]), at each Ao € R,

there exists a unique solution P(z, \g) to the gauge equation (15). To show that P is holomorphic
in A on R, let

E=Az"tdz + Z By.z" dz
k=0
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and
o
P= Zszk, Py =1
k=0

be the respective series expansions for £ and P in z at z = 0. Then for all k € Z,, %} is invertible
at Ao by Lemma 2.2(i) and the assumption that R NS4 = 0. The coefficients P, (see [Har82]) are
given by Py = . '(Cy), where
Oy = Z PBj, ke€Z,.
itj=k—1
By Lemma 2.2(iv), each Py is holomorphic in A at Ag. It follows by the absolute convergence of

power series that P is holomorphic in A at Ag. -
(ii) Since P satisfies (15), then the map ®g : ¥* x C, — SLoC defined by
Do(z,\) = exp(A(N) log z) P(z, \)
satisfies d®y = ®p&. Since P satisfies the same linear ODE as ®g, then the map C = @@61 is
z-independent, and is an element of A,.SL,C.

(iii) For any k € {1,...,n — 1} we have By = --- = By_1 = 0, so C}, = 0. Since %} is invertible
on R, then by the formula for P, in Lemma 2.3, P, = fk_l(C’k) = fk_l(O) = 0. O

2.2 Gauging the potential

With A a Delaunay residue, let £ be a perturbed Delaunay r-potential
Az Vdz + 0(2%) dz.

Let n € Z4 be such that

n+1

2

The left inequality, by Theorem 2.7, guarantees that ¢ can be gauged to the form

Azl dz + 0(2") dz.

The right inequality, by Theorem 2.11, implies the convergence of the unitary and positive factors
of exp(log zA) and its perturbation.

n
— <maxRep <
2 Cr #

The following preliminary lemma determines a necessary and sufficient condition on a map X
such that £ 1(X) extends holomorphically to the pole of A. This condition is used to insure that
the gauge constructed in Lemma 2.5 is a positive gauge, that is, that it extends holomorphically to
A = 0. The entries of a matrix X € May2(C) are denoted by X;; with 4,5 € {1,2}.

LEMMA 2.4. Let R C C be a neighborhood of p € C. Let A: R — gl,C and X : R — gl,C be
meromorphic on R, with orders of entries

ordA;;1 20, ordAjs =-1, ordAs; =0, ordAy >0,
P P P P

17
ord X11 20, ordXis > -1, ordXs >0, ordXy >0. (17)
P P P P

Let n € Z4 and let %, as in Lemma 2.2 defined with respect to A.

Then %, 1 (X), which extends meromorphically to p by Lemma 2.2(iv), is holomorphic at p if
and only if A19X91 + As1 X192 is holomorphic at p.

Proof. By (17), we have ord,det A = —1. A calculation using (14) shows that the orders of the
entries of Y = £ 1(X) satisfy

ordYyj; >0, ordYio > —1, ordYs; >0, ordYs > 0.
p p P P
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Hence, %, '(X) is holomorphic at p if and only if its upper-right entry Yj2 is holomorphic at p.
A calculation shows

Ogd Yio = Ogd(Alsz + A21 X12).
Hence, Y is holomorphic at p if and only if A9 X9 + A1 X9 is. O

LEMMA 2.5. Let £ be a perturbed Delaunay r-potential
E=Az"1dz+0(z"1)dz

for some n € Z, and suppose

n
i < = . 1
min Re 4i(A) < 5 < maxRe () (18)

Then there exists a neighborhood ¥’ C C of 0 € C, an r-gauge g : ¥’ — AY**SLoC, and k € C such
that

£g=Az"tdz+ A"V dz + O(2") dz. (19)

Proof. Let £, be as in Lemma 2.2, defined with respect to A on D}. The inequalities (18) imply
D n{X e C*|u(N\) =n/2} = 0. Hence, by Lemma 2.2(i), ., is invertible on D}.

Define B by
£ =Az"Ydz+ Bz" Vdz + O(2") dz.
Then
ord Ao = —1, ordAs; =0, ordBjs > —1, ordBy >0,
A=0 A=0 A=0 A=0
SO
By Boy
— > — >
i, =% g, =0

Hence, the limit

exists in C.

Let X = kA— B. A calculation shows that with this choice of k, A19 X214+ As1 X712 is holomorphic
at 0. Hence, by Lemma 2.4, .Z, 1 (kA — B) on D} extends holomorphically to A = 0. Hence, we have
the holomorphic map C : D, — SLyC defined by

C =% rA—-B). (20)

Define the holomorphic map h : ¥ x D, — GLsC by h = 14+Cz". Since det h will not in general
be identically 1, we define g = h + O(z"*!) with det g = 1 as follows. Since hgs = Co22", and D, is
bounded away from the poles of Cas, then we have the uniform convergence hoy — 1 on D, as z — 0.
Hence, there exists a neighborhood ¥’ C ¥ of 0 € ¥ on which hgy > 0. Define the holomorphic map

g: Y — AR”SLyC by
q O 1 —deth
A calculation shows det g = 1.

In order to show that g satisfies the gauge equation (19), we show that g = h + O(2"1). We
have det h = 1+tr(C)z" +0(z" ). Since pA — B is tracefree, then C is tracefree by Lemma 2.2(iii).
Hence, deth = 1 + O(z"™!). Since hygy = 1 + O(2"), then ¢ = O(:""!). Hence,
g=nh+0(z"").
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To complete the proof, we use the following formula. For any n € Z,, r-gauge g = 1 4+g¢,2" +
O(z""1) and r-potential £ = Az~1dz + B,_12"1 + O(2"), we have
£.9=Az""dz + (Lu(gn) + Buo1)2" 1 dz + O(2") dz. (21)

The formula can be shown by expanding £.g = ¢~ '¢g + g ' dg in 2.

The result (19) follows from (20), together with formula (21) replacing g, with C and B,_;
with B. O

LEMMA 2.6. Let & be a perturbed Delaunay r-potential (Definition 2.1)
£=Az"Vdz+ kA" Ndz + O(2") dz (22)

for some n € Z, and k € C. Then there exists a coordinate change ¥ : ¥’ — C on a neighborhood
¥ C C of 0 € C with conformal coordinate w, such that on 3"\ {0},

9 ¢ = Aw™t dw + O(w") dw. (23)
Proof. Let o : 3 — C be any analytic function satisfying
0(z) = z+ (k/n)2" L + O(z"2).

Then ¢(0) = 0 and 0/(0) = 1, so there exists a coordinate change ¥ : ¥’ — ¥ on a neighborhood
¥ € C of 0 which is the inverse of 0. Because 1 is a conformal diffeomorphism, for any j € Z and
any differential w = O(27) dz, we have ¥* w = O(w’) dw. A calculation shows that on ¥(X'),

(z '+ k2" Y dz = (67! + O(c™)) do.
Hence,
9 (271 + k2" 1) dz) = wt dw + O(w™) dw.
This with (22) implies the result (23). O
We now apply Lemmas 2.5 and 2.6 iteratively to transform ¢ to the form Aw=! dw + O(w™) dw.
THEOREM 2.7. Let £ be a perturbed Delaunay r-potential (Definition 2.1)
€= Az"dz+ 0(2") dz.

Assume for some n € Z, that
in Re u(A) <
iy Reuty
Then there exists a coordinate change ¥ : ¥ — X on a neighborhood ¥ C C of 0 € C with
coordinate w, and an r-gauge g : ¥’ — AY*°SLyC, such that

9*(£.9) = Aw™ ! dw + O(w™) dw.

n
and 5 < max Re p(N). (24)

N | —

Moreover, let ® satisfy d® = ®E. Then ¥ = ¢¥*(®g) satisfies dV = ¥(9*(£.g))), and the
monodromies of ® and ¥ on a loop around z = 0 are equal.

Proof. For any conformal maps 91 : ¥/ — X, 5 : ¥ — ¥/ and r-gauges g1 : ¥ — AFY®SL,C,
g2 : X — APSLyC, we have the composition formula

95((07(&1-91))-92) = 07(€.9), (25)
where ¥ : ¥ — ¥ is the conformal map and ¢ : ¥ — AP®SLyC is the r-gauge defined by
Y=191019 and g=g - ((191_1)*92).

The result then follows using the composition formula (25) by induction on n, applying Lemmas 2.5
and 2.6 repeatedly. The conditions (24) insure that condition (18) holds for each step. O

200

https://doi.org/10.1112/5S0010437X07003119 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003119

DELAUNAY ENDS

LEMMA 2.8. Let r € (0,1], X € A, SLyC, and Y € AY**SLyC. Then we have the following.
(i) There exists U € SUy such that
Uni,[XY] = Uni, [X]U and Pos,[XY]= U 'Pos,[X]Y. (26)

(ii) Let & be an r-potential on a Riemann surface . Let ® satisfy d® = ®¢. Let g : ¥ — APSLyC
be a gauge. Then Sym,[®] = Sym, [®g].

Proof. To prove part (i), let Y, = Pos,[Y] and let U; be the unitary factor in the QR-decomposition
of Y(0). Then Y = U;Y4. Let X,, = Uni,[X] and X = Pos,[X], so X = X, X;. Let U be the
unitary factor in the QR-decomposition of X4 (0)U;. Then X, U; = UPos,[XU;]. Hence,

Pos.[XY] = Pos,[X, Y] = Pos,[X, U; Y,] =Pos, [X, U;| Y, = U !X, U; Y, = U 'X, Y.

This proves the second equality in (26), and the first equality follows from it.

To prove part (ii), by part (i) there exists U € SUs such that Uni,[®g] = Uni,[®]U. It follows
that Sym,.[®] = Sym, [®g]. O

2.3 Cauchy integral formula for vector-valued maps

The following technical lemma shows from the convergence of a family of holomorphic functions the
convergence of all of its derivatives in a strictly contained subdomain. The proof is standard and
uses the Cauchy integral formula. We use the notation R’ CC R to mean that R’ is bounded away
from OR. Let X (™ denote the nth derivative of X with respect to .

LEMMA 2.9. Let V' be a finite-dimensional vector space over C and let |-| be a vector norm on V.
With ¥ C C a punctured neighborhood of 0 € C and R C C a bounded domain with smooth
boundary, let X = X(z,\) : ¥ x R — V be continuous in z and holomorphic in \. Suppose
lim, ,gsupyer |X| = 0. Then for all n € Z>, and every subset R' CC R,

lim sup |[X™| = 0.

2—=0 \eR/
Proof. With n = dim V', we may assume that V' = C". Since all vector norms on a finite-dimensional
vector space are equivalent, we may assume that the norm || is given by |(Y1,...,Y,)| = max; |Yj].
Let R cC R. By the Cauchy integral formula, for all n € Z>( and all A € R/,

n n! X(z,v)
X( )(Z,)\) = %/873 7(1/_)\)”_’_1 dT/,

! . !
XM (2, )] < ﬁmax/ L’Z’”ﬂww < n_/ MWW-
2§ Jor v = A" 21 Jor lv = A"

Since A € R’ and R’ is bounded away from OR, then there exists ¢; € R+ such that for all v € IR,
lv — A~V < ¢1. Hence, with ¢ = cin!/(2n),

SO

XN <e [ (X,
OR
Since this holds for all A € R’, and the right-hand side is independent of \, so
sup [XO (e )| < ea [ (X ()l
AER! IR

The result follows by taking limits. O
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2.4 Asymptotics of the perturbed Delaunay frame

We now have the tools to show that the r-Iwasawa factors of a holomorphic frame constructed from a
perturbed Delaunay potential converge to the respective factors of a holomorphic frame constructed
from a Delaunay potential (Theorem 2.11). This convergence implies that the immersions and their
metrics converge (Theorem 3.2). A bootstrap argument in §3 strengthens this to C°°-convergence
of the immersions.

LEMMA 2.10. Let & be a perturbed Delaunay potential, let d® = ®¢ and assume that the monodromy
M of ® around z = 0 satisfies M € A7SLyC. With &y = exp(Alogz), let & = CPyP be the
decomposition as in Lemma 2.3. Let Cdy = Fy- By and ® = F - B be the respective r-Iwasawa
factorizations on ¥*. Then FO_IF, B and By are lifts of unique single-valued maps on %*.

Proof. Let T : 3* — %* be a deck transformation corresponding to the curve defining the
monodromy M of ®. Then by the definition of M, for all z € ¥* we have 7°® = M ®, so
(t*F)(7*B) = MFB,

or

(t*B)B~! = (*F) ' MF. (27)
The left-hand side of (27) is in A;"SLoC and since, by hypothesis, M € A*SLyC, the right-hand side
of (27) is in ASSLyC. Hence, each side is equal to I, so 7*B = B, and B is the lift of a single-valued
map on 2.

Since ® = C'exp(Alog 2) P, and 7*P = P, then

M = Cexp(2miA)C™L.

Since &) = C'exp(Alog z), then M is also the monodromy of ®y. Hence, 7*®y = M P(. The same
argument as above, with Fjy and By replacing F' and B, respectively, shows that 7* By = By, so By
is the lift of a single-valued map on X*.

Since
Fy'F = ByPB™. (28)
and the right-hand side of (28) is invariant under the action of 7%, then so is the left-hand side
of (28), so Fy 'F~! is the lift of a single-valued map on X*. O
THEOREM 2.11. Let r € (0,1) and assume C. NS = ). Let £ be a perturbed Delaunay r-potential
€= Az"tdz 4 0(2") dz. (29)

Suppose

n+1

Re pu(A . 30
max e () < 5 (30)

Let & : % — A, SLoC satisfy d® = &£ on the universal cover S* — ¥ of >*, and assume that the
monodromy M of ® around z = 0 satisfies M € AFSLyC. Let ®y = exp(Alog z) and let & = CPyP
be the ZAP-decomposition of ® as in Lemma 2.3. Assume for some 0 < s1 < r < s9 < 1 there exists
a continuous function ¢ : As, 5, — Ry such that Pos,[C'®¢] extends analytically to As, s, and

—Ru
||Pos,«[C<I>0]||A$1’52 < clz| M (31)
Then ® and C'®( have the convergence

lin%||(Unir[CY<I>0])_1Uni,«[<I> ~1|4 =0,

. _1 (32)
hn% ||Pos, [®](Pos, [C®o]) ™" — IHDT =0.
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Proof. Step 1. Let v; = maxyecc, Re (A). There exist r1,79 € Ry such that s < rp <7 < rg < sg,
A 7o NS4 = 0 and Pos, [C®¢] extends analytically to A := A, ,,. By (31),
[|Pos, [C®o]|5 < cfz| . (33)

Step 2. Let C®g = Fy-Bp and ® = C®oP = F- B and be the respective r-Iwasawa factorizations
on X*. Since by hypothesis M € A SLsC, by Lemma 2.10, B, By and Fo_lF on X* descend to single-
valued analytic maps on >*.

Let m = n + 1. By Lemma 2.3(iii), P has the expansion on 3’

P(z,A\) =1+ i Pi(\)z2".

k=m
Then

[ee]

BoPBy' —=1= > ByP.B;'2".
k=m
By (33),
IBoll 4 < el and [|By |, < ezl

SO

[e.9] [e.9]
_ - k k—2
1BoPBy " — Tl < Y 1 Boll all Pall all Bl al=l® < € Y I Bull gl

k=m k=m

Since by (43), v1 < m/2, then k —2v; > 0 for all k € Z>,,. Hence,
. -1 _
lim || BoPBy " 1], = 0.

By Lemma 2.9, BOPBO_l — Tl as z — 0 as a map in C*°(C,, SLoC).
Step 3. We have the r-Iwasawa factorization
BoPBy' = (F,'F) - (BByY).

As noted in the preliminary section, the r-Iwasawa factorization is a homeomorphism in the
C*°-topologies on its domain and target spaces. The result (32) follows. ]

3. Asymptotics of immersions

3.1 Convergence of geometric data

In Theorem 2.11 we showed that the unitary and positive part of a holomorphic frame constructed
from a perturbed Delaunay potential converge to those of a Delaunay holomorphic frame. From this
we obtain convergence of the immersions, metrics, and moving frames and normals. This convergence
is strengthened to C'°°-convergence in § 3.2.

LeMMA 3.1. Let ¥* C C be a punctured neighborhood of 0 € C with coordinate z. Let r € (0, 1].
Let & and & be r-potentials. Let ay, be the coefficient of A\~! in the upper-right entry &, in its \
expansion, and suppose

liné(al/ag) =1 (34)
For k € {1,2}, let ®;, satisfy d®j, = ®&;,. Let R C C be a neighborhood of \g € S'. Suppose
lim |Uni, [®@1] ' Uni [®2] — 1| = 0,

g (35)
lin% Pos, [®1](Pos, [®2])” |a=0 =I.
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Let fr = Sym,[®;] be the immersions obtained from ®, and let v,%,|dz|2 be the respective metrics
of fi. Then:

(i) the immersions converge, that is, lim,_.o(f2 — f1)|x, = 0;

(ii) the metrics converge in ratio, that is, lim,_,o(ve/v1) = 1;

(iii) the moving frames Gy, for fi converge, that is, limzﬁo(Gfng)ho =1
)

(iv) the difference of the normals of fi and fy converges to zero as z — 0.
Moreover, let x+iy = log z and let w,% (dz?® +dy?) be the metric for f, in the x and y coordinates.
If wy is bounded and bounded away from zero on ¥, then the immersions have C'-convergence in

the coordinates x and y; that is,

. d d . d d
ll_)l%<£f2 - @fl) =0 and ;%(d—yfz - d_yfl>

Proof. For k € {1,2}, let Fj, = Uni,[®;] and By, = Pos,[®x]. Let prime denote differentiation with
respect to 0, where \ = e'?.

=0. (36)
Ao

Ao

Step 1. To show the convergence of the immersions, by the Sym formula for R? in the preliminary
section, we have

fr=—-2H'FF', ke{1,2}

where H € R, is the constant mean curvature. Hence,

fo—fi=—2H 'F(F'FR)F; " (37)
Let R’ CC R be a neighborhood of \g. Since F1_1F2 — I is holomorphic on R, by Lemma 2.9,
lim [|(F' P2l = 0. (38)

The convergence of the immersions lim,_,o(f2 — f1)[5, = 0 follows from (37) and (38) and the fact
that |71 (ho)| = 1 = [ B ' (o).

Step 2. To show the convergence of the metrics, since Fy By = ®;, then B satisfies the gauge
equation (F) ! dF}).By, = &. An examination of the coefficient of A~! in this gauge equation above
shows that

vy = 2/ H " an o, (39)
where pjy is the constant term of the upper-right entry of By in its A expansion. Equation (34)
implies lim,_,o(p1/p2) = 1, and the result follows.
Step 3. The moving frames Gy, for fi. are defined by the equations
(. =uci ( §)et ke (10)
The extended frames Fj and the moving frames Gy, are related by a gauge g; defined by
Gr = Frgr, g1 = diag(pr, py '), pp = iHo/(AHay|) k€ {1,2}.
Then
Gy'Gy—1=gi " (FT ' B — g195 ') go- (41)
By (34), it follows that lim, o g1(Xo)gy '(Ao) = 1. Since |lgx(No)| is finite, the convergence of

the moving frames, part (iii), follows from (41). The convergence of the normals follows from the
convergence of the moving frames.

Step 4. To show the convergence of the derivatives of the immersions (36), let

0 1 0 1
61:<_1 0> and €2=<Z. 0>.
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Writing # = 21 and y = x2, by (40) we have (fy).; = kakelezl. Hence,

d _ _ _
E(fz — 1) = (wy — wy)Gae;Gy 4+ w1 G1[Gy ' Ga, 651Gy
J

Since lim,_g(va/v1) = 1 and v, = wre */2, then lim,_o(wy/w;) = 1. Since by assumption,
wy or wy is bounded away from zero, then lim, ,o(wy — w;) = 0. The first equation of (36)
follows, since ||G1(Xo)e; G (No)|| is finite, wy is bounded, [|G1(Xo)|| and ||G5*(Xo)]| are finite, and
lim. o |G7 ' (A0)G2(Ao)|| = 0 by (38). [

THEOREM 3.2. Let A be a Delaunay residue satisfying

i < 3.
min Reu(A) < 3 (42)

Let £ be a Delaunay r-perturbation of A. Let ® satisfy d® = ®£ with unitary monodromy at z = 0.
Assume ® is in AlSLQ(C, and (C,UA,1)NSa = 0. Let f be the CMC immersion induced by ®. Then
there exists a Delaunay immersion fy with the same necksize as that induced by ®( := exp(Alog z),
such that as z — 0, in the coordinates x + 1y = log z, the ratio of their metrics converges to one
and f — fo converges C' to zero.

Proof. We shall require the following fact: as functions of r, maxyec, Re p is strictly decreasing on
(0,1] and minyee, Re p is zero on (0, |v1|] and is strictly increasing on [|v1], 1]. (The boundary of the
upper graph in Figure 2(b) illustrates this behavior.)

Let vy = minyec, Re p(N) and v; = maxyec, Re p(A). Since vy > vg > 1/2, there exists n € Z,
such that

n n-+1
— < < .
g S U1 2

If v1 = n/2, by the above fact, r can be replaced with a smaller value and vy and v; by the
corresponding values so that this new vy satisfies

n n
— _ 4
2<U1< 5 (43)

Then vy is still at most 1/2 by the above fact. By Theorem 2.7 and Lemma 2.8(ii), we may assume
after a gauge and coordinate change that £ has the form (29).

Since ® is in AlSLQ(C, we have the z4P decomposition ® = Cexp(Alogz)P on A1\ Sa.
Since by assumption (C, U A, 1) NS4 = 0, then C' and P extend to C, U A, ;.
By Theorem 1.13, there exists a continuous function ¢ : Dj — R such that for all (z,\) € {0 <
2| <1} x Dy,
||Pos, [C®o]|| < ¢|z| Rer.

By Theorem 2.11, ® and C'®( have the convergence (32). Hence, taking &1 = &y and &5 = ¢
in Lemma 3.1, condition (35) holds. By Lemma 1.12, C®( induces a Delaunay immersion which
differs from ®( by a rigid motion. Taking £&; = Adz/z and £, = £ in Lemma 3.1, condition (34) of
Lemma 3.1 holds because &3 is a holomorphic perturbation of &;.

With w; and we as in Lemma 3.1, a computation shows that with v as in Theorem 1.5, by (39),
the metric of the Delaunay immersion is w; = 4|abH ~![v~!. Hence, w; is periodic and nonzero in
the coordinate = = log |z|, and is hence bounded and bounded away from zero on ¥. The assertion
follows by Lemma 3.1. O

Remark 3.3. In the case when the surface is a nodoid, and under suitable normalization A = —1 is
a resonance point, or equivalently a double point of the corresponding spectral curve (that is, the
eigenvalue of A(—1) is n/2, n € Z, in the above proof), then it is possible to deform the nodoid
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into a spectral genus two CMC cylinder. These are precisely the bifurcating nodoids of Mazzeo—
Pacard [MP02] (see also [Gro07]). An easy computation using the formula for the necksize in terms
of the parameters of the Delaunay residue (see e.g. [Kil04]) shows that this occurs for nodoids with
necksizes %\H\_ln.

3.2 Asymptotics of conformal immersions

Now that we have shown that the frames and metrics of the immersion produced by a perturbed
Delaunay potential converge to those of a Delaunay immersion, we apply a bootstrap argument on
the Gauss equation to obtain C*°-convergence of the immersions up to rigid motion. For details

. cn . .
and formulas, see [Bob91b]. The notation f—g means lim._.o|/f — ¢|on = 0, where the C™ norm is
taken over some implied compact domain.

THEOREM 3.4. Let QCR?bea bounded domain and let Q' CC Q be a strictly contained subset.
Let f : Q — R3 and the sequence fi+ Q— R3, j € Z, be a sequence of conformal immersions
in C®(Q)NC%Q). Let e*, H,Q dz? and i, Hj, Q; dz? be the respective conformal factors, mean

1 0 oo
curvature functions, and Hopf differential of f and f;. Suppose that ij—>f, ngH, QjC—>Q and
0 o]
ujgu on Q). Then fjc—>f on .

Proof. We use the following gradient estimate for Poisson’s equation [GT77]. Let ¥ be a bounded
domain in R? and ' CC X. Then there exists ¢ € R, depending only on dist(¥’,03) such that for
all w € C%(X) N CO(%),

sup |0, w| + sup |0, w| < c(sup |w| + sup |Aw|). (44)
ol by 5 )

Fix k € N3 and choose domains Qy,...,Q with Q' =Q, CcC --- CC Q; CC .

Ck Ckfl
Step 1. We apply the estimate (44) k times to show that u;—u and H; — H on &/
The first iteration is as follows. For the functions u, H, @), define

Ulu, H, Q] = —L1H?" +2|Q|%e .
Then the Gauss equations for f and the f; are, respectively,
A’U,:\I/['LL,H,Q], AUj:\I’[Uj,Hj,Q]’].
Hence,
. Co Co Co
Since u;j—u, Hj—H and Q);—Q on €, then
Co
@[Uj, Hj, QJ] — (I)[’LL, H, Q] — 0,
C
so A(uj — u)—O>O on Q. Applying the estimate (44) with ¥ = Q, ¥’ = Q; and w = u; — u, we obtain

Cq
uj—u on .

The Codazzi equations for f and the f; are, respectively,
H,=2e""Qz, (Hj),=2e"(Qj)z
cO ct ct
Since u;—u and Q;—Q on €, it follows that H;—H on (.
1 C C
Using the Gauss equation again in the same way, since ujgu, Hj—1>H and Q—1>Q on €1y, then
C C C
A(u; — u)—1>0 Hence, A 0,(u; — u)—0>0 and A 9, (u; — u)—0>0. Applying the estimate (44) again, with
C

Y =Q, ¥ =Qy and w take to be first d;(u; — u) and then 9,(u; — u), we obtain uj—2>u on (.
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C, k-1
Repeating the argument £ — 2 more times shows that u;—u and H; A H on Q; = Q. Since k

. Cc>
is arbitrary, the above argument shows u; — v and H; . H on (.

Step 2. Let eq,ea,e3 be a positively oriented orthonormal basis for sus. Let ' and F}; be the
respective moving frames for f and f; with values in SUj, defined respectively by

Oy f =e“Fe  F1, o, f = e“FesF! and 0, fi= e“Fjele_l, O, fi = equQQFj_l. (45)

. ct L o
By assumption, f;— f, from which it follows that F;—F.
Write the Lax pairs for F' and F; respectively

8, F = FU, aszFV and @EF-:F-U]-, 8, Fj = F;V;.

Since ujc—> u, Hj TH and Q] — Q, then U; g SU and V 2V Since the Lax pair equations are linear
and Fk—>F it follows that F) “F by smooth dependence of solutions on parameters. By (45), w

Cc>
obtain the convergence f; — f. O

3.3 Embedded ends

Under appropriate assumptions, if an immersion f of a cylinder converges C? to an embedding of
the cylinder, then f is embedded.

Let Xy be the cylinder
Yog = {(z,y) €ER?*|z > 0and 0 < y < 27}, (46)
with the boundary lines y = 0 and y = 27 identified.

LEMMA 3.5. With Yy as in (46), let f : oy — R3 be a properly embedded surface with bounded
curvature which satisfies the following condition:

For all 6 > 0 there exists € > 0 such that for all p,q € Xy,
if |p = qlg,,, >0, then |f(p) = f(q)|gs > €. (47)

Let g : Yy — R3 be an immersion which converges to f as & — +oo, in the C*-topology of Yyl
Then there exists xog € Ry such that g restricted to {x > x¢} is properly embedded.

Proof. The C°-convergence of ¢ to f and the properness of f implies that f is proper.

Since f has bounded curvature, there exists § > 0 such that for any two points p,q € R?, if
lp — q|2cyl < 0, then the total curvature of the image under f of the shortest straight line from p to
q in Yy is at most 7/4. By the C?-convergence of g to f, we can choose z; > 0 so that the total
curvature of the image under g of those straight lines is less than 7/2 when the z coordinates of p
and q are greater than x.

With the above choice of §, let € be as in (47). By the C%-convergence of g to f, we can choose
an xp so that |f — g|gs < €/4 at any point for which x > x5. Set g = max{x,z2}.

Now suppose that g is not embedded on Xy N {x > z¢}, so there exist distinct p,q € Xy N
{z > x0} such that g(p) = g(¢). Then the proof divides into two cases.

Case 1: |p — q|chl > . Then |f(p) — f(q)|gs > €. Thus |g(p) — 9(q)|gs > €/2, which contradicts
9(p) = g(a)-

Case 2: |p — q|Ecy1 < 0. Let v : [0,1] — Xy be the parametrized straight line from p to g.
Then g o is a closed curve in R? which is smooth except at one point. If g o v is smoothed out
at that point, it has total curvature at least 2w. However, the turning angle of the tangent at the
non-smooth point is at most m, hence the total curvature of the smoothed out g o~y is < 37/2,
a contradiction. O
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3.4 Asymptotics of Delaunay immersions

We conclude Part I with its culminating theorem, showing that a CMC end obtained from a per-
turbed Delaunay potential is asymptotic to a half-Delaunay surface. This theorem restricts itself to
the case that the holomorphic frame extends analytically to A, 1.

THEOREM 3.6. Let A be a Delaunay residue as in (1) satisfying condition (42). Let r € (0, 1] and
assume A, 1 NS4 = 0. On the punctured unit disk ¥* = {z € C|0 < |z| < 1}, let

- AdZ+O( ) dz

be a perturbed Delaunay r-potential. Let fy and f be the immersions of ¥* induced by the gen-
eralized Weierstrass representation at A = 1 by Adz/z and &, respectively, so fy is a Delaunay
immersion. Assume that f is obtained from a holomorphic r-frame with values in AlSLg(C whose
monodromy at z =0 is in AJSLyC.

With ¢y as in (46), let ¢ : Loy — £ be the map ¢(z,y) = e**%. Then some rigid motion of
f o ¢ converges to foo ¢ in the C*-topology of ¥cy as © — —oo. Furthermore, if fq is embedded,
then f is properly embedded.

Proof. Let p be the period of the Delaunay surface fo. Let Srect = [0, p] % [0,27] C R2. Fix a small
€ > 0. Then fo¢ and fyo ¢ can be lifted to the eneighborhood N (XRect) of ZReet- We define a
sequence g of C'*° functions on €2 by

gk(@,y) = (f o ¢)((x + kp) + iy)
on YRreet and extend g real analytically to Ne(XRrect)-

Let u, H,Q and uy, Hy, Q) be the geometric data for fy and the g, respectively. Let ®¢ and &
be the respective solutions to d®y = ®Adz/z and d® = ®E which respectively induce fy and f Via
the generalized Weierstrass representation. By Theorem 3.2, the metrics are v = e and v = e

we have C''-convergence of g, to some rigid motion of fo oqb on N (XRect) as © — oo, and v/ vk—>1 as

0
x — oo. Hence, ukgu on N¢(XReet)- We have that Q —>Q, and Hy, = H for all k, so Theorem 3.4
and Lemma 3.5 imply the theorem. O

Remark 3.7. When fj is embedded, the rigid motion of f converges exponentially to fy in the sense
of [KKS89], as proven there.

Remark 3.8. The above Delaunay asymptotics result for Euclidean space R3 most likely also holds for
the spaceform S?, with appropriate changes in the Sym and moving frame formulas. For hyperbolic
space H?, the value \g in the Sym formula is in the interior of the unit disk, so if the asymptotics
result is to hold, its proof would require the results of Part II.

Part 1I. Dressed Delaunay asymptotics

Part II generalizes the results in Part I to the setting of A,.SLoC for arbitrary r. It shows for this
larger class of frames that an immersion constructed from a perturbed Delaunay r-potential via
r-dressing is asymptotic to a Delaunay surface.
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Outline of results

Dressing by simple factors performs a Bianchi-Bécklund transformation on a CMC surface. The
formula for dressing by simple factors is known explicitly [TU00]. In §4.2, we show that a dressed
Delaunay frame Cexp(Alog z) which has unitary monodromy is a multibubbleton frame, that is,
a Delaunay frame dressed by a finite product of simple factors (Theorem 4.4). This result is used
in §5.4.

In §5.1, we show that dressing by a finite product G of simple factors with distinct singularities
preserves asymptotics (Theorem 5.2).

In §5, we show that if an immersion f converges to a Delaunay immersion fj, then f dressed by
a product of simple factors with distinct singularities also converges to a Delaunay immersion with
the same necksize as fy (Theorem 5.6). Together with the methods of § 3, this implies that dressing
by finitely many simple factors preserves convergence to a Delaunay surface (Theorem 5.7).

Given a holomorphic perturbation

£= A% +0(2%) dz
of the Delaunay potential Adz/z which represents a closed once-wrapped Delaunay surface,
let @ satisfy d® = ®¢ with unitary monodromy at z = 0. In §5.4 we show that the unitary factor
of @ is asymptotic to a Delaunay frame and the metric of the surface induced by ® is asymptotic
to the corresponding Delaunay metric (Theorem 5.8).
These asymptotic frames results are applied to construct CMC surfaces in R3. The surface
induced by ® is asymptotic to a half-Delaunay surface induced by Adz/z (Theorem 5.9).

4. Simple factor dressing

4.1 Simple factors
We recall the notion of a simple factor [TUO0O].

DEFINITION 4.1. Given r € (0,1] and A\g € A, 1, let f be the unique rational map on CP! with degree
one whose pole is at \g, satisfying f* = f~! and f(1) = 1. (Here, f~! denotes the multiplicative
inverse.) Let L € CP!. An unnormalized simple factor g°[\g, L] € AP**SLyC is a loop

a°No, L] = f2rp + V20,0,

where 77, denotes the orthogonal projection to L. A normalized simple factor g[\g, L] € AFSLyC is
a map of the form g[\g, L] = U~ 1g°[\o, L], where U is the unitary factor of the QR-decomposition
of g°[No, L]|ax=0- A general simple factor is a map of the form Ug € AP**SL,C, where U € SUs and
g is a normalized simple factor.

By [TU00, Proposition 4.2], dressing by simple factors is explicit: given r € (0,1), an extended
r-unitary frame F'(z,\) and a normalized simple factor g[A\g, L] with A\g € A, 1, we have the
formula [TUOO] (see also [KSS04, Kob04])

Uni,[g[ho, LIF] = g[Ao, LIFg[ho, F(z,00) L] (48)

While simple factors are positive r-loops, the product of two simple factors with the same
singularity extends to a meromorphic map on CP™.

LEMMA 4.2. For k € {1,2}, let g = Uk_lgo[)\o, Ly be general simple factors, where \g € Dj,
L, € CP! and U;, € SU,. Let X : R — MayoC be a meromorphic map on a domain R C C. Then
91X gy L extends meromorphically to a map Y on R. Moreover, suppose R is invariant under the
map A — 1/X. Then:
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(i) if g1 = g2 and X* = X, then Y* =Y away from its poles;
(ii) if X is invertible and X* = X!, then Y* =Y ! away from its poles.

Proof. By the definition of simple factors (Definition 4.1), for k£ € {1,2} we can write g, =
Ui f~Y/2hy,, where U, € SUy, hy, = fro, +7TL§7 f has a simple pole at A\g, f* = f~1, and hy = h,;l.
Then g1 Xgo ' = Ui X hy 1U2_ I extends meromorphically to R because all of its components do.
Statements (i) and (i) follow from the symmetries f* = =% hf = h ! and U} = U, . O

4.2 The dressed Delaunay frame

We shall prove that if a dressing matrix preserves the unitarity of a Delaunay monodromy, then the
dressing matrix is a product of simple factors and a loop V' which conjugates the Delaunay residue
to a Delaunay residue. The effect of V is a coordinate change and a rigid motion of the surface.
Thus, for Delaunay surfaces, the class of dressing matrices that preserve unitarity of monodromy
coincide with the Bianchi—Bécklund transformations.

LEMMA 4.3. Let A be a Delaunay residue and let M = exp(2miA). Withr € (0,1), let C, € A;FSLyC
and suppose C’+MC;1 € ArSLyC. Then C+AC;1 extends to a rational map on CP! all of whose
poles are simple and lie in (S4 N (A, \ S!)) U {0, 00}.

Proof. Let i be an eigenvalue of A as in Definition 1.2. Let z,y : C* — C be the holomorphic
functions o = cos(27p) and y = p~!sin(2wu). Note that  and y are always holomorphic on C¥,
even if y is not. Then M = x1+iyA. Writing A; = C+AC;1, on D we have

Cy MO = x1+iyA;.

Since by hypothesis, C. M C’J:l extends holomorphically to C*, and since z I is holomorphic on C*,
then yA; extends holomorphically to C*. Since y is holomorphic on C*, then A; extends meromor-
phically to C*, and for all A € C*

og\d A > —og\d Y. (49)

We compute the orders of the poles of A; on C*. These occur only at the zeros of y, all of which
are in S4. Let A\g € C* be a zero of y. Then pu(Xg) € %Z*.

Case 1. If A\g = 0, then C is holomorphic and A has a simple pole, so A; is meromorphic with
at worst a simple pole at zero.

Case 2. If 0 < |A\o| < 7, then A; is holomorphic at Ag because C; and A are.

Case 3. 7 < |A\o| < 1. It can be shown that {\ € C*|u/(\) = 0} C S'. Hence, 1/'(\g) # 0, from
which it follows that ordy, y = 1. By (49) ordy, A1 > —1, so A; has at most a simple pole at .

Case 4. We have |\g| = 1. In this case, A; is holomorphic at Ag as in the proof of Lemma 1.12.

Since exp(27miA;) takes values in SUy on S!, and A; is tracefree, then A; has the hermitian
symmetry A;* = Aj. Hence, the poles of A; on C* lie in (A, \ S!) N S4. O

THEOREM 4.4. Let A be a Delaunay residue and let M = exp(2miA). With r € (0,1), let C1 €
ASLyC and suppose C+MC;1 € ASLyC. Then there exists a loop G € AfSLoC which is a
product of normalized simple factors (or G = 1), the singularities of the simple factors are distinct
and lie in Sy N (A, \ St) and, with V = G~1Cy, A} = VAV ! is a Delaunay residue.

Proof. The proof is by induction on the number of poles of C'; AC’;l in A, 1. We prove the following
induction step, which constructs a single simple factor g.

With A, M, r and C as in the statement of the theorem, there exists a normalized simple factor
g € AFSLoC such that, with V = g=1Cy € AFSLeC, we have VMV =L € A*SLoC and VAV~ has
one fewer pole in Dy than O+AC;1.
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Proof of the induction step. By Lemma 4.3, C+AC;1 extends to a rational map on CP! all of
whose poles are simple and lie in (S4 N (A, \ SY)) U {0,00}. Let

M;=CyMC;' and A =CLAC".

Let = cos(2mp) and y = p~'sin(27u) be the holomorphic functions on C* as in the proof of
Lemma 4.3, so that M = x1+iyA. Then

Cy MO = x1+iyA;. (50)

Choose a pole A\g € S4 N (A, \ St) of Ay, so ordy, A = —1. Since \g € Sa, then p(Xg) € %Z*,
so t:=x(\o) € {1,—1}. As in case 3 of the proof of Lemma 4.3, ord), y = 1. Hence, ord), yA4; = 0.
Then M; (o) # ¢1, by (50). Hence, M (o) is not semisimple, so the eigenspace of M;(A\g) associated
to the eigenvalue ¢ is one-dimensional. Let v € C?\ {0} be an eigenline of Mj()\g) and let L = [v] €
CP!. Define the unnormalized simple factor h = g°[\g, L] on D,..

We show that A=Ay h is holomorphic at \g. Let f be as in Definition 4.1 for h, so h = f1/2x; +
f_1/27TLL and ordy, f = —1. Working in the basis {v,vl}, define the functions a,b,c,d by Ajv =
av + cvt and Ajvt = bv + dvt. Since spang{v} is the kernel and image of yA,|y,, then

orda >0, ordb= -1, orde>0, ordd=0.
Ao Ao Ao Ao

Then det A; = ad — be, so ordy,(ad — bc) > 0. Hence, ordy, ¢ > 1. On the other hand,
h='Aihv = av + fevt and R Ajhot = f b 4 dot.

Hence, h~ ' A;hv and h~'A;hvt are holomorphic at Ay, so h~1A;h is holomorphic at \g.

Let U € SUsy be the unitary factor in the QR-decomposition of ~(0) and define g = hU ~!. Then
g € AFSLyC is a normalized simple factor. Define V = g='C,. Then C'y and V have the same poles
on CP'\ {)\g,1/X}. Since C+AC:1 has a pole at \g, and as shown above, VAV ~! does not, then
VAV ~! has one fewer pole that Cy AC, ~! in D;.

Since Aj is hermitian away from its poles, then so is h~'A1h by Lemma 4.2(i). By conjugat-
ing (50) by h~!, we obtain that h='M;h € AfSLyC. Then VMVt = Uh~'MAU~! € A*SL,C.
This proves the induction step.

To prove the theorem, let n be the number of poles of C’+AC’;1 in A,1. If n = 0, then by
Lemma 1.12, C’+AC’;1 is a Delaunay residue and the theorem follows with G = I and V = C..
Otherwise, repeated application of the induction step produces n normalized simple factors g1, ...,
gn € AFSLoC with distinct singularities in Sq N (A, \ S'), such that, with G = g1 ---g, and
V = G71C, € AFSLyC, VAV~! has no poles in A,, and hence in Dy, and VMV ! € A*SL,C.
By Lemma 1.12, VAV™! is a Delaunay residue. This proves the theorem. O

4.3 Dressed Delaunay growth

Lemma 1.11 showed that under the assumption of unitary monodromy, dressing a Delaunay holo-
morphic frame exp(Alog z) by a loop C' € A,.SLyC does not affect the growth behavior of its positive
factor, provided that C € AJSL,C. Theorem 4.6 generalizes this result by removing this provision.

LEMMA 4.5. Let h(z) = U(2)"g°[\o, L(2)] be a map from a domain C C into the space of general
simple factors. Then for every set R C CP! bounded away from {\g,1/Ao}, ||h(2)||» is bounded as
a function of z.

Proof. With f and U as in Definition 4.1, write
h=U"YfN g + f()‘)_l/zﬂ-L(z)J-)'
211

https://doi.org/10.1112/5S0010437X07003119 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003119

M. KiLIAN, W. ROSSMAN AND N. SCHMITT

Then |h| = max{|f'/?|,|f~"/2|}. On any set R C CP! bounded away from {\g,1/Xg}, the function
|f| is bounded away from zero and infinity, and so |f'/2| and |f~'/?| are bounded on R. Hence, for
all z € X,

(=)l < max{|f2 ]z, 172z} 0

THEOREM 4.6. Let A be a Delaunay residue, and let p be its eigenvalue as in Definition 1.2. Let
7 be as in Lemma 1.7. Let r € (0,1), and assume C, N Sy = (0, where Sy is defined by (2).
Let C' € A,SLyC and assume the monodromy C exp(2miA)C~1 is in A¥SLoC. Then there exists

ri,r2 with 0 < r < r < rp < 1, and a continuous function c : A, ., — Ry, such that for all
(z,A) €{0 < [2] <1} x Ay s,

|[Pos,[C exp(Alog 2)]|| < c|z|™™ < ¢|z] R

Proof. Step 1. Let ¥* = {0 < |z| < 1}. Let C = C, - C be the r-Iwasawa factorization of C. By
Theorem 4.4, there exist loops G,V € ASLyC such that C, = GV, G is a product of normalized
simple factors (or G =1), A; := VAV ! is a Delaunay residue, and

X = Cexp(Alog z) = C,G(exp Aj log 2) V.
Step 2. Since C, N Sy
satisfying 0 < r < r <7

Let ro € (r,r%) and let A :
finite on ¥* x A, so

(), and the points of Ss are isolated on C*, there exist 1 and 7}
1 such that Am,r; NS4 =0, and V extends holomorphically to DTé.
Aryr,- Since V' extends holomorphically to D,;, then ¢; = [[V]| 4 is

Al

||Pos,[X]|| = c1]|Pos, [G exp(A; log 2)]]|. (51)
Step 3. Write G = gy, -+ g1 - I as a product of normalized simple factors and for k € {1,...,n},
write gr = g[\k, Lx], with Ay € A1 and Ly € CP!. By repeated use of the simple factor dressing
formula (48), we obtain maps hy,...,h, : {0 < |z| < 1} — A}SLyC defined by
R .
hi = g[M\k, Fr(M) Li),  Fr = Unipfgp1... g1 X]
such that
Pos,[gn . .. 1 X] = hy - - - by Pos, [ X].

Since the singularities of G' are in S, which is bounded away from A, then by Lemma 4.5, ||h4 4
is finite for each k € {1,...,n}, so let co be their product. Then using (51), we have on ¥* x A,

IPos, [ X]|| < ¢1¢2]|Pos,[exp(A; log 2)]|l. (52)

Step 4. It follows from det A = det A; that the function 7 in Lemma 1.7 for A is the same
as that for A;. By Lemma 1.11, there exists a continuous function c¢3 : A — R, such that on
{0 < |z| <1} x A,

||Pos, [exp(A; log 2)]|| < eslz]™™ < eslz]7ReH. (53)
The result follows from (52) and (53) with ¢ = ¢1eac3. O

5. Delaunay dressing asymptotics

5.1 Simple factor asymptotics

The next preliminary lemma shows a basic convergence property of simple factors: two simple factors
with the same fixed singularities converge if the lines defining them converge.

LEMMA 5.1. For k € {1,2}, let hy = g[\o, L], where \g € D} and Ly, : ¥* — CP! are continuous
maps on a punctured neighborhood ¥* C C of 0 € C. Note that the map h1h2_1 exteids meromor-
phically to CP! (see Lemma 4.2) and this extension is holomorphic on CP'\ {\o,1/\o}. If L1 and
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Ly converge as z — 0, then on every region R C CP! bounded away from {\g,1/Ao},
. -1 _
lim b1y~ T = 0. (54)

Proof. Let R C CP! be a region bounded away from {\g,1/Ao}.

Step 1. For k € {1,2}, let hy, = Uk_lgo[)\o, Lyg]. Since hy and hy share the same singularity Ao,
we have f as in Definition 4.1 such that

hy = P, f P, ke {1,2),
We show that h{h$ ' — I. We have
hShs ™ — 1= (mp,7p, + TpLTpL — I)+ fromps + f_lellﬂLQ. (55)
Then
liﬂ%(“l“? +rpimpe — 1) =0, liE%WLIwLQL =0, ;ig(l)leleQ =0. (56)

Moreover, since f and f~! are holomorphic on R, which is bounded away from {\g, 1/}, then f
and f~! are bounded on R. Then (55) and (56) imply

lim ||A{h5 ™" —T|| = 0. (57)

Step 2. We show that h1h2_1 — I. We have
hihy' =1 =U'hhs ' Us — 1= Uy H(hihs ™" — U\ Uy HUs,
S0
lhihy ' =1l < B3RS = U105 Yl < 1RSHS ™" =1l + |UU5 ' = 1) (58)
By (57), the first term of the right-hand side of (58) converges to zero as z — 0.

We have U;U; ! = h$(0)h5(0) ™. Since {0} is bounded away from {)\g,1/\o}, then by step 1,
(57) holds at zero. Hence,

lim 113 (2, 0)h3 (2, 0) ™" — T[] = 0.
zZ—

Hence, the second term of the right-hand side of (58) converges to zero as z — 0. This implies the
result (54). O

The following theorem shows that dressing by a simple factor preserves convergence. For a
meromorphic map U, the set of poles of U is denoted by sing(U).

THEOREM 5.2. With r € (0,1), let ®1, P, : PILIN A,.SLoC be analytic maps on the universal
cover * — ¥* of a punctured neighborhood ©* C C of 0 € C. Let U € AYMSLyC and V € A}FSL,C.
Suppose that for every region A C A, bounded away from sing(U), ®; and ® have the convergence

lin%||(UniT[<I>1])_1UUniT[<I>2] ~1I|[4, =0, (59a)
lim |[Pos, [2]V ! (Pos, [@1]) ' —1||, = 0. (59b)

For k € {1,2}, let g, = Wg[\o, L] be general simple factors, where W € SUsg, Ao € A, 1 \sing(U)

and L, L, € CP! are related by Ly = U()\o)tLl. Then for every region A’ C A, bounded away
from sing(U) U {N\g, 1/ Ao}, g1P1 and go®o have the convergence

lim || (Uniz[91@1]) ™" (91U g5 1) Univ[g2@2] = I 4 = 0,

. 1 1 (60)
lli% [|Pos;[ga®2]V ™" (Pos,[g1®1]) ™ —If|p = 0.
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Proof. For k € {1,2}, let Fj, = Uni,[®x] and By = Pos,[®]. For k € {1,2} we have by the simple
factor formula (48)

Unlr[gk@k] = ngkh];l and Posr[gk@k] = hpB,, k¢ {]_’2}7
where the hy : * — A}FSLoC are defined by
=t
hi. = g[ho, FrOw) L), k€ {1,2}.

Let A’ C A, be a region bounded away from sing(U) U {\g,1/Ag}. Since A’ is bounded away
from sing(U), then (59) hold for A’

. -1 .
li | F U F, — 14 =0,
. 11 (61)

hn%) |B2V™ By — IHDT = 0.
By Lemma 4.2, hihy L extends to a map 2* x Al — SLsC which is meromorphic in the second variable
and hoh| ! extends to a holomorphic map X* — A} SL,C. For k € {1,2}, define M; = Fk()\o)t and
define Uy = U()\o)t. Since Ao & sing(U), by (59a) we have lim, o MaUgM; ' = 1. Then

MLy = (MaUg My )My (Uy t Lo) = (MaUg My 1) My Ly,

so MLy and MsLsy converge as z — 0. Since A’ is bounded away from {), 1 /)\_0}, we have by

Lemma 5.1,

. ~1
;1_{% [h1hy ™ = 1| 4 =0,

(62)
: -1
lim [|h2hy ™ —1llp, = 0.

Since A’ and D, are bounded away from {)\g,1/\o}, then by Lemma 4.5, each of hy, hl_l, ho
and hy ' is bounded on ¥* x A’ and on ¥* x D,. By (61) and (62) it follows that

lim [ (F7 U Ry — )byt + (hihy ' = 1) 4 =0,
lim |ho(B2V "Byt =Dy + (hohy ' = T)[|p, = 0.

This gives the result (60). O

5.2 Bubbleton asymptotics

In this section, we show that if an immersion f converges to a Delaunay immersion fq, then f dressed
by a product of simple factors with distinct singularities converges to a Delaunay immersion with
the same necksize as fy (Theorem 5.6). The proof of Theorem 5.6 is outlined as follows.

For each singularity Ag there is a family of simple factors sharing this singularity. Given a
Delaunay residue A, dressing the Delaunay frame F' = Uni[exp((x+iy)A)] by this family generically
produces a bubbleton frame g#F'. However, for one special member gg of this family of simple factors,
go#F' is not a bubbleton frame as expected, but rather a Delaunay frame (Lemma 5.5).

On the other hand, any two Delaunay frames dressed by simple factors are asymptotic
(Lemma 5.4). In particular, a generic bubbleton frame g#F' constructed by dressing a Delaunay
frame F' by a simple factor g, is asymptotic to the corresponding special Delaunay frame gg#F.
This implies that any bubbleton frame is asymptotic to a Delaunay frame.

By the general result in §5.1, that dressing by simple factors preserves end convergence
(Theorem 5.2), step 3 above implies that dressing by a finite product of simple factors with distinct
singularities preserves Delaunay asymptotics (Theorem 5.6).
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The following lemma shows that given a unitary Delaunay frame F' and simple factors g; and
go with the same singularity, then, generically, g1#F and go#F are asymptotic modulo a unitary
factor. A similar result holds for the positive factors.

LEMMA 5.3. Let A € sloC, let i be an eigenvalue of A and suppose p € Ry.. Let (pu, L), (—p, L_) €
R* x CP! be the eigenvalue—eigenline pairs for A. Then for all L € CP*\ {Ly}, exp(zA)L — L_ as
T — —00.

LEMMA 5.4. Let A be a Delaunay residue and let i be its eigenvalue as in Definition 1.2. With
r € (0,1), let \g € A1 N {p € Ry} and let E be the eigenline of A(\)" corresponding to the
eigenvalue p()\g). For k € {1,2}, let Ly, € CP'\ {E} and let g, = g[\o, Li] be normalized simple
factors. Let ®y = exp(Alog z). Then for every region A C A, bounded away from {\g,1/Xo}, g1®o
and go®y have the convergence

lim I(Uni, [g1@0]) " (9195 1) Unir[g2®0] — 1] 4 =0,

lli)no ||POST[ggq%)](POST[gl(I)()])_l — IHDT = 0.

(63)

Proof. Let F = Uni,[®¢] and B = Pos,[®¢]. By the simple factor dressing formula (48) applied to
g1 and g9, we have

Uni,[gx®0] = g Fh;! and  Pos,[gp®0] = hyB, k€ {1,2},
where
hy, = Pos,[gr F] = glho, GLi], G =F(X) .
By Lemma 4.2, hihy ! and h2h1_1 are holomorphic on CP!\ {)\g,1/A\}. We compute in the
coordinates = + iy = log z. We show that the lines GL; and GLgy converge as z — —oo. By (7a),
F(z +np,y) = C"F(z,y), C=exp((p—0)A).

Let Cy = C’()\o)t. By Lemma 5.3, for any L € CP!\ {E}, the sequence C'L converges to Ly as
n — oo. Let F be the space of continuous functions [0, p] — CP! with the C%norm. Define the

map P : F — F by f(z) — F(z,y, Ao))tf(x). Then P is continuous, so F'(x,y, Ao))tC’(’}L converges
to F(x,y, AO))tLO in F as n — oo. Hence,

lim dist(F(z,y, Ao) L1, F(z, 9, %) Lo) = 0.

T—00

Hence, GL ﬂld GLs converge as x — —oo. By Lemma 5.1, for every region A C A, bounded away
from {Ao, 1/},

. -1 _
lim [[h1 ;" — 1) =0,

. ~ (64)
tim [| ot~ T, = 0.
Since
(Uni.[91®0]) (9195 H)Unir[92®o] = (g1 Fhy ") 9195 1) (g2 Fhyt) = hahy (65)
Pos,.[g2®o] (Pos,[g1®o]) " = haB(hiB) ™ = hyhi!,
the result (63) follows from (64) and (65). O

5.3 Delaunay dressing asymptotics

We show that for a certain special simple factor g, the dressed Delaunay frame g# exp((z +iy)A) is
a unitary Delaunay frame, rather than a multibubbleton frame as is generically the case. For each

——Vt

choice of Ay, there are generically two special Delaunay dressings, one for each eigenline of A()\g)
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LEMMA 5.5. With A a Delaunay residue, let g = g[A\g, L] be the normalized simple factor defined
with A\g € D] and L an eigenline of A()\o)t. Then gAg~! is a Delaunay residue.
Proof. By Lemma 4.2(i), gAg~! extends meromorphically to C* and this extension satisfies
(gAg™1)* = gAg™! away from its poles.

We show that gAg~—! is holomorphic at \g. As in Definition 4.1, let U € SU, and f with
ordy, f = —1 be such that g = U= (fY2r, 4+ f~Y27;1). Then

gAg~! = U_l(fl/QﬂL + f_l/27TLL)A(f_1/27TL + fl/QWLL)U
= U YrpArp + frpAnpy + f i Anp + mp A )U. (66)

At \g, the image of 7,1 is L*. Since L is an eigenline of A()\O)t, it follows that L' is an eigenline
of A(\g). Hence, the image of L under A()\g) is L*. Since the image of L+ under 7, is zero, then
ordy, mAmp1 > 1. Hence, frpAmy . is holomorphic at Ag. Since none of the other three terms
in (66) has a pole at \g, then gAg~! is holomorphic at \g. By its hermitian symmetry, gAg~! is
holomorphic at 1/\g, and hence is holomorphic on C*.

1

We consider gAg™" at A = 0. Since g is holomorphic and upper-triangular at A = 0 and the
1

only pole of A at A = 0 appears in the upper-right entry, with order —1, the same is true of gAg™".
Hence, gAg~—! is a Delaunay residue by Proposition 1.1. O

Lemma 5.4 and Theorem 5.2 come together in the following theorem, which shows that if the
Iwasawa factors of a holomorphic frame ® converge to those of a holomorphic Delaunay frame
respectively, then the same holds after dressing ® by a finite product of simple factors.

THEOREM 5.6. With r € (0,1), let ® : ¥* — A, SLsC be an analytic map on a punctured neighbor-
hood ¥* C C of 0 € C. Let A be a Delaunay residue. Suppose that ® and ®; = exp(Alog z) have
the convergence

liI%H(Unir[‘I’l])_lUnir[@ 1|4, =0,

" (67)
111“% [|Pos,[®](Pos, [®1])" — I||p,_ = 0.

Let G € AfSLyC be a product of general simple factors (or G = 1) with distinct singularities in
Ar1N{p € Ry}. Then there exist:

e aloop Uy € A*MSL,C satisfying sing(Us) = sing(G); and

e a loop Va € AFSLyC for which Ay := ‘/Qsz_l is a Delaunay residue;

such that, for every region A C A, bounded away from sing(Us), G® and ®5 := exp(Aslog z) have
the convergence

i (Uniy 02]) 1 2Uni [G8] — ] = 0,
liné |Pos, [G®] V! (Pos, [®5]) ! — I|p = 0.

Proof. The proof is by induction on the factors of G. We first prove the following induction step,
which shows convergence after dressing by a single simple factor g.

INpUcTION STEP. With r € (0,1), let ® : I A,.SL>C be an analytic map on a universal cover
3* — ¥* of a punctured neighborhood ¥* C C of 0 € C. Let A be a Delaunay residue and let y be
its eigenvalue as in Definition 1.2.

o Let U € A*MSL,C.
o Let Vi € AFSLoC for which Ay := VlAVfl is a Delaunay residue.
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Suppose that for every region A C A, bounded away from sing(U;), ® and ®1 = exp(A; log z) have
the convergence

lim [ (Uni,[@1]) " U1 Uni, [@] —I|| , = O,

z—

iy - (68)
lim [|Pos, [®]V; " (Pos [@1]) ™" — I, = 0.

Let g be a general simple factor with singularity Ao € A1 N {p € R*}. Then there exist:
e a loop Uy € A*MSLyC satisfying sing(Us) = sing(Uy) U {\o,1/Xo}; and
e a loop V3 € A;FSLoC for which Ay := VoAVl is a Delaunay residue;

such that for every region A’ C A, bounded away from sing(Us), g® and Py := exp(Az log z) have
the convergence
lim [ (Uni, [@2]) " UaUni [9@] —T|| » = 0,

B i (69)
lin%) ||Pos, [g®]Vo ™" (Pos, [®2]) " — IHDT =0.

Proof of the induction step. Let A’ C A, be a region bounded away from sing(U;) U {A\g, 1/}

- 1
Step 1. Write g = Wg[Xo, L] and let g = Wg[\o, U()\O)t L]. By Theorem 5.2 applied to (68),
g® and g®; have the convergence

lim [|(Uniy [51)~! (@Ug~")Uniy [g] — Ty =0,

B S (70)
lim ||Pos,. [g®]V; " (Pos, [§®:]) ™ — ||, = 0.

Step 2. Let p be the eigenvalue function of A as in Definition 1.2. Let (u(XAo), F4) and

(—u(Xo), E—) be the eigenvalue—eigenline pairs of Al()\o)t. Let ¢’ = g[\o, E_] be the normalized sim-
ple factor as in Lemma 5.5. By that lemma, A := ¢’ A1 ¢ “lisa Delaunay residue. Since p(\g) # 0,
then F_ # E.. Hence, by Lemma 5.4 applied to ¢’ and g, the loops g®; and ¢’®; have the conver-

gence
lim ||(Uniy[g'®1]) g5~ Unip [g1] — ] o =0,
lin [Pos, 54 (Pos, g/®1]) " ~ 1], = 0. T
Let @5 = exp(Azlog z). Then ¢'®; = ®og’, so by (71), g1 and Py have the convergence
tim | (Uni, [02]) /5" Uniy [§01] — 1]y = 0. o)

lim [Pos,[§P1]g’ " (Pos; [®2]) ™" — 1|, =0.

Step 5. By Lemma 4.2(ii), Us := g'Urg~! is an element of A*MSL,C and sing(Us) = sing(U;) U
{X0,1/Xo}. The loop Vs := ¢'Vj is an element of ASLyC and VQAV2_2 = g’Alg’_]L is a Delaunay
residue. By (70) and (72), g® and @2 have the convergence given by (69). This proves the induction
step. O

To prove the theorem, first note that if G = I, the theorem is trivially true with Us = Vo = L.
Otherwise, write G = g, - - - g1 as a product of simple factors, and starting with Uy = V; =1, apply
the induction step to g1,..., g, in turn. O

By the methods of §3, Theorem 5.6 implies the following (see also [Kob]).

THEOREM 5.7. If a CMC surface f converges to a half Delaunay surface fy, then the surface
produced from f by dressing by finitely many simple factors converges to a rigid motion of fj.
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5.4 Dressed Delaunay asymptotics

We show that the r-Iwasawa factors of a holomorphic frame obtained from a perturbed Delaunay
potential converges to those of a Delaunay frame. This theorem is a generalization of Theorem 2.11,
removing the restriction that the holomorphic frame extend to A, ;.

THEOREM 5.8. Let r € (0,1) and assume C, NS4 = . Let £ be a perturbed Delaunay r-potential

¢ = Az dz +0(2") dz. (73)
Suppose
?%xRe wA) < (n+1)/2. (74)
€Cy

Let ® : o — A,SLyC satisfy d® = & on the universal cover S* — ¥ of >*, and assume that the
monodromy M of ® around z = 0 satisfies M € A;SL,C.

Then there exists a loop U € AMSLyC with sing(U) C A1 N Sa and only simple poles, and a
loop V' € A}SLsC for which Ay := VAV~ is a Delaunay residue, such that for every region A C A,
bounded away from sing(U), ® and ®; := exp(A; log z) have the convergence

lim ||(Uni,[®1]) "' UUni,[®] —I|| , = 0,
lim [[Pos, [®]V " (Pos,[®1]) " = I||, = 0.

Proof. Step 1. Let ®; = exp(Alogz) and let ® = CPyP be the z4P-decomposition of ®. By
Theorem 4.6, there exist 0 < s; < r < s < 1 and a continuous function ¢ : Ay, s, — R4 such that
Pos,. [C®g] extends continuously to A, 5, and

IPos, [C®o]| 4, ,, < clz[.

Step 2. By Theorem 2.11, ® and C'®g have the convergence
limn || (Uni, [Co]) ™ Unip[@] — I] 4, =0,

. _ (76)

;li% ||Pos; [®](Pos,. [C®]) T Il|lp, =0.

Step 3. Let C = C,, - Cy be the r-Iwasawa factorization of C. Using that Cexp(2miA)C~! €

A*SLsC, by Theorem 4.4, there exist loops G, Vi € AFSLyC such that Cy = GVy, G is a product

of normalized simple factors (or G =1), Ag := VlAVl_1 is a Delaunay residue, and the singularities
of the simple factors are distinct and in Sa N (A, \ S'). Then, with & = exp(Ag log 2),

Coy=C,GViexp(Alog z) = C,Gexp(Aglog 2)V; = C,GP V). (77)
By (76) and (77), ® and G®( have the convergence

hH(l)||(Unir[G<I>0])_1C'u_1Unir[<I> — 1|, =0,

‘ ) . (78)
hr% [Pos, [@]Vy " (Pos, [GPo]) " —I||, = 0.

Step 4. The singularities of G in D; are distinct and lie in A, ; N {p € Ry }. By Theorem 5.6,
where in (67), the ® and ®( are both replaced by ®q, so that (67) holds vacuously, there exists a
loop V2 € AFSLyC for which A; := V2AV2_1 is a Delaunay residue, and a loop Us € A;'EMSLQ(C such
that for every region A C A, bounded away from sing(Us), G®y and ®; := exp(A; log z) have the

convergence
lim [| (Uniy [1]) ™ U2Unin [G®o] — 1] 4 =0,
- 79
lim |[Pos, [GPo]Vy ' (Pos,[@1]) " —1I||, = 0. (79)
Step 5. The result (75) follows from (78) and (79), with U = UsC,;/t and V = V, V4. O
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We conclude with the main theorem of the paper, showing that a CMC end obtained from a
perturbed Delaunay potential is asymptotic to a half-Delaunay surface. This theorem is a general-
ization of Theorem 3.6, removing the conditions A, ;NS4 = 0 and ® € A;[SLQ(C. Hence, it applies to
surfaces obtained by r-dressing, such as the n-noids with bubbles constructed in [KSS04]. The proof
is similar to that of Theorem 3.6, taking the appearance of the loops U and V into consideration.
In the case of embedded ends, we obtain exponential convergence (see Remark 3.7).

THEOREM 5.9. Let A be a Delaunay residue as in (1) satisfying condition (30). On the punctured
unit disk ¥* = {z € C|0 < |z| < 1}, let
d
£=AZ 1 0(x" dz
z

be a perturbed Delaunay r-potential, r € (0,1]. Let fo and f be the immersions of ¥* induced
by the generalized Weierstrass representation at A = 1 by Adz/z and &, respectively, so fy is a
Delaunay immersion. Assume that f is obtained from a holomorphic r-frame whose monodromy at
z =0 is in AySL,C.

With Ycy1 as in (46), let ¢ : Yoy — X* be the map ¢(x,y) = e+ Then some rigid motion of
f o ¢ converges to foo ¢ in the C*-topology of Ycy as x — —oo. Furthermore, if fq is embedded,
then f is properly embedded.
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