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1. We give a complete description of the Brown-McCoy radical of a semigroup
ring R[S], where R is an arbitrary associative ring and S is a commutative cancellative
semigroup; in particular we obtain the answer to a question of E. Puczylowski stated in
[11].

Throughout this note all rings R are associative with unity 1; all semigroups S are
commutative and cancellative with unity. Note that the condition that R and S have a
unity can be dropped (cf. [8]). The quotient group of S is denoted by Q(S). We say that S
is torsion free (resp. has torsion free rank n) if Q(S) is torsion free (resp. has torsion free
rank n). The Brown-McCoy radical (i.e. the upper radical determined by the class of all
simple rings with unity) of a ring R is denoted by AU (R). We refer to [2] for further detail
on radicals and in particular on the Brown-McCoy radical.

First we state some well-known results and a preliminary lemma. Let R and T be
rings with the same unity such that R < T. Then T is said to be a normalizing extension of

R if T=Rx,+...+ Rx, for certain elements x,,..., x, of T and Rx, = x;R for all i such
that 1=<i=<n. If all x; are central in T, then we say that T is a central normalizing extension
of R.

ProposiTion 1.1. Let R and T be rings such that T is a normalizing extension of R.
Then U(R)=U(T)NR.

Proof. cf. [9] or [11].

Proposrrion 1.2. (1) Let G be a finite abelian group of order n and let R be a

G-graded ring. If a = ¥ o, € U(R), then na e U(R) for all ge G.
geG

(2) If S is a torsion free commutative semigroup and if R is an S-graded ring, then
U(R) is homogeneous, i.e. if ¥ r,€ U(R), then r,e U(R) for all s.

Proof. G. M. Bergman has proved this for the Jacobson radical [1], but the result
remains valid for the Brown-McCoy radical (cf. [11]). Since G. M. Bergman’s result is
only available in preprint, we refer to {9] for an account of his results in the Z-graded
case.

Let H and S be semigroups with HcS. We say that H is a
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grouplike subset of S (cf. [12]) if a, ab e H imply b€ H (a, b € S). Note that H contains the
unity of S.

Lemma 1.3. If S is a commutative cancellative semigroup and if H is a grouplike subset
of S, then

U(R[SDNR[H]= U(R[H)),
for each ring R.

Proof. It suffices to show that U(R[S))NR[H] is a % -radical ideal of R[H] (in the
‘sense of [2]). Let a e U(R[S)NR[H]. Because a € U(R[S]) there exist B; v; € R[S],

1<is<n, such that } B;(1+a)y, =1. We may suppose that all B;€ R; for if B;= Y rs;,
i=1 i=1
r;€R, s; €S, then

1= Z Bi(1+a)'Yi = z rij(l'*'a)sij'Yi

ij
because all s; are central. Write each y; = ; o+ v, such that supp v,o < H and supp v;; <
S\H. Then

1= Z B:(1+a)yo+ Z B:(1+ a)y;,.

The first summation belongs to R[H] and supp(z_ B,~(1+a)yi_1> NH =, because H is a
grouplike subset of S. Therefore 1 =Z B:(1+a)yo. Since « is arbitrary, this shows that
UR[SDNR[H] is a U-radical ideal of R[H].

2. Torsion free semigroups.
ProrosrTiON 2.1 (cf. [5, 7]). If S is a free semigroup of rank n (finite or infinite), then
U(R[S]) = U,.(R)S]
for each ring R, where U, (R)=U(R[S]N R. Moreover

U(R) > U(R)> Us(R) ... > [ Un(R) = UeR)

n=1
and if n is infinite, then U, (R) = U(R).
Lemma 2.2. Let S be a free group of rank n. Then
U(R[S] = U, (R)S]
for each ring R.

Proof. Because the Brown-McCoy radical satisfies Lemma 2.1 and behaves well with
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respect to normalizing extensions (i.e. satisfies Proposition 1.1), the proof is similar to the
proof of Lemma 2.2 of [8].

Lemma 2.3. Let S be a semigroup of torsion free rank n. Then
U, (R)[S]= U(R[S])
for each ring R.

Proof. Suppose first that S is a group. By the definition of rank there exists a free
subgroup F of rank n such that S/F is a torsion group. Hence by Lemma 2.2, %, (R)c
U, (R)[F]=U(R[F]). So it suffices to prove that U(R[F])c U(R[S]), i.e. we will show
that for each a €e U(R[F]) and B, v; € R[S], 1=i<m, } Biay, is G-regular in R[S] (in the

sense of [2]). Let H be the subgroup generated by the set FU (U supp B.') U (U supp 'yi).

Then H/F is finite since S/F is an abelian torsion group. Hence R[H] is a normalizing
extension of R[F]. Therefore, Z B:ay, € U(R[H]) (Proposition 1.1); in particular ¥ B;ay; is

G-regular in R[H] and thus also in R[S].

Suppose now that S is a semigroup. Let a € %,,(R); we show that a belongs to each
maximal ideal of R[S]. Let M be a maximal ideal of R[S]and let T denote {xe S | x¢ M}.
Then,

(i) T is a semigroup because M is a prime ideal,

(ii) if x € S\T, then xy € S\T for all ye S.

Define w: R[S]— R[T]: ¥ rs— ¥ rs. By (ii) 7 is a ring epimorphism. Clearly ker 7 <

seS seT

M. Therefore #(M) is a maximal ideal of R[T]. Moreover #(M)NT=. So
T(M)R[Q(T)]# R[Q(T)]. Since R[Q(T)] is a localisation of R[T), ideals of R[Q(T)] are
generated by their intersection with R[T]. In particular, w(M)R[Q(T)] is a maximal ideal
of R[Q(T)]. Clearly m(M) = =(M)R[Q(T)]N R[T] by maximality of 7(M). Now, Q(T) is
a group of torsion free rank m and m <n. Since a € %,,(R) < U, (R), the first part of the
proof shows that a = w(a)e #(M)R[Q(T)]. So m(a)e n(M)R[Q(T)]NR[T]= =(M) and
hence ae M.

LeEMMA 2.4, If S is a torsion free semigroup such that Q(S) is a finitely generated free
group with free generators x,=s;t"' ..., x,=s,t"" and s,teS, then s, ...,s, or
Sit, ..., St is a set of free generators of a subsemigroup of S.

Proof. cf. [3].
THEOREM 2.5. Let S be a torsion free semigroup of rank n, then
U(R[S]) =%, (R)[S]
for each ring R.

Proof. Once the statement is known for finite rank n it follows from Lemma 1.3,
Proposition 2.1 and by using the same method as in the proof of Theorem 2.3 of [8] that
the result is also valid for infinite rank.
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So we assume that n is finite. By Lemma 2.3 it suffices to prove that U(R[S]) <
A,.(R)[S]. Moreover, Proposition 1.2 implies that we only have to prove that if rse
U(R[S]), where re R and s € S, then re U, (R). Since Q(S) has torsion free rank n, Q(S)
contains a free subgroup F of rank n. Note that F is the quotient group of SN F (since
Q(S)/F is torsion). By Lemma 2.4 S contains a free subsemigroup X of rank n, so Q(X) is
a free group of rank n and Q(S)/Q(X) is torsion. Clearly §'=SNQ(X) is a grouplike
subset of S. Hence rs'e A (R[S’]) for some >0 (Lemma 1.3). Write s'=y~'x,y, xe X
(since s'€ Q(X)). So rx e U(R[S']). Let x4, ..., x, be a set of free generators of X. Then
x=x{ ... xf~, where k;eN and j;€{l,..., n}. Since

(R[S'Irx;, ... x, R[S D"+ < R[S IxR[S'] = U(R[S'])

and U(R[S']) is a semiprime ideal, it follows that rx; ... x; € U(R[S']). By multiplying by
those x;€{x,,..., % \{x,,..., %}, we obtain that a =rx, ... x, e U(R[S')NR[X].
To complete the proof it suffices to show that @ =rx; ... x, € U(R[X])=U,(R)[X].

Let M be a maximal ideal of R[X]. If MN X# &, M contains one of the generators x; (M
is prime). Because of the form of supp « it follows that ae M. If MNX=J, then

R[O(X)]M is a maximal ideal of R[Q(X)]. This follows as in Lemma 2.3. Since
R[X]<= R[S']< R[Q(X)] we have M =M NR[X] where M'=R[Q(X)IMNR[S']. We
claim that M’ is a maximal ideal of R[S']. Let N’ be an ideal of R[S’] such that
M'=N'g R[S']. Then M=M NR[X]=N'NR[X] by maximality of M. Therefore
R[Q(X)]M = R[Q(X){(N'N R[X]) and clearly R[Q(X){(N'N R[X])= R[Q(X)]N". Com-
bining these, we obtain N'c R[Q(X)IN'NR[S']= R[Q(X)]M N R[S'] = M’ and hence M’
is maximal. From a € % (R[S']) N R[ X ] we deduce that « e M'N R[X]= M. Since M was
arbitrary this proves that a € U (R[X]) and thus re %, (R).

3. The main theorem. Before proving the main theorem we need a lemma about
the Brown-McCoy radical of a group ring of a finite abelian group. In the case where the
coefficient ring is commutative, this result has been proved by G. Karpilovsky [5].

Lemma 3.1. Let R be a ring and G a finite abelian group. Then

URIG) = URIGI+{T r(x - reR, %y, wi=yr

for some k =0, p; a prime number and p;r; € "ZL(R)}.

Proof. By Proposition 1.1, WU(R)Gl=U(R[G])), so UR[GD/UR)G])=
U(R/U(R) G ]). By replacing R by R/2U(R), we may assume that % (R) = {0}. In particular,
we may assume that R is a semiprime ring.

Let I be the torsion part of R for the additive structure. Because [ is an ideal of R,
we obtain that U(I[G])< U(R[G]) (cf. [2]). For the converse inclusion, let a =} rge
U(R[G). If n is the order of the group G, then, by Proposition 1.2, nr,g e U(R[G]) for
all gesuppa. So nr,e U(R[G))NR<U(R)={0} (Lemma 1.3), i.e. r,e . Therefore
acUR[G)NI[G}=UI[G]) and consequently U(R[G])=U(I[G]). By Bezout’s
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theorem I=@ I, where p runs through the set of all prime numbers and where

4
I,={xeI|3n=0p"x=0}. But R is semiprime, and hence so is I Therefore I,=
{xeI|px=0}. Hence

U(R[G])=UT[G]) = U[G) (%).

The last equality holds by standard results on radicals (cf. [2]). Now, for any prime p, we
can write G = G, X G,,, where G, is the p-torsion part of G and G, is a p’-group, i.e. it
has no elements of order p. Because I[G]=(L[G,D[G,], I[G] is graded by G, in a
natural way. Let m be the order of G,. Then as above, if a=a g+ - +a,8n€
A(IL[G)), where g,,...,8.€G, and every o; € L[G,], we obtain that ma; € U(L[G,))
for all 1=<i=<m. Since pa; =0 and because m and p are relatively prime it follows that
o, € U(L[G,]). Thus U(L[G]) < U [G,DIG] and the converse inclusion follows from
Proposition 1.1. Now, similarly as in the proof of Lemma 3.1.6 of {10], we obtain that

ULIG, ] = o(L[G,),
where w(I,[G,]) is the augmentation ideal of I,[G,]. Therefore
U(LIG) = U(L[G, DG ]= o(L[G, ]G]

= {Z ri(x;—y) | x;, v € G, xP* = yP* for some k =0, pr, = 0}.

The result follows now from equality (*).

ReMARK 3.2. If x, ye G, x* = y*, k=0, p prime and r € R such that pr e %(R), then
r(x —y) generates a nilpotent ideal modulo %% (R)[G]. Note that this remains true if G is a
semigroup and if we replace U(R) by U,.(R).

THeOREM 3.3. Let S be an arbitrary commutative cancellative semigroup of torsion free
rank n (finite or infinite). Then for each ring R

U(RIS) =%, RISI+{T nls-1)[neR 5, 1€

sP =t for some k =0, p; a prime number and p;r, € %,,(R)}.
Proof. By Lemma 2.3 . (R)[S]=%U(R[S]) and, by Remark 3.2, N=

{Z ri(s;—t)| reR, s, t, €S, s? =17 for some k =0, p; a prime number and p;r; € %,,(R)}C

U(R[S]). So it suffices to prove that U(R[S])< U, (R)[S]+ N. As in the proof of Lemma
3.1 we may suppose that 4U,(R)={0}. Let a € U(R[S]). Let (supp «) be the subgroup of
Q(S) generated by supp a. Then (supp @)= G, X G4, the direct product of a finite group
G, and a free group G5. Since Q(S) and Q(S)/G, have the same torsion free rank, we can
add free generators to G4 such that we obtain a free group of rank n. This holds also if n
is infinite. So supp a is contained in a subgroup G = G, X G, of Q(S) where G, is finite
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and G, is free of rank n. Let H=GNS; since Q(S)/G is torsion (because
rank G =rank Q(S)), we have Q(H)=G. Because H is a grouplike subset of S, a€
U(R[H]). Let H' be the subsemigroup of G generated by HN G,. Then H'= G, xH",
where H'=H'NG,. Let xe H'; then x=g,h where g,€G,, he H Write h=h,h,,
h,€ Gy, hoe G,. So h,=(g.hy) 'x € H' NG, since G, is a group. Note that H” is a torsion
free semigroup of rank n (because Q(H") = G,). Now R[H'] is a normalizing extension of
R[H] and thus a e U(R[H']). Note that R[H']=(R[H"])(G,]. Because %,(R)={0},
Theorem 2.5 implies that U (R[H"]) ={0}. By Lemma 3.1,

a e U(R[H'])) = U(R[H"N[G,]) = {Z a;(x; —y;) | & € R[H"],

X;, vi € Gy, xP' = y?* for some k =0, p; a prime number and p,; = 0}.

Write «; =Y r;h; with r;e R and h;e H" for all i,j. Then a=Y r;(hx;—h;y;) and
i i
clearly (hx,)"t = (h;y,)* and p;r; =0 for all i and j. This finishes the proof.

4. On other radicals. In [3] the analogue of Theorem 2.5 is proved for the Jacobson
radical. In the general case the authors of [3] obtained the analogue of Theorem 3.3 only
for algebras over a field. Now, if in our situation we replace maximal ideals by maximal
right ideals and G-regularity by quasi-regularity, we obtain the full analogue of Theorem
3.3 for the Jacobson radical.

Note that Theorem 2.5 also remains valid for the upper nil radical (cf. [3]). If one wants
to extend this result to arbitrary semigroups then there will appear problems which are
related to the unsolved Kdethe problem.

For the prime and locally nilpotent radicals the results of G. Bergman are also true (cf.
[11]) and therefore one can easily obtain the analogue of Theorem 3.3 for these two
radicals (see also [4] for the torsion free case).
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