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1. Introduction

Laplace transform techniques for solving differential equations do not
seem to have been directly applied to the Schriodinger equation in quantum
mechanics. This may be because the Laplace transform of a wave function,
in contrast to the Fourier transform, has no direct physical significance.
However, this paper will show that scattering phase shifts and bound state
energies can be determined from the singularities of the Laplace transform
of the wave function. The Laplace transform method can thereby simplify
calculations if the potential allows a straightforward solution of the trans-
formed Schrédinger equation. Suitable cases are the Coulomb, oscillator and
exponential potentials and the Yamaguchi separable non-local potential.

In section 2, the required properties of the Laplace transform (here-
after called the transform) are stated. Then the method is used to find the
energies of bound S-states in a Coulomb potential. Next the bound state
energy and scattering phase shift of the Yamaguchi potential are calculated.
The behaviour of the Jost function at the origin can also be found, and the
exponential potential is treated in this way. Section 6 completes the solution
of the Coulomb problem, and treats the three-dimensional harmonic oscilla-
tor. Finally the scalar product of two wave functions is calculated by
constructing a differential operator from one transform, and applying it to
the other transform. The complex conjugate of any operator defined on the
transforms may then be determined directly.

The essential features of this method of finding the asymptotic form
of the solution of a linear differential equation have been given in previous
treatments [3, 8] of the Laguerre equation, especially that by Murnaghan,
who noted the application to the hydrogen atom. The examples below show
that all physically significant quantities can be obtained directly from the
transforms without inverting.

An appendix records the Laplace transform of J,(fe~%"), obtained first
by comparing Section 5 with the standard treatment of the exponential
potential, and then directly in a simpler form. This is believed to be a new
result.
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2. Properties of the transform
The transform of f(r) is
F(s) = Lf(r) = [ e f(r)dr
and has the properties

(2.1) Lf"(r) = s*F(s)—f(0)—s/(0)
(2.2) Lief(r)} = <s+b

(2-3) Lirfr)y = (=1)"F™(s)

(2.4) F(s) >0 as s—

The relation between the asymptotic behaviour of f(#) and the singularities
of F(s)is very important for the applications below. Suppose F (s) is singular
at s =59, 8,8,, -+, with Res, > Res, = Res, =---, and that (near
s = Sg),
F(s) ~ A(s—so)™
S—'So

Then [7, p. 102]
(2.5) f(r) ~ A[T()]1r" 7t exp (sy7)

00

When » = 1, F(s) has a simple pole at s = s, and A is the residue. When
Re s, = Re s; > Res,, the asymptotic form of f(r) consists of the sum of
two terms like (2.5), one from s, and one from s;. If Re s, > Res,, the
term like (2.5) coming from s, is the next exponential term in the asymptotic
expansion of f(7).

3. Coulomb potential: bound S-states

This example is given first, since the standard treatment is very well-
known. The potential is V (r) = — Ze?r~!, and the radial equation may be
written

v’ (v) -+ odu(r) —So2ru(r) = 0.
The constants are those used by Schiff [6]:
a?fi2 = —8uE, A2 = 2uZe?, a > 0.

Using (2.3), and (2.1) with the boundary condition #(0) = 0, the transformed
equation is
—~2sU (s) —s2U’ (s) +-adU (s) +32U’(s) = 0

This integrates at once to give

(3.1) Uls) = C(s—— %)/\—1 (s+ g)-«/\—l
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where C is an arbitrary constant of integration. If A is not a positive integer,
then sy = «/2; from (2.5) u(r) is not a square-integrable function, since its
asymptotic form involves e?*". On the other hand if 1 is a positive integer,
so = —a/2, and (2.5) shows that #u(r) is square-integrable.

Thus, for the eigenvalue problem, the explicit nature of #(7) is not
required. Once U (s) is obtained, itis only necessary toinspectits singularities.
U(s) is not necessarily required explicitly; in this example a power series
expansion of U (s) about s = J« may be assumed, and the indicial equation
gives the condition for a singularity. In this example there is an additional
advantage: the second-order equation for # transforms to an integrable
first-order equation for U.

The precise asymptotic form of #(r) may be written down by substitut-
ing the appropriate values of 4 in (2.5). For general 1 this gives

3T {(zxr)_k-i- .. } — i{(_w)/q_ .. }:l

wr), . ¢ [ar(l—z) ol (147)

from which the first term may be expected to vanish only when 4 = 1, 2,
3, - - -. However, this expression is not actually required to deduce the
eigenvalues.

4. The Yamaguchi potential

The non-local potential with
Vir,v') = — 5203 W (dnmry’) 7 exp (—br—br'),

W a dimensionless constant, only acts in S-states, in which the radial
equation is (fi2«%2 = —2mkE)

(4.1) u'(r)—kPu(r) = —2Wbhie ™ J.:o e u(rydr'.
Since the integral is just U (b), the transformed equation is
(s2— k¥ U (s) = u'(0) —2Wb3U (b) (s-+b)1

which incorporates the boundary condition #(0) = 0. The value s =5
shows the relation between the normalization constants #’(0) and U (d).
Thus

(02— K2+ WhH?) (s+b) —2Wb’:|
(s+0){(s2—«?)

with simple poles at s = x, —«x and —b. Thus s, = « > 0, unless the
residue at s = « vanishes, which is the condition for a bound state:

(4.2) (B2— k2L W) (b4 k) = 2WBS.

U(s) = U(b) [
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If W > 1, the potential supports a bound state with energy corresponding
to k = b(W%—l). A curious feature of this potential is that when W > 4,
x > b, and the asymptotic form of #(r) is dominated not by the usual e~*
term, but by an e~*" term.

The determination of U(s) is just the usual momentum-space wave
function treatment [9], with —s7 replacing p. It seems more natural to
consider the integral in (4.1) as a Laplace transform.

For the scattering problem «2 is replaced by —#2, and the poles of U(s)
occur at s, = 1k = —sy, s, = —b, with Res, = Res,. If 4,; and 4_; are
the residues at s, and s;, (2.5) shows that

(4.3) u(r) . A_ge 4+ 4, e
and so the phase shift 4 is given by
Ay (021-R2+Wb2) (b2 k2) —2W B3 (b—ik)

2i8 . __ — .
(4 e A, (BP+EE+WER) (021 k2)—2Wb3 (b1-ik)

Alternatively, the Jost function can be constructed. Any solution has
the transform
F0)+s/(0)  2WHF(b)
2 k2 (bts)(s*+A%)
The value s = b gives one relation between f(0), /'(0), and F(b). From (4.3),
the Jost function satisfies A_; = 1, 4, = 0 giving two more equations, so
that f(0) is determined.

F(s) =

_ 2W (k—b) b3
MO =1 Grme e
Then 0 = F(0)|s__sc gives (4.2), and 8 = arg f(0) is equivalent to (4.4).
In the usual notation f(r) is f(%, 7), (0) is f(k, 0) or f(k).

5. The exponential potential

If V(r) = —V,exp(—r/a), the S-wave radial equation can be written
(5.1) 1" ()b () +-cf(x) = O
with ar = », #20% = 2mV ja?, #i2c® = 2mFEaq? Using (2.1) and (2.2), the
transform F(s) satisfies the first-order difference equation
(5.2) B2F (s+ 1)+ (s2+c?) F(s) = }'(0)+s/(0).
The standard method of solution [5, p. 104] is to substitute F(s) = Z(s)V (s)
where Z(s) satisfies

B2Z(s+1)+(s2+c3)Z(s) =0

giving
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__ 1'(0)+sf(0)
W= ez
from which (e = 1-+4-4)

'(0)+s£(0 x +7)(0 .
IOy 3 SO

where Y, (s) is an arbitrary function of period 1.
Since Z(s) = (—1)*67%I'(s+1c)l'(s—2c)Y,(s), where Y,(s) is another
arbitrary function of period 1, the general solution of (5.2) is

F(s) = I(s-+ic)I'(s—ic)
oy 2 A{f(0)+ (sE7)HO)}(—1) b
[(—nb )+ 2 W}

In view of (2.4), the arbitrary function Y,(s)Y,(s) must be chosen to be
identically zero. The required solution is therefore

> {0+ (s+7)F(0)}(— 1B
(5.3) TR PPy TS s py e

with simple poles at —nd-ic (n = 0, 1, 2, - - -). The asymptotic behaviour
of f(x) is determined by the residues

Ao = (200) 7 [{(0) +1cf (0)}G—82F(0) G
A —24c) =L [{f (0) —icf (0) }G— b2 ( )

with G = o F,(1-+2ic; —b2).
In particular, 4,,=0, A_,,=1 gives the Jost function. Solving for

f(0) under these conditions gives
[2GG—ib2c GG —G'G))F(0) = 2G.
Since the square bracket is real, the phase shift is given by

0 = arg G = arg (F, (14 2ic; —b?)

The condition for a bound state may be obtained by putting ¢ = —ika
in /(0) = 0. Thus x must satisfy ,F,(142xa; —b%) = 0 i.e. Jp,,[2b) = 0.
11 this condition is lound directly by taxing ¢ = — @ and J\0) = ©

in (5.2), then the transform U(s) of the radial wave function is given by
(6.3) with f(0) = 0, ¢ = —ika, and f' (0) = #'(0). Thus there are simple poles
at the positive values s = «xa, ka—1, - + +, ka— [«a], and their residues must
all vanish to get a bound state. However, it turns out that all the residues
have J,,(2b) as a factor, so that just one condition is sufficient.
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6. The Coulomb potential

The bound S-states were deduced in Section 3. With the same notation,
the radial equation for angular momentum J

2w’ +adru—Lo2rtu—I(l4+1)u = 0.
The transformed equation is
(s2—3a2) U (s)+ (4s—ad) U’ (s) — (I-+2) ({—1) U(s) = 0.
Differentiate (/—1) times, and put V(s) = U® (s). There results a first
order equation for V(s), giving
V = C(s—3a)* 11 (s+Fa) 211

From (2.3), this is the transform of (—7)'#(r). The existence of bound
states, which depends on the elimination of positive exponential terms from
the asymptotic form of #(7), can therefore be investigated from the singular-
ities of V(s). The required condition is that A—1I is a positive integer, so
that V has no singularity at s = 1.

It is also convenient to treat S-states separately in the scattering
problem. When / = 0 the radial equation is r#'' —2nku--k2ru = 0, with
f2R? = 24 FE, W*nk = —puZe®. The transformed equation integrates to

U = C(s-+ik) 1t (s—1k)11im,
Using (2.5),

C [(2ikr)—treihr  (—2ikr)ing—

I'(1—1n) I'(1+1n)
_ Cexp(dnn)
= m sin (kr—n log 2kr-+7n,)

with 5, = arg I'(1+4-#n).

When / > 0, the radial equation is transformed, and then differentiated
({—1) times, asin the bound state case.

Integrating gives

UM (s} = C(sH+ik)—n-1(s—k)in—-1,
Using (2.3) and (2.5),

Cebnmyt (2kr)—ineikr (ri)mil-ue—ik
(—7)a(r) ; | -
rooo (2R)H | PR (IH-1—in) I'(l+1+41n)
The usual manipulation into sine form gives the phase shift.

Differentiating (/—1) times can be avoided by transforming the equa-
tion for w(r) = r*u(r). This is the best method for the three-dimensional
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harmonic oscillator. Taking (2m)1K2%#%2r2 as the potential for a particle
of mass m, and putting mE = 2#2Ky (K > 0), the radial equation is
' (r)+{4Ky—r2K2—1(l+1)r"2}u(r) = 0.
Then
r?w' —2lrw' +4Kyrtw—K?rtw = 0.

Changing the variable to #2 = #, and then transforming, gives an integrable
first order equation for W (t), the transform of w(x). When / = 0, »’(x) — oo
as ¢ — 0, so zw'’ should not be transformed by successive use of (2.1) and
(2.3), but by using

L(rw') = —Lim (zw')—Lw'4tL(xw’).

2—0
(This is also required in section 3.) The solution is
W = C(t—3iK)r ¥+ 3K)r -1
The eigenvalues are determined by the condition that y—3i/—32 must
be a non-negative integer NV, so that
mE = R2K(I4+2N+3), N=0,1,2,3,---.

The Laplace transform method can also be used when the Coulomb
problem is solved in the parabolic coordinates & = 7-+-z, = r—2, ¢. Assum-
ing a bound state wave function f(£)g(n)ei™?, and separating variables,
gives [6]

£ (41" —%a¥) +-£(4f 4 Bf)—m?f = O

where g8 is a separation constant. g(y) satisfies the same equation with g
replaced by 2aA—p. Substituting f = &~ "y gives

£(40"" —Latw) - £{4 (3— ) ' +-pw) +-4(1—Iml)w = 0.
The transformed equation is (m £ 0)
(42— L)W' (z) 4 (dx+-d|m|x—B) W' (x) = 0.
Integrating,
(6.1) W (x) = A(x_%a)(ﬂ/2a>—%im|—%(x+ia)—<ﬂ/2a)—%iml—%
Similarly, substituting g = 7'~#™ly, gives
(6.2) V'(y) = B(y—la) Pratr—timi=}(y 4 1,)F2e)-A—im|—-}

where V (y) is the transform of v(5).
A bound state requires that (6.1) is regular at x = +«, and (6.2) regular
al y = La. Thus

Blo= lm|+142m, (n,=0,1,2, ), and A=, +ny+|m|+1 (my=0,1,2,-+-).
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When m = 0, the equation for f can be transformed directly after dividing
by & The same procedure leads to A =#n,+n,+1 (n,, #,=0,1,2,---),

7. Evaluation of scalar products

In some of the above examples, the transform is simpler than the wave
function. To exploit this fully requires some way of obtaining expectation
values directly from the transform. The operators —d/ds and s acting on
the transform correspond to the operators # and 4/dr acting on u(r). The
only problem is to find what operation on the transforms U({s), V (s) corre-
sponds to taking the scalar product [§°#(7)v(r)dr. This is also needed to
discuss normalization of transforms.

For example, the bound Coulomb S-states have normalized radial
wave functions [6]

u,(r) = 27kad(r4- - - -) exp(—For)

where (r+ -+ ) is a polynomial in 7. Taking the transform gives
d
U,(s) =23%a2 (—— s + - ) (s+3o) 1 = 27ad[(s+4o) 24+ - - -]
s

which is an expansion of the normalized transform in inverse powers of
(s+3a). Writing (3.1) in this way gives (1 = =)

n—1
m

n—1
(1) Uas) = Cu 3 (= (") (54
The #m = 0 term shows that the normalized transform is obtained by choos-
ing C, = 2~%a!. This will later be deduced directly from the transform.

Now consider v(r) or V(s) as the representative of a ket. The bra
corresponding to u(r) is represented by the function with the value
[ d(r)v(r)dr at the argument v(r); the bra maps the radial functions v(7)
into the scalar products [§°#wvdr, and must also map the transforms V(s)
into the same numbers.

Let u(r) = ¢ . Then [P 4(r)v(r)dr = V (d). Hence the bra correspond-
ing to U(s) = (s+a)~'is represented by the function which maps the trans-
form V' (s) into V' (4). In other words the scalar product of (s+a)tand V (s) is
V(4).

Similarly if u(r) = r"e=°r, [§a(r)v(r)dr = (—1)"V™ (4). This result was
given by Cremonesi [1], who applied the Schmidt orthonormalization
procedure to a set of functions of the type #(r), by working in terms of the
transforms. From the present viewpoint the result may be recorded in the
form that the scalar product of (s4+a)™ and V{(s) is

(=) (r—1) V0D (a),
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Since any radial function #(r) can be expanded in a series of terms like
r*e¢~, with a real, any transform can be expanded in a series of terms like
(s4a)™™. Then as the operation of taking the scalar product depends anti-
linearly on the bra, the above result is sufficient. When using the transforms,
scalar products are obtained by differentiation instead of the usual integra-
tion. In the bound state examples above, the transforms are rational
functions, which must be expressed in partial fractions to obtain the appro-
priate differential operators.

Thus (7.1) shows that the scalar product of U, (s} and any V (s) is

n—1 _
~C. 3 alghymfn4 1)1 ) Vi ),
m=0
In particular, U,(s) = C,(s-+1«)~2 has length
2 @ 1,)-2 243
—|C4] 7s (54 3%) Plmpa = 21C; %

showing that C; = 2-%a# is required to normalize the transform.

The complex conjugate of an operator acting on the transforms may
now be found directly. Consider, for example, the operator s. The scalar
product of (—1)*n!(s4a)™ and sV (s) is (taking a real)

n

d
o V)l = AV (@) VD (a).

This is also the scalar product with V of
a(—1)*nl(s+ta)™" 14 (—1)"nl(s+a)™ = (—s){—1)*nl(s+a)™ .

The complex conjugate of s is therefore —s, which is expected since s is
equivalent to d/dr. Similarly d/ds can be shown to be Hermitian. The
scaling operator S(b) defined by V (bs) ~- S(b)V (s) is almost unitary when
b is real, for

Vb
ds® (6s)

— BV (ba)

ls=a

which is the scalar product of
(—=1)"n!lb*(s+ab)™ 1 = (—1)*n! bbb (sb'4a) ™1

with V(s). Hence 8(b) = 'S (671), and 43S (d) is unitary.

These results will now be used to find the normalization constant in
(3.1). Put A = », and « = 2Z/na, where the Bohr radius «is independent
of n. If ’

(s—Z[na)" 1  n2:(ns—Zja)"?

|ny = = -
(s+Z/na)~+ (ns+Z/a)"**
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then the scaling operator gives

n _ (n—1)%(ns—Z[a)"?

(ns+Z[a)
and so
o | Zla)
T (ns+Z/a)S( )]" L
Hence
o (w1 n—1\ (—ns—Z/a){ns—Z|a) n B

(miny = (n—1)4 N IIS( ) (—ns+Z[a)(ns+Z|a) S( ) =17
SO

n 3 nny = (n—1)3(n—1n—1> = (11> = 2(2Z/a)~3

by putting « = 2Z/a in the previous determination of the length of U,(s).

Normalization factors for the transforms may also be calculated from
a formula given by Kac [2]; a similar formula given by Puri and Weygandt
[4] gives any scalar product. For the normalization of (3.1), Kac’s formula
involves two (A1) order determinants, and Puri and Weygandt’s formula
involves two (2442)* order determinants. However, using these formulas
has the advantage that the transforms do not have to be expressed in
partial fractions. For the scalar product of two different transforms, the
method given here has the advantage of applying when only one of the
transforms is a rational function.

Appendix

The usual solution of the exponential potential is based on the fact that
f(®) = J3ca(2be4%) is a solution of (5.1) with — «2a? replacing ¢2. The trans-
form is obtained from (5.3) by the substitutions ¢ = —i«a, f(0) = J,.q(2D),
and f'(0) = —bJ,,.,(20). The result can be written

o2 {=28],(8)+4(s+n) ] (B)}(—p)"
L (pet) = ,go {452 —12H{4(s+1)2—»2} - - - {4(s+n)2—?}
= 2/31 28{]1'(19 s2s—l,v( _Jv(ﬂ)szs—l,v(ﬁ)}

where s, , is a Lommel function.
Alternatively, using

Lf(fe=") = oy f ( )“m - (x)dz,

L], (pe¥) = 26~ f 291 ] () da

B 1 Fa(s+3v; s+3v4-1, v4+-1; —182) _
2-1(2s»)T(r+1)

(1)
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This must be equivalent to (1), and is evidently the simplest form of the
result.
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