HOMOLOGY OF NON-COMMUTATIVE
POLYNOMIAL RINGS

R. SRIDHARAN

§ 1. Introductiox

Let I" be a ring with unit element and let 4 be the Ore extension of I
with respect to a derivation d of I" [4, 3]. It is shown in [3] that l.gl. dim A
=1+ lgl dim /. It is not in general possible to replace this inequality by
equality.

We consider here the special case where I” is the polynomial ring in #
variables over a commutative ring K. 1If ¢ is a K-derivation of I" then 4 be-
comes a K-algebra and we prove that if further A is a supplemented K-algebra,
we have lL.gl.dim A =1+ lgl.dim I' (Theorem 1). The proof consists first in
constructing a A-free complex of length n-+1 for K, which we prove to ke
acyclic (Proposition 2) by putting a suitable filtration on this complex and
passing to the associated graded. We use this resolution to prove that LdimaK
=n-+1. We then employ a spectral sequence argument to complete the proof
of Theorem 1. If 4 is not supplemented, Theorem 1 is not necessarily valid
[51.

1 would like to thank N. S. Gopalakrishnan for his help during the prepara-
tion of this note.

§2

Let K be a commutative ring with 1 and let I'=K [x,, ..., *s] be the
polynomial ring in » variables over K. Let d be a K-derivation of I' into
itself. Clearly d is uniquely determined by its values f; on x;.  Conversely,
given n polynomials fie 7, 1<i<n, there exists a K-derivation d of I' into
itsel{ with dix;) = fi, 1<i<n.

Let A be the non-commutative polynomial ring in one variable x,+; over
I" with respect to d. Then 4 is the K-algebra with generators xi, ..., Xn+1

and relations given by
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xixg— %% =0, 1<4, j<n and Xp1 % ~ XiXne1 = fi, 1<i<n.

ProrosiTioN 1. The K-algebra A is a supplemented algebra if and only if
there exist ay, . .., an< K such that fi(ay, ..., an) =0, 1<i<n.

Proof. Let e : A- K be a supplementation and let e(x) = a;, 1<i<n. We
have

fi(m, « ey a'n) =fi(5(x1), « ey S(Xn)) =s(f,~(x,, « ey xn))
= e(xn+1x;'—xixn+l)
= e(Xnr1) e(x) — e(%;) e(Xpry)
= 0.

Conversely, let a;€ K, 1<j<n with filai, ..., as) =0, 1<i<n.  Define e(x;)
=aj, 1<j<n, e(xa11) =0. It is easily verified that ¢ can be extended to a K-
algebra homomorphism of 4 onto K.

From now onwards, we assume that 4 is a supplemented algebra, that is,
there exist a;€ K, 1<j<#n with filas,...,as) =0, 1<i<n It is easy to
verify that there exists a K-algebra automorphism ¢ of.A such that #(x;) =
%+ ai, 1<i<n and ¢(%n+1) =2Zns1. T hus, we may assume without loss of gener-
ality that aj =0, 1<j<#n and the supplementation ¢ is given by e(x;) =0, 1<j
<n+1. We may now write

.fi = lfégfiﬁxjy f},E T.

The matrix (fi;) defines a I'-linear map 4, of the first homogeneous component
ET(y,...,ys) of the exterior algebra over I' in the variables »i, ..., ¥x,
given by

Bily) = >3 fiidj.
Let & denote the extension of §; to a derivation of E"(y,, ..., y,) into itself.

We write X; = AQ«Ei(y1, . . ., yn+1), (i=0), where

h

E(y1,...,yn+1) is the i** component of the exterior algebra over K in the

variables yi, ..., yne1. We identify X, with 4. We define the left 4-homo-
morphisms dr ¢ Xx—> Xe-1 (k=1) as follows:

d(1Qy) =x, 1<i<n+1,

For i=2,
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di(1®yi,* * *yi) = 1‘}’;“.‘(—1)’”‘@,‘@3},-1- Vet Vi 1< <jikn+1
and

di(1®Y,* * *Yjsa¥nr1) =di-1(1®Yj,* * * Yjs. ) In+1
+ (=D %1 @95, Y+ (=D (35,0 + yiicy)

where 0w ¥ ) EEL (3, o oo, 90) =TQ«kEi-i(31, <« , Yne1)
CA®1\Ei—1(y1, . e ,ynl-l).

ProrosiTioN 2. The sequence

dﬂ+1 —

— —di__ ¢
(*) 0—X i1 Xy + + > K> Xy—>K—0
is a left A-free resolution of K considered as a left A-module through e.

Proof. Since ed:1(1®y:) =e(x) =0 for 1<i<n+1, it follows that eod;=0.
We now verify that di-;°od;=0, 1<i<n+1. We write z=9j,°°-y;. If
ji<n+1, we have di-;°di(1®2) = 0 since, in this case, d; is the usual boundary
homomorphism in the Koszul-resolution for K considered as a I™module [1,
p. 1511.

Let i=n+1. We write y=y;,* * *¥i., and Je=yj,* * * i * * “Viee.. We
have

di-1°di(1@yyn+1) =di-1(@i(1@9Yn+) + (= D '2di-(1®)
-+ ( - 1)'3;‘-16(_}’).

Now

47;_‘((?,-(1 ®_’,V)yn+1) = . 2 (- l)kﬂxj,‘gi—x(l ®5’kyn+1)

=k=i-1

= 1_‘,‘2‘_1( - l)kﬂxj;‘(c_z_i—x(l ®_9k)yn+1+ ( - Di_zﬁ?nﬂ@&k + ( - 1):‘-163%}
=gi—1(1<}§_1 (- l)kﬂxjk@j)k)ynu + ( - l)idl"gﬂ( - l)kﬂxn ijk®5’k +

+ (—1)"“15132‘}‘_1(— DA Qe+ (- 1D S 1(“‘1)’2ijk®3’k).

1=k=Si—

=Ei—1°(‘1—i(1®y)ynn+("l)i*z P (*l)kﬂxnrlxig®5’k+

1=k=i-1
+(=D7 B (DM@ + (- 1D7T0din(19y).
= (= D7n0din(1@9) + (D7 3 (=D 5+
+(=1D0di-(1@9).

Hence

di-1°di(1Q@yynr1) = (= DX{(Ji-10 = 0di-) (1R ) — 15;23-1( - D, @ b,

https://doi.org/10.1017/50027763000011624 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000011624

56 R. SRIDHARAN

Since ¢ is a derivation of E¥(y,, . . ., y») and d = (di) restricted to E"(yi, . . .,
y») is an antiderivation, it follows that dé—dd is an antiderivation of
E%(y,...,yn. Further,

(ds—od) (y) =(7(ls]25 fiiyi) =ls§ fii%j = fi, 1<i<n.
Hence it is clear that
(-8 = 02i-)18®3) = 3 (= D*"f5,® 3.

Thus Ei—loaiu@yynﬂ) =0.
Thus (*) is a complex of left 4-modules and it is clear that Ker ¢ = Im 4.
To prove the exactness of (*) we define a suitable filtration of the complex

O-M?rnﬂ—’ X

whose associated graded complex is exact. By a well-known lemma on filtered
complexes, the exactness follows immediately.

Let Fy4 be the K-submodule of 4 consisting of all elements of 4 of degree
less than or equal to p in xs+;. Then A is a filtered ring whose associated
graded ring E°(A) is isomorphic to K[xi, ..., %s+:] (See [5]). We define a
gradation on E;(y,, ..., ¥s+1) by assigning the degree 0 to y;, 1<i<#x and the
degree 1 to y»+:. Moreover,

E;(yx, “ e ,yu+1) =E:(y1, e ,y,.) @Ei—l(yl, PP ,yn)ynﬂ.
We define
FpXi =[FoAQEi(3, « « « , ¥y 1OLFp i AQEi-r(31, - « « , Yn)¥nerd.

It is easily seen that {FsX;}s=0 is a filtration of X; and that d;(FpXi) C Fp Xi-1.
We thus get the complex

oo JE°@R E°@) .
0—E3(Xnr) — > Ep Xn)—>- + - ——EHX).

We have

EZ(}?:)?-[EZ(A)®E:(J’1, o . ey yﬂ)]ea[E;—l(A) ®Ei—l(yl) e ey yn)yyﬂ-l]-

Let now (X;, di) be the Koszul resolution for K as a K[x, ..., a1l
module. We define a gradation on K[x,, . . ., x4+:] by assigning degrees 0 to x;,
1<i<n and degree 1 to x»+;, We introduce a gradation on X; by setting
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X?=[K[x, ..

s Xnr1lp @ Ei(y1, , v 1K x, .y Xnridp
®Ei—l(ylr
where K[xi,
K[xx,
the sequence

, yn)yw],
, Xa+1lp is the p™* homogeneous component in the gradation of
, *n+1] defined above. It is easily seen that di(X?)c X?_,, and that

dha
0—Xha—X5—
is exact for every p.

b
Cxr By,
Clearly E3(X:) = X7,

Since for any ¢ € Fp-14 and yj,* * * ¥, € Ei-1(y1° * °
va), we have @8(yj, + + *¥j,.)) € Fp-1Xi-1, it follows that E3(d;) = d?.

THEOREM 1.

Thus the
complex (ES(X:), E3(d:)) is isomorphic to (X?, d¥). Since (X?, d?) is exact,

it follows that (E3(X:), E5(d;)) is exact and hence (*) is exact. Since X; is
clearly a free left 4-module, the proposition is proved.

Let K be a commutative ring with 1 and let A be the K-algebra
generated by 1,
Xn+1%i — XiXnt1=Jfi, [i € K[ x,

, Xnv1 with the relations x,x;— xjxi=0,
LdimpaK =n + 1.

and
, %nl, 1<i<n. If A is a supplemented K-algebra,
Further 1.gl.dim A=n+1+ gl.dim K.

1<i, j<n,
and K is considered as a left A-module through the supplementation, we have
<n+ 1.
n+1. We have

Proof. As remarked earlier, we may assume that there exists a supple-
Let w=1®@y:** " yne1 € Xner and wi=(—=1D"""1@y* * *5i* * *Yne1 € X, 1<i<

mentation ¢ with e(x;) =0, 1<i<n + 1. It follows from Proposition 2 that 1.dimaK
We now prove that 1.dimaK =#»+ 1. For this we first compute d»+1.

1=i=n

dniilw) = 2 XiWi + Xnr1Wn1—

1§ Jii Wa+1
= 2 XGwi+ Fne= 3 fi) W,
Let 6 be the automorphism of 4 given by

0(x) =x;, 1<i<n
We have

0(xn+l) =Xn+1 ™" <2< fu

1=6=n

dni(w) = > 0(x) w;.
1=i=n+1
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Thus Exti*(K, M) = Hasi(Homa(X, M)), (aM)
'=H0mA(X'n+x, M)/B’“—1

where B"*'={ge Homa(Xn+1, M)lg(w) = 1 >3 1x’)(:c,-)h(w;), for some Z€Hom
==+
(Xn, MD}. It is clear that the K-isomorphism Homa(X»+1, M) <M given by

g~ g(w) induces an isomorphism
Exti* (K, M)X=M/6(DM

where I =Kere In particular Exti"' (X, M) <M/IM. Taking M to be any
K-module and considering it as a left A-module through ¢, we find that

(*) Ext}*(K, o-1M) =M.

Choosing M to be nonzero we find that L.dimyK =7+ 1.

We now prove that lL.gldim A=z+1+gldim K. If gldim K= «, since
l.gl.dim 4=gl.dim K [2, p. 74, Prop. 2], we have Lgl.dim 4= « and we have
the required equality. Suppose then that gl.dim K=m <o, LetI'=K[x,.. .,
%#»]. In view of [6, Th. 11 or [3], it follows that l.gl.dim 4<1+ l.gl.dim I'=
n+1+gldim K. To prove equality, we need the ‘‘maximum term principle”
[2] for spectral sequences. The map ¢ : 4~ K gives rise to a spectral sequence
(see [1, p. 3491).

EXtﬁ(A, EXtX(K, C)) =>Ext§'\(A, C), (KA, aKx, 2C).

Since gl.dim K=m and lLdimsK =#+1, we have that Ext2(A4, Exti(K, C))
=01if p>m or ¢g>n+1. Thus Extih(A4, C)=0 for r>m+n+1 and we have
an isomorphism

Exty (A4, Exti™(K, C))=ExtZ™"*(4, O).

Let A be a K-module such that l.dimgA =m. Then, there exists a xC' such
that Exty (A4, C') = (0). Consider C' as a left A-module through e and take

= ¢-1C', where 0§ is the automorphism of 4 defined above. We have by (*),
Exti™(K, C)=C' and thus

Exti*""(A4, C)xExt¥ (A4, C) = (0).
Hence gl.dim A=>m + n + 1. This completes the proof of the theorem.

Remark. If A is not a supplemented algebra, we may have l.gl.dim 4
<n+1+gldim K. In fact, let I'= K[ x,], where K is a field of characteristic 0.
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The K-algebra A on generators xi, %, with the relation x.x, — x4, = 1 is an Ore-
extension of I' and l.gl.dim 4=1 [5].
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