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Abstract

We introduce an approach to study certain singular partial differential equations (PDEs) which
is based on techniques from paradifferential calculus and on ideas from the theory of controlled
rough paths. We illustrate its applicability on some model problems such as differential equations
driven by fractional Brownian motion, a fractional Burgers-type stochastic PDE (SPDE) driven
by space-time white noise, and a nonlinear version of the parabolic Anderson model with a white
noise potential.

2010 Mathematics Subject Classification: 60H15 (primary); 35S50 (secondary)

1. Introduction

In this paper, we introduce the notion of paracontrolled distribution and show
how to use it to give a meaning to and solve partial differential equations
(PDEs) involving nonlinear operations on generalized functions. More
precisely, we combine the idea of controlled paths, introduced in [Gub04],
with the paraproduct and the related paradifferential calculus introduced by
Bony [Bon81], in order to develop a nonlinear theory for a certain class of
distributions.
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The approach presented here works for generalized functions defined on
an index set of arbitrary dimension and constitutes a flexible and lightweight
generalization of Lyons’ rough path theory [Ly098]. In particular, it allows us
to handle problems involving singular stochastic PDEs which were substantially
out of reach with previously known methods.

In order to set the stage for our analysis, let us list some of the problems which
are amenable to being analyzed in the paracontrolled framework.

(1) The rough differential equation (RDE) driven by an n-dimensional Gaussian
process X:
du(t) = F(u(1))d, X (1),

where F: R? — L(R",R?) is a smooth vector field. Typically, X will be a
Brownian motion or a fractional Brownian motion with Hurst exponent H €
(0, 1). The paracontrolled analysis works up to H > 1/3. While we do not
have any substantial new results for this problem, it is a useful pedagogical
example on which we can easily describe our approach.

(2) Generalizations of Hairer’s Burgers-like stochastic PDE (SPDE) (BURGERS):
Lu=Gu)ou+E&.

Here, u: R, x T — R", where T = (R/277Z) denotes the torus, L = 9, +
(—=A)°, where —(—A)? is the fractional Laplacian with periodic boundary
conditions and we will take o > 5/6, and £ is a space-time white noise with
values in R". Moreover, G: R* — L(R",R") is a smooth field of linear
transformations.

(3) A nonlinear generalization of the parabolic Anderson model (PAM):
Lu=F(u)<¢é,

where u: R, x T?> — R, L = 9, — A is the parabolic operator corresponding
to the heat equation, and where £ is a random potential which is sampled
according to the law of the white noise on T? and is therefore independent
of the time variable. We allow for a general smooth function F: R — R,
the linear case F'(#) = u corresponding to the standard parabolic Anderson
model. The symbol ¢ stands for a renormalized product which is necessary
to have a well-defined problem.

(4) The one-dimensional periodic Kardar—Parisi—Zhang equation (KPZ):

Lh = “(3,h)* +§,
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where u: Ry x T — R, L = 9, — A, and where £ is a space-time white
noise. Here, ‘(3,h)?” denotes the necessity of an additive renormalization in
the definition of the square of the distribution 9, /.

(5) The three-dimensional, periodic, stochastic quantization equation for the
(¢)3 Euclidean quantum field (SQ):

c)\' 3
Lo ="7()" +&,

where ¢: R, x T® — R, L = 9, — A, & is a space-time white noise, and
where ‘(¢)*” denotes a suitable renormalization of a cubic polynomial of ¢
and X is the coupling constant of the scalar theory.

In this paper, we will consider in detail the three cases RDE, BURGERS, and
PAM. In all cases we will exhibit a space of paracontrolled distributions where
the equations are well posed (in a suitable sense), and admit at least a local-
in-time solution which is unique. The three-dimensional stochastic quantization
equation SQ is studied by Catellier and Chouk in [CC13] by applying the
paracontrolled technique. The paracontrolled analysis of KPz will be presented
elsewhere [GP15].

The kind of results which will be obtained below can be exemplified by the
following statement for RDEs. In what follows, ¢ = BZ . stands for the
Holder-Besov space of index o on R. Given two distributions f € ¥* and
g € P with o + B > 0, we can always consider a certain distribution f o g
which is obtained via a bilinear operation of f, g and which belongs to ***.

THEOREM 1.1. Let & : [0, 1] — R”" be a continuous function, and let F : R —
L(R", RY) be a family of smooth vector fields. Let u : [0, 1] — RY be a solution
of the Cauchy problem

du(t) = Fu()&(), u(0) = uo,

where uy € RY. Let ¥ be a solution to 8,9 = &, and let RE = (£, o £). Then for
all o € (1/3, 1) there exists a continuous map ¥ : R x €% x €*~' — €~
such that u = ¥ (uy, R€) for all € € C([0, 1]; RY).

In particular, this theorem provides a natural way of extending the solution
map to data & which are merely distributions in 4’*~!. It suffices to approximate
£ by a sequence of smooth functions (£") converging to & in €', and to prove
that the ‘lifted’ sequence (RE") converges to some limit in €*~! x €2*~!. The
uniqueness of this limit is not guaranteed however, and each possible limit will
give rise to a different notion of solution to the RDE, just like in standard rough
path theory.
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The space X obtained by taking the closure in €*~! x €?*~! of the set of
all elements of the form R£ for smooth & replaces the space of (geometric)
rough paths, and the above theorem is a partial restatement of Lyons’ continuity
result: namely that the (It6) solution map ¥, going from data to solution of the
differential equation, is a continuous map from the rough path space X to €.
The space X is fibered over ¢~ It allows us to equip the driving distribution
with enough information to control the continuity of the solution map to our RDE
problem — and as we will see below, also the continuity of the solution maps to
suitable PDEs. In various contexts the space X can take different forms, and in
general it does not seem to have the rich geometrical and algebraic structure of
standard rough paths.

The verification that suitable approximations (£") are such that their lifts
(RE™) converge in %' x €**~! depends on the particular form of £. In the
case of & being a Gaussian stochastic process (as in all our examples above),
this verification is the result of almost sure convergence results for elements in a
fixed chaos of an underlying Gaussian process, and the proofs rely on elementary
arguments on Gaussian random variables.

Even in the case of RDEs, the paracontrolled analysis leads to some interesting
insights. For example, we have that a more general equation of the form

du(t) = Fu®)E@) + F'u()Fu@®)n®), u0) = uo,

where n € C([0, 1]; R" x R"), has a solution map which depends continuously
on (£,00& +n) € %! x €% . The remarkable fact here is that the solution
map depends only on the combination ¥ o £ 4+ 1 and not on each term separately.
Such structural features of the solution map, which can be easily seen using the
paracontrolled analysis, are very important in situations where renormalizations
are needed, as for example in the PAM model. In the RDE context we can simply
remark that, setting n = —9 o £, the solution map becomes a continuous function
of & € ¢!, without any further requirement on the bilinear object ¥ o &. Thus,
the equation

du(t) = Fu®)E@) — F'u)Fu@®)(®@o&)(®), u0) = uo,

can be readily extended to any & € ¢! by continuity.

We should however point out a limitation of our approach: while in rough
path theory one can deal with more irregular paths than ¢ € €* for o > 1/3,
and in fact @ > 0 can be chosen arbitrarily close to 0 as long as sufficiently
many iterated integrals of ¢ are given, with paracontrolled distributions we
are currently only able to perform ‘first-order expansions’ and are therefore
restricted to the case when o > 1/3.
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We remark that, even if only quite implicitly, paraproducts have been
already exploited in the rough path context in the work of Unterberger on the
renormalization of rough paths [Unt10a, Unt10b], where it is referred to as
‘Fourier normal-ordering’, and in the related work of Nualart and Tindel [NT11].

In this paper, we construct weak solutions for the SPDEs under consideration.
For an approach using mild solutions see [Per14]. See also [GIP14], where we
use the decomposition of continuous functions in a certain wavelet series and
similar ideas as developed below, in order to give a new and relatively elementary
approach to rough path integration.

REMARK 1.2. Various versions of this paper have been available as online
preprints since October 2012. Since also the content changed slightly from
iteration to iteration, this might cause some confusion. We therefore point out
the main differences between the first version and the current version.

— We changed the notation, writing f < g rather than 7w_( f, g), and similarly for
> and o. In the first version, we defined ‘controlled distributions’, while now
we prefer the terminology ‘paracontrolled distributions’.

— We now work with weak solutions, rather than mild solutions as in the first
version. In particular, the paracontrolled ansatz (see, for example, (8)) is new.
This has the advantage that we no longer need to control the commutator
between heat kernel and paraproduct, but the disadvantage that we need to
consider a modified paraproduct when solving PAM (see (36)).

— Section 3 on RDES is new.
— The ‘conditional global existence result’ for PAM (see Theorem 5.4) is new.

— We have included Section 6, which is a first attempt at creating a link between
paracontrolled distributions and Hairer’s regularity structures.

Relevant literature. Before going into the details, let us describe the context of
our work. Consider for example the RDE problem above. Schwartz’ theory of
distributions gives a robust framework for defining linear operations on irregular
generalized functions. But, when trying to handle nonlinear operations, we
quickly run into problems. For example, in Schwartz’ theory, it is not possible
to define the product F(u)d,X (¢) in the case where X is the sample path of
a Brownian motion. The standard analysis of this difficulty goes as follows:
X is an a-Holder continuous process for any o < 1/2, but not better. The
solution u has to have the same regularity, which is transferred to F(u) if F
is smooth. In this situation, the product F(u)d,X corresponds to the product
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of an a-Holder continuous function with the distribution 9, X which is of order
o — 1. A well-known result of analysis (see Section 2.1 below) tells us that a
necessary condition for this product to be well defined is that the sum of the
orders is positive, that is, 2« — 1 > 0, which is barely violated in the Brownian
setting. This is the classical problem which motivated 1t6’s theory of stochastic
integrals.

Itd’s integral has however quite stringent structural requirements: an ‘arrow
of time’ (that is, a filtration and adapted integrands), a probability measure (it
is defined as the L2-limit), and L?-orthogonal increments of the integrator (the
integrator needs to be a (semi)martingale).

If one or several of these assumptions are violated, then Lyons’ rough path
integral [Lyo98, L.Q02, LCL07, FV10] can be an effective alternative. For
example, it allows us to construct pathwise integrals for, among other processes,
fractional Brownian motion, which is not a semimartingale.

In recent years, several other works have applied rough path techniques to
SPDE:s. But they all relied on special features of the problem at hand in order to
apply the integration theory provided by the rough path machinery.

A first series of works attempts to deal with ‘time’-like irregularities by
adapting the standard rough path approach.

— Deya, Gubinelli, Lejay, and Tindel [GLT06, Gub12, DGT12] deal with
SPDE:s of the form

Lu(t,x) =ou(t, x))n(t, x),

where x € T, L = 9, — A, the noise 5 is a space-time Gaussian distribution
(for example, white in time and colored in space), and o is some nonlinear
coefficient. They interpret this as an evolution equation (in time), taking values
in a space of functions (with respect to the space variable). They extend the
rough path machinery to handle the convolution integrals that appear when
applying the heat flow to the noise.

— Friz, Caruana, Diehl, and Oberhauser [CF09, CFO11, FO11, DF12] deal with
fully nonlinear stochastic PDEs with a special structure. Among others are
those of the form

du(t,x) = F(u, deu, 32u) + o (t, x)d,u(t, x)n(t),

where the spatial index x can be multidimensional, but the noise n depends
only on time. Such an SPDE can be reinterpreted as a standard PDE with
random coefficients via a change of variables involving the flow of the
stochastic characteristics associated to o. This flow is handled using usual
rough path results for RDEs.
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— Teichmann [Teill] studies semilinear SPDEs of the form
0, — Au(t, x) = o(u)(t, x)n(t, x),

where A is a suitable linear operator, in general unbounded, and o is a general
nonlinear operation on the unknown u# which however should satisfy some
restrictive conditions. The SPDE is transformed into an SDE with bounded
coefficients by applying a transformation based on the group generated by A
on a suitable space.

The ‘arrow of time’ condition of It&’s integral is typically violated if the index
is a spatial variable and not a temporal variable. Another series of works applied
rough path integrals to deal with situations involving irregularities in the ‘space’
directions.

— Bessaih et al. [BGRO05] and Brzezniak et al. [BGN13] consider the vortex
filament equation which describes the (approximate) motion of a closed vortex
line x (¢, -) € C(T, R?) in an incompressible three-dimensional fluid:

0x(t,0) =u"(x(t,0)), u"(y)= / K(y — x(t,0))3,x(t, o) do,
T

where K : R* — L(R3? R?) is a smooth antisymmetric field of linear
transformations of R3. In the modeling of turbulence it is interesting to study
this equation with initial condition x (0, -) sampled according to the law of the
three-dimensional Brownian bridge. In this case, the regularity of x (¢, o) with
respect to o is no better than Brownian for any positive time, and thus the
integral in the definition of the velocity field u*“*) is not well defined. Rough
path theory allows us to make sense of this integral and then of the equation.

— Hairer et al. [Haill, HW13, Hail3, HMW14] build on the insight of
Hairer that rough path theory allows to make sense of SPDEs which are
ill defined in standard function spaces due to spatial irregularities. Hairer
and Weber [HW13] extend the BURGERS-type SPDE that we presented
above to the case of multiplicative noise. Hairer et al. [HMW14] study
approximations to this equation, where they discretize the spatial derivative
as dyu(t, x) ~ 1/e(u(t, x +¢) — u(t, x)). They show that, in the limit ¢ — 0,
the approximation may introduce a Stratonovich-type correction term to the
equation. Finally, Hairer [Hail3] uses this approach to define and solve for the
first time the Kardar-Parisi—Zhang (KPZ) equation, an SPDE of one spatial
index variable that describes the random growth of an interface. The KPZ
equation was introduced by Kardar et al. [KPZ86], and prior to Hairer’s
work it could only be solved by applying a spatial transform (the Cole—Hopf
transform) which had the effect of linearizing the equation.
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Alternative approaches. In all the papers cited above, the intrinsic one-
dimensional nature of rough path theory severely limits possible improvements
or applications to other contexts. To the best of our knowledge, the first attempt
to remove these limitations is the still unpublished work by Chouk and Gubinelli
[CG14], extending rough path theory to handle (fractional) Brownian sheets
(Gaussian two-parameter stochastic processes akin to (fractional) Brownian
motion).

In the recent paper [Hail4], Hairer has introduced a theory of regularity
structures with the aim of giving a more general and versatile notion of
regularity. Hairer’s theory is also inspired by the theory of controlled rough
paths, and it can also be considered a generalization of it to functions of a
multidimensional index variable. The crucial insight is that the regularity of the
solution to an equation driven by — say — Gaussian space-time white noise should
not be described in the classical way. Usually we say that a function is smooth
if it can be approximated around every point by a polynomial of a given degree
(the Taylor polynomial). Since the solution to an SPDE does not look like a
polynomial at all, this is not the correct way of describing its regularity. We rather
expect that the solution locally looks like the driving noise (more precisely like
the noise convoluted with the Green kernel of the linear part of the equation;
so in the case of RDEs the time integral of the white noise, that is, Brownian
motion). Therefore, in Hairer’s theory a function is called smooth if it can locally
be well approximated by this convolution (and higher-order terms depending on
the noise). Hairer’s notion of smoothness induces a natural topology in which the
solutions to semilinear SPDEs depend continuously on the driving signal. This
approach is very general, and it allows us to handle more complicated problems
than the ones we are currently able to treat in the paracontrolled approach. If
there is a merit in our approach, then it is its relative simplicity, the fact that it
seems to be very adaptable so that it can be easily modified to treat problems
with a different structure, and that we make the connection between harmonic
analysis and rough paths.

Plan of the paper. Section 2 develops the calculus of paracontrolled distri-
butions. In Section 3 we solve ordinary differential equations (ODEs) driven by
suitable Gaussian processes such as the fractional Brownian motion with Hurst
index H > 1/3. In Section 4 we solve a fractional Burgers-type equation driven
by white noise, and in Section 5 we study a nonlinear version of the parabolic
Anderson model. In Appendix A we recall the main concepts of Littlewood—
Paley theory and of Bony’s paraproduct, Appendix B contains a commutator
estimate between paraproduct and time integral, and in Appendix C we prove
a modified version of the paralinearization theorem. We stress the fact that this
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paper is mostly self-contained, and in particular we will not need any results
from rough path theory and we need only basic elements of the theory of Besov
spaces.

Notation and conventions. Throughout the paper, we use the notation a < b if
there exists a constant ¢ > 0, independent of the variables under consideration,
such that a < ¢ - b, and we write a >~ b if a < b and b < a. If we want to
emphasize the dependence of ¢ on the variable x, then we write a(x) <, b(x).
For index variables i and j of Littlewood—Paley decompositions (see below) we
write i < j if 2 < 27, so in other words if there exists N € N, independent of j,
such thati < j+ N, and we write i ~ jifi < jand j <.

An annulus is a set of the form & = {x € RY : a < |x| < b} for some
0 <a < b. Aballis aset of the form & = {x e R? : |x| < b}. T = R/(2nZ)
denotes the torus.

The Holder-Besov space B% _ (R?, R") for @ € R will be denoted by €™,
equipped with the norm |||l = ||-|| = _. The local space %% consists of all u
which satisfy gu € €™ for every infinitely differentiable ¢ of compact support.
Given k € N and Banach spaces X1, ..., X; and Y, we write £¥(X| x - - x X,
Y) for the space of k-linear maps from X; x --- x X; to Y. For T > 0 we
write C7Y = C([0, T], Y) for the space of continuous maps from [0, T] to Y,
equipped with the supremum norm ||-||¢c,y. If & € (0, 1), then we also define
C2Y as the space of a-Holder continuous functions from [0, T'] to ¥, endowed
with the seminorm

IfF@ = fF&)ly

0<s<t<T [t — s]®

I fllcay =

If f is amap from A C R to the linear space Y, then we write f;, = f(t) — f(s).
For f € L?(T) we write ||f(x)||1£f(1r) = fT | f(x)|? dx.

For a multiindex & = (i1, ..., q) € N? we write || = wu; + -+ - + py and
d* = 8/9! ... 9% DF or F' denotes the total derivative of F. For k € N we
denote by D* F the kth-order derivative of F. Fora > 0, Cf = C#(R?, R") is the
space of |« times continuously differentiable functions, bounded with bounded
partial derivatives, and with (¢ — |«])-Holder continuous partial derivatives of
order |« ], equipped with its usual norm |-[|cz. We also write 9, for the partial
derivative in direction x, and if F: R x R? — R”, then we write D, F (¢, x) for
its spatial derivative in the point (¢, x) € R x R,

The space of real-valued infinitely differentiable functions of compact support
is denoted by Z(RY) or 9. The space of Schwartz functions is denoted by
S (RY) or .. Its dual, the space of tempered distributions, is .’(R?) or .. If
u is a vector of n tempered distributions on R?, then we write u € .’ (R¢, R").
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The Fourier transform is defined with the normalization

Fu() =i(z) = / e Ny (x) dx,
]Rd

so that the inverse Fourier transform is given by .% ~'u(z) = 27) *.Zu(-z).
If ¢ is a smooth function, such that ¢ and all its partial derivatives are at most
of polynomial growth at infinity, then we define the Fourier multiplier ¢ (D) by
e(D)u = .7 Y (9.Zu) for any u € .’. More generally, we define ¢(D)u by this
formula whenever the right-hand side makes sense. The scaling operator A on
" is defined for A > 0 by A,u = u(r-).

Throughout the paper, (x, p) will denote a dyadic partition of unity, and
(A;)j>-1 will denote the Littlewood—Paley blocks associated to this partition
of unity, thatis, A_; = x(D)and A; = (277 D) for j > 0. We will often write
p;j, by which we mean y if j = —1, and we mean p(277) if j > 0. We also use
the notation §; = 3, _; A;.

2. Paracontrolled calculus

2.1. Bony’s paraproduct. Paraproducts are bilinear operations introduced
by Bony [Bon81] in order to linearize a class of nonlinear PDE problems. In
this section we will introduce paraproducts to the extent of our needs. We will
be using the Littlewood—Paley theory of Besov spaces. The reader can peruse
Appendix A, where we summarize the basic elements of Besov space theory and
Littlewood—Paley decompositions which will be needed in the remainder of the
paper.

One of the simplest situations where paraproducts appear naturally is in the
analysis of the product of two Besov distributions. In general, the product fg of
two distributions f € € and g € €* is not well defined unless « + 8 > 0.
In terms of Littlewood—Paley blocks, the product fg can be (at least formally)
decomposed as

fe=Y Y Afdg=f=<g+f>g+fog

jz-liz-1

Here, f < g is the part of the double sum withi < j — 1, and f > g is the part
withi > j+1, and f o g is the ‘diagonal’ part, where |i — j| < 1. More precisely,
we define

j=2
f<g=g>f=> > Afdig and fog= > A fAg.

jz—-li=-1 li—jI<1
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We also introduce the notation

frg=f>g+ fos.

This decomposition behaves nicely with respect to Littlewood—Paley theory. Of
course, it depends on the dyadic partition of unity used to define the blocks A,
and also on the particular choice of the pairs (7, j) in the diagonal part. Our
choice of taking all (i, j) with |i — j| < 1 into the diagonal part corresponds to
property A.1. in the definition of dyadic partition of unity in Appendix A, where
we assumed that supp(p(2~+)) Nsupp(p(27/-)) = @ for |i — j| > 1. This means
that every term in the series

-2
f=<g= Z ZAifAjg= Z Si-1fAj8

jz-li=-1 jz-1

has a Fourier transform which is supported in a suitable annulus, and of course
the same holds true for f > g. On the other hand, every term in the diagonal part
f o g has a Fourier transform that is supported in a ball. We call f <gand f > g
paraproducts, and f o g the resonant term.

Bony’s crucial observation is that f < g (and thus f > g) is always a well-
defined distribution. In particular, if « > O and g € R, then (f, g) — f < g is
a bounded bilinear operator from ¢ x ¢# to ¢*. Heuristically, f < g behaves
at large frequencies like g (and thus retains the same regularity), and f provides
only a modulation of g at larger scales. The only difficulty in defining fg for
arbitrary distributions lies in handling the diagonal term f o g. The basic result
about these bilinear operations is given by the following estimates.

LEMMA 2.1 (Paraproduct estimates, [Bon81]). For any B € R we have

If =< gllg Sp I1LFNeliglls, (D
and for a < 0 furthermore

1 < &lla+s Sap I1F laliglls- 2
For o + B > 0 we have

If ogllats Sap I1fNlallglls- 3)

Proof. Observe that there exists an annulus .7 such that S;_, f A; g has Fourier
transform supported in 2/.¢7, and that for f € L™ we have

ISj-1f A8l < USj-i fllxllAjglle < I fIe=27"llglls.
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On the other hand, if « < 0 and f € €, then

1S fAjgllie < Y 1A fllellAjgle SIS lallglly D 2747

i<ji2 i<i2
SIS llallglg2 et

By Lemma A.3, we thus obtain (1) and (2). To estimate f o g, observe that the
term u; = A; f >, ;< Aig has Fourier transform supported in a ball 2 A,
and that

lujllie SNA;Flliw D IAiglie S 11F lullglls2™ 7.

li—jI<1

So, if « + B8 > 0, then we can apply the second part of Lemma A.3 to obtain that
fog=7>_ ;- ,ujisanelement of %" and that equation (3) holds. O

A natural corollary is that the product fg of two elements f € € and g € ¢
is well defined as soon as @ + 8 > 0, and that it belongs to €7, where y =
min{e, B}.

2.2. Paracontrolled distributions and RDEs. Consider the RDE
ou = Fwé, u(0) = uy, “4)

where uy € RY, u: R — R? is a continuous vector-valued function, 9, is the
time derivative, £ : R — R” is a vector-valued distribution with values in €%
for some o € (1/3,1), and F: R? — L(R",R?) is a family of vector fields on
R?. A natural approach is to understand this equation as limit of the classical
ODEs

du* = FuE",  u*(0) = uo, (&)

for a family of smooth approximations (£¢) of & such that £° — & in € ! as
& — 0. In order to pass to the limit, we are looking for a priori estimates on u°
which require only a control on the €*~! norm of &.

To avoid cumbersome notation, we will work at the level of equation (4)
for smooth &, where it should be understood that our aim is to obtain a priori
estimates for the solution, in order to safely pass to the limit and extend the
solution map to a larger class of data. The natural regularity of u is €, since u
should gain one derivative with respect to F'(u)&, which will not behave better
than &, and will therefore be in ¢*~!.
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We use the paraproduct decomposition to write the right-hand side of (4) as a
sum of the three terms

Fu)<§+Fu)o&+ F(u)=§ (6)
—— ——— N——
a—1 2a—1 2a—1

(where the quantity indicated by the underbrace corresponds to the expected
regularity of each term). Note however that, unless 2o — 1 > 0, the resonant term
F(u) o & cannot be controlled using only the 4*-norm of u and the ™~ '-norm
of £. If F is at least in C 2 we can use a paralinearization result (see Lemma 2.7
below) to rewrite this term as

Fu)oé = F(u)uo&) + Ir(u,§), (7

where the remainder I1;(u, &) is well defined under the condition 3o¢ — 1 >
0, provided that u € €* and & € €*!. In this case it belongs to €>*~'. The
difficulty is now localized in the linearized resonant product u o &. In order to
control this term, we would like to exploit the fact that the function « is not a
generic element of € but that it has a specific structure, since its derivative d,u
has to match the paraproduct decomposition given in (6). Thus, we postulate that
the solution u is given by the following paracontrolled ansatz:

u=u’<9+u" ®)

where u”, 9 € € and the remainder u* is in ¢>*. This decomposition allows
for a finer analysis of the resonant term u o £. Indeed, we have

uok =W’ <)ok +utok=u"Wo&)+Cwu’, 0 & +u’ock, (9

where the commutator is defined by C(u”, 9, &) = W’ <) o0& — u’ (¥ o).
Observe now that the term u® o & does not pose any further problem, as it is
bounded in €3*~!. Moreover, we will show that the commutator is a bounded
multilinear function of its arguments as long as the sum of their regularities is
strictly positive; see Lemma 2.4 below. By assumption, we have 3o — 1 > 0,
and therefore C(u”, 9, §) € ©**~'. The only problematic term which remains
to be handled is thus ¢ o £. Here we need to make the assumption that ¥ o & €
¢! in order for the product u” (1 0 &) to be well defined. That assumption
is not guaranteed by the analytical estimates at hand, and it has to be added as
a further requirement. Granting this, we have obtained that the right-hand side
of equation (4) is well defined and is a continuous function of (u, u’, ut, 9, &,

Y ok).
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The paracontrolled ansatz and the Leibniz rule for the paraproduct now imply
that (4) can be rewritten as

du=20,w’ <V +u")=0u’ <0 +u’ <89+ du’
=Fu)<&+Fu)o& + F(u)~&.

If we choose ¢ such that 3,4 = £ and we set u” = F(u), then we can use (7)
and (9) to obtain the following equation for the remainder u*:

du' = F/(u)F)(® o&) + F(u) = £ — (8, F(u)) <
+ F'(w)C(F(u),9,8) + F' (W)W o &) + Mp(u, §).

Together with the equation u = F(u) < + u?, this completely describes the
solution and allows us to obtain an a priori estimate on u in terms of

(o, 1€ lla=1, 10 0 & ll2a—1)-

With this estimate at hand, it is now relatively straightforward to show that, if
FeC 2 then u depends continuously on the data (ug, &, ¥ 0 &), so that we can
pass to the limit in (5) and make sense of the solution to (4) also for irregular
£ et aslongasa > 1/3.

2.3. Commutator estimates and paralinearization. In this section we
prove some lemmas which will allow us to perform algebraic computations with
the paraproduct and the resonant term, and thus to justify the analysis of the
previous section.

LEMMA 2.2 (See also Lemma 2.97 of [BCD11]). Let f € €° for a € (0, 1),
and let g € L*°. For any j > —1 we have

LA, flglle = 14;(f8) = fA;gli= S 27N fllaligll.

This commutator lemma is easily proven by writing A; = p;(D) as a
convolution operator, and by using the embedding of €™ in the space of Holder
continuous functions.

LEMMA 2.3. Assume that o € (0,1) and B € R, and let f € €* and g € €*.
Then

Ai(f<g) = [fA;g+ R;(f. 8,
forall j > —1, with a remainder |R;(f, g)llz~ < 277 || fllollgllp.
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Proof. Note that f <g = ). f < A;g, and that there exists an annulus .2/ such
that for all i the Fourier transform of f < A;g is supported in 2/.<7. Hence, we
have A;(f < A;g) # Oonly if j ~ i, which leads to

Af(f <) =) A (f<AQ) =) Aj(fAig)— > A;(f=Ag)

ii~j iii~j ii~j
=) fAAg— ) (A flAig = > A(f = Aig),
ii~j ii~j i~

where we recall that [A;, flA;g = A;(fA;g) — fA;A;g denotes the
commutator. The sum over i with i ~ j can be chosen to encompass enough
terms so that A;g = >, A;A;g, and therefore we conclude that

1A;(f <8) = fA8lle < YA FlAigllie — Y N1A;(f = Aig) 1.
itin~j i~
We apply Lemma 2.2 to each term of the first sum, and the paraproduct estimates
to each term of the second sum, to obtain

1A;(f <) — fAjglle S 27 P fllaligllp. [

Using this result, it is easy to prove our basic commutator lemma.

LEMMA 2.4. Assume that o € (0, 1) and B,y € Rare suchthata +8+7y > 0
and B +y < 0. Then there exists a bounded trilinear operator C € L3(€* x
EPx €, €YY such that

C(f,g,h)=(f<goh)— f(goh)
whenever f,g,h € .%.

Proof. Let f, g, h € ., and write
C(f,g,h)=f=<goh)—f(goh)
= Y Y [AAS <@ Ah— Acf AigAjhl.

JokZz=1ili—jI<]

Observe that, for fixed k, the term A, f < g has a Fourier transform supported
outside of a ball 2. Thus, we have A;(Ayf <g) = 1;>A;(Acf < g), and
therefore we can apply Lemma 2.3 to obtain

Clfrgoh=Y_ > Mz AfAig +Ri(Acf, 8)Ajh — A fAigAjh]

Jkz—1idi—jI<1

= > D WimRi(Af. 9)Ajh — Ly A f AigAjh] (10)

Jkz—1idi—jI<1
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for some fixed N € N. We treat the two sums separately. First observe that, for
fixed k, the term 3~ | >, ;i Lick-nAx f AigA;h has a Fourier transform
which is supported in a ball 2. %8. Moreover,

k-N

Y Y LianAdA sash) <2-’“'||f||aZz-““”ngn,snhny

j=>—-lili—j|I<l1 i=—

o Ak
~ 27K Pl g llgllBlly

where in the second step we used that 8 + y < 0. Since ¢« + 8 + y > O, the
estimate for the second series in (10) follows from Lemma A.3.

For the first series, recall that R; (A, f, g) = A (A f <g) — A fA;g. So,
for fixed j, the Fourier transform of Zk}—l ZHF“Q Li>iRi(Arf, @) Ajh is
supported in ball 2/ %. Furthermore, Lemma 2.3 yields

Yo Y LanRi(AL )4, s

k>—1i:i—j|<1

-| = w(Tas g)A z
i:li—jI<1 k<i Lo

S Y e ZAkf 277Ihll,
i:]i—j|<1 k<i

S 277 fllaliglglinll,

so that the claimed bound for [|C(f,g,hn)ll+p+, follows from another
application of Lemma A.3.

Now we can extend C to a bounded trilinear operator on the closure of the
smooth functions in €* x €# x €. Unfortunately, this is a strict subset of
€ x€"* x €. But we obtain similar bounds for C acting on 6% x €*# x €' for
o' €(0,1)and B/, y' € R,suchthate’ <o, ' < B,y <y,anda’+8'+y’ > 0.
Since €% x €* x €7 is contained in the closure of the smooth functions in
€ x €% x €7, we obtain the required extension of C to €* x ¢* x €.
Moreover, this argument also shows that for (f, g, h) € € x €* x €7 we have

IC(f. g W llaspay = limsup  [C(fo g h)lwpsy

o' ta, p1B.y "ty
< limsup ([ flleligls Nl
o't B1B.y Y
= Iflallglislinll, -
Alternatively, this last bound also follows from the Fatou property of Besov
spaces; see [BCD11, Theorem 2.72]. O
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REMARK 2.5. The restriction 8 + y < 0 is not problematic. If g + y > 0, then
(f < g) o h can be treated with the usual paraproduct estimates, without the need
for introducing the commutator. If 8+ = 0, then we can apply the commutator
estimate with " < y sufficiently close to y such thata + 8 + ' > 0.

The restriction @ < 1 can be lifted, see [GP15a], but the price to pay is that
then the commutator can only be controlled in 4”7 and notin €+ . Passing
the threshold ¢ = 1 seems to be one of the key challenges in extending the
paracontrolled approach to problems where one has to gain a lot of regularity,
such as the three-dimensional version of PAM, where the noise £ is in € ~/>7¢,
the solution u is in ¥’"/27¢, and thus the sum of the regularities of the factors
F (1) and & is smaller than —1.

Our next result is a simple paralinearization lemma for nonlinear operators.

LEMMA 2.6 (See also [BCD11], Theorem 2.92). Leta € (0, 1), B € (0, a], and
let F € C ,1“3 '*_ There exists a locally bounded map Ry: €% — €*** such that

F()=F(H=<f+Re(f) (1)
forall f € €*. More precisely, we have
IRF () larp S WF M rense (1411 f 1),
IfF e C§+ﬂ /% then Ry is locally Lipschitz continuous:

IRF() = Re@llasp S NIl 2w (111 f lla + lglle) P70 f = glla-
Proof. The difference F(f) — F'(f) < f is given by

Re(f)=F(f) = F(f)<f= Y [AF(f) =S F(NHAf1= Y u

i>—1 i>—1

and every u; is spectrally supported in a ball 2%4. For i < 1, we simply
estimate ||u; |z < [Fllcy(X + 11 fllo). For i > 1, we use the fact that f is a
bounded function to write the Littlewood—Paley projections as convolutions, and
we obtain

ui(x) = /Ki(x — WK i1(x =F(f() — F'(f(2) f(»]dydz

= / Ki(x = y)K.ioi(x =[F(f() = F(f (@) = F'(f(2)
X (f(y) = f(z)]dydz,
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where K; = .% 'p;, K.i_1 = > ;i1 K, and where we used that [ Ki(y)dy =
p;(0) =0fori > 0 and fK<,«,1(z) dz = 1fori > 1. Now we can apply a
first-order Taylor expansion to F, and use the §/a-Holder continuity of F’ in
combination with the o-Holder continuity of f, to deduce that

lui ()] S IIFIIC;WaIIfIILw/a/ IK:(x — WK _i_1(x —2)| X |z — y|**P dydz
S ||F||Cb1+}3/a ||f||i+ﬁ/a27i(a+ﬁ)‘

Therefore, the estimate for Ry(f) follows from Lemma A.3. The estimate for
Rr(f) — Rr(g) is shown in the same way. O

Let g be a distribution belonging to 6" for some y < 0. Then the map f >
f o g behaves, modulo smoother correction terms, like a derivative operator.

LEMMA 2.7. Let o € (0,1), B € (0,a], y < 0 be such that a« + 8 + y >
Obuta +y <0. Let F € C ;+ﬁ /* Then there exists a locally bounded map
Mp: €% x €7 — €Y such that
F(f)og=F'(f)(fog)+Ir(f. g) (12)
forall f € €* and all smooth g. More precisely, we have
e Cfs O Nlaspry S Nl gpenre (1 + £ 1l gl -

IfF e C§+’3/a, then Iy is locally Lipschitz continuous:

1Tr(f, 8) = Tr(, Vllatpsy S NF 2o (L + (1Lf lla + lluelle) 7 + vl
x(If —ulla + g = vll,).

Proof. Just use the paralinearization and commutator lemmas above to deduce

that
T(f,8) =F(f)og—F'(f)(fog)
=Rp(f)og+(F'(f)<flog—F'(f)(fog)
=Rp(f)og +C(F'(f), .2,
so that the claimed bounds easily follow from Lemmas 2.4 and 2.6. L]

Besides this sort of chain rule, we also have a Leibniz rule for f — fog.
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LEMMA 2.8. Leta € (0,1) and y < 0 be such that2a +y > OQbuta+y < 0.
Then there exists a bounded trilinear operator I, : €% x €* x €7 — €*7,
such that

(fu)og = f(uog) +u(fog)+Ii(f u,g
forall f,u € €*(R) and all smooth g.

Proof. Tt suffices to note that fu = f <u + f > u + f ou, which leads to

I (f,u,g) = (fu)og — f(uog) +u(fog)
=C(f,u,g)+C(u, f,g) +(fou)og,

so that the result follows from Lemma 2.4. O

3. Rough differential equations
Let us now resume the analysis of Section 2.2. We want to study the RDE
du=Fwé&, u(0) = u,, (13)

where 1y € R?, u: R — R is a continuous vector-valued function, £ : R — R"
is a vector-valued distribution with values in €*~! for some « € (1/3, 1), and
F: R — L(R", RY) is a family of vector fields on R¢.

In order to obtain concrete estimates, we have to localize the equation.
Therefore, we introduce a smooth cut-off function ¢ with support on [—2, 2],
which is equal to 1 on [—1, 1], and modify the equation as

du =Fués, u(0) = uo.

In the regular setting, if u is solution to this equation, it is also a solution of the
original equation on [—1, 1], and thus it is sufficient to study the last equation for
local bounds. To avoid problems with the fact that the paraproduct is a (mildly)
nonlocal operation, we modify the paracontrolled ansatz as follows:

u=@(F@u)<9)+u’. (14)
If F € C}, an easy computation gives

' = gFu)E — (3i9)(F(u) <9) — ¢((3,F ) <) — ¢(F (u) <§)
= o[(F(u) > &) + F'w)((u — uo) 0 &) + I, (u — uo, §)
— (0, F(u) <0)] = (3,9)(F(u) <),
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where we set F,,(x) = F(uo + x) and used that (F,,)' (x — up) = F’'(x) for all
x € R, We subtract the contribution of the initial condition, because this will
eventually allow us to solve the equation on a small interval whose length does
not depend on u. If we plug in the paracontrolled ansatz for u, then F'(u)((u —
up) o &) becomes

F'(u)((u — ug) 0 ) = F' () ((p(F () < 9)) 0&) + F'(u)((u* — ug) 0§).
For the first term on the right-hand side we can further use that

(p(F(u)<0)) o0& = ¢((F(u) <9)o&) + (Fu) <9)(¢of)
+ 11 (¢, F(u) <9, §),

where we recall that I7, was defined in Lemma 2.8. Introducing the commutator
in order to take care of the resonant product (F (1) <) o &, we get

du* = @[ (F(u) > &) + M, (u — up, &) + F'(u)((* — ug) 0 &)
+ (F(u) <) (poé) + (¢, F(u) <0, §) + ¢C(F(u), 9, §)
+ FlweF)(®o§) — (0, F () <) — (0i9)(F(u) <)
= p@° — (3,9)(F (1) < 0), (15)

where @ is defined to be the term in the large square brackets. Let us summarize
our observations so far.

LEMMA 3.1. Let & be a smooth path, let © be such that 0,0 = &, and let F € C,f.
Then u solves the ODE

du=¢9Fwé, u)=u,
ifand only if u = @(F (u) <) + u*, where u* solves
dut = @* — (3,9)(F(u) <), u*(0) = ug — p(F(u) < 9)(0),

and where ®* is defined in (15). Moreover, for a € (1/3,1/2) we have the
estimate

D% 201 S CrCe(l + llu — uolla + llu — uoll} + llu* — wollo),
where

Ce = 5 lla—1 7 la+119 0 Ell2a—1+ P lallElle—r  and  Cp = ||F||c,3+|IFI|2C§-
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The estimate for @° follows from a somewhat lengthy but elementary
calculation based on the decomposition (15), where we estimate the L norm
rather than the 4>*~! norm for each term where this is possible.

Plugging in the correct initial condition for u* leads to

ut(t) = uy — (F(u) < 9)(0) + /t d,u’(s) ds
0

= uo — (F(u) <9)(0) +/ (p®%)(s) ds — / (050) () (F (u) <19)(s) ds.
0 0

Now ¢ is compactly supported, and therefore Lemma A.10 gives estimates for
the integrals appearing on the right-hand side in terms of distributional norms of
the integrands, and we obtain the bound

lu* = uolloe S NF @) <0 llaa1 + 197|201
S CrCe(l+ llu — ugllo + llu — uolly + 14" — uo|l2a)-

Using that u = ¢(F (u) <) + u®, we moreover have
lu — wolle SNFNL=l19lla + [l — teo]l20-

From these two estimates we deduce that, if Cr is small enough (depending only
on C; and ¢ but not on |uo|), then |||y < |uo|+ 1. This is the required uniform
estimate on the problem.
Similarly we can show that, if F € C} and if | F ||C]§ is small enough, then the
map
(o, &, 0,6 00) > (u, u)

is locally Lipschitz continuous from ¢! x €% x €**~! x RY to €* x €',
We summarize as follows.

LEMMA 3.2. Let a > 0, and let ||F||c,~j be sufficiently small (depending on a).
Let &, ¥, and ¢ be smooth functions with & = 0,9 and such that ¢ has compact
support. If o > 1/3 and

max{[[§lle—1, 17 lla: 1§ 0 Fll2a—1, l@llc)} < a, (16)
then for every uy € RY there exists a unique global solution u to
qu=oFWm)§, u(0) = u,.
For fixed ¢ and F, u depends Lipschitz continuously on (ug,&,9,&01)
satisfying (16).
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In order to ensure that || F ||c,§ is small enough we can use a dilation argument.
Recall that the scaling operator A; is defined for A > 0 by A,u = u(A-). If we
let u* = Au and £* = A7 A& for A > 0, then u” solves

Qu* = A FWhE*,  u™(0) = uy.

The rescaling of £* is chosen so that its 4™ norm is uniformly bounded by that
of £ as A — 0. Indeed, Lemma A .4 yields

IE et = A7 N A E ot S A+ 2" NE Dot S €N

for A < 1. If moreover we let #* = A~* A, 9, then || 9* 0 E* [lag—1 S (| 0 & llae1 +
19« ll€llo—1 by Lemma B.1. Thus, we deduce from Lemma 3.2 that for every ¢
of compact support there exists A > 0, such that for all u, € R? we have a unique
global solution u* to

dut = A F WM&, u™(0) = u,.

The rescaled problem is equivalent to the original one upon the change F —
MNF, E — E* and W o& — ©*0&*. So, if we set u = A;-u*, then u is the
unique global solution to

du =@ Fw§,  u(0) = uy,

where we set ¢, () = ¢(¢t/A). In particular, if ¢ = 1 on [—1, 1], then u is the
unique solution to the original RDE in the interval [—A, A]. Since A can be chosen
independently of u,, we can now iterate on intervals of length 2, and obtain a
global solution u € 6.

This analysis can be summarized in the following statement.

THEOREM 3.3. Leta > 1/3. Assume that (£%).~ is a family of smooth functions
with values in R", (uf) is a family of initial conditions in RY, and F = (F', ...,
F") is a family of C; vector fields on RY. Suppose that there exist uy € R,
g€ € €', and n € €% such that (uf, §°, 9¢, (9° 0 £°)) converges to (uy, &,
%, 1) in €47 x €% x €**', where ©° and ¥ are solutions to 9,9° = £° and
0,9 = &, respectively. Let for ¢ > O the function u® be the unique global solution
to the Cauchy problem

ou’ = F(u)E®, u(0) = uj.

Then there exists u € 6,2, such that u®* — u in 62, as ¢ — 0. The limit u depends

only on (uy, &, U, ), and not on the approximating family (ug, £°, 0°, (9° 0 £9)).
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Proof. The only point which remains to be shown is the convergence of (1#°) to
u in 6%.. A priori, we only know that, for sufficiently small A > 0, the solutions
i° to 8,0° = ¢, F(a°)&° with °(0) = uy converge, as ¢ — 0, in € to a unique
limit . But since ¢, = 1 on [—A, 1], we have &t°|_; ;) = u®|[_s.1- So if we
define u|[_; ; = it|[_ 1, then u|_, ;; does not depend on ¢; . Moreover, for every
Y € 2 with support contained in [—A, A], we also have that ||y (u® — u),
converges to zero as € — 0. Now we can iterate this construction of u on intervals
of length 21. We end up with a distribution u € .¥”’, which depends only on
(uo, F,&,1, 1), and not on ¢, or on the approximating sequence (ug, §°, ¥°,
£ 010%),-0. If Y € P, then it can be written as a finite sum of smooth functions
with support contained in intervals of length 2, and therefore Y u = lim,_, Yu°®,
where convergence takes places in ™. 0
REMARK 3.4. By Lemma 2.7, it suffices if F € C,*'* for some g > 0 with
2o + B > 1 to obtain existence and uniqueness of solutions. If we only suppose
that F € C?>*#/% and not that F and its derivatives are bounded, we still obtain
local existence and uniqueness of solutions. In that case we may consider a
function G € CZHW that coincides with F on {|x| < a} for some a > |uyl.
The Cauchy problem
v =G§E, v(0) = u,

then has a unique global solution in the sense of Theorem 3.3. If we stop v
upon leaving the set {|x| < a}, we obtain a local solution to the RDE with vector
field F.

3.1. Interpreting our RDE solutions. So far we showed that under the
assumptions of Theorem 3.3 there exists a unique limit u of the solutions to the
regularized equations, which does not depend on the particular approximating
sequence. In that sense, one may formally call u the unique solution to

ohu = Fw)é, u(0) = uo.

But u is actually a weak solution to the equation if we interpret the product F'(u)&
appropriately. Below, we will introduce a map which extends the pointwise
product F(u)& from smooth & to & € €' by a continuity argument. But first
we present an auxiliary result which shows that the considered topologies and
operators do not depend on the particular dyadic partition of unity that we use to
describe them.

LEMMA 3.5. Let o, B € R. Let (x, p) and (¥, p) be two dyadic partitions of
unity, and let (<, >, o) and (<, ¥, S) denote paraproducts and resonant
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term defined in terms of (x, p) and (X, p), respectively. Then
U, v) = (U<v—u=<v,uo0v—usSv,u>v—u>="v)

is a bounded bilinear operator from €% x €* to (€*+F)3.

Proof. The statement for (u,v) — (u<v — u'<v) (and thus for (u,v) —
(u=v — u=v)) is shown in Bony [Bon81, Theorem 2.1]. But for smooth
functions u and v we have uov = uv — u < v — u > v, and similarly for u S v.
Thus, the bound on u o v — u S v follows from the bounds on u < v — ¥ < v and
on u > v — u> v in combination with a continuity argument. O

Our commutator lemma states that, if the product g o & is given, then we can
unambiguously make sense of the product (f < g) o & for suitable f. This leads
us to the following definition.

DEFINITION 3.6. Letw € R, 8 > 0, and let v € €. A pair of distributions
(u,u’) € €* x €* is called paracontrolled by v if

wW=u—u<ve€t’

In that case we abuse notation and write u € 2 = 2#(v), and we define the
norm

lullgs = llu'llp + Nt llasp-

According to Lemma 3.5, the space 2 does not depend on the specific
partition of unity used to define it. To construct the product F'(u#)&, we could
now show that smooth F preserve the paracontrolled structure of u. This can be
achieved by combining Lemma 2.6 with another commutator lemma [Bon81,
Theorem 2.3]. But we do not need the full strength of that result; let us just show
that, if u is paracontrolled by ¢ and F is smooth enough, then F(u)& is well
defined.

THEOREM 3.7. Leta € (0,1), 8 € (0,«], y < 0 be suchthata + B+ 7y > 0.
Let F € C'*P% and let v € €% w € €7, n € €% be such that there exist
sequences (v,) C ., (w,) C &, converging to v and w, respectively, such that
(v, o w,) converges to n. Then
DPPW)sur> Fu)w=Fu)>w+ Fu)<w+ IMru, w) + F (1)@ ow)
+ Fw)CW',v,w)+ F'(uwu'ne € 17

defines a locally Lipschitz continuous function. If w € . and n = v ow, then
F(u)w is simply the pointwise product.
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The product F (u)w does not depend on the specific dyadic partition used to
construct it: if (X, =, 3) denote paraproducts and resonant term defined in
terms of another partition unity, if

T=n+v<wt+vs=w—vw-—v>w,

and " = u' <, then F(u)w is equal to the right-hand side of (17) if we replace
every operator by the corresponding operator defined in terms of (<, >, 79),
and we replace (u*, n) by (i*, 7).

Proof. The local Lipschitz continuity of the product follows from its definition
in combination with Lemmas 2.4, 2.7, and the paraproduct estimates Lemma 2.1.
If w is a Schwartz function and n = v o w, then

F')Cw',v,w)+ F(wun=F)((u<v)ow),
and therefore
M, w) + F' W)@ ow) + F'(w)C@', v, w) + F'(uwu'n
=Ir(u,w)+ Fu)(uow)=Fu)ow,

which shows that we recover F(u) <w + F(u) = w + F(u)ow, that is, the
pointwise product.

It remains to show that F (u)w does not depend on the specific dyadic partition
of unity. By continuity of the operators involved, we have

F)w = lim[FW) <w, + Fw) > w, + Tru, w,) + F' ()W’ ow,)
+ F'(w)C W', vy, wy) + F'(w)u' (v, 0w,)]
= lim[Fw, + F'(u)((u' < (v, — v)) ow,)].

Assume now that we defined F () - w in terms of another partition of unity, as
described above. Then Lemma 3.5 implies the convergence of (v, S w,) to 77 in
%, and therefore

Fu) -w= lim[Fw, + F'(u)((u=< (v, —v))ow,)].
Another application of Lemma 3.5 then yields F(u)w = F(u) - w. ]

REMARK 3.8. If in the setting of Theorem 3.7 we let v = v + f for some
f € €**P, then we have 2°(v) = 2%(D), and it is easy to see that, if we set

n=n+ fow,i* =u—u' <7, and define F(u)w like F(u)w, with 7, i*, 7
replacing u”, v, n, then F(u)w = F(u)w.
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With this product operator at hand, it is relatively straightforward to show
that, if & has compact support (which in general is necessary to have u € €
and not just in €2,), then the solution u that we constructed in Theorem 3.3
is the unique element of 2% which solves d,u = F(u)&, u(0) = uy, in the
weak sense. Remark 3.8 explains why we did not fix the initial condition # (0)
in Theorem 3.3: it is of no importance whatsoever.

3.2. Alternative approach. We briefly describe an alternative approach to
RDEs which avoids the paracontrolled ansatz. The idea is to control u o £ directly
by exploiting that u solves the differential equation d,u = F(u)&. Indeed, let as
above ¥ be a solution to 9,9 = &, and observe that the Leibniz rule yields

uok =uo0d,? =09, (uo®) — (Qu)otr =0,(uo) — (F(u)&)ov.
Now the second term on the right-hand side can be rewritten as
(F(u)é)o?d = (Fu)<&)ot + (F(u)o&)o + (F(u)>&)o?
=Fw)(E o)+ C(Fu), & 0) + (F(u)(uo)) o
+Hr(u,&) o + (F(u) > &) o 0.
Combining these two equations, we see that
uok =& — (F'(u)(uo&))ow, where
D=0,(uo)—Fu)(Eo)—C(Fu),&0)—Mr(u,&) o —(Fu)=£&)ov.

This is an implicit equation for u o £ which can be solved by fixed point methods.
For example, it is easy to obtain the estimate

lo&llaa—1 S NPllaw—1 + Crlluo&llag—1110las

and if Cr is small enough this leads to ||u 0 &|lg—1 S || D@ ]l2e—1. Moreover, we
have || @1 < Celllulle + Cr(1 + |Jullo)?]. These estimates can be reinjected
into the equation

du=Fu) =Fu) <&+ Fu)(uok)+ Fu)>&+Ip(u,§)

to obtain a local estimate for u.

3.3. Connections to rough paths and existence of the area. We saw in the
previous section that the solution u to an RDE of the form d,u = F(u)& depends
on the driving signal in a continuous way, provided that we not only keep track
of £ but also of ¥ o £. From the theory of rough paths it is well known that the
same holds true if we keep track of ¢ and its iterated integrals f f d¥ d¥. Butin
fact the convergence of (¢ 0 £°) is equivalent to the convergence of the iterated
integrals [ [ do* do*.
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COROLLARY 3.9. Let (uf,v%),.9 € .Z(R)% and define for every ¢ > 0 the
‘area’

t opr
Aj, = / / du®(r)) dvi(r2), s <teR.
Leta,B € (0,1) witha +8 < 1, and letu € €%, v e €, n e €“F'. Then

(u®, v, u 0 9,v°) converges to (u,v,n) in €% x € x €1 if and only if
(u®, v¥) converges to (u, v) in €% x €*, and if moreover

. |AS,Z‘ - A?r
lim sup —— | =0, (18)

e=0 \ gzreR [s—r1<1 |t — §|9HF

where we set A, = f;(n + (u < 0,v) + (u > 9,v))(r)dr —u(s)(v(t) — v(s)) for
s, t e R

Proof. First suppose that (uf, v¢, u® o 9,v°) converges to (u, v, n) in €* x €* x
&P~ andlets, t € R with |s — ¢] < 1. We have

Ay — A5, = f (n+u>=0,v—u®odv® —u®>0o,v°)(r)dr
+ / (@ —u)<9v°)(r)dr — (u* —u)(s)(V(t) —v°(s))

t
+ / (u =<9, (v° =) (r)dr — W)()((V° —v)(@) — V° = V)(5)).
| (19)
The first term on the right-hand side can be estimated with the help of

Lemma A.10, which allows us to bound increments of the integral in terms of
Besov norms of the integrand. We get

t
/ n4+u>=0ov—u’odv’ —u’>0ov°)r)dr

S (I —u 0 00 lagp—1 + llu — ullall vl g-1 + N llalld (v — V) lIp-1)

X |t —s|*TP,

Since [|9; (v* — v)[lg—1 < [[v° — v|g, the right-hand side goes to zero if we divide
it by |t — s|**F and let ¢ — 0.

The second term on the right-hand side of (19) can be estimated using
Lemma B.2, which roughly states that the time integral and the paraproduct
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commute with each other, at the price of introducing a smoother remainder term:

/ ((u® —u)<0,v°)(r)dr — (u® — u)(s)(v*(t) — v°(s))
St = sl — ulla v 5.

The third term on the right-hand side of (19) is of the same type as the second
term, and therefore the convergence in (18) follows.

Conversely, assume that (u°, v¥) converges to (u, v) in €* x €, and that the
convergence in (18) holds. It follows from the representation (19) that also

i ( |[f—uto 8,v5)(r)dr|> o

sup
1R, [s—t|<1 |t — s|etF

e—0

Due to the restriction |s — #| < 1, it is not entirely obvious that this implies
the convergence of u®od,v° to n in ¥*#~!. However, here we can use an
alternative characterization of Besov spaces in terms of local means. Let k° and
k be infinitely differentiable functions on R with support contained in (—1, 1),
such that Fk°(0) # 0, and such that there exists § > 0 with Fk(z) # 0 for all
0 < |z| < 8. Then an equivalent norm on ¢**#~!(R) is given by

~ 0 i -1 ' i .
ollasps 2= max {IK" 5wl e, sup 2727k (27 ) 5 wilsa |
jz0

see [Tri06, Theorem 1.10]. Let us write f = fo'(n — uf00,v°)(r)dr, and let
t e Rand j > 0. Then

127k(27) % (8, f) ()| = 2%

/(Btk)(Z"(t —s)(f @) = f(s))ds
R

52”’/|(a,k)(2f(t—s))||z—s|°’+ﬁc1s sup /O = fa)l
R

la—bi<1 |b—altP
< g-ila+p=1) sup | f(b) — f(a)l
~ la—bi<1  |b —aletP

where we used that fR 0,k (t) dt = 0, and that k is supported in (—1, 1). Similarly,
we obtain

k" % (3, f) (1) 5/|9zk°(t—S)III—SI““‘j ds sup G = Sl
R

la—bi<1 |b—al*tF
[ f(b) — f(a)l

~ b1 |b—al*tP

from which the convergence of u® o 9,v° to n in €™~ follows. O
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COROLLARY 3.10. Let X be an n-dimensional centered Gaussian process
with independent components and measurable trajectories, whose covariance
Junction satisfies for some H € (1/4, 1) the inequalities

EllX, — X, 151t —s*  and
IE[(X s — X)) (Xigr — XD S |t — 52722 (20)

foralls,t € Randallr € [0, |t — s|). Then pX € €* for all o < H and all
@ € 9, and there exists 1 € €**~" such that for every ¥ € . with [ dt =1
and for every § > 0 we have

m Pl * (0X) — (9 X) o
HIW* * (9X)) 00, (¥° * (X)) — nllg2r > 8) =0,
where we define ¥¢ = e 'yr(e7 ).

Proof. Since ¢ is smooth and of compact support, it is easy to see that also
the Gaussian process ¢ X satisfies the covariance condition (3.10), and using
Gaussian hypercontractivity we obtain E[|p(1) X, — ¢(s)X,[*"] < |t — s|*1P for
all p > 1. Using the fact that X has measurable trajectories, we can apply this
estimate to show that E[llgoXll%Zp 2/,] <ooforall p > 1, < H. Now it suffices
to apply Besov embedding, Lemma A.2, to obtain that pX € 6.

Moreover, ¢ X has compact support. So, by [FV10, Theorem 15.45], for every
p > 1, the iterated integrals [ [ dyr® x (9 X)(r1) dyr® * (9 X)(r2) converge in
L? in the sense of (18). The statement then follows from Corollary 3.9. O

REMARK 3.11. The proof of Corollary 3.9 actually shows more than the
equivalence of the convergence of A° and of u® o d,v°: it shows that the norm
of (u® 0 9,v° — 1) can be controlled by a polynomial of the norms of (A® — A),
(u® — u), and (v* — v). So in fact we have L”-convergence in Corollary 3.10,
and not just convergence in probability. Alternatively, the L”-convergence is
obtained from the convergence in probability because we are considering random
variables living in a fixed Gaussian chaos; see [Jan97, Theorem 3.50].

Combining Corollary 3.10 with Theorem 3.3, we obtain the following
corollary.

COROLLARY 3.12. Let X be an n-dimensional centered Gaussian process
satisfying the conditions of Corollary 3.9 for some H > 1/3, and let ¢ € &
and F € C}. Then there exists a unique solution u to

du = Fu)d (9X), u(0) = uo,
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in the following sense: if Yy € . with [ dt = 1 and if for ¢ > 0 the function
u® solves
dut = Fu)d(pX)*,  u(0) = uo,

where (pX)* = e " (&) * (9 X), then u® converges to u in probability in €* for
alla < H.

4. Rough Burgers equation

Fix now o > 5/6, and consider the following PDE on [0, T] x T for some
fixed T > O:
Lu=Gu)ou+§&, u(0)=up, (21)

where L = 0, + (—A)?. We would like to consider solutions u in the case of a
distributional &, and in particular we want to allow £ to be a typical realization
of a space-time white noise. We will see below that in this case the solution
to the linear equation L = &, ¥ (0) = 0, belongs (locally in time) to €™ (T)
for any « < o — 1/2, but it is not better than that. This is also the regularity
to be expected from the solution u of the nonlinear problem (21), and so for
o < 1 the term G(u(¢))0,u(z) is not well defined since G(u(¢)) € €% (T) and
0.u(t) € € (T), and the sum of their regularities fails to be positive.

For o = 1, equation (21) has been solved by Hairer [Hail1l], who used rough
path integrals to define the product G (1)d, u. In the following, we will show how
to solve the equation using paracontrolled distributions.

While in general it is possible to set up the equation in a space-time Besov
space, the fact that the distribution & (which is a genuine space-time distribution)
enters the problem linearly allows for a small simplification. Indeed, if we let
w = u — ¥, then w solves the PDE

Lw=G® +w)d, (@ + w), (22)

which can be studied as an evolution equation for a continuous function of time
with values in a suitable Holder—Besov space.

Recall that for 7 > 0 and B € R we defined the spaces C;%* = C([0, T,
€*) with norm ||ul|c, ¢ = supg<,<r lu(s)lls. By the regularity theory for L we
expectw € Cr6* 1727 whenever G (9 +w)d, (¥ +w) € C; € ! (at least in the
sense of uniform estimates as the regularization goes to zero). The paraproduct
allows us to decompose the right-hand side of (22) as

GO +w)o (P +w) =G0 +w)<0,0 + G + w)od P
+ G +w)> 00+ G+ w)o,w,
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where we have expanded only the term containing 9,9 since the one linear in
d,w is well defined under the hypothesis that w € C;%*~'*?°. Note that here
we only let the paraproduct act on the spatial variables; that is, G( + w) < 9,0
should really be understood as

t— G@W() +w)) <0, 0(),

an element of C;%*~!. A simple modification of the proof of Lemma 2.6 (see
also Lemma C.1) shows that, for « € (0, 1/2), we have

IG® +w) = G’ +w) <DV laa S NGllcz(1+ (912 + lwllze)
SHGl+ 191D A + lwlla-1420),

where we used that « — 1420 > 2w, which holds because @« < 0 —1/2 <20 —1.
The linear dependence on the norm of w will be crucial for obtaining global
solutions. We can now write

GW+w)od 0 =(GW+w)— G+ w)<¥)od, D
+C(G' W+ w),d0,9)+ G @+ w)(Fod D).

So, if we assume that (9 09,0) € C;y%€>*!, then we have a well-behaved
representation of the resonant term G (¥ 4+ w) o 9, ¢, and

IG@ +w) 080 laa1 S NGl (14NN A + 1w lla1420) 1820 [la—1
HIG' @ +wllal? 12 +IG @ + w) el 0 8,9 |01
S CoCo(1+ wlla-1420), (23)

where we set
Co=IGlez and  Cp =1+ 012,40 + [P llcyeell® 00,9 [l cyip2e
Let us now define
=G0+ wdd=060+w)<0,0+G@+w)>0d?+ G+ w)od, T,
so that (23) and the paraproduct estimates yield
[@lla-1 S CoCo (1 + lwlla=14+20), (24)

and w satisfies Lw = @ + G + w)d,w. So, if we denote by (P,);>o the
semigroup generated by —(—A)?, then

w(r) = quo+/ P ®(s)ds +/ P (G@(s) + w(s))dw(s))ds, (25)
0 0
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where we assumed that 9 (0) = 0. Applying the Schauder estimates for the
fractional Laplacian (Lemmas A.9 and A.7) to (25), we obtain for all + > 0
that

”w(t) |Ia71+2o

Pouy + / P_®(s)ds + / P_(G@W(s) +w(s))d,w(s))ds
0 0

a—1+420
SR (gl + sup 27V b (s) ) )
s€[0,1]
IG) + w)daws) o

(l _ s)(oz—l+20)/(2<7) ds.

0

But now recall from (24) that || @ (s)|la—1 S CoCo (14 ||w(s)|l¢—1420 ). Moreover,
if we choose o € (1/3, 0 — 1/2) close enoughtoo — 1/2,thena +20 —2 > 0
(recall that ¢ > 5/6), and therefore

IG@(s) + w(s)w(S) e S NGllrelldew$) la—2420 S NGl lw () la1420-
Thus, we get for all ¢ € [0, T'] that

"N lam1420) S lltolla + Cl?CG(l + sup (S(Za_l)/(z")llw(S)lla1+za)>
s€[0,1]

T ws) et

1-1/Q20)
+ Cot o (t — )@ 1420)/(20) g1-1/(0) S

Since (¢ — 1 +20)/(20) < 1, we have

t
£1-1/20) ds < f1-@=1420)/20) < |
o (t — 5)@=14+20)/Q0) g1-1/20) ~ ~

fort € [0, T]. Putting everything together, we conclude that

(1 () lla-120) S ol + CoCo (14 sup (& () la-110) ).
s€[0,1]
(26)
Using similar arguments, we can also show that uniformly in ¢ € [0, T]

lw®lla S lolle + CoCo (14 sup =/ w()lla1120)). @D

s€(0,]

In order to turn (26) into a bound on ||w||c,4e-1+20, We use again a scaling
argument. We extend the scaling transformation to the time variable in such
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a way that it leaves the operator L invariant. More precisely, for A > 0 we
set A,u(t,x) = u(A*t, Ax), so that LA, = A* A, L. Now let u* = A,u,
w* = Aw, and ¥* = A;¥. Note that u*: [0, T/A*°] x T, — R, where
T, = R/(2rA~'7Z) is a rescaled torus, and that w” solves the equation

Lw* = A A Lw = A A, (@ 4+ G(w + 9)d,w)
= A A0 + AT G (w + M) dwh

The same derivation as above shows that

4, @ (1) lamt = G@* (1) + w* (1)) A;.(0:9) (1) [la—1
5 CGCz”(l + ”w)‘(t)”a—l-ﬂo)a

where we get using Lemmas A.4 and B.1

Coyr = sup (1 + [9*(0)]1)* A+ 19" 0 A, @) D) llaar) S A27'CE < A7'C3
1€[0,7T]

as long as A € (0, 1]. Thus, we finally conclude that

1-1/ A
"V w () lla-1120)

S Isttolle + 3277 C3C6 (14 sup (70 () o-1.20) )
s€[0,t]

S ol + 27 C3Co (14 sup (s~ |w(5) fo-1420)

s€(0,7]

for all A € (0, 1]. Since 20 — 1 > 0, we get, for small enough A > 0, depending
only on Cy and Cg, and not on u, that

sup ('YW (1) lla—1420) S Nutolle + 1.
t€[0,T]

Equation (27) then yields ||w*||¢, %« < |luolla + 1, and since u = A,-1 (w* + %)
we get
sup  [lu@®llae Sa lluoll + Co.
1€[0,220 T

This provides the key ingredient for obtaining a uniform estimate on the full time
interval [0, T'], and then the existence of global solutions to the Burgers equation.

Uniqueness in the space of solutions # with decomposition u = ¥ + w with
w € Cr%* %29 can be handled easily along the lines above, and we obtain the
following result.
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THEOREM 4.1. Leto > 5/6, « € (1/3,0 — 1/2), let T > 0, and assume that
(E%)e~0 is a family of smooth functions on [0, T] x T with values in R", and
G € C}(R", L(R", R")). Suppose that there exist 0 € Cr€* and n € Cr€**™!
such that (9¢, (9¢ 0 0,9°)) converges to (9, 1) in C;€*" x Cr€**", where 9°
are solutions to LY* = £° and 9°(0) = 0, and where L = 0, + (—A)°. Let for
& > 0 the function u® be the unique global solution to the Cauchy problem

Lu* =Gu*)ou’ +&°, u*(0) = uy,

where uy € €°. Then there exists u € C;6* such that u® — u in C;€°. The

limit u depends only on (uy, 9, n), and not on the approximating family (V*,
(U° 0 9,9%)).

REMARK 4.2. As for RDESs, the limit # of the regularized solutions u*® actually
solves the equation

Lu=Gwou+é&, u)=ug

in the weak sense as long as we interpret the product G(u)d,u correctly.
According to Remark 3.8, it is not important that ©##(0) = 0, and we could
consider any other initial condition in #(0) € €™ to obtain the same solution
u. However, the right choice of ¥/ (0) may facilitate the proof of existence and
uniqueness of paracontrolled solutions.

REMARK 4.3. Of course, the solution u to the fractional Burgers-type equation
also depends continuously on the initial condition u,.

4.1. Construction of the area. It remains to show that, if £ is a space-time
white noise, then the solution ¥ to L% = &, $#(0) = 0, is in C;€* for all
a < o — 1/2, and that the area © 0 3,1 is in C;%**~!. Some general results on
the existence of the area for Gaussian processes indexed by a one-dimensional
spatial variable are shown in [FGGR12]. However, in the present setting it is
relatively straightforward to construct the area ‘by hand’, using Fourier analytic
methods.

In this section, we use .% to denote the spatial Fourier transform; that is,
Fu(t,)(k) = [ e " u(t, x)dx. Recall that .#& is a complex-valued centered
Gaussian space-time distribution, whose covariance is formally given by

E[FZE (1, ) (k) FE' (', )(K)] = 2n L Ly 8(t — 1)
for i,i’ € {1,...,n}, t,t' € [0,T], k, k' € Z, where § denotes the Dirac

delta. If (P);>0 = (e’ 2 (D)),>0 denotes the semigroup generated by —(—A)?,
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then v(f,x) = fOt(P,_S.S)(x) ds, t € [0,T], from which a straightforward
calculation yields the following result.

LEMMA 4.4. The spatial Fourier transform F© of © is a complex-valued
Gaussian process with zero mean and covariance
ELZ9' (1, ) (k).F 07 (1, ) (k)]
270 Ly (71 KT — = CHORTY QIR 2) ke £ 0,
27Tli:i’1k:k’t At k= 0,
fori,i’ e{l,...,n}, k, k' €Z,andt,t' €0, T). Thus, E[ﬂﬁ;’,(O)fﬁj’t(k/)] =
271,y 1p—olt — s|, and for k # 0
ELF ], (k) F !, (k)]

2 — e BT _ o= 2T _ 9 p=2Mt=slkPT 9 o= (s+DIK

=l 1—p ;
T k=k |k|20
where we write F (k) FOit, (k) — Fi(s, ) (k) forall 0 < t<T.
In particular,
IELF 9!, () F 0!, (01 S It — s’ k|70 (28)

forall § € [0, 1] and all k # 0.
Our first concern is to study the Holder—Besov regularity of the process ©.

LEMMA 4.5. Foranya <o — 1/2 and any p > 1, the process ¥ satisfies
E[I9117, e cry ] < 00

Proof. Lets,t € [0, T]and £ > —1. Using Gaussian hypercontractivity [Jan97,
Theorem 3.50], we obtain for p > 1 that

Bl A M7, 0] Sp BN AL, )P (29)

L2P(T) LY(T)"

If £ > 0, then Fourier inversion and Lemma 4.4 imply that

E[|AD, 0P = Q)2 Y puk)peK)e O ELF D, , (k) F D, , (k)]

k,k'€Z

SY ol —sPIKPPCD S —sP Y kO

keZ kesupp(p¢)
S |[ - S|82Z(1—2¢7(1—8))
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for all 6 € (0, 1]. The case £ = —1 can be treated using essentially the same
arguments, except that then we need to distinguish the cases k = 0 and k # 0,
where k is the argument in the Fourier transform. Hence, we obtain from (29)

E[I19G.) =965, ] S D 2 PEIAD 5 )]
>-1
< Z Zmzp(lt o S|5225(1/2—a(1—5)))1’

>—1

forany ¢ € R and any p > 1. For @« < o — 1/2 there exists § € (0, 1] small
enough so that the series converges. Since we can choose p arbitrarily large,
Kolmogorov’s continuity criterion implies that ¥ has a continuous version with
]E[||z9||CTBa (T)] < oo for all @ < 0 — 1/2. Now we use again that p can be
chosen arbltrarily large, so that the Besov embedding theorem, Lemma A.2,

shows that this continuous version takes its values in C;%*(T) for all @ <
o—1/2. O

Next, we construct the area @ o 0, 0.

LEMMA 4.6. Define

9080 = (900,09 =| > aviaan

1<k 0<n

i<
li—jI<1 1<k 0<n

Then almost surely ¥ 0 9, € C+&**~'(T; R™") for all & < o —1/2. Moreover,
ifyr € % is such thatf Y (x)dx =1 and 9° = Y® x 0, where y° = e 'y (e7!),
then we have for all p > 1 that

113% E[[9°00,9° — 9o axﬁug%m,l] = 0. (30)

Proof. Without loss of generality we can argue for 9! o 9,1%. The case ¥#! 0 9,19!
is easy, because Leibniz’ rule yields #' 0 8,9' = 10,(8' o 91).

Let £ € N. Note that, if i is smaller than £ — N for a suitable N, and if |i — j| <
1, then A (A;fA;g) = 0forall f, g € .. Hence, the projection of 9' o 9,1>
onto the £th dyadic Fourier block is given by

A@'00,0%) = Y A(AD' A;0,07) = D L A(AD A;0,97).
li—jI<1 li—jlI<1

To avoid case distinctions, we only argue for £ > N, so that we can always
assume i, j > 0. The case £ < N can be handled using essentially the same
arguments.
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We use the equivalence of moments for random variables living in an
inhomogeneous Gaussian chaos of fixed degree [Jan97, Theorem 3.50] to obtain

E[I(Ac(®" 08,9 — 9" 08,9%)),, 125, 1]

L2P(T)
2 p
SIEL] Y. Li(A(Aid' 48,97 — A9 A;0,97) (x)),, :
li—jI<1 L{(T)
(3D
where we write 9 = ¥ % ¥ and similarly for >¢.
Let us start by estimating
2
E|| D LgiAd A () A;0,07, — A" (1, ) A;0,07) (x)
li—jIs<1

= Z Z legilzgi’E[Ae(Ail?](h')Ajaxﬂi,—ﬂiﬁl'g(h ')Ajaxﬁi}s)(x)

li=JjI<1i =)<

X A(Ap D! (1, ) Aydc 0], — Avde(, ')Ajfaxl’f,}s)(X)]- (32)

Taking the infinite sums outside of the expectation can be justified a posteriori,
because for every finite partial sum we will obtain a bound on the L?-norm below,
which does not depend on the number of terms that we sum up. The Gaussian
hypercontractivity (31) then provides a uniform L”-bound for all p > 2, which
implies that the squares of the partial sums are uniformly integrable, and thus
allows us to exchange summation and expectation.

Recall that .F (uv)(k) = 2n) ' Y Fuk)Fv(k — k'), and F (3,u) (k) =
1kF (u)(k), and therefore

A(AD (1, )A;0,97, — A1, ) A;0,977) (x)
= Q)Y pek)e 0T (A (1, )A;0,07, — AP, ) A;0.95) (k)
kel

=Qm) 72 Y ke ™ pi(k)pj(k — ki — k) F o' (2, ) (K)F D],

k.k'eZ

x (k — k(1 — FY(ek)F etk —k))).

From this expression it is clear that, if we can show that E[||9° 0 9,9°|| ZT%M—'] <
0o, then the convergence result in (30) will follow by dominated convergence,
because .Z v is bounded and .% ¢ (0) = 1 by assumption.
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Using the covariance of .% ¢ that we calculated in Lemma 4.4, we obtain

2
E{| D LA (t,)4;0,9],)(x)
li—jl<1
S YD Lgilesr Y pitk+ KD pi()pr (k) p(K) oy (k)
li—jI<L]i'=j'I<1 k.k'ezd
1— e—2t\k|2"
|k/|2|t _ S|5|k/|720(176)
2|k|2<7
5 Z 1[51‘ Z p?(k +k/)22i(1—2(7+(75)|t _ s|§
li—jI<1 kesupp(pi),k’€supp(p;)
< 225221‘(14»1/27204»06)'[ _ s|5
i>e

forall § € [0, 1]. Since o > 5/6, there exists § > 0 small enough so that the sum
is finite, and we obtain

2
E|| Y LgAdan' (. )4;0.92)x)| | S0V — P,
li—jI<1
and by the same arguments
2
El| Y LAam!, 4,807, )00 | S22C2+d) — g,

li—jI<1
Noting that
A0 (t, )A;3,9%(t, ) — AP (s, ) A;0,07(s, +)
= AP (1, )A;0,07, + A9, A;0,9%(s, ),
we get for sufficiently small § > 0 and for arbitrarily large p > 1 that

2 — 2
E[”A[('l?l oaxﬁZ)S‘t”le’p(T)] 5 2 2020 -2 05)P|t _ s|5P.

From this point on we use the same arguments as in the proof of Lemma 4.5 to
obtain the required L”-bound for || 0 8,9?| ¢, 421 Witha < o — 1/2. O

Now Lemma 4.6 and Theorem 4.1 give us the existence and uniqueness of
solutions to the fractional Burgers-type equation driven by space-time white
noise.
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COROLLARY 4.7. Let o > 5/6, a € (1/3,0 —1/2), T > 0, G € C3, uy €
€*(T), L = 9, + (—A)°, and let & be a space-time white noise on [0, T] x T
with values in R". Then there exists a unique solution u to

Lu=Gu)ou+&, u0)=u,

in the following sense: if y € . with f Y dt = 1, and if for € > 0 the function
u® solves
Lu® = Gw®)ou® +&°, u(0) = uy,

where £° = e~ "W (e-) * &, then u® converges in probability in C+ € to u.

REMARK 4.8. There is no problem in considering the equation on T¢ rather than
on T, and the analysis works exactly as in the one-dimensional case. The proof
of Lemma 4.5 shows that, if £ is a space-time white noise on [0, T'] x T¢, then
the solution ¥ to L1 = &, 1%(0) = 0, will be in C;€*(T¢) forevery o < o —d /2.
So as long as 0 — d/2 > 1/3, we can solve the Burgers equation on T¢. For the
existence of the area ¢ o 9, v we need the additional condition 20 —d/2—1 > 0;
see [Per14, Lemma 5.4.3]. Butif 0 — d/2 > 1/3, then this is always satisfied.

5. A generalized parabolic Anderson model
Consider now the following PDE on [0, T'] x T? for some fixed T > 0:
Lu=Fw)§, u(0)=u,, (33)

where L = 9, — A, the function F is continuous from R to R, £ is a spatial white
noise, and u, € € for suitable o € R.

The linear case F(u) = u is the parabolic Anderson model, the discrete
version of which has been intensely studied during the past decades [CM94,
Konl5]. The continuous version in d = 2 was solved by Hu [Hu2002]
with the help of Wick products and explicit chaos expansions; however, the
renormalization performed by taking the Wick product is not very transparent,
and it does not seem easy to show that Hu’s solution is the universal continuum
limit of the discrete parabolic Anderson model. Here we will carry out a simple
renormalization that easily translates to discrete models, and indeed one can
show that our solution is the universal continuum limit of the two-dimensional
lattice Anderson model with small potential [CGP15].

The general case seems not to have been studied before; see however [Hail4]
for an alternative but equivalent approach to the same equation. There are several
reasons for studying such a nonlinear generalization. First of all it is a generic
equation for the nonlinear evolution of particles in a random stationary medium.
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Moreover, equation (33) is formally very similar to the rough differential
equation (13) and thus is a natural benchmark problem. And if u solves (33)
with F(u) = u, and if we set v = ¢(u) for some invertible ¢ : R — R such that
¢" > 0, then formally

Lv = ¢'(u)Lu — ¢" ()| 0,u]” = ¢'(w)i& — ¢ w)(¢' () [0,ul’,
and thus v satisfies the PDE
Lv = Fi(v)§ + F,(v)]3,v]’,

where Fi(x) = ¢'(¢7' (x))¢ " (x) and Fr(x) = —¢" (¢ () (@' (¢ '(x))) . In
the situation we are interested in, the second term in the right-hand side is easier
to treat than the first term, so we will drop it and concentrate on the case when
F,=0.

The regularity of the spatial white noise n on T¢ is n € € ~%>~¢ for all &€ > 0.
Since we are in dimension d = 2, we have & € 4 ~'~¢. The Laplacian increases
the regularity by 2, so we expect that for fixed ¢ > 0 we have u(t) € ¢'~¢, and
therefore the product F (1) is ill defined.

However, let us assume that £ € €*2(T?) for some 2/3 < «a < 1. Since &
does not depend on time, there exists ¢ € € such that —A® = & —(27)2.Z £(0).
More precisely, we can take

4 :/ P — 2n)’FE(0)) dr, (34)
0

where (P,),> denotes the heat flow. In particular, we have LY — & € C ©(T?)
and |9 e < [|€]l¢—2- Consider the paracontrolled ansatz

u=Fu)<v+u

with u* € C+%*, and where as in Section 4 the paraproduct < is only acting on
the spatial variables. If u is of this form, then Lemma 2.7 and Lemma 2.4 imply
that

Fué=Fu) <&+ Fu) =&+ FWFw@®o§) + F'(u)C(F(u), )
+ F'(u) (W 0 §) + Ir(u, §)

is well defined provided that (1 0 §) € %*~2. Moreover, the algebraic rules for
9, and A acting on products imply that

Lu = (LF(u)) <0 + F(u) < LY — 2D, F(u) < D,® + Lu",
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and thus we find the following equation for u*:

Lu® = 2D, F(u) <D,® — (LF(u)) <9 + F(u) = & + F'(u) F(u)(® 0 &)
+ F(u)< (& —LY)+ F'WC(Fu), 9, &) + F' (W' o&) + Mru,§).

We would like all the terms on the right-hand side to be in C;%>*~2. However,
it is not easy to estimate (LF(u)) <® in C;%”* for any B € R: the term
AF (1) can be controlled in “2, but there are no straightforward estimates
available for the time derivative 9, F (1) appearing in LF (). Indeed, it would be
more convenient to treat the generalized parabolic Anderson model in a space-
time parabolic Besov space adapted to the operator L and to use the natural
paraproduct associated to this space. An alternative strategy would be to stick
with the simpler space C+ %2, and to observe that

LF(u) = F'(u)Lu — F"(u)(Dyu)* = F'()F u)§ — F"(u)(D.u)’,

and that the terms on the right-hand side can be analyzed using the paracontrolled
ansatz. Since this strategy seems to require a lot of regularity from F, we do not
pursue it further.

Instead, we keep working on C;%“~2, but we modify the paraproduct
appearing in the paracontrolled ansatz. Let ¢: R — R, be a positive smooth
function with compact support and total mass 1, and for all i > —1 define the
operator Q;: C;6¢* — C;%* by

Qif() = / 2292 (1 =) f((s AT) v 0)ds.
R

For Q; we have the following standard estimates, which we leave to the reader
to prove:

1Qi f Ol < I fllerre, 19 Qi f Ol <2777 fllegoe,
Qi f = HOllw <277 fll ey

for all + € [0,T] and all y € (0, 1); for the second estimate we use that
f ¢'(t) dt = 0, and for the third estimate we use that ¢ has total mass 1. With the
help of Q;, let us define a modified paraproduct by setting

(35)

f<g=) ($.10i)Aig (36)

for f, g € Cr.’. While we were not able to find any references, we think it
quite likely that such a modified paraproduct appeared previously in the PDE
literature. It is easy to show that for the modified paraproduct we have essentially
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the same estimates as for the pointwise paraproduct f < g, only that we have to
bound f uniformly in time; for example,

1 <Dl S N fllere=g®lla-

for all ¢ [0, T]. For us, the following two estimates are the most useful properties
of <.

LEMMA 5.1. Let T > 0, a € (0, 1), B € R, and let u € C+€° N CY*L> and
v e CrE€P. Then
[L(u<v) —u < (Lv)|lcpgesr S (IIMIIC;/zLoc + Nulley ) Vlicyer, (37

as well as
lu<v —u < vlleygen S Nullgorp IV llcrer (38)
T

Proof. For (37), observe that L(u < v)—u < (Lv) = (Lu) < v—2D,u < D,v.
The second term on the right-hand side is easy to estimate. The first term is given
by

(Lu)<v =Y (S1QiLu)Av =Y (LS 1 Qi) Av.
Observe that, as for the standard paraproduct, (LS;_; Q; F (1)) A;v has a spatial

Fourier transform localized in an annulus 2'.27, so that according to Lemma A.3
it will be sufficient to control its C7 L*° norm. But

ILSi—i Qiullc,ie < 10, QiSi—iutllerr~ + 1Qi ASi—1ullcpre
S 2_(a_2)i(||5i71u||cg/2m + ||u||cr<5a),

where we used the bounds (35). It is easy to see that ||S,~,1u||C$/z < ||u||CLTy/z, and

therefore we obtain (37).
As for (38), we have

u<v—u<v=Y (Q;Siu—S_ju)Av,

and again it will be sufficient to control the C7L* norm of each term of the
series. But using once more (35), we obtain

1(Q;Siciu — Siciu) Avllepre S 27N Siiull gy o 1 Aivll e
CT
S 27 | oy 0y,
and the result is proved. 0

Letting
u=F@u)<9+u (39)

https://doi.org/10.1017/fmp.2015.2 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2015.2

Paracontrolled distributions and singular PDEs 43

and redoing the same computation as above, we end up with

Lu* = @ = —[L(F(u) <9) — F(u) < LY] + [F(u) <& — F(u) < L]

+ F(u)>~&+ F(u)oé. (40)
Lemma 5.1 (together with the fact that L — & € C*(T?)) takes care of the first
two terms on the right-hand side. The term F(u) > & can be controlled using
the paraproduct estimates, so that it remains to control the resonant product
F(u)o&. In principle, this can be achieved by combining the decomposition
described above with (38), which enables us to switch between the two
paraproducts < and <. However, in that way we pick up a superlinear estimate
from Lemma 2.6. By being slightly more careful, we can get an estimate which
depends linearly on ||u*(¢) ||+ and is quadratic only in ||u ||2Cr 1. This allows us

to obtain a ‘conditional global existence result’, which shows that there exists a
paracontrolled solution up to the explosion time of the L* norm of u.

LEMMA 5.2, Leta € (2/3,1)and B € (0, o] be such that 2a+8 > 2. Let T > 0,
£ € C(T?, R), let ¥ be as defined in (34), u € C;€¢*, and let F € C;J”g/a. Define
u* =u — F(u) < 9. Then

I(F @) 0&)()llasp—r S CrCe (1 + IIMIIE‘;f + llull garz oo + (@) llatp), (41)
forallt € [0, T, where

Ce = (1 + g2 + 19 0&llc,gu and  Cr = |[Fll oo + IFIZT
(42)
If F is in C}, then
I(F@) 0 &) llarp2 S NFllez(1+ CrCe)(1 + lullg, )
X (14 llullcee + llullorr oo + 47 () latp). (43)
We pay attention to indicate that, for fixed ¢ € [0, T'], the estimate depends
only on the €**# norm of u*(t) and not on ||u*| ¢, 4«+s. This will become useful

below when introducing the right norm to control the contribution of the initial
condition.

Proof. We decompose

F(u)of = (F(u) —F'(u) <u) o& +(F'(u) <u®) o& +C(F'(u), F(u) <, &)
+ F'W)[(F(u) <9 — F(u) <9)o&l+ F'(u)C(F(u), 9, &)
+ F' () F(u)(® 0 £), (44)
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from which we can use Lemma 5.1 and the commutator estimate Lemma 2.4 to
see that

I(Fw)o& — (Fu) — F'(u) <u) 0 &) () latp—2
S CrCe(1+ llulley e + lullgorn e + 107 (0)llars)-

It remains to treat the first term on the right-hand side of (44). Lemma 2.6 shows
that

I(F@) = F') <u) 0§ lleygmerns S NF @) = F'@) < ullcrigers € o
S IF Nt (14 lull gy ) 1€ s,

from which we get (41).
If F is in C}, then we apply a modified version of the paralinearization lemma,
Lemma C.1, to obtain

I(F @) — F'w) <u)(@)llass S NF ey (14 [1(F () < DO
X (1 + [luf (D7) (A + 14" (@) llap),
so that (43) follows. ]

Let us summarize our observations so far.

LEMMA 53. Leta € (2/3,1), B € 2 —2a,a], and T > 0. Let uy € 6°,
£ € C(T% R), let ¥ be as defined in (34), and let F € C,™"'*. Then u solves the
PDE

Lu=Fu)é, u(0)=uyec®*

on [0, T] ifand only ifu = F(u) < 9 + u®, where u* solves
Lu* = ®°, u*(0) = ug— (F(u) <))

on [0, T, for ®* as defined in (40). Moreover, for all t € [0, T] we have the
estimate

15 Ollap2 S CrCe(l+ lulleygle + lullcor o + 105D lasg),  (@45)
where Cr and C; are as defined in (42). If F is in C}, then

19* (D llatp—2 S IFllc3 (1 + CrCe)(1 + [lullg, =)
X (L4 llullepgn + Nullorpo + 105 @ llasp).  (46)
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Next, we would like to close the estimate (45), so that the right-hand side
depends only on @*. In order to estimate the terms depending on u, observe that
u = u®+ F(u) < ¥, and thus

lellerge + lull corrpoe S ¥l e + IIMjIIC;r_/zLoo + |1F(u) < Pcree
FIF ) <Dl
To estimate the contribution of F (1) < ¥, we observe that

ILCF @) <) llc,eer S NF@llerrllélla—z S NFNrellélla—z

(compare also the proof of Lemma 5.1). Thus, we can apply the heat flow
estimates Lemmas A.7-A.9, to deduce that

lullerge + Ml cor o S N6lleye + 16l ooy + I1F () <0 (0)
+ IL(F(u) < 9)llc 02
S N llcrge + 16l cor oo + Nttolla + I F 20118 [z
We plug this into (45) and use 1 + [Jull o7 + el gor e S 1+ (lutllcpie +
”””c;/zLoo)Hﬁ/a’ which gives
195 llasp-2 S CrCe(1 + (CrCe + lluolla + N4 llcyige + Nl o) P
+ 111 (1) latp)-

Moreover, since u°(0) = uy — (F(u) < ©)(0) and Lu® = &%, Lemmas A.7 and
A9 yield

P21 () Nlarp S Ntolle + CrCe + sup (72| @%(5)[lasp—2),
s€[0,1]

so that our new estimate for @* reads

21 D* () llasp—2 S CFCE<1 + (CrCe + luolla + ey + Nl garz o) 7

+ 5up (D7) larp2)),
s€[0,1]

uniformly in ¢ € [0, T]. It remains to control u* in ci/sz NCr€*. For0<s <
t < T, we have

(1) — w () | oo < I(Pr—s — id) Py (0) [l 1 + ‘

t
/ P,_sq§n(r) dr

s

Lo

+ H/ (Plfs _id)Psfr@ﬁ(r)dr
0

L>®
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An application of Lemma A.8 to the first and third terms and Lemma A.7 to the
second term leads to

t
(@) = u¥ ()|l S (2 = )| (0) o +/ (t — )" PR D) gy g2 dr

+ (- S)“/Z/ 1Py @ (1)l dr
0
S (1 = 9)(CrCe + Nluolla)
t
(- s)“/zf (t —r) PP gy
0

2
x sup (rP2 | ®F(r) llasp-2)
rel0,1]

4+ (t — s)“/2/ (s —r) P2 =B2 qp
0

x sup (r’2|D%(r) latp-2)-
rel0,s]

For the time integrals we have fot(t—r)‘l““ﬁ/zr"g/2 dr = fol (1=r)!=PR2r=P2qr <
1, so that

2
| oo S CrCe + lluolla + sup (871D ()llar—2)-
s€[0,7]

Similar (but easier) arguments can be used to bound the C7% norm of u*, and
thus we obtain our final estimate for @*:

2
sup (172 D% (1) lutp-2)
1€[0,T]

14+B/a
S CrCe(l + CFCg)(l + lluolle + sup (fﬂ/zll@ﬁ(t)llwﬂz)) . (47)

tel0,T]

In order to use this estimate to bound @*, we will apply the usual scaling
argument. More precisely, we set A, f(¢,x) = f(A*t,Ax), so that LA, =
)\.ZA)LL. Now let MA = A)LM, Mé = A)LM(), g)h = )\,Z_QAA%', and 19)‘ = )\,_OKA)LI}.
Note that u*: [0, T/A*] x T? — R, where T = (R/(2xA"'Z))? is a rescaled
torus, and that u” solves the equation

Lu* = P F@uM)AE = 2 FhEr, u*(0) = uj.

The scaling is chosen in such a way that ||ué||a S Nuollas 14 1ga—2 S NE ez,
and according to Lemma B.1 also |9 0&*[lag2 S |0 0&laea + €], all
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uniformly in A € (0, 1]. In particular, Cex S C¢ and Ciop < A*Cp for all
A € (0, 1]. Injecting these estimates into (47), we obtain
sup (1721 @5* () [layp-2) S 14 1G]l
1€[0,T]

for all sufficiently small A > 0 (depending only on C;, Cr, and u,), where &** is
defined analogously to @°. From here we easily get the existence of local-in-time
paracontrolled solutions to (33). Similar arguments show that, if F € C§+ﬂ e
then the map (ug, &, %, € 0 9) > u € C+ %™ is locally Lipschitz continuous, and
in particular there is a unique paracontrolled solution on a small time interval.

If F € C?, then (46) allows us to control the paracontrolled norm of the
solution u in terms of its L*> norm, and in particular for every C > 0O there
exists a unique paracontrolled solution u on [0, t¢], where

e =inflt >0 Ju@®ll~ > C).

While we are currently not able to establish the existence of global-in-time
solutions, this insight allows us to gain a better understanding of the possible
blow up, by showing that the only way in which the paracontrolled norm of u
can explode is by u diverging to £o0.

5.1. Renormalization. So far we have argued under the assumption that
there exist continuous functions (£°) such that (%, ©°, ¢ 0 £°) converges to (&,
0,0 0E)inEY 2 x CrE** 2 x CrE* 2 as ¢ — 0. Note that here the superscript
¢ refers to a smooth regularization of the noise, whereas in the previous section
the superscript A referred to a scaling transform. From now on we will no longer
consider scaling transforms, so that no confusion should arise.

One further difficulty is that the resonant product (¢ 0 £°) does not converge
in some relevant cases: in particular, if £ is a spatial white noise. However, what
we will show below is that for the white noise there exist constants ¢, € R such
that (¢ 0 £%) — ¢,) converges in probability in C;%2*~2. In order to make the
term c, appear in the equation, we can introduce a suitable correction term in the
regularized problems and consider the renormalized PDE

Lu® = Fu®)&® — c, F'(u®)F (u®). (48)

For this equation we use again the paracontrolled ansatz (39). The same
derivation as for (40) yields

Lu* =G, 9°,8) + F(u*)o&® — ¢, F'(u")F (u®)
for some bounded functional G, and as in Lemma 5.2 we decompose

Fuf)o&® — ¢, F'(u)F (uf) = Hu®, u"*, 9%, %) + F' (u*)F(u*) (9 0 &° —¢,)
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for another bounded functional H. We see that Lu*® depends only on &°, ¥,
and (9° 0 £°) — c,. Thus, the convergence of (§°, 9°, #° 0 £° —c,) to (&, ¥, 1) in
C2 x Cp€** % x Cr%* 2 implies that the solutions (uf) to (48) converge to
a limit which depends only on &, ©#, and n, and not on the approximating family.

THEOREM 5.4. Leta € (2/3,1), B € 2 — 2, ], and assume that (§°),-0 C
C(T%,R) and F € C;*P'. Suppose that there exist £ € €** and n € CrE*2
such that (€¢, (9° 0 £°) — ¢,) converges to (§,1) in €72 x €72, where ¥ =
I P(E— 2r)2FEW0) dt, 0° = [ P (§° — (2m)2.F&°(0)) dt, and where c, €
R forall e > 0. Let for ¢ > 0 the function u® be the unique solution to the Cauchy
problem

Lu® = F(u)§" — c. F'(u*)Fw®), u*(0) = uo,

where uy € €°. Then there exists T* > 0 such that for all T < T* there is
u € Cr€* with u® — u in Cy%€*. The limit u depends only on (ug, &, 1), and
not on the approximating family (¢, (9 0 £€°) —c,). If furthermore F € C?, then
we can take

T" =inf{t > 0: |lu(t)||~ = o0}.

As for the previous equations, u is the unique paracontrolled weak solution to
Lu = F(u) ©& with u(0) = u, if we interpret the renormalized product F (1) ¢ &
in the right way, and u depends continuously on u.

REMARK 5.5. In the linear case F (1) = u we can skip the application of the
paralinearization theorem. Since this was the only step in which we picked up
a superlinear estimate, and all the other estimates that we used were linear in u,
we then obtain the global-in-time existence of solutions.

5.2. Regularity of the area and renormalized products. It remains to study
the regularity of the area @ o £. As already indicated, we will have to renormalize
the product by ‘subtracting an infinite constant’ in order to obtain a well-defined
object.

Let therefore & be a white noise on T?. By definition, (.Z&(k))icz2 is a
complex-valued centered Gaussian process with covariance

E[FE(K)FEKN] = 2m) Lie i

and such that .Z & (k) = .Z#&(—k) for all k, k' € Z>. This yields, using Gaussian
hypercontractivity and Besov embedding, that E[||& ||<f’€u,2 (11‘2)] <ooforalla < 1
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and p > 1. Moreover, setting

9 = / TP — QaFEO) dr,
0

we have that (%9 (k)) is a centered complex-valued Gaussian process with
covariance

1
E[LZ ¥ (k). F 9 (k)] = (Zn)zwlk:—k’lkﬂ)

and such that .79 (k) = .71 (—k) for all k, k' € Z>. In the following, we define
for notational convenience

g =& — 2n)* FE(0),

so that ¥ = fooo IT& dt. Since P, I1& is a smooth function for # > 0, the resonant
term P,I1£ o £ is a smooth function, and therefore we could formally set ¥ 0 & =
fooo (P, I1& o &) dt. However, this expression is not well defined.

LEMMA 5.6. Forany x € T? and t > 0 we have
& =E[(P 11 0&)(x)] = E[A_ (P IT§ 0&)(x)] = 21)* Z e,
keZ2\{0}
In particular, g, does not depend on the partition of unity used to define the o
operator, and fo‘E g, dt = oo forall e > 0.
Proof. Letx € T?,t > 0,and £ > —1. Then
E[A((PITE 0 &) (x)] = Y E[A(Ai(PIIE)A£)()],
li—jlI<1

where exchanging summation and expectation is justified because it can be easily
verified that the partial sums of A,(P,I1§ o £)(x) are uniformly L”-bounded for
any p > 1. Now P, = ¢~'°” and therefore

ELA(A:(PITE) Aj6) (x)]
=@n™ Y Sk + K pi()e ¥ o, (K)ELFE () FE(K)]

keZ2\{0},k €72

=@M Y pOpite™ o)

keZ2\{0}

= Q0 e 30 pR)p ke

keZ2\(0}
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For |i — j| > 1 we have p;(k)p; (k) = 0. This implies, independently of x € T?,

that
g =E[(PEc&)@]= Y Y pk)p;k)e™ = @m)? H " e,
keZ2\(0} i.J keZ2\{0}
while E[(P,£ 0 £)(x) — A_(Pi§ 0§))(x)] =0. -

REMARK 5.7. The same calculation shows that, if ¢ € ¥, and if & =
e 2y (e7 1) x &, then

E[(PITE" 0 §%)(x)] = E[A_ (P II§" 0£°)(x)]
=Q@m)7? Y e MLFy kb))

keZ2\{0}

The diverging time integral motivates us to study the renormalized product
9ok — [ g dt, where [ g, df is an infinite constant.

LEMMA 5.8. Set -
® o) =/ (PIIE o — g,)dt.
0

Then E[||® ¢ €5, ,]1 < oo foralla < 1, p > 1. Moreover, if y € . satisfies
[Yv(x)dx =1, and if € = e 2y () %€ fore > 0, and 9° = [, P,ITE* dt, then

mE[|# 0 & — (9" 0&" — )5, ] =0
for all p > 1, where, for x € T2,
c. =E[0*(x)E°(x)] =E[0° 0é (x)] = / E[PITE® 0 &°(x)] dt
0

_ |F Y (ek)?
= (277,') 2 Z T
keZ?\{0}

Proof. We split the time integral into two components, fol ...drand [7... dr.

The second integral can be treated without relying on probabilistic estimates.
Given x € T?, we have

H / (PITE of — g)di — / (PITE o &° — E[PITE" 0 & ()] dt
1 1

2002

§f ||Pz1750§—Ptnsgosgﬂzadl“*-/ 3 e~ | Ty ek Pl de
1

b ez
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oo
S / (1P IT(E = E) a2l a2 + I PITE [la1211E — §° llo—2) dt
1

Z —Ik[?

keZ2\{0}

1= 1F Y (b

||

Since .Z I1£¢(0) = 0, the estimate || P,ITE||qrr < t72]1E%||q—r of Lemma A.7
holds uniformly over # > 0, and thus the time integral is finite. The convergence
in L?(P) now easily follows from the dominated convergence theorem.

We will treat the integral from O to 1 using similar arguments as in the proof of
Lemma 4.6. To lighten the notation, we will only show that E[|| fol (P IIE o0& —

g dt||5, ] < oo. The difference
p
2a—2:|

o

can be treated with the same arguments; we only have to include some additional
factors of the form |1 — .Z v (gk)|? in the sums below. The convergence of the
expectation can then be shown using dominated convergence.

Lett € (0, 1], and define &, = P, I1& o £ — g,. By the equivalence of moments
for random variables living in an inhomogeneous Gaussian chaos of fixed degree,
we obtain for p > 1 and m > —1 that

E[IlAnE 150 2] Sp IBLARE QP p o, (49)

By Lemma 5.6 we have

1 1
/ (PtHSO%‘—gr)dt—/ (PI1E" 0" — E[PTI§" 0§ (x)]) dt
0 0

E[| A, 8 (0] = Var(A,,(P§ 0 §)(x)), (50)

for all m > —1, where Var(-) denotes the variance. Now

An(PEoE)x)=@m)™ Y Y ek + k)i k)

ki €Z2\{0}, ko eZ? li—jI<1
x e P FE (k) p; (ko) FE (ky),

and therefore

Var(A,,(P§ 0 §)(x))

— (27_[)—8 Z Z Z Z el(k1+k2 x)

ki,k| €Z2\(0} ky, kheZ? li—jI<1 1i'—j'I<1
X o (ki +k2),0i(k1)€_”k” pj(ky)e' i)
X (k) 4 k3) py (K} e~ i pj(ky) cov(FE (k) F & (ky), FEK)FEK)),
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where the exchange of summation and expectation can again be justified a
posteriori by the uniform L”-boundedness of the partial sums, and where cov
denotes the covariance. Since (E(k))kezz is a centered Gaussian process, we can
apply Wick’s theorem [Jan97, Theorem 1.28] to deduce that

cov (E(kDE (ko). ERDE(K) = @) (L= L=ty + L=t L= 1)),
and therefore
(27)* Var(A,, (P 0 £)(x))
= 3 Y > Musibugipp kit ko) pi Gy (o) pi (ko) pyr (ke 1T
k1 #0,kz i —jI< 17— j'I<1
+ Ly Lo (ky + ko) pi (ki) o (k2) i (k) oy (y e 112y,
There exists ¢ > 0 such that e 2" < ¢=2" for all k € supp(p;) and for all
i > —1. In the remainder of the proof the value of this strictly positive ¢ may

change from line to line. If |i — j| < 1, then we also have e < ¢=" for all
k € supp(p;). Thus

Var(A,,(P:§ 0§))(x))
e
< Z Lo<ilicjminj Z Lsupp(on) (k1 + k2) Lsupp(p) (K1) Lsuppip,) (k2)e ez
i i j' ki.k2
< Z 22i22meft622i < ﬂ Z e—rc22i < Q'Z_me—tcﬁm (51)
~ R ~ t R~ ~ t ’

where we used that 122 < /)" for any ¢’ < c.
Now let @ < 1. We apply Jensen’s inequality and combine (49)—(51) to obtain

1/2p
Jod 2a—2)m?2 —~ 2
El|E llp2] S (Z 202 pE[uAmﬂ,n;;p(W)])

m>—1

1/2p
,§ t—1/2( Z 2(20{—2)m2p22mpe—tcp22’")

m>=—1

00 1/2p
S t1/2( (2x)2p(2a71)€7ctp(2")2 dx> ]

-1

The change of variables y = /12" then yields

0o , 1/2p
= =172 ;~—pQa—1 2pQa—1)—1 _—¢
E& 2] S 1 /(t e >/ J2P 1 ey dy> _
' 0
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If « > 1/2, the integral is finite for all sufficiently large p, and therefore
IE[HE[”BZZQ—ZZ] <Sp t7%, so that fol E[”E[”BZM—ZZ]dt < oo for all « < 1. The
p.2p p.2p

. 1~
equivalence of moments for fo &, dr allows us to conclude that also

1 p
| [sof ]-w
° B

for all p > 1. The result now follows from the Besov embedding theorem,
Lemma A.2. O

Combining the construction of the renormalized product ¢ ¢ £ with
Theorem 5.4, we obtain the existence and uniqueness of solutions to the
generalized parabolic Anderson model.

COROLLARY 5.9. Leta € (2/3,1), € 2 — 2w, al, F € C;"*, uy € €7,
L =3, — A, and let € be a spatial white noise on T?. Then there exists a unique
solution u to

Lu=Fw)o& u0)=u,,

in the following sense: for W € . with f Y dt = 1 and for ¢ > 0 consider the
solution u® to

Lu® = F(u)§" — c. F'(u*)FW®), u*(0) = uo,

on [0, 00) x T?, where &€ = e 'Y (e-) x &, and where c, is as defined in
Lemma 5.8. Then there exists a (ugy, &)-measurable random time t such that
P(r > 0) = 1 and such that |\u® — ul|c,¢= converges to 0 in probability.

REMARK 5.10. Concerning the convergence of (¥°o£&°), let us make the
following remark: since —A®° = £° + C™ (with a C* remainder that can be
controlled uniformly in ¢ > 0), we have

B 0g" =00 (—A)° + C® = L(—A)(®° o) + (D, o D,¥°) + C*,

from which we see that the only problem in passing to the limit is given by
the second term on the right-hand side. This integration by parts formula is the
crucial difference with what happens in the RDE case, which otherwise shares
many structural properties with the PAM model. The fact that — A is a second-
order operator generates the term (D,?%°oD,?¥*) in the above computation,
which is absent in case of the operator d,. This term, whose convergence is
equivalent to the convergence of the positive term |D,9¢|?, cannot have simple
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cancellation properties, and it is the origin for the need of introducing an additive
renormalization when considering PAM.
Our previous analysis easily implies that the solutions to the modified problem

Luf = Fu®)E® — F'(u*)F )| D, 2

will converge as soon as £ — & in %2, without any requirements on the
bilinear term ¢ o £°.

6. Relation with regularity structures

In [Hail4] Hairer introduces a general framework that allows one to describe
distributions which locally behave like a linear combination of a set of basic
distributions. He calls this set a model. A modeled distribution is the result
of patching up in a coherent fashion the local models according to a set of
coefficients. At the core of his theory of regularity structures is the reconstruction
map R which, for a given set of coefficients, delivers a modeled distribution that
has the required local behavior up to small errors. In this section we review
the concepts of model and modeled distribution and we use paracontrolled
techniques to explicitly identify modeled distributions as distributions that are
paracontrolled by a given model, and thus partially bridge the gap between the
two theories. We conjecture that there is a complete correspondence between
paracontrolled and modeled distributions; however, for now this remains an open
problem.

We denote by (K;);>_ the convolution kernels corresponding to the family of
Littlewood—Paley projectors (A;);>_;, and we write K_; = ) i<i K and K¢; =
> j<i K. For any integral kernel V', denote V,(y) = V(x — ), so for example
Kin(y) = Ki(x — ).

Let us briefly recall the basic setup of regularity structures. For more details
the reader is referred to Hairer’s original paper [Hail4].

DEFINITION 6.1. Let A C R be bounded from below and without accumulation
points except possibly at oo, and let T = @, T,, be a vector space graded by A
and such that 7, is a Banach space for all « € A. Let G be a group of continuous
operators on 7 such that forall T € T, and I" € G we have I't — 7 € @4, T;.
The triple 7 = (A, T, G) is called a regularity structure with model space T
and structure group G.

For t € T we write || t||, for the norm of the component of t in T,,. We assume
also that 0 € A and Ty >~ R, and that T} is invariant under G. We will often write

@l () = 2"0((y — x)/2).
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DEFINITION 6.2. Given a regularity structure 7 and an integer d > 1, a model
for 7 on R? consists of maps

IMT:RY— LT, RY)) I':R!x R - G
x = I, (x,y) > I,

such that I, ,I', ; = I, and II. I, = II,. Furthermore, given r > |min A|,
y > 0, there exists a constant C such that the bounds

[T o) (@) < CAlITlles ITyTlp < Clx = yI* Py

hold uniformly over ¢ € C;(R?) with llelic; < 1 and with support in the unit
ball of R, x,y e R, 0 <A< landt € T, witha < y and B < «.

In [Hail4], these conditions are only required to hold locally uniformly, that
is, for x, y contained in a compact subset of R. To simplify the presentation
and to facilitate the comparison with the paracontrolled approach, we will work
here under global assumptions. In that case we can extend the bounds on the
model from compactly supported smooth functions to rapidly decaying smooth
functions.

LEMMA 6.3. Let ¢ be a Schwartz function, let y > 0, and let r > |min A|. Then
there exists C, > 0 such that

|1, 0) (@) < CoA”lITlla

holds uniformly over 0 < A < 1and v € T, with o < y. The constant C, can be
chosen proportional to

sup sup (1 + [x ™7 (3" (x)].

[nI<Tr] xeRd

Proof. We can decompose ¢ = Y, ;. ¢, where every ¢, € C° is supported

in the ball with radius \/3 centered at k € Z?. Then v o= Zqu Va1 Pr is a
compactly supported smooth function, and therefore

|TLD W) S AT -

For [k| > +/d + 1 we have (p0)%: = (@):_, for @ supported in a ball
centered at 0. Using that ¢ is a Schwartz function, we can estimate ||(<Zk)*||cz Se
A7 =4(|k|/A)~@F+) Therefore,

3 L@ S Y U LD (@02

[k|>~/d+1 [k|>~/d+1
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S_,go,m Z Z |k|ot—ﬁ”_L_”a|k|—(£l+r+a)k—r—d+(d+r+a)

k|>~/d+1 B
S lzlleA®. O

In the theory of regularity structures, the usual spaces of regular functions are
replaced by spaces of ‘modeled distributions’.

DEFINITION 6.4. For y € R, the space of modeled distributions DY (T, I")
consists of all functions f7: R? — @a<y T such that for every o < y there
exists a constant C with

”fxn_Fx’)'f\iT”a <(Jl'x_y|y70(’ “er[”a gc’
uniformly over x, y € R?.

One of the key difficulties is to show that for every modeled distribution f*
there exists an associated element of .’ whose local description is given by ™.
This is achieved with the help of Hairer’s reconstruction operator, for which we
give an alternative construction based on paraproducts below.

6.1. The reconstruction operator.

DEFINITION 6.5. Let y € R and r > |min A|. A reconstruction R f* of f* €
Dr (T, I') is a distribution such that

IR (@y) — I fT (@) S A7 (52)

for all 0 < A < 1, uniformly in x € R? and uniformly over ¢ € C,"” (R?) with
llell ot < 1 and with support in the unit ball of R¢.

In [Hail4], inequality (52) is assumed to hold for all ¢ € C;, (RY) with ||| c <
1 and with support in the unit ball of R¢. It should be possible to show that this
follows from (52) and the definition of IT and DY (T, I'). But for our purposes
Definition 6.5 will be sufficient.

LEMMA 6.6. Property (52) is equivalent to
|Rfﬂ(K<i,x) - Uxfxﬂ(K<i,x)| S 2—iy (53)

foralli > 0and x € R%.
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Proof. Start by assuming (53). Lemma 6.3 yields |17, f7(K.; )| < 27'*, where
ao = min A, and therefore |R f™ (K _; )| < 27/, In particular, R f™ € €* and
IRTWH| S ¥ lle; forall ¢ € Cp. If now ¢ € CJ™*" is supported in the unit
ball and if i > 0 is such that 27 ~ A, then Lemma 6.3 yields

(RF™ = I )@ = S| S 277 lgllpr S 47 ey
Next, observe that
(Rf™ — M, fI)(Sig}) = /dz(Rf” — I (K DA (A (x = 2))
= [@® s - 1T K020 - 2)

+ / Az I.(f7 = Lo SO (K< )00 (x = 2).

In the second term of this sum we can estimate |IT.(f7 — I f7) (K<)l S
> gy 27P|x — z|77F, where we used that f™ € D”. The first term in the sum is
estimated using (53), which gives

(R =M1 fT) (S S 274 27 / dzlx—z" A (—x)) S 277

B<y

So requiring (53) to hold is sufficient to have the general bound (52). To
see that (52) implies (53) we can use similar arguments as in the proof of
Lemma 6.3. O

The characterization of the reconstruction given by (53) is better suited for us,
so we will stick with it in the following.

LEMMA 6.7. If y > 0, the reconstruction operator is unique.

Proof. Indeed, for the difference of two reconstructions R f”™ and R J7 we have
IS{ (R = Rf e S 277,

and therefore 0 = lim;_, o, S;(Rf™ — Rf™) = Rf™ — Rf". O

6.2. Paraproducts and modeled distributions. We are now going to
generalize the paraproduct defined previously in order to apply it to a given
model. Fix a model I7, and for every i > 0 and y € R define the operator
P, :DV(T,I') — S'(RY by

Pifn(-x):/dZK<i—l,x(Z)Hzfzn(Ki,x)-
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Note that
Pif"(x) = /dz K_io1x (I, f7 (K x)

+ / 0z Ky (T (Fon fT — 1)K

=11 f7(K;.) + 0Q277)
foralli > 1, where we used that f dzK_;_1,(z) = 1, and where the estimate for
the second integral follows from arguments similar to those used in Lemma 6.6.
Now define the operator

Pf™=P(f*, M) =Y Pf",
i>0

and note that this always gives a well-defined distribution since every P; f” is
spectrally supported in an annulus 2°.¢7. In the particular case where IT, fI@) =
u(z)v(z), weget P,(f™) = S;_1uA;vand Pf™ = u < v, which justifies the claim
that P is a generalization of the usual paraproduct.

The following lemma links Pf* with the local behavior of the distribution
1, fT around the point x.

LEMMA 6.8. Lety € Rand f™ € D" (T, I'), and set
T, f"(x) = Pf"(Kiy) — I f7(Ki)
foralli > 0. Then ||T; 7 ||z~ <277,
Proof. Observe that
Pf™(K;,) = Z(P K = Z /dy dz Ko () K <oy I 7 (K )

Jij~i

and also that, since ) ... , K; x K; = K;,

Jij~i
foxn(Ki’X) = Z /dyKi,x(y)foxn(Kj,y)‘
Jujni

Using the decomposition HZfZ”(ijy) — I, f7(K;,) = Hyl“),,z(fz” - I f5
(Kjy), we further have

Tif7(x) = Pf7(Ki.) — I [ (Kix)

-X [ & KK L7 = P FE),

Jij~i
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from which the claimed bound can be shown to hold. Indeed, using the fact that
f™ € DY(T, I') we obtain

2

Jij~i
5 Z Z/dy dZ|Ki,x(y)K<j71,y(Z)|”Fy,z(fzﬂ - Fz,xfxn)”;ﬂz_jﬁ

Juj~i B<y

S22 f dy dzlKi (DK< jo1, @11y — 2“7 Flz — x| 7277.,

Jij~i B<y a:p<a<y

/dy dZKi,x(y)K<j71,y(Z)Hy['y,z(fzﬂ - Fz,xfxﬂ)(Kj,y)

Now it suffices to note that |z — x|" ™ = |(z — y) + (y — x)|”~® to complete the
proof. O

LEMMA 6.9. Lety > 0and f™ € D"(T, I'), and define

TF™(x) =Y Tif"(x) =Y _[Pf(Kiy) — I f7 (K],

Then Tf™ € 67.

Proof. According to Lemma 6.8, the series converges in L*. Let us

analyze its regularity. Consider A;Tf"™ = Y . A;T;f", and split the
sum into two contributions, A;Tf* = A;T¢;f™ + A;T. ;41 f", where
Tinf™" =i LifTand T. 4, f7 = Tf™ — T¢;11 f7. For the second term,
we have

AT jr N < Y0 MAT f e S ) T f Tl S 2777

i>j+1 i>j+1

For the first one, we proceed as follows. Note that T¢;y f"(x) =
Pf™(Kgjyix) — I, fT(Kgjt1,x), so thatusing K; * K¢ = K; we get

AjT<j+1fn(x) = an(Kj,x) - fdy Kj,x(y)nyfyn(K<j+l,y)
= Pf"(K;.) — I fT (K;.)

_/ dy Kj,x(y)ny(f; - y,xfxn)(ng+l,y)

— T — / dy K, OV T, (T = Ty FY K <y11),
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where in the last line we have used the definition of 7; f™. Now

1T, (f] = Ty SO K i DL S Y Ly = x P27,

B<y
so that |A;Tf™ — T;f"llz= < 27/Y. By Lemma 6.8 this implies that
|A;Tf™ ||~ < 2777, and thus the proof is complete. O

Finally we are able to recover (under stronger assumptions and in the setting
of Euclidean scaling) the reconstruction theorem [Hail4, Theorem 3.10], one of
the main results of the theory of regularity structures.

THEOREM 6.10. The reconstruction operator R exists for all y € R\ {0}. If
y >0wehave R = P — T, while if y < 0 we can take R = P.

Proof. Wheny > 0,set Rf™ = Pf™ — T f™, and observe that
Rfﬂ(K<i,x) - foxn(K<i,x) == an(K<i,x) - foxn(K<i,x) - Tfn(K<i.x)
=T (x) =Y T f7(x) = Tf(Koi)

jzi

=Y (AT (x) = T f™ (x)).

jzi
With the bounds of Lemmas 6.8 and 6.9 we conclude that
IRF (Ki) — M fT(Ki ) S 277,

which implies that R is the reconstruction operator. If y < 0, just set R = P,
and observe that

IRF™(Keiw) = I fTK )l S Y AT 01 S D277 277,

j<i j<i

which shows that also in this case R is an admissible reconstruction operator.
O

For y > 0, we could say that a distribution f is paracontrolled by I1 if there
exist f7 € D¥(T, ') and f* € C” such that

f=P" 1D+ f%

in that case we write f € Q. In particular, every modeled distribution is a
paracontrolled distribution since the reconstruction operator R delivers a map

fFeD'(T,N+— RfF=P(f",II)-Tf" € Q.
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Moreover, every paracontrolled distribution can be decomposed into ‘slices’,
each of which has its natural regularity. More precisely, let us write t for the
component of T € T in T,, for « < y. Then the distribution P(f™, IT) is given

as
P(f7, 1) = Z P "= Z/dz Ko (DI f7(K; )
i20 i>0
= Z (Z/dz K<i1,x(Z)Hx(Fx,ZfZ”)“(K,-,X)) .
a<y i=0
Now

Il S D =2l S 1+ 1x — 27,
Ba<Bp<y
and Lemma 6.3 shows that [IT1,7%(K;,)| < 27|z||, forallt € T,i > —1.
Combining these estimates with the fact that [dz K_;_1 ()T, f7*(K;,) is
spectrally supported in an annulus 2°.¢7, we deduce that

> [ dz K@ £ (K € 6

i>0

In particular, if r = |inf A|, then every paracontrolled distribution is in €.

Note also that the paraproduct vanishes on constant and polynomial
components of the model. Indeed, if 7 is such that IT,7(y) = (y — x)* for
some € N, then P(-, t) = 0 since (I1,7)(K;,) = 0 for any i > 0.

Appendix A. Besov spaces and paraproducts

A.1. Littlewood—Paley theory and Besov spaces. In the following, we
describe the concepts from Littlewood—Paley theory which are necessary for
our analysis, and we recall the definition and some properties of Besov spaces.
For a general introduction to Littlewood—Paley theory, Besov spaces, and
paraproducts, we refer to the nice book of Bahouri et al.[BCD11].

Littlewood—Paley theory allows for an efficient way of characterizing the
regularity of functions and distributions. It relies on the decomposition of an
arbitrary distribution into a series of smooth functions whose Fourier transforms
have localized support.

Let x, p € 2 be nonnegative radial functions on R4, such that

(i) the support of x is contained in a ball and the support of p is contained in
an annulus;

https://doi.org/10.1017/fmp.2015.2 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2015.2

M. Gubinelli et al. 62

(i) x(2) + 2 ;5002 772) = lforallz € RY;

(iii) supp(x) N supp(p(27/-)) =¥ for j > 1 and supp(p(27*-)) Nsupp(p(27/-))
=@ for|i — j| > 1.

We call such (x, p) a dyadic partition of unity, and we frequently employ the
notation
p-1=x and p;=p277) forj>0.

For the existence of dyadic partitions of unity, see [BCD11, Proposition 2.10].
The Littlewood—Paley blocks are now defined as

Au=F " (xFu)=F "(p.1Fu) and Aju=F"'"(p;Fu) forj=>0.

Then Aju = K; xu, where K; = 9’*1,0]-, and in particular all Aju, j > —1, are
smooth functions. We also use the notation

Siu = Z Aiu.

i<j—1

Itis easy tosee thatu = 3, | Aju = lim;_ S;u forevery u € 7"
For « € R, the Holder-Besov space 6 is given by €* = B _(R?,R"),
where for p, g € [1, oo] we define

[ d n
B, ,R%, RY)
1/q

={ue SRR : ulgg, = | D @ N1Aul)?| <oop.

j=-1

with the usual interpretation as £*° norm when ¢ = oco. The |-||» norm is taken
with respect to the Lebesgue measure on R?. While the norm ||-|| 5, depends on
the dyadic partition of unity (x, p), the space B; , does not, and any other dyadic
partition of unity corresponds to an equivalent norm. We write ||-||,, instead of
.

If @ € (0, 00)\N, then €™ is the space of |« ] times differentiable functions,
whose partial derivatives up to order |«] are bounded, and whose partial
derivatives of order |«] are (¢ — |« ])-Holder continuous (see [BCD11, page
99]). Note however that for k € N the Holder-Besov space € is strictly larger
than Cj.

We will use without comment that |||, < |||l for a < 8, that |||l S |||«
for o > 0, and that |||l S |||z~ for o < 0. We will also use that ||S;ull .~ <

~ ~

27%|u||y fora < 0 and u € €*.
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We denote by 4% the set of all distributions u such that pu € € for all
@ € 9. 1If the difference ¢(u, — u) converges to 0 in € for all ¢ € &, then we
say that (u,) converges to u in 6.

The following Bernstein inequalities are tremendously useful when dealing

with functions with compactly supported Fourier transform.

LEMMA A.1 [BCD11, Lemma 2.1]. Let & be an annulus, and let 8 be a ball.
Foranyk e N, A > 0, and 1 < p < g < 00, we have that

(1) ifu € LP(R?) is such that supp(-F u) C A%, then

k+d(1/p—1
max |0 ullze S APV ] Lo
weN?:|ul=k

(2) ifu € LP(R?) is such that supp(-F u) C ra/, then

Mluller e max 9" ulls.
neNd:|u|=k

For example, it is a simple consequence of the Bernstein inequalities that
ID*ullq—x < |lull foralla € R and k € N.

We point out that everything above and everything that follows can (and will)
be applied to distributions on the torus. More precisely, let 2'(T?) be the space
of distributions on T¢. Any u € 2'(T“) can be interpreted as a periodic tempered
distribution on RY, with frequency spectrum contained in Z¢ — and vice versa.
For details, see [ST87, Ch. 3.2]. In particular, A ;u is a periodic smooth function,
and therefore ||Ajull~ = || A ul|L=re. In other words, we can define

€*(T?) = {u € €* : uis (2m) — periodic}

for o € R. However, for p # oo this definition is not very useful, because no
nontrivial periodic function is in L? for p < oco. Therefore, general Besov spaces

on the torus are defined as
1/q

By (T%) = Yu € D'(T) : flullgg, o0 = | Y @1 Ajullian)’ | <oop,
iz-1
where we set
Aju = )™y e (k) (Frau) (k) = T (p; Frpau),
kezd

and where %« and ﬂT_dl denote Fourier transform and inverse Fourier transform
on the torus. The two definitions are compatible: we have €*(T¢) = Bgo’oo(’}l"’ ).
Strictly speaking we will not work with B}, (T?) for (p, q) # (00, 00). But we
will need the Besov embedding theorem on the torus.
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LEMMA A2. Let 1 < py < pp<ooandl < q; < g < o0, and let o € R.
Then By, (T?) is contmuously embedded in ijz,;fz(l/m 1p) (T, and By (R%)
is continuously embedded in B, ¢('/P1~/ P (RY),

For the embedding theorem on R? see [BCD11, Proposition 2.71]. The result
on the torus can be shown using the same arguments; see, for example, [CG06].
In both cases, the proof is based on the Bernstein inequalities, Lemma A.1.

The following characterization of Besov regularity for functions which can be
decomposed into pieces that are well localized in Fourier space will be useful
below.

LEMMA A.3 [BCDI11, Lemmas 2.69 and 2.84]. (1) Let .« be an annulus, let
o € R, and let (u;) be a sequence of smooth functions such that % u; has
its support in 2%52% and such that ||u ||~ < 277 for all j. Then

u= Y u; €6 and |uly S sup (27fu;] ).

j>—1 jz-1

(2) Let # be a ball, let « > 0, and let (u;) be a sequence of smooth functions
such that F u; has its support in 2/ 9, and such that ||u| 1~ < 27/ for all
j. Then

u=Y u; €6 and |uly S sup (27fu;] ).

i=—1 j=—1

Proof. 1t Fu; is supported in 2/.o7, then A;u; # 0 only for i ~ j. Hence, we
obtain

Al < Y Ml Al < sup{zk“nuknm}zzf“~sup{2"“||uk||m}2 .

Juj~i Juj~i

If Fu; is supported in 2/ %, then A;u; # 0 only fori < j. Therefore,

Al < Al < sup{zk“nuknm sz“<ksup{2k“||uknm}2 o

JiizZi JiiZi

using o > 0 in the last step. O

A.2. Linear operators acting on Besov spaces. Here we discuss the action
of some important linear operators on Besov spaces. We start with the rescaling
of the spatial variable.
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LEMMA A4. For A > 0 and u € " we define the scaling transformation
Au(-) =u(r-). Then
[ Asulle < max{l, A*}Hull,

~

foralloa € R\ {0} and all u € €°.

Proof. Let u € €%, and let Au(x) = u(ix) for some A > 0. Note that
A, D = A7'DA,, and therefore A, Aju = A, p(27'D)u = p(27/27'D)Ayu,
which implies that the Fourier transform of A; A;u is supported in the annulus
A27.of (where <7 is the annulus in which p is supported). In particular, if k > 0,
we have Ay A; Aju # 0 only if 2 ~ 227, Thus, there exist a, b > 0 such that

lAcAwulie S Y lAMAulis S D NAul
a2k <020 b2k a2k <A20 b2k

Slule > 279 S fluflr2

Jjra2k <20 <b2k

for all £ > 0. For k = —1 we can simply bound

A Al S D IdecA Ajulle S llulle Y 27 S flull max{1, 2},
jia2i<1 Jjia2i<1

O

Next, we are concerned with the action of Fourier multipliers on Besov spaces.

LEMMA A.5. Let ¢ be a continuous function, such that ¢ is infinitely
differentiable everywhere except possibly at 0, and such that ¢ and all its
partial derivatives decay faster than any rational function at infinity. Assume
also that F ¢ € L. Then

loED)ullors S e llully  and  Jlg(eDulls S e °llull .
foralle € (0,11, 20,0 € R, andu € ..

Proof. Letyr € & with support in an annulus be such that ¥p = p, where (x, p)
is our dyadic partition of unity. Then we have for j > O that

P(eD)Aju = [F (p(e )y 277 )] * Aju,
and therefore Young’s inequality implies that

lpED)Ajulle S IF " (@)Y Q77 NI 27 [lull
= .7 e @ eI 27 ulla-
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Hence, it suffices to show that ||ﬂ‘l(<p(2f8-)w) || L S e7’27 But

17 @@ e SNA+1-P)F e el
SIZ7HA 4+ A (927 e)¥)) I~
SIA+ )N p@ e

o ‘
S +2) max 0" @27 &)l Lo (supp(y)) -
neNd:|u|<2d

By assumption, ¢ is smooth away from 0, and ¢ and all its partial derivatives
decay faster than any rational function at infinity. Thus, we get

sup sup(l + [x)***9"p(x)| S 1.

Inl<2d x21
Since supp(y) is bounded away from 0, there exists a minimal j, € N, such that
2/0g|x| > 1 for all x € supp(y), and therefore
1.7 (@ el S (1 +27)* (1 +27) 7 = (14+2/e) <27/%7
for all j > jj. On the other hand, we get for j < jj
lo(eD)Aullze S 1F " (@(eD il Ajull
S27ulle = (€2)°e 7277 Ju|y

< (82j0)88—82—j(a+8)||u”a < 8—52—1‘(014—8)”“”0“

~

where we used that § > 0. The estimate for u € L* follows from the same
arguments. O

REMARK A.6. If the support of .%u has a ‘hole’ at 0, that is, if there exists a
ball Z centered at 0 such that .# u is supported outside of Z, then the estimates
of Lemma A.5 hold uniformly in ¢ > 0 and not just for ¢ € (0, 1]. This is an
immediate consequence of the previous proof.

As an application, we derive the smoothing properties of the heat kernel
generated by the fractional Laplacian.

LEMMA A.7. Let o € (0, 1], let —(—A)° be the fractional Laplacian with
periodic boundary conditions on T, and let (P;),>¢ be the semigroup generated
by —(—A).ThenforallT >0,t € (0,T],a €R, 8§ >0, andu € .’ we have

—38/(2 —8/(2
IPullors Srt7 @ ulle and IR vlls Srt7C7 v .

If Fu is supported outside of a ball centered at 0, then these estimates are
uniformint > 0 and not justint € (0, T.
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Proof. The semigroup is given by P, = ¢(t'/?D) with ¢(z) = ¢ . Now ¢
and its derivatives decay faster than any rational function at co. Foro < 1, F¢
is the density of a symmetric 20 -stable random variable, and therefore is in L'.
For o > 1 it is easily shown that (1 + | - |“*1).% ¢ is bounded, and therefore is in
L'. Thus, the estimates follow from Lemma A.5. O

LEMMA A8. Leto and (P;),;>o be as in Lemma A.l. Leta € R, B € (0, 1), and
let u € €°. Then we have forallt > 0

(P, — Id)ull e S t77C Jullg.

Proof. For the uniform estimate of (P, — Id)u, we write P, — Id as convolution
operator: if ¢(z) = ¢ " and K (x) = F ¢, then

t—d/<2o>/'K<;;20y))(u(y) —u(X))d)"

< 4=d/(0) Xy Y < B/ Qo)
St /K<tl/(zg) ly = x| llullgdy St llullg,

where we identified 4# with the space of Holder continuous functions. O

(P = Id)u(x)| =

Based on Lemmas A.7 and A.8, we derive the following Schauder estimates.

LEMMA A.9. Let o and (P,);>o be as in Lemma A.7. Assume that v € C; 6"
forsome B € Rand T > 0. Letting V (t) = fol P,_sv(s)ds, we have

VO llpra0 S sup (s"lv(s)llp) (A.1)
s€[0,t]

forally € [0,1)andallt € [0, T]. If B € (—20,0), then we also have

IVl cproven o S sup u(s)]lp- (A.2)
s€[0,t]

Proof. Consider A,V for some g > 0, and let § € [0, #/2]. We decompose the
integral into two parts:

t

' 8
AV (1) :/ P_(Agv)(s)ds :/ Py(A,v)(t—s) ds—l—/ Py(Ayv)(t—s)ds.
0 0 5

Letting M = sup, (o ,(s” [v(s)|l), we estimate the first term by

5 5 5
/ Pi(A,v)(t —s)ds < / 279 |v(t — Hlpds < 2‘”’M/ (t—s5)"ds
0 0 0

Lo©

~ ~ 8/t ds ~ ~
= M2l — < M2,
o (=5~
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using |1 — (1 — 8/¢)!77| < §/¢ in the last step. On the other hand, we can use
Lemma A.7 to estimate the second term for ¢ > 0 by

t t
/PS(Aqv)(t—s)ds 5/ 571N 1y (t — 5) || ds
8 8

Lo

t
< po-aB+20(+) / ds
~ s site(r —s)r

1
— M—9B+20(14e) —e—y ds
50 STTE(L — 5)7

g M2 —aB+2o(+e) 1~y g—e _ MZ*q(ﬂJchr)(ZqZU(g)*Stﬂ/'

If 279% < t/2, we can take § = 279% to obtain || A,V (1)||p~ S M177274F+2),
If 279%° > 1/2, we have ||A,V (1)|lp» < M2t < Mt772796+29) and the
first claim follows.

As for the second claim, note that for 0 < s <t < T we have

V() = V(s) = (P — 1)V (s) + f[ Pi_yv(r)dr,

and therefore we can apply Lemma A.8 to obtain

V@) = V)lie S N(P—s =1V ()l +/ 1Py v ()l dr

20)/2
St = PP CONV (5) | g120

t
+/ o) llgdr S le = s[FF277C7 sup [lu(r) g,
s ref0,]
where we used that (8 + 20)/20 € (0, 1) and that |t — s| < T. This yields the
second claim. O

When dealing with RDEs, the convolution with the (fractional) heat kernel has
a natural correspondence in the integral map.

LEMMA A.10. Letu € € '(R) for some o € (0, 1). Then there exists a unique
U € 62.(R) such that DU = u and U (0) = 0. This antiderivative U satisfies
U@ = UGS 1t —s1*ulla (A.3)

forall s,t € R with |s — t| < 1. We will use the notation U(t) = fot u(s)ds
to denote this map, which is an extension of the usual definite integral. If the
support of u is contained in [—T, T] for some T > 0, then U € €* and

10Nl S Tllstllg—1-

~
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Proof. The second statement about compactly supported u follows from the
first statement by identifying 4™ with the space of bounded Holder continuous
functions.

As for the first statement, we define

U(t) = Z/ Aju(s)ds.
jz-170

If we can show (A.3), then U is indeed in 4%, and therefore in particular in ..

Since the derivative D is a continuous operator on %/, we then conclude that
DU = Zi Aju = u. Let therefore s, t € R with |s — ¢| < 1. We have

/ Aju(r)dr

If j > 0, then A;u = DD™'(A;u), where D! is the Fourier multiplier with
symbol 1/(tz), and therefore

/ Aju(r)dr

where we used the Bernstein inequality, Lemma A.1. If j, is such that 27/ <
|t —s| < 27/o*! then we use the first estimate for j < j, and the second estimate
U0 -UEI< Y.

for j > jj, and obtain
t
/ Aju(r)dr
jz—117s

+ )27l

J>Jo
S @O — 5|+ 27 ullgmr = |t — 5] [[utllar

<Y ullg |t = 5.

=D Au(t) =D Aju(s)| S 27N Al S 27 ulla-r,

S 2 gy |t — 5]

<o

Uniqueness is easy since every distribution with zero derivative is a constant
function. O

Appendix B. More commutator estimates
When applying the scaling argument to solve equations, we need to control

the resonant product of the rescaled data. This can be done by relying on the
following commutator estimate.
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LEMMA B.1. Leta, 8 € Rand f, g € .. Then we have uniformly in A € (0, 1]

1A(f 08) = (Axf) o (A llarp S maxA™F, 1} fllalig s,

and thus A;(-o-) — (A;-) o (A;-) extends to a bounded bilinear operator from
C* x 6P to €°P.

Proof. We have A, A; = A, p;(D) = ,oj()le)Ak forall j > —1.Letk € N
and )’ € (1/2, 1] be such that A = A’27%. Then

A(fog)= D Au(Aifag)
li—jIs1
i,j<k
+ > pQTHN DA fp N TID) Arg. (B.1)
li—jIst
i,j>k
The first sum is spectrally supported in a ball centered at zero (which does not
depend on k or A), and therefore

SN aafa| <D 2R flllglly S max (e, 11 £ L8l
li—jIs1 li—jIs1
i,j<k wip ISk
The second sum is the resonant paraproduct (A; f S A;g) with respect to the
dyadic partition of unity (x (A'~!-), p(A'~!'-)), except that the sum only starts in
i, j = 1. By Lemma 3.5 we can therefore bound

> pQ@THNTID) A fp A TID) Arg — (Arf) 0 (Arg)
li—jI<1
i,j>k a+p

S laliglls- O

Next, we prove that it is possible to exchange paraproduct and time integration,
at the price of introducing a smoother correction term.

LEMMA B.2. Let a, B € (0,1) witha + B < 1. Let u € €*(R, R*") and
ve PR, R"). Then

/ (< 8,v)(r)dr — u(s)(w(®) —v(s)| S 1t = s lullallvllp,

for all s,t € R with |t — s| < 1, where we write f; f@r)dr = fotf(r)dr -
f(; f(r)dr.
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Proof. Fix s,t € R with |s — ¢| < 1. Write
/ (u<ov)(r)dr —u(s)(v(@) —v(s)) = Z/ [S;—iu(@) —u(s)]o.A;v(r)dr.
5 ] s

We will use two different estimates, one for large j and one for small j. First
note that

<

/ [Si—iu(r) —u(s)]o.Av(r)dr

/ [Sj—iu(r) — S;j—1u(s)]o, Ajv(r) dr

+

/ [Si—iu(s) —u(s)]o,A;v(r)dr

Now |S;_ju(r) — S;_ju(s)| S Ir — s|*|lully, and therefore

/ [Sj—1u(r) —u(s)19,A;v(r)dr

t t
5( [r=srrira | 2-f'“2f“-ﬁ>dr)nunanvuﬁ

S @Y — |t 4 27D — sy ulolv]lp- (B.2)

On the other hand, it follows from integration by parts that

/ [Sj—iu(@) —u(s)]0.Av(r)dr

<

/ [S;i—iu(r) — S;—1u(s)]0,A;v(r) dr

+

/ [S;—iu(s) —u(s)]o.Av(r)dr

SASj—u@) = S;—u(s) Ajv(0)] +

t
/ 0,S;_u(r)A;v(r)dr

+1(Sj—1u(s) —u(s))(A;v{) — A;v(s))]
S (It =127 4 |t = s|* P27 4 277D flu |, vl g, (B.3)
for all ¢ € [0, @ + B), where for the middle term we applied Lemma A.10, which

gives us

t
/ 3, S;u(r)Aju(r)dr| < |t —s|*718,8; 1 u(r) Ajv(r) latp—c

St = st @G S u(r) Aju(r) | e
< It — s1“F 02 o ]l
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Let now j, € N be such that 27/ < |t — s| < 270+, We use estimate (B.2) for
Jj < joand (B.3) for j > jj to obtain

/t(u <) (r)dr —u(s)(v(r) — v(s))

j(1— 1 j(l—a—
S @ — s 4 2P — sy ull vl
<o
+ ) (e =127 | — s 2T o]l
J>Jo
=~ flullallvllgle = s|***,

where we used that o« + 8 < 1. O

Appendix C. A modified paralinearization theorem

When solving singular PDEs with general nonlinearity, it is often useful
to take the paracontrolled structure of the solution into account in the
paralinearization theorem, as this allows us to obtain better bounds. Here
we prove the result that we needed when solving the parabolic Anderson model.

LEMMA C.1. Leta € (0,1) and B € (0, a] be such that o+ 8 > 1. Let f € €7,
g €€**, and F € C}. Then
IF(f+8) — F'(f+8 <(f+ & lasp
SHF N (U TFIP 4+ 181700+ Ngllars)- (C.1

Proof. Since ||[F'(f +8) < glla+s S ”F”Cé |8 lla+p- it suffices to control F(f +
g) — F'(f + g)< f. We use the same decomposition as in the proof of

Lemma 2.6:

F(f+9) —F(f+8)<f=Y [AF(f+8) S F (f+Afl=) u
i>—1 iz—1

with

u,-(x)2/K,-(x—y)K<,-_1(x—z)[F(f(y)+g(y))—F/(f(z)+g(z))f(y)]dy dz,

and since K;(x — y) integrates to zero, we can replace the term in the square
brackets by

{(F(fFOWM+gOM —F(f@Q+8()) —F(f@+g@)(f(y)— f()}
+ F(f(2) + g(y).
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Applying a first-order Taylor expansion and using the fact that g € € is
Lipschitz continuous, the first term can be bounded by

IF(f)+8) —F(f(@+g») — F'(f(2)+g@)(f(y) — f())I
S IE el f llelz = yI*ALFIE + IIgllﬁ/f,g)(lz — P+ 1x = y1P).

This leads to
i O S I Nl cosre | f e CLFIE + g5 277

+ V Ki(x =K io1(x —2)F(f(z) +g(y)dy dz|.  (C2)

To estimate the remaining integral, note that

V Ki(x —y)F(f(2) +g() dy‘ <y = F(f(@) + 8O0 lass27 P,

Since the C; norm of F(f(z) + -) is bounded by ||F||C3, we can apply [BCD11,
Theorem 2.87] to obtain that

Iy = F(f@ + 80 lars S IFllz (14 gl7) (1 + lIgllars),

which yields (C.1). Since [BCD11] deals with a more general situation, there the
estimate is stated in a weaker form: it is only shown that

Iy = F(f(@) + 80D llatp < CCF, lIgll=, a0 + B + [I&llatp)-

But by reducing the proof to our special case we get the claimed form of C(F,
gllre, o + B). O
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