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1. Introduction. In an earlier work [12] we considered the case
of (0,2,3) interpolation by trigonometric polynomials at the points
Xi = 2;“ , i=0,1,...,n-1. By (0,2, 3) interpolation we mean the
problem of finding a trigonometric polynomaial of suitable order whose
values, second and third derivatives are prescribed at some given points.
An interesting distinction between the (0, 2) interpolation studied by the
Hungarian mathematician O, Kis [8] and (0, 2,3) case studied by us is
that the sequence of interpolatory polynomials Rn(x) in our case converges

uniformly to the given function if f(x) is periodic and f(x) e Lipa,0<a< 1,
whereas Kis [8] requires the Zygmund condition. For another
generalization of the results of Ki§ we refer to our other work [11]. As

a matter of fact a systematic study of (0,2) interpolation by power
polynomials is due to Professor P. Turdn and his associates (see e.g.

[1], [2]). We remark that the problem of (0,2, 3) interpolation when the
nodes are taken to be zeros of ultraspherical polynomaials is still open.

The main objective of this paper is to obtain sufficient conditions

(p)(x) on the

for the convergence of the pth derivative of Rn(f;x) to f
real line. The sufficient conditions turn out to be f(p)(x) ceLlipa, 0<a<1.
For details see Theorem 1.1, 1.2 and 1.3. For the case p =0 we get
results of our earlier work [12]. As the proof of these theorems will
indicate, an essential role is played by a theorem due to J. Czipszer and
G. Freud [3] as well as the estimation of the fundamental polynomials.

The above-quoted authors' theorem is included in the preliminaries.
Probably our condition can be improved so that f(x) is supposed to be

2m -periodic and f(p)(x) continuous on the real line.
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There are many results analogous to this problem. It is well
known that Bernstein polynomials provide simultaneous approximation
of the function and their derivatives (see e.g. [4, p. 112]). Another
important contribution of simultaneous approximation of function and
its derivatives by means of interpolatory power polynomials is due to
G. Freud [5]. He investigated in his work the sufficient conditions

under which the pth differentiated sequence of Lagrange interpolation
polynomials (associated with the fundamental point system {Xin} which

are the zeros of certain orthogonal polynomials) converges uniformly to

f(p) (x) in [a,b] C (-1,+1). It turns out as he proved the sufficient
conditions are f(p)(x)e Lip a, a > % . Thus in our case sufficient

conditions are much better than in Freud's case. Another important
contribution to this aspect of simultaneous approximation theory is

due to Russian mathematician Professor A.F. Timan [9]. He considered
the problem of simultaneous approximation of arbitrary differentiable
functions and their derivatives on the whole real axis by means of
entire functions of exponential type. Further generalizations of

S.N. Bernstein's approximation theorem for functions that are bounded
and uniformly continuous on (- ©, o) and the best approximation to
derivatives on the whole real axis were also obtained. For other
interesting results, see [6] and [13]. More precisely the following
theorems will be proved.

THEOREM 1.1. (Case 1, p =1; notations as in [12]). Let f(x)
be a 2w-periodic function such that f'(x) ¢ Lip ¢, 0 < @« < 1. Consider

n-1 n-1 n-1
(1.1) R (x) = T f(x. ) Ux-x, )+ T b, V(x-x )+ =T c. Wxx )
n 1=o in in 1=0 in in 1=0 in in

with

2
(1.2) b. = o 2 , c., = o = \
in log n in log n

then R.;l(f;x) converges uniformly to f'(x) on the real line.

THEOREM 1.2. (Case 2, p = 2). Let f(x) be 2w-periodic and
such that f'(x) ¢ Lipa, 0<a < 1; let further q =0, 1 or 2. Consider

n-1 n-1 n-1
(1.3) Sn(f;x) = E f(xin) U(x-xin) + .2 f"(xin) V(x-xin) + .Z) in W(x-xin)
i=0 i=0 i=0
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with

3-q
n
(1.4) Cin - 0<1ogn>’

s (q)
n

(q)

then (f;x) will converge uniformly to f *'(x) on the real line.

THEOREM 1.3. (Case 3, p > 3). Let f(x) be a 2m- periodic

function satisfying f(p) (x) ¢ Lip @, 0<a< 1. Consider

n-1 n-1 n-1
(1.5) P (f,x)= = f(x, ) U(x-x, )+ = f™x. )V(x-x, )+ = f""(x, ) W(x=x )
n i=0 in in i=0 in in i=0 in in

(q)

then Pn(q) (f;x); (@ =0,1,...,p) will converge uniformly to {f *'(x) on

the real line.
For the expressions of the fundamental polynomials see preliminaries.
2. Preliminaries. The paper of J. Czipszer and G. Freud [3] is
concerned with the following problem. Let f(x) be a 2w-periodic
t
function having p h derivative continuous (p =1,2,...) and Qn(x) is

a trigonometric polynomial of order n which approximates f(x) within ¢;

(2.1) max [f(x) - Qn(x) ] < e

)

then they asked: what upper estimate can be given to the quantity
max | f(p)(x) - Qn(p)(x) | 2 They answered the question by proving the

following inequality:

(p) ( 2 (p)

(2.2) max I (%) - Q p)(x) [ <3 Zp n

e+ 4E (f
n n

).

We shall need some details of our earlier work [12]. There we
were interested in obtaining a trigonometric polynomial R (x) of
n

suitable order such that
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(2.3) R (x) = a, R"(x)=b,, R"x)=c,, x,= — (i=0,1,...
n i i Tni i n i i

ln_1);

when n is even (= 2m), we require the trigonometric polynomial Rn(x)

of the form

3m-1
(2.4) d + =

0 i=1

but when n is odd (= 2m +1) we require it to be of the form

3m-+1
(2.5) d + b2 (d. cos jx + ej sin jx) .
j=1

(dj cos jx + ej sin jx) + d3m cos 3mx ,

The explicit representation of 'Rn(x) (n even) satisfying (2.3) and

(2.4) has the form

n-1 n-1 n-1
(2.6) R(x) = = aUx-x)+ = b V(x-x)+ = c. W(x-x),
n . i i X i i . i i
i=0 i=0 i=0
where
3m-1 4j
(2.7) W(x) = o, sin jx, a, =- ———— , ji=1,2,..
=1 I Dl
-(3n-2j)
C3.2 L2,
n"(n -3(n-j)7)
1 m-1 2434 1
(2.8) Vi) = — [1 +2 2121 os jx + = (cos mx - cos 3mx)
3 2 2 2
n j=1 n -3j
g moto 2 3(3n-2j)° .
-3 > > 2 cos jx
j=m+ n - 3(n-j)
and finally
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m-1 (nZ } ,2)2
= ——‘L——Z cos jx

1 n2—3_j

1"

(2.9) Ulx) = %1 Li + 52

n J
3m-1

2 W2
L > (n; ) (2n-]) cos jx - %(cos x - 9 cos 3mx)
n j=m+1  n -3(n-j)

The following estimates of these fundamental polynomials were
also obtained in [12]:

-3

(2.10) T | W(x-x, )| < ¢, n logn,

. in - 1

i=0

n-1 2
(2.11) I Vix-x, ) l < ¢, n log n,

. in - 2

i=0
and

n-1
(2.12) z | Ulx-x, ) | < c, log n.

Cp» Gy Cgy are positive constants independent of n and x .

3. Approximation polynomials. In order to prove the theorems
mentioned in Section 1 we need a lemma on approximating polynomaials.

LEMMA 3.1. Let f(x) be a 2mw-periodic function satisfying

f(p)(x) e Lipa, 0<a<1; then there exists a trigonometric polynomia)
Tn(x) of order < n-1 such that

Q,

(3.1) £ - T (x) | = om P ;

-p-a+
o Pratr

(3.2) ITn(r)(x)l = O ) for p=0 or 1, r>2 and p=2, r> 3;

and for p >3 we have
(3.3) 11 - 1 g | 2 o Pty
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Proof. Existence of T (x) satisfying (3.1) is due to D. Jackson
e n

[7] and is well known. (3.3) follows from (3.1) on applying the theorem
J. Czipszer and G. Freud mentioned in preliminaries. It remains to
prove (3.2). (The referee has very kindly pointed out that proof of
(3.2) is due to S. Bernstein; see Approximation of functions by

G.G. Lorentz: formula 6 on page 60. For the sake of completeness
we give here the conventional proof.) Proof of (3.2) is similar to that
of Lemma 9 of O. Kis [8]. From the condition of the Lemma there
exists a trigonometric polynomial Un(x) of order < n-1 for which

[e2

(3.4) [ £x) - U_(0) | = 0@ P79,

Following the approach suggested by Professor P. Turan, one

k+1
canset T (x) = U k(x) for 2k < n < 2 . Then
n 2
k
(3.5) T (x) = Z U (x)-U . (x)|+ U, (x) ;
n =1 | 2! 21 !
owing to (3.4) we have
(3.6) U (x) - U . (x) = o2 iP+9) |
5 ZJ-i

On applying the Bernstein inequality for trigonometric polynomials
we have

(r)

(3.7) | U™
2

(x) - U(rj)._1(x) | s o dPte-T))
2

Now differentiating (3.5) r times and applying (3.7) we obtain, on
summing the geometric series, the result stated in (3.2). This proves
the lemma.

4. Proof of Theorem 4.4. Since p =1, we have, on using
Lemma 3.1, that there exists a trigonometric polynomial T (x) of
n

order < n such that
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1-a

(4.1) |£(x) - Tn(x)l = O(m %), O<a<t,
and
1-a 2-a,
(4.2) [T (x)] = O(n %), |T'"(x)| = O™ ).
n n

But we know that

(4.3) f(x) - Rn(x) = f(x) - Tn(x) + Tn(x) - R.n(x) .
Therefore
(4.4) 1) - R (0| = O™ + |T_() - R_()].

On using the uniqueness theorem [12] we have

(4.5) n-1 n-1 n-1
: T(x) = T T (x.)U(x-x., )+ = T'"x, )/V(x-x, )+ = T'"'(x, )W(x-x.lz.
n jo0 T in in" © .05 "nTin in i20 in i

On using (1.1) and (4.5) we have

n-1
Tn(x) - R.h(f;x) = ii). [Tn(xin) - f(xin)]U(x-xin)
n-1 n-1
+ Z [T'x. )-b, ]V(x-x, ) + £ [T''"'(x, )-c, ] W(x-x. ).
j=0 B i in in i in in in

From (4.1), (1.2) and (2.10)-(2.12) we have
-1-a -1 -1
(4.6) ]Tn(x) - R.n(f;x)l = O(n ) logn+ofn ) = on ).

Now (4.4) and (4.6) gives at once
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If(x) - Rn(x,f)l = o(n-i) .

On applying the theorem of J. Czipszer and G. Freud once more, we
have

[£'(x) - R;l(x,f)l < 3:2'n- o(n-i) + 4En(f(1))

= o(1) + O(n% = o(1)
which proves Theorem 1.4. Proof of Theorem 1.2 is similar and so

we omit the details.

Proof of Theorem 1.3. Here we assume p > 3. From the conditions
of the theorem, and on applying Lemma 3.1 there exists a trigonometric
polynomial of order < n such that

(4. 7) |f(X) - Tn(x)l - o(n—p-a), 0<a<i ,
(4.8) [£11(x) - T;ll(x)l _ O(nz-p-a') .

and

(4.9) [£11Y(x) - T;l"(x)[ = O(n3‘P-a) .

On having the uniqueness theorem we have similar representation of
Tn(x) as given in (4.5) satisfying (4.7)-(4.9). From (1.5) and (4.5) we

obtain
n-1
P (f;x)-T(x) = = [f(x,)- T (x.)] Ux-x. )
n n 520 in n'in in
n-1 n-1
+ ifo [£ (Xin) - Tr'l'(xin)] V(x—xin) + i:ZO[T"'(xin)- Tr'l"(xin)]W(x-xin).

Applying (4.7)-(4.9) and (2.10)-(2.12) we get
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(4.10) IT_(x) - P_(£5%)] = om P % logn.

But we know that

f(x) - P (f;x) = f(x) - T (x) + T (x) - P (f;x) .
n n n n

On using (4.7) and (4.10) we have

1

(4.11) 'f(x) - Pn(f;x)l O(n-p—a) + O(n_p-a) log n

O(n_p_a) log n ;

n

using once more the theorem of J. Czipszer and G. Freud, we have

(q)

[ () - Pn(q)(f;x)l <329070@mP™Y 1logn + 4 _(£'Y)

= O(nq—p—a) = o(1) as q=0,1,...,p and O0<a<1.

This proves the theorem.
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