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1. In t roduc t ion . A pa th of m a x i m u m length in a g raph G is 
r e f e r r e d to as a de tour pa th of G and the length of such a pa th i s 
cal led the de tour number of G. It i s not s u r p r i s i n g that the s tudy of 
de tour pa ths i s c lose ly a s soc ia t ed with the p r o b l e m of inves t iga t ing 
hami l ton ian pa ths in g r a p h s . Evident ly few r e s u l t s have been obtained 
in this a r e a , a l though Ore [3] has shown that any two de tour pa ths 
i n t e r s e c t . It i s the p u r p o s e of this a r t i c l e to fu r ther inves t iga te 
these c o n c e p t s . In p a r t i c u l a r , we obtain bounds for s e v e r a l g r aph -
t h e o r e t i c p a r a m e t e r s in t e r m s of the de tour number and a l so p r e s e n t 
f o r m u l a e for the de tour n u m b e r s of s e v e r a l i m p o r t a n t c l a s s e s of 
g r a p h s . 

2 . B a s i c defini t ions and p r e l i m i n a r y r e s u l t s . Let G be a 
connected g r a p h and u and v any two points of G. The d i s t ance 
be tween u and v is defined to be the length of a s h o r t e s t pa th be tween 
u and v with endpoints u and v and i s denoted d(u, v ) . Le t 
X7 (u, v) denote a pa th be tween u and v having m a x i m u m length. Such 
a pa th i s cal led a de tour pa th be tween u and v and i ts length i s 
denoted by 3(u, v ) . The d i s t ance functions d and 8 a r e m e t r i c s on 
the point s e t V of G, F o r any point u in G, we define 
3(u) = m a x 3(u, v ) . By a de tour pa th in G i s m e a n t a pa th in G of 

V€ V 

m a x i m u m length. The length of a de tour pa th in G denoted 8(G), is 
cal led the detour number of G, i . e . 3(G) = max{3(u) :ue V} . F o r 
example , if G is any g raph on p points having a hami l ton ian path , 
then 9(G) = p - 1. It is a l so easy to see that for any connected g r a p h 
G having p >̂  3 po in t s , 3(G) :> 2, with equal i ty holding if and only if 
G i s a t r i a n g l e or a s t a r . 

Our f i r s t r e s u l t g ives a bound for the detour number of a g r a p h 
in t e r m s of the m i n i m u m d e g r e e of i t s p o i n t s . The method of proof 
we u s e is e s s e n t i a l l y due to Ore [3], 
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PROPOSITION 1. If_ G i s a connected g r a p h with p points 
having m i n i m u m d e g r e e r , then 8(G) >_ m i n (p - 1, 2 r ) . 

P roof . If 8(G) = p - 1, the r e s u l t c l e a r l y fo l lows . Thus we 
a s s u m e d{G) < m i n (p - 1, 2 r ) . Le t P be a pa th of length 8(G) = 8 
whose poin ts a r e s u c c e s s i v e l y v , v . . . . , v . The s u b g r a p h G1 

r ' o 1 8 
induced by the s e t of po in ts of P cannot conta in a cyc le having al l 
poin ts of G1, for o t h e r w i s e t h e r e would n e c e s s a r i l y ex i s t a point v 
not in G' adjacent with s o m e point v. in G' p roduc ing a pa th of 

length 8 + 1 . S imi l a r ly , v and v a r e ad jacent only to poin ts of G' , 

but not to each o t h e r . By hypo these s , the s u m of the d e g r e e s of v and 

v i s at l e a s t 2 r . Since 8(G) < 2 r , t h e r e m u s t ex i s t poin ts v and 
8 i - 1 

v. in G, w h e r e v. i s ad jacent to v and v is ad jacent to v . This 
l l J o i -1 J 8 

however , i m p l i e s the ex i s t ence of the cycle v v v . . . v v v . . . v, v 1 o i i + 1 6 i - 1 i -2 1 o 
which conta ins a l l po in t s of G', but we have s e e n that this i s i m p o s s i b l e . 
T h e r e f o r e a con t r ad i c t i on a r i s e s and the d e s i r e d r e s u l t fo l lows. 

Since e v e r y n -connec t ed g r a p h has m i n i m u m d e g r e e at l e a s t n, 
we obta in the following c o r o l l a r y . 

COROLLARY l a . _If G is an n -connec ted g r a p h with p po in t s , 
then 8(G) >_ m i n (p - 1, 2n) . 

As with the m e t r i c d, one can define a r a d i u s and c e n t r e with 
r e s p e c t to 8. The de tour r a d i u s of a g r a p h G, denoted r (G), i s 

defined to be the n u m b e r m i n 8(u) and the se t Cr (G) = {vçV|8 (v ) = r (G)} 
8 8 

u e V 
is cal led the de tour c e n t r e of G. 

A block of a g r a p h G i s a m a x i m a l connected s u b g r a p h of G 
containing no cu tpo in t s . 

PROPOSITION 2 . If G i s a connected g raph , then C (G) l ies 

in a b lock of G. 

P roof . Let G be a connected g r a p h with de tour n u m b e r 8(G) = 8, 
and a s s u m e that C (G) fa i l s to lie in any block of G. Then G has a 

8 
cutpoint v with the p r o p e r t y that at l e a s t two componen t s G and G 

of the g r a p h G - v (obtained f r o m G by dele t ing v and a l l inc iden t 
l ines) conta in points of C (G). Le t P be a pa th of length 8(v) 

having an endpoint at v . Since v is a cutpoint , at l e a s t one of the 
subg raphs G and G„, say G . conta ins no po in t s of P . Le t u & r ± 2 y 2 * 1 
be a point of G belonging to C (G). If P is a pa th having endpoints 

2 8 2 
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at u and v, then the pa ths P and P d e t e r m i n e a pa th P having 

length exceeding 9(v), i . e . , 3(u) > 9(v). Th i s , however , c o n t r a d i c t s 
the fact that u belongs to CAG). Thus C (G) i s contained in a block 

9 9 
of G. 

Since eve ry block of a t r e e conta ins two po in t s , we obtain the 
fol lowing. 

COROLLARY 2a . The de tour c e n t r e of a t r e e c o n s i s t s of one 
point or two adjacent po in t s . 

It is an e l e m e n t a r y obse rva t ion that for a t r e e , the de tour number 
equals i t s d i a m e t e r , eve ry detour pa th is a d i a m e t r i c a l path, and the 
de tour c e n t r e coincides with the c e n t r e . Such is not the ca se in g e n e r a l 
howeve r . F o r the g r aph of F i g u r e 1, {c , c , c } cons t i tu tes the 

c e n t r e and {d , d } the detour c e n t r e . 

F i g u r e 1 

3 . Detour pa ths and Hami l ton ian g r a p h s . A g raph with a 
hami l ton ian pa th is called t r a c e a b l e while a hami l ton ian g r a p h is one 
containing a hami l ton ian cyc l e . Clear ly , eve ry hami l ton ian g r a p h i s 
t r a c e a b l e . It i s a l so i m m e d i a t e that if G is a t r a c e a b l e g r a p h with 
p po in t s , then 9(G) = p - 1, and c o n v e r s e l y . 

A g raph G is de tou r - connec t ed if for eve ry two d i s t inc t points u 
and v of G, t h e r e e x i s t s a detour pa th with u and v as endpoin t s . 
If G i s a de tou r - connec t ed , t r a c e a b l e graph, then eve ry p a i r of points 
a r e joined by a hami l ton ian pa th . Such g raphs a r e cal led hami l ton ian -
connected and have been studied by Ore [4]. 

PROPOSITION 3 . F o r any g raph G, G i s de tou r - connec t ed if 
and only if i t i s hami l ton ian-connec ted . 

P roof . It i s obvious that eve ry hami l ton ian-connec ted g r a p h i s 
d e t o u r - c o n n e c t e d . F o r the c o n v e r s e , let G be a de tou r - connec t ed 
g r a p h . If G has only two po in t s , then ce r t a in ly G is hami l ton ian -
connec ted . If G has m o r e than two poin ts , then let u and v be any 
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two adjacent po in t s of G. Since G is d e t o u r - c o n n e c t e d , t h e r e ex i s t s 
a de tour pa th P having u and v as endpo in t s . We now c l a i m tha t 
P conta ins a l l po in t s of G imply ing G is t r a c e a b l e and t h e r e f o r e 
h a m i l t o n i a n - c o n n e c t e d . To see this c o n s i d e r the cycle C d e t e r m i n e d 
by the pa th P and the line uv. If C does not conta in al l poin ts of 
G, then, s ince G is connec ted , t h e r e ex i s t s a point w not on C but 
adjacent with a po in t of C. This p r o d u c e s a pa th of length one g r e a t e r 
than that of P , which leads to a c o n t r a d i c t i o n . Thus C and t h e r e f o r e 
P conta ins a l l po in t s of G. 

The p r e c e d i n g proof a l so p r o v i d e s the following c o r o l l a r y . 

COROLLARY 3a. If G i s a d e t o u r - c o n n e c t e d g r a p h with p _> 3 
po in t s , then G i s h a m i l t o n i a n . 

4 . The de tour n u m b e r and o the r g r a p h - t h e o r e t i c p a r a m e t e r s . 
A g raph G i s h o m e o m o r p h i c f rom a g r aph H if i t i s p o s s i b l e to 
obta in G f r o m H by i n s e r t i n g new poin ts of d e g r e e 2 into l ines 
of H. In [ l ] , a g raph was said to have p r o p e r t y P , n >_ 1, if i t 

fai ls to conta in a subgraph h o m e o m o r p h i c f rom e i t he r the comple t e 

g r a p h K or the comple te b i p a r t i t e g r a p h K ( [ — - — ] , {—-—} ), 

w h e r e [x] and {x} denote the g r e a t e s t i n t e g e r not exceeding x and 
the l e a s t i n t ege r not l e s s than x, r e s p e c t i v e l y . As was shown in [ l ] , 
the f i r s t 4 va lues of n c o r r e s p o n d to to ta l ly d i sconnec ted g r a p h s , 
f o r e s t s , o u t e r p l a n a r g r a p h s , and p l a n a r g r a p h s . 

F o r each g r a p h G and pos i t i ve i n t e g e r n t h e r e i s a s s o c i a t e d a 

n u m b e r x (G), defined as the m i n i m u m n u m b e r of s u b s e t s into 
which the point se t of G m a y be pa r t i t i oned so tha t each subse t 
induces a s u b g r a p h with p r o p e r t y P . F o r n = 1, 2, 3, 4, t h e s e 

p a r a m e t e r s have been r e f e r r e d to as c h r o m a t i c n u m b e r , po in t -
a r b o r i c i t y , p o i n t - o u t e r t h i c k n e s s , and p o i n t - t h i c k n e s s . It i s p o s s i b l e 
to give bounds for a l l of t h e s e p a r a m e t e r s in t e r m s of the de tour 
n u m b e r . 

PROPOSITION 4 . F o r any g r a p h G and pos i t ive i n t ege r n, 

X ( n ) ( G ) < l + [ J ^ ] -

Proof . Le t n be an a r b i t r a r y but fixed pos i t i ve i n t e g e r . If the 

g r a p h G has p r o p e r t y P , then x (G) = 1 so that the d e s i r e d 

inequa l i ty ho lds . O t h e r w i s e we p r o c e e d as fo l lows. 

Le t V be a se t with a m i n i m u m n u m b e r of poin ts such that the 

s u b g r a p h G - V of G has p r o p e r t y P . Le t G be the s u b g r a p h 

of G induced by V . 
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We now c l a im that 9 ( G ) £ 3(G) - n, for let Q be a pa th in G 

of length 9 ( G ) having endpoints u and v . If v, say, i s added to 

the point s e t of G - V , the r e su l t i ng induced subgraph n e c e s s a r i l y 

does not have p r o p e r t y P due to the m i n i m a l i t y of V . In this 

subgraph then v belongs e i ther to a subgraph h o m e o m o r p h i c f rom 

K t or one h o m e o m o r p h i c f rom K([ 1, {—-—) ). In e i ther c a s e 
n+1 * L 2 J l 2 ; 

t h e r e ex i s t s a pa th Q' of length n with v as endpoint . Hence Q 
and Q» d e t e r m i n e a pa th Q" of length 9(G ) + n so that 9 ( G ) < 9 ( G ) - ] 

Next let V be a s e t with the m i n i m u m number of poin ts such 

that the subgraph G, - V of G, has p r o p e r t y P . Also let G be 6 ^ 1 2 1 F ^ y n 2 

the s u b g r a p h of G induced by V . As before , we have 

9 ( G ) < 9 ( G ) - n < 9(G) - 2n. 

We continue the above p r o c e d u r e unt i l f inally a r r i v i n g a t a 
s u b g r a p h G for which 9 ( G ) < n. We a l so have 9(G ) < 3(G) - kn . 

Clea r ly , G has p r o p e r t y P . Thus each of the subgraphs 

G - V , G, - V , . . . , G M - V, , G, has p r o p e r t y P . T h e r e f o r e 
1 1 2 k -1 k k n 

X (G) < k + 1. On the other hand, 9(G) > 9(G ) + kn so that 

1 + [ ] _> k + 1. This comple t e s the proof. 

5 . Comple te n - p a r t i t e g r a p h s . The comple te n - p a r t i t e g raph 
K(p , p , . . . , p ), p £ p <_ . . . <_ p , has i t s point s e t V pa r t i t i oned 

JL LL XI JL C* X X 

n 
into n s u b s e t s V., w h e r e V. I = p. and Z) p. = p and such that two 

l ' l ' l . M l 
1 = 1 

points u and v a r e adjacent if and only if u ç V. and v e V , j f k. 

The c l a s s of comple te n - p a r t i t e g r aphs conta ins such f a m i l i a r g raphs 
as the comple te g r aphs and the comple te b ipa r t i t e g r a p h s . 

PROPOSITION 5 . If the g raph G = K(p . p . . . . , p ), then a 1— ^ 2 n 

9(G) = m i n (2p - 2p , p - 1). 

Proof . We cons ide r two c a s e s . 

Case 1. p - p > p - 1. This imp l i e s that p - p > (p - l ) / 2 . 
r- i r n _ i n r- x

n — 

n-1 
Clear ly , m i n deg G = Z ) p . = p - p > . ( p _ l ) / 2 . Thus by P r o p o s i t i o n 1, 

i=l 
9(G) = p - 1. 
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Case 2 . p < p - 1. In th is c a s e min(2p - 2p , p - 1 ) = 2p - 2p 

Since the n u m b e r of poin ts in V exceeds the n u m b e r of poin ts in 

V - V by at l e a s t two, t h e r e e x i s t s a path P beginning and ending in 

V such that eve ry point in V - V is on P . The length of such a 
n n 

pa th P is 2p - 2 p n . Thus 8(G) > 2p - Z p ^ If d{G) > 2p - 2pn > then 

t h e r e ex i s t s a pa th P 1 having at l e a s t 2p - 2p + 2 p o i n t s . However , 

at l e a s t p - p + 2 of these points m u s t belong to V , implying that 
n n 

P ' conta ins two consecu t ive points f r o m V , which is c o n t r a r y to the 
n 

defini t ion of G. 

COROLLARY 5a . The g r a p h G = K(p 

if and only if p > 2p - 1. 
1 — _ - n 

l ' F 2 ' ,p ) is t r a c e a b l e 
n 

6. Unsolved p r o b l e m s . As ment ioned in the in t roduc t ion , Ore 
has shown that e v e r y two de tour pa ths in a g raph i n t e r s e c t . If G is a 
t r a c e a b l e g r a p h with p po in t s ; i . e . , if 8(G) = p - 1, then a l l p 
poin ts of G belong to each de tour pa th . It is n a t u r a l to i n q u i r e 
whether a l l de tour pa ths i n t e r s e c t if 8(G) < p - 1. In p a r t i c u l a r , if 
ô(G) = p - 2 and al l the de tour pa ths have a point in common , th is 
i m p l i e s that no g r a p h i s h y p o - t r a c e a b l e . (A g r a p h G with p poin ts 
is h y p o - t r a c e a b l e if it is not t r a c e a b l e , but e v e r y induced subgraph 
with p - 1 poin ts i s t r a c e a b l e . ) Hypo-hami l t on i an g r a p h s a r e known 
to ex is t and have been inves t iga ted by H e r z , Duby and Vigué [2] . 

The g r a p h in F i g u r e 2 shows that a d i a m e t r i c a l pa th (namely , 
v v v v v ) need not conta in poin ts of the c e n t r e . Whether the 

analogous s i tua t ion holds for de tour pa ths and the de tour c e n t r e s is 
unknown. 

v 

F i g u r e 2 

Added in proof. H. Walther has cons t ruc t ed a g r a p h in which a l l 
the de tour pa ths don ' t have a point in c o m m o n . His c o n s t r u c t i o n wil l 
appea r in the J o u r n a l of C o m b i n a t o r i a l T h e o r y . • 
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