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Abstract

In this paper, we investigate the asymptotic behaviour of controlled branching processes
with random control functions. In a critical case, we establish sufficient conditions for
both their almost-sure extinction and for their nonextinction with a positive probability.
For some suitably chosen norming constants, we also determine different kinds of limiting
behaviour for this class of processes.
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1. Introduction

A controlled branching process with random control function is a discrete-time stochastic
model of the form

&n(Zn)
Z():Na ZnJrl: Z Xﬂj? I’l:(),l,..., (1)
j=1
where an empty sum is taken to be 0, N is a positive integer, and {X,;, n = 0,1,..., j =

1,2,...} and {¢,(k), n,k = 0,1,...} are independent sets of nonnegative integer-valued
random variables on the same probability space. The variables X,; are independent and
identically distributed, their common probability law is called the offspring probability dis-
tribution, and, forn = 0, 1, ..., the {¢,(k)}x>0 are independent stochastic processes such
that ¢, (k), n = 0,1, ..., are identically distributed. Intuitively, Z, represents the size of
the nth generation of a population under the influence of a random control mechanism. The
¢n(k), n=0,1,...,k=0,1,..., will be referred to as control variables.

Several questions concerning this control model have been investigated in [1], [3], [15], and
[19]. Recently (see [4], [5], [6], and [7]), it has been studied in the framework of asymptotically
linear growth of the mathematical expectations of the control variables. In this paper, we
continue the research into this class of branching models and, in a critical case, we investigate
some pertinent questions that have not previously been considered in the literature. In Section 2,
some notation and working assumptions are given. Sufficient conditions for the almost-sure
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extinction or for the existence of a positive probability of nonextinction are provided in Section 3,
and Section 4 is devoted to investigating different kinds of limiting behaviour for {Z, },>0, when
suitably normed. In particular, gamma, normal, and degenerate laws are obtained as asymptotic
distributions. In order to allow for a more comprehensible reading, the proofs are relegated to
Section 5.

2. Notation and working assumptions

From (1), by considering the conditions established for the variables X,,; and ¢, (k), it is
easily verified that {Z,, },>0 is a homogeneous Markov chain whose state space is included in the
nonnegative integers. For simplicity, we shall assume that the offspring probability distribution,
denoted by { pi }k>0 with py := P(X¢o1 = k), and the control variables are such that the positive
integers form a class of communicating, aperiodic states. Moreover, from now on we will con-
sider controlled branching processes with random control functions such that P(¢o(0) = 0) = 1,
i.e. 0 is an absorbent state, and at least one of the following conditions holds:

(i) po > Oor
@ii) P(¢dok) =0) >0, k=1,2,....

Under these assumptions, the classical extinction—explosion duality in branching process theory
holds [19], namely P(Z,, — 0) + P(Z,, — o0) = 1.

Letuswritem := E[Xo1], 02 := var[Xo1], e(k) := El[¢o(k)], and v2(k) = var[¢o(k)], k =
0,1,..., and define t(k) as E[Z,,_HZH_l | Z, = k], k = 1,2,..., which is equivalent to
mk~'e(k); this is intuitively interpreted as the expected growth rate per individual when, in a
certain generation, there are k individuals. In order to obtain conditions for the almost-sure
extinction, different possible behaviours for the sequence {7 (k)}«>1, relative to 1, have been
considered in [4]. In particular, the cases limsup;_,, 7(k) < 1 and liminfy_, T(k) > 1,
respectively called subcritical and supercritical, have been investigated. Here, we shall be
concerned with the complementary situation, i.e. when

liminf 7(k) < 1 < limsup t(k),
k—o0 k— 00

which is referred to as the critical case.
Note that {Z, },>0 almost surely satisfies the relation

Zn-H:Zn +g(Zn)+§n+lv l’l:O, 17"'7 (2)
where
Zo=N, gk) :=mek)y —k, k=0,1,..., and &,11:=Z,+1 —E[Zy4+1 ]| Zsl.

It is clear that {£,},>1 is a zero-mean, square-integrable martingale difference sequence. For
simplicity, let us write £5(k) := E[|&,41|° | Z, = k], k =1,2,..., 8§ > 0. The conditional
second moments depend only on the instantaneous state of the process. In fact, £2(k) =
v2(kym? +e(k)o?, k=1,2,....

Expression (2) can be rewritten, at least in the event {g(Z,) # 0}, in the alternative form

Zus1 = Zu+8(ZDA +00s1),  n=0,1,..., 3)

where 1,41 = §n+1g(Z,,)’l. Obviously, {n,},>1 is also a zero-mean, square-integrable
martingale difference sequence.
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In order to investigate their asymptotic properties, taking into account (2) or (3), the class of
critical controlled branching processes with random control function can be treated using some
specific methodologies for stochastic difference equations.

3. Extinction probability

The process becomes extinct when, for some n, Z,, = 0. Let us denote by
gy :=P(Z, > 0| Zo=N)

the extinction probability in the case that the process starts with N individuals, N = 1,2, ....
Focusing our attention on those cases in which the limit of {t (k) };> exists and limx_ o T (k) =
1, we will mainly distinguish two situations. If the convergence of {t(k)}x>1 to 1 is very rapid
(withrespect to the conditional variance), the whole process will behave as a true critical process,
1.e. almost-sure extinction will follow. On the other hand, if the convergence of {z (k) }x>1 is very
slow, the process will develop as a regular supercritical process, having a positive probability
of nonextinction.

We now provide sufficient conditions for almost-sure extinction (Theorem 1) and for the
existence of a positive probability of nonextinction (Theorem 2).

Theorem 1. Assume that
1) k) =14+0) witht(k) > 1,
(i) €ops(k) = o(Lr(k)k®) for some O < 8 < 1, and
(iii) limsupy_, o, 2kg(k)/€2(k) < 1.
Thengy =1, N=1,2,....
Theorem 2. Assume that
@ k) =1+ o(l),
(i) Loysk) = o(g(k)k”ra(logk)’s)for some (O < 6§ <lands > 1, and
(iii) liminfg_ o 2kg (k) /L2 (k) > 1.
Thengy <1, N=1,2,....

Remark 1. Under assumption (iii) of Theorem 1, a sufficient condition for assumption (ii) to
be satisfied is that €5, 5(k) = o(g(k)k'?). In fact,

byps(k)  oys(k) kg(k)
C(k)kS — g(k)k* £5(k)

Hence, by assumption (iii) and the fact that £>45(k) = o(g (k)k' %), we deduce that loys(k) =
oL (k)kP). Analogously, under assumption (iii) of Theorem 2, it can be seen that £, 5(k) =
o(t2(k)k®(log k)™*) is a sufficient condition for assumption (ii) to hold. Finally, the third
assumption of each theorem can intuitively be interpreted as a speed condition due to the fact
that

kgk) t(k)—1

bk) — Lr(k)k=2"
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The previous theorems provide the answer to the extinction problem for the most typical
cases in this class of controlled models. Unfortunately, certain situations are not covered
by them, for instance the case in which limj_ 2kg(k)(€2(k))~" = 1. In the following
theorem, we extend our research in that direction. Some results concerning the extinction time
T :=inf{n > 0: Z, = 0} are also established.

Theorem 3. Assume that ¢po(k), k = 1,2, ..., have infinitely divisible probability distribu-
tions such that

QD) tk)=1+k"lte, c>0,k=1,2,...,
(i) £a(k) =vk+ 0O(1), v > 0, and
(iii) supgs(g,/)" (1) < 0o with gi(s) := E[s%®], 0 <5 < 1.
(Here, a prime denotes differentiation.) Then
(a) lf2cv_1 <l,wehaveqy =1, N=1,2,...,and
(®) if2cv~! < 1, we have
P(T>n—1)~kn® ~1 15— oo,
while q'fZCv_l =1, we have
P(T >n—1)~k(logn)~', n— oo,
for some positive constants ki, i =1, 2.

Remark 2. According to Kolmogorov’s classical extinction time result for critical Bienaymé—
Galton—Watson processes {Y,},>0, we know that P(Y,, > 0) ~ 2(o%n)~'. We have proved,
for our controlled model {Z,},>0, that P(Z, > 0) decays to O more slowly. This is due to
the immigration component: note that, by assumption (i) of Theorem 3, there is expected
immigration of individuals in each generation. On the other hand, the results obtained are also
in parallel with those ones established by Yanev and Yanev for critical branching processes
with random migration stopped at 0. Under a dominating immigration, they proved a speed of
convergence analogous to that established in Theorem 3 and, assuming a dominating emigration,
obtained, as is logical, a faster decay rate (see [16] and [17] for details).

4. Limiting behaviour

In this section, we shall be concerned with the limiting behaviour of the process when
suitably normed, in both the nonextinction situation and the extinction case. First, we consider
processes that do not become extinct with a positive probability. We assume that 7(k) =
1+ ck* ! + o(ko"l), where « < 1,¢ > 0, and (k) > 1. Consequently, we deduce that
gk) = me(k) — k = ck“ + o(k%). For technical reasons, we shall extend g to a twice-
continuously differentiable function on R:

o) = {cxo‘ +o(x%) ifx >0, @

0 otherwise.
We shall denote by {a,},>0 the solution of the deterministic recursive equation

ag =1, any1 =ay +g(a,), n=0,1,....
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Theorem 4. Assume that
() tk) =14+ ck* "+ ok "), a <1,¢>0, witht(k) > 1,
(i) €o(k) = vkP +o(kP), B<a+1,v >0, and
(iii) £o4s(k) = O((L2(k)'F%/2) for some § > 0.
The following statements then hold.

@IfB =a+1and2cv=" > 1 then, for all real numbers z,

lim P(n™'Z) ™ <z | Z, — 00) = [y (2),
n— oo

where 'y, denotes the gamma distribution function with parameters a = (v — va) 1 (2c—va)
andb =2"1v(1 — a)%

®IfO0<a < 1land B < o+ 1 then, in the event {Z, — 00},
1. for B < 3 — 1 we have
a;lZ,, — 1 almost surely (a.s.), g(a,,)fl(Zn — ap) converges a.s.,
asn — 0o, and

2. for B > 3a — 1 we have an’] Zy 5 lasn — oo and, for all real numbers z,

2 7 —
lim P( A2 "%
n—00 glay)

Zr - OO) = ¢*(Z)5
where ¢* is the standard normal distribution function and

A _ ve (1 —a)~'ogn ifB=3x—1,
T v(B = 3a+ 1) 1eBD/A-e) (1 — q)p) BBt/ yrg S 3y 1,

Remark 3. Theorem 4 makes sense because, under its assumptions, Theorem 2 holds and,
therefore, {Z,},>0 does not die out with a positive probability. In fact, from assumption (i) it
is clear that t (k) = 1 + o(1). Moreover, from (4) and assumption (ii), we can show that

- 2kg(k)  |2cv! ifB=a+1,
k—oo la(k)  |oo otherwise.

Finally, using assumptions (ii) and (iii), we have, for some positive constant M,

b ()2

log k)*
LK logk)— = o doghk)
5/2),3/2 kP32
=M ng o) 1ogk)®

= MV B=22(1 + 0(1))(logk)® — 0 as k — oo,

and, consequently (see Remark 1), £25(k) = 0(g(k)k1+5 (logk)™*). Note that, for 8 > o + 1
orfor B = a+1and2cv~! < 1, the process becomes extinct with probability 1 (see Theorem 1).
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E] a.s. extinction
normal limit distribution

[] as. convergence

FIGURE 1.

Figure 1 shows, in a plot in the («, 8)-plane, a simplified scheme corresponding to the
different kinds of limiting behaviour obtained for {Z,},>0, when suitably normed.

Corollary 1. (a) Under the conditions established in Theorem 4(a), for all real numbers z,
L limp o0 P11 2,7 < 2) = g 1220y +(1 = gW)Ta b (2),
2. limy 0 P01 Z7% <21 Z, > 0) = Ty (2),

witha = (v —va) "' (2¢ — va) and b =271 (1 — ).

(b) Under the conditions established in Theorem 4(b)2, for all real numbers z,

2 Zn—
lim P(Anl/z—" Gn
glayp)

n—oo

<z

Zy > O) = ¢*(2).

Remark 4. We can show that a, ~ (c¢(1 — oz)n)(]""rl as n — oo. In fact, because o < 1
and ¢ > 0, {a,},>0 converges to infinity and we can therefore suppose that a, # O for every
n > 0. Taking into account Lemma 1 (in Appendix A) and (4), we have

1—-«a
l—a _  l—a Ani1 — dn
Ayt = 4y <1 +t
dn

g(an)2>

= arll_“ —+ (1 — Ol)an_ag(an) + 0<(11T
n

=al™ 4+ (1 —a)c+o().
Hence, we have a,i_“ = c¢(1 — a)n + o(n), and the result follows.

Remark 5. From a practical point of view, it is interesting to look for easily checked sufficient
conditions which guarantee that the hypotheses about the (2+-§)th conditional absolute moment
of &,41 hold. In this sense, we can verify assumption (iii) of Theorem 4 by using both the fact
that |a +b|" < Cr(lal”" +|b|"), r > 0, for some positive constant C, (called the C,-inequality)
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and the Marcinkiewicz—Zygmund inequality (see Lemma 2 in Appendix A). Doing so, we find
that, as k — oo,

@n (k)

248
loys(k) < Cays (15[ D X —m) } +m* Bl (k) — s<k>|2+‘3])
i=1

and
@ (k)

E[ > (Xni —m)
i=l

246
] = O(E[(¢a (k) T9/2).

Hence, the conditions
El(¢o(k)' 2] = 0(PI*/2) and - Ellgok) — e (k)] = 0 RP1+/?)

imply that
Lays(k) = O(KPUH/2))

and, as a consequence, that
15(k) = O((L2(k)' 7).

Under the conditions of Theorem 3, we know that the process becomes extinct with proba-
bility 1. In the following result, we investigate the limiting distribution of n~! Z,, conditioned
on {Z, > 0}.

Theorem 5. Under the hypotheses of Theorem 3, if 2cv™! < 1 then

lim P(n™'Z, <z | Z, > 0) = Tup(2),
n—oo

witha =1andb =2"1v.

Remark 6. Note that, in this situation, the parameter a does not depend on c¢ or v, unlike the
analogous result in the case in which extinction is not almost sure. This result is similar to
the result of Kolmogorov and Yaglom concerning the limiting exponential distribution for the
critical Bienaymé—Galton—Watson process. Both models have the same exponential limiting
distribution on their nonextinction paths, in spite of the fact that the decay rates of their non-
extinction probabilities are different. In particular, if po(k) := k+Y, k=1,2,..., whereY isa
nonnegative integer-valued random variable independent of {X,,;, n =0,1,...,j=1,2,...}
and such that E[Y] < oo, then {Z,},>0 is a Galton—Watson process with immigration. The
classical result about the limiting gamma distribution for this process in the critical case (see
[10]) is included in Theorem 4. Analogous results have been also obtained for critical branching
processes with random migration, both when immigration dominates emigration and vice versa
(see [16], [17], and [18]).

5. Proofs
In the proofs of Theorems 1 and 2 it will be necessary to consider the following result.

Proposition 1. Let {X,},>0 be a sequence of nonnegative random variables and let {F,}n>0
be a nondecreasing sequence of o-algebras such that X, is ¥,-measurable for each n. Let f
be a positive function on RY.
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(a) If f is increasing and
ELf(Xu41) | Ful < f(Xa) as.on{X, > A}, n=0,1,...,

for some positive constant A, then P(X,, — o0) = 0.

(b) Suppose that, for any constant C*, there existsann = 1, 2, ... suchthatP(X, > C*) > 0
and, moreover, that P(X,, — 0) + P(X,, = o00) = 1. If f is decreasing and

E[f(Xn+D) | Fal = f(Xp) as.on{X,> A}, n=0,1,...,

for some positive constant A, then P(X,, — 00) > 0.
Proof. The proposition is proved using reasoning similar to that used by Kersting in [12].

(a) Taking into account the fact that {X,, — oo} = U?Ozl{infnzj X, > A} N{X, — oo}, it
will be sufficient to verify that, for every j > 1,

P({g X, > A} N{X, — oo}) —0. (5)

For an arbitrary j > 1, let us define

Tty e {inf{n > i Xa S A} nfe; X < A,
otherwise.
We consider the sequence {Y,},>0, where Y,, := X7 (a)n(j+n). After some calculations, we

find that
E[Yn+] | .‘;']‘4,”] < Yn a.s., n = 0, 1, e

Therefore, {Y,},>0 is a nonnegative supermartingale with respect to {F;4,},>0 and, from the
martingale convergence theorem (see, e.g. [2, p. 246]), it follows that {¥},},,>0 is almost surely
convergent to a random variable Y such that P(0 < Y < oo) = 1. It now follows that, almost
surely,

Y = XT(A) if inf,,zj X, <A,
lim, o0 Xjyn, otherwise,

and we obtain (5).

(b)Let Y := f(X,) A f(A), n=0,1,.... It can be shown that
E[Y, i | Fal SELfXps) | Ful A f(A) <Yy as,  n=0,1,....

Hence, {Y,'},>0 is a nonnegative supermartingale with respect to {¥; },>0 and, again using the
martingale convergence theorem, it is almost surely convergent to a finite, nonnegative random
variable Y*. Moreover, because {Y,*},>0 is bounded, it follows that it is also convergent in L L
Suppose that P(X,, — oco) = 0; then P(X,, — 0) = 1 and it follows that E[Y*] = f(A). Since
{E[Y,71}n>0 is decreasing, E[YY] > f(A), n =0,1,.... Now, ¥ < f(A), n =0,1,...;
hence, it follows, for every n, that ¥, = f(A) almost surely and, since f is decreasing, that

X, < A almost surely,n = 0, 1, .... This contradicts the first assumption in Proposition 1(b).
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5.1. Proof of Theorem 1
For x > —1 and 0 < § < 1, the following inequality holds:

log(x + 1) < x — 2x% + Lix 2P0, (6)

From (2), we have

8(Zy) Ent1
log(Z, 1) =log(Z 1 1 1 .
0g(Zp+1 + 1) =log(Z, + )+0g<+zn+1+zn+1

Hence, using (6) with x = (g(Z,) + &,4+1)/(Z, + 1), taking expectations, applying the
C,-inequality, and using the fact that, by assumption (i) (of Theorem 1), g (k) = k(z(k)—1) > O,
for a certain positive constant C»5 we obtain

gk @k)* k)
ko 2k+ 12 2(k+1)?

1 (g™ Lays(k)
+§C2+5< 2 T T

Ellog(Z,+1+1) | Z, =k] <log(k +1) +

= log(k + 1) + g;ﬁAl(k) - %g) Ak),  k=1,2,...,
e Rk 1 (gtkn'*?
Ay =1~ 2(;‘;71)2 + 5 Cops
" K2 1 (Lays ()"
Ar(k) = m - 5 ZHW

From assumptions (i) and (ii), we deduce that limy_, oo A1(k) = limg_, oo A2(k) = 1, so, for k
sufficiently large and € > 0 sufficiently small, we have

g (k) £a(k) g (k) £r(k)

TAl(k) - WAz(k) < T(l +¢€) — W(l —€).

Now, from assumption (iii), if we choose an € such that 0 < € < (1 — b)(1 + b)~! with
b :=limsup,_, o, 2kg(k)/€2(k), then the right-hand side of the previous inequality is negative.
Therefore, it follows that if Z, > A, for some sufficiently large constant A, then

Ellog(Zy4+1+ 1) | Ful <log(Z, +1) as,
where F, denotes the o -algebra generated by Zo, ..., Z,. The result then follows by applying
Proposition 1(a).
5.2. Proof of Theorem 2
Let f(x) = (logx)™, x > 0, < s — 1. It was shown in [12] that, for x +h > 3, x > 3,
and a sufficiently large constant C*,

248
|h|**

1
fa+h) < f@)+ f@h+ Ef”(x)hz +C* 55 + Lins—x/2) -

(log x)1tax
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From (2), settingx = Z,+3 and h = g(Z,)+&,+1, applying Chebychev’s conditional equality
and the C,-inequality, and taking expectations, we find that

Elf(Zos1 +3) | Zy = k1 < flk+3) + [k +3)g(k) + 5 /" (k +3)(g(k)* + £2(k))

n (g(k))**? £245(k)
1 (log k)l+ak2+8 (log k)1+ak2+5
Lays(k)
+C T k=1,2,...,

for some positive constants C;, i = 1, 2. By assumptions (i) and (ii) (of Theorem 2), and using
reasoning similar to that used in the proof of Theorem 1, we find that, for k sufficiently large
and € > O sufficiently small,

ag(k) oty (k)

W(1—6)+2 5 (I +¢€)

Elf(Zpt1+3) | Zn =kl < f(k+3) — (logk)lJrak

and, from assumption (iii), we deduce that if Z,, is sufficiently large, then
E[f(Znt1+3) | Ful < f(Zy+3) as,

where, as in Theorem 1, ¥, is the o-algebra generated by Zo, ..., Z,. Application of Propo-
sition 1(b) completes the proof.

5.3. Proof of Theorem 3

We will need the following preliminary result.

Proposition 2. Under the hypotheses of Theorem 3, there exist continuous and nondecreasing
functions A;,a;: [0,1] — [0,1], i = 1,2, that have a continuous derivative on a small
left-neighbourhood of 1 and satisfy the following conditions.

(@) Ai(1)=a;(1) =1,4;0) >0, A)(1) = ¢ > 0, and al(1) = 1, fori = 1,2.

() Fori = 1,2, a;(s) > s, 0 <s < 1, and a;(s) has continuous second derivative on a
small left-neighbourhood of 1, with a!' (1) = v > 0.

(c) There exist nonincreasing functions E; and e;, i = 1,2, on (0, 1), such that

a;(s) —s

(1—s2 2

Eei(s)7 ’ﬂ_c

SEI(S)’ i:1723
1—ys

and

lE, 1 .
/ i(5) ds < o0, / €i(s) ds < oo, forsomen; € (0,1),i=1,2.
m 1= n L—s

@) A1(s) (@ ()* < hi(s) < Aa(s) (@)X, 0 <s < 1,k = 1,2,..., where hi(s) :=
E[sZmt! | Z, = k].

Proof. Since ¢o(k) has infinitely divisible probability distribution, it follows that, for each
J = 1, there exists a probability generating function f;; (with associated probability dis-
tribution belonging to the same family of probability distributions as that of ¢ (k)), such that
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gx(s) = (fij (s))/, 0 <s < 1. Letus consider the sequence of probability generating functions
{l} k=0, where [t (s) = fix(f(s)), 0 <s < 1, with f(s) := E[sX01]. Tt is easy to verify that
hic(s) = g(f () = k()" Let

my :=10(1) and 7 =1/ (1), k=1,2,....

Taking into account the results of [8] and the existence of the functions A; and a;, i = 1, 2,
parts (a)—(d) are guaranteed to hold if

(b mk=1+k’18, k=1,2,..., forsomed > 0,
P2) |mr — nl <k M, k= 1,2,..., forsome M > 0 and u > 0, and

(p3) supgs>; Zc,m:o j2+’nkj < oo for some r > 0, where {m;;} ;>0 denotes the probability
distribution associated with /.

Now,
mp =k etym =1+k" e, k=1,2,...,

from which (p1) follows. Using assumptions (i) and (ii) (of Theorem 3), we have
=k 'k + @k) —tk) =v+k OO0+l + kL)), k=1,2,...,

and, consequently, (p2) follows with © = v. By using assumptions (i) and (ii) again, we deduce
that (v(k))? = O (k),
Finally, we have

(W) = 3mf" (D) f (D) +m* f D) + £ (D) fig (D).
Now, by assumptions (i) and (ii), we obtain

L) = 7k e(k) = 0(1)

and

S = k™2 (kg (1) = (k — D(gr(1)%) = O(D).
On the other hand, by assumption (iii), we have f/(1) = (g,i/ k)’ ”(1) = O(1) and, therefore,
(p3) holds.

We are now ready to prove Theorem 3. Part (a) follows from Proposition 2 if we apply
Theorem 2.1(a) of [8]. To prove part (b), let A; and a;, i = 1, 2, be the functions provided
in Proposition 2 and, for j = 0, 1, ..., let us denote by a,.(] ) the jth functional iterate of a;,

ie.a’ (s) = a;(@? " (s)) with ¢ (s) = 5. Under the conditions satisfied by A; and a;, by
Lemma 3.3 of [8] we have

n—1
[TAi@ ) ~n™2 "' 1;,  i=12,
j=0

where M;, i = 1,2, are positive constants. Therefore,

oo n—1

Y JT4a@”0) =00, i=1.2

n=0 j=0

and application of Lemmas 2.1 and 2.2 of [9] completes the proof.
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5.4. Proof of Theorem 4

Let us introduce the function

R |
= — 1.
G() /1 Sl

Using g(x) = cx® + o(x%), x > 0, we can argue that
g =cax®'+0x*"  and G~ (l—-a) X' x—>o00. ()
Proof of part (a). From (7), we have
lim ¢(x)Gx)=1—-a) ' =1
x—00

and, by assumption (ii) (of Theorem 4) and (7), we obtain

o®
e Goyen ¢ T

For simplicity, let A = (1 —«)™' and ¥y = ¢~ 'v(l — ). Taking into account the fact that
2cv~! > 1, we deduce that yA < 2. Therefore, the assumptions of Theorem 1 of [13] are
satisfied, and we find that, for all real numbers z,

nler;OP(n*IG(Zn) <z | Zy = 00) =T2/p-s+1,9/2(2). (8)

Now, by (7), in the event {Z, — oo} we have
Wzl G(Z,) ' = 1 as,asn — . )

Finally, from (8) and (9), Slutsky’s theorem, and some properties of the gamma distribution,
the result is obtained.

Proof of part (b). In view of relation (3), this part will be proved using Theorem 3 of [11].
Notice that, from assumption (iii),

Ellnnt1177 | Zy = k1 = O (@ (k) 973, (10)

where ¢ (k) := Eln; | | Zn = k] = £2(k)(g(k)) 2.
Let us consider the function

x 2
w(x>:=f ST
1 g@)

By assumption (ii) and the fact that g(x) = cx® + o(x%), it follows that

2
X
gx) x) ~ pe3x P X — 00,
g(x)

and, therefore, in the same limit, that

ve 3B —3a + DI PPt ) if B #£3a — 1,

11
ve 3 logx if  =3a—1. (b

¥ (x) ~ {
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Since G(x) ~ (c(1 —a)) " 'x!=*, we have G:l(x) ~ (c(1 —oz)x)(l’“)fl, where G~! denotes
the inverse function of G. Consequently, if ¢ (x) := w(G—1 (x)) then

ve 3 (B — 3o+ D7 (el — a)x) B3t D/U=e) 1) if B £ 3a — 1,

12
ve 3(1 —a)’llogx if B =30 — 1. 12)

¥ (x) ~{

The following statements now hold.

(A) The function g is positive, twice differentiable on R™, and ultimately concave, and g’ is
ultimately convex.

(B) The function ¢? is positive and continuously differentiable. Furthermore,

X X

/ 202G (2) dz ~ / b2 (o] — o)) B2/ (1=a) (=2 /(1-a)-2 g

1 1

and, since B < « + 1, the integral
o0
pe2(e(1 — o)) B2/ (1= / LB-D/(1-a) g,
1

is finite. Moreover, 92(G 1 (x)) ~ ve=2(c(1 — a)x)B—20/(0-0) g it is ultimately concave
or convex.

(O If B = 3« — 1 then, from (11), we obtain 1/ (co) = oo and we also deduce that

18" (x)g(x)/@*(x)| = O(x* P2,

which is ultimately decreasing because 4o — f —2 < 0. On the other hand, if 8 < 3« — 1 then,
again using (11), ¥ (00) < oo and |g”(x)g(x)| = O (x2@=D) which is ultimately decreasing
sincea — 1 < 0.

(D) For 8 > 3a — 1, we have

O (xP—(@t1)/2) if 8>3a—1,

’ 1/2 _
g )W)~ = [0((10gx)1/2x“—1) if B =3a—1,

while, for 8 < 3a — 1, we have

v(l _ xﬁ—3a+1)>1/2 ol

/ 172
g )W (x) a( cGa—1-p)

Hence, g/(x)(¥(x))'/? — 0 as x — oo.

Considering (10), (12), and statements (A)—(D), the assumptions of Theorem 3 of [11] can
be verified. Using the second part of this theorem, we obtain the result of part (b)1 of our
Theorem 4 and, from its first part, we find that

an_lZn 5 1 inthe event {Z, — o0},

for 8 > 3a — 1, and that

lim P(@(n))‘/2M <z
n—oo g(an)

Zy —> OO) = ()b*(z)s
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for all real numbers z. (Recall that ¢* denotes the standard normal distribution function.)
Finally, using Slutsky’s theorem and taking into account the fact that

vV .
S el Hhmeh
n) ~
v C(ﬁ—Z)/(l—a)((l _ a)n)(ﬁ—30t+1)/(1—01) ifB>3a—1,
B—3c+1

we deduce the result of part (b)2.
5.5. Proof of Corollary 1
(a) For simplicity, let us consider ¥, = n™! Z,ll_“‘ and take z > 0. Then
PY,<2)=PYn=zI|Z — 0OP(Z - 0)
+P(Y,<z|Z — 0)P(Z, - 00)

and, using the fact that lim, ..  P(Y, < z| Z, — 0) = 1, the fact that Zp = N, and
Theorem 4(a), we deduce that

Jim P(Y, <2) =gn + Tap(@ 1 = gn).

Consequently, part (a)] of Corollary 1 holds.
On the other hand, we have

PY,<2,Z,>0)=P(Y, <2,Z,>0,Z, > 00)+P(Y, <2,Z,>0,Z, = 0).
Now,
P(Y, <z,Z,>0,Z, — 00) =P, <z, Z — 00),
PY,<z,Z,>0,Z, - 0)<P(Z,>0,Z, - 0),

and, since lim, . P(Z, > 0) = P(Z, — o0) and lim,,_,oc P(Z, > 0, Z, — 0) = 0, by
Theorem 4(a), part (a)2 of Corollary 1 is deduced.

(b) The proof of part (b) is similar to that of part (a)2, taking ¥,, = A, 1/ z(g(a,,))’1 (Z, — ap)
and using Theorem 4(b).

5.6. Proof of Theorem 5
Theorem 5 is easily proved using Proposition 2 and applying Lemma 2.3 of [9].
Appendix A. Lemmas

Lemma 1. Forany0 <k <2andx > —1, we have
(1+x)*=14kx 4+ 0@x?.

Lemma 2. (Marcinkiewicz—Zygmund inequality.) If {X,}u>1 is a sequence of independent
and identically distributed random variables with E[X1] = 0 and E[| X1|?] < 00, p > 2, then
E[I Y2 X171 = 0?73,

We refer the reader to the theorem of [14] for the proof of Lemma 1 and to [2, p. 387] for
the proof of Lemma 2.
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