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ABSTRACT

We study the dependence of a cluster algebra on the choice of coefficients. We write
general formulas expressing the cluster variables in any cluster algebra in terms of the
initial data; these formulas involve a family of polynomials associated with a particular
choice of ‘principal’ coefficients. We show that the exchange graph of a cluster algebra
with principal coefficients covers the exchange graph of any cluster algebra with the same
exchange matrix. We investigate two families of parameterizations of cluster monomials
by lattice points, determined, respectively, by the denominators of their Laurent
expansions and by certain multi-gradings in cluster algebras with principal coefficients.
The properties of these parameterizations, some proven and some conjectural, suggest
links to duality conjectures of Fock and Goncharov. The coefficient dynamics leads to a
natural generalization of Zamolodchikov’s Y-systems. We establish a Laurent phenomenon
for such Y-systems, previously known in finite type only, and sharpen the periodicity
result from an earlier paper. For cluster algebras of finite type, we identify a canonical
‘universal’ choice of coefficients such that an arbitrary cluster algebra can be obtained
from the universal one (of the same type) by an appropriate specialization of coefficients.
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CLUSTER ALGEBRAS IV

1. Introduction

Since their introduction in [FZ02], cluster algebras have found applications in a diverse variety of
settings which include (in no particular order) total positivity, Lie theory, quiver representations,
Teichmiiller theory, Poisson geometry, discrete dynamical systems, tropical geometry, and algebraic
combinatorics. See, for example, [CK05a, FG05, FR05, FZ04] and references therein. This paper,
the fourth in a series, continues the study of the structural theory of cluster algebras undertaken
in its prequels [BFZ05, FZ02, FZ03a]. As in those earlier papers, we try to keep the exposition
reasonably self-contained.

A cluster algebra A of rank n is a subalgebra of an ambient field F isomorphic to a field of
rational functions in n variables. Each cluster algebra comes equipped with a distinguished set
of generators called cluster variables; this set is a union of overlapping algebraically independent
n-subsets of F called clusters. The clusters are related to each other by birational transformations
of the following kind: for every cluster x and every cluster variable z € x, there is another cluster
x' =x —{z} U{2'}, with the cluster variable 2’ determined by an exzchange relation of the form

' =p"MT +p M. (1.1)
Here p™ and p~ belong to a coefficient semifield P, while M and M~ are two monomials in
the elements of x — {z}. (See Definition 2.4 for precise details.) Each exchange relation involves
two different kinds of data: the exchange matriz B encoding the exponents in M+ and M ~, and
the two coefficients p* and p~. In the previous papers of this series, a lot of attention was given
to exchange matrices and their dynamics. The current paper brings into focus the dynamics of
coefficients. Before describing the results in detail, we would like to offer some justification for the
importance and timeliness of this study.

e The coefficient dynamics is of interest in its own right. It can be viewed as a far-reaching
generalization of Zamolodchikov’s Y -systems, introduced and studied in [Zam91] in the con-
text of thermodynamic Bethe Ansatz. Algebraic properties of Y-systems were investigated
in [FZ03b]; in particular, we established their periodicity, confirming a conjecture by Zamolod-
chikov (the type A case was settled in [FS95, GT96]). Although our motivation for studying
Y -systems came from the coefficient dynamics in [FZ02, (5.4)—(5.5)], cluster algebras played no
explicit role in [FZ03b]. In the current paper, the study of Y-systems in the context of cluster
algebras allows us to extend and sharpen the results of [FZ03b].

e Systematically exploring the interplay between two types of dynamics — that of cluster variables
and that of coefficients — leads to a better understanding of both phenomena. The constructions
we use to express this interplay are close in spirit (albeit different in technical details) to the
notion of cluster ensemble introduced and studied by Fock and Goncharov [FGO03] as a tool in
higher Teichmiller theory. Our coefficient-based approach uncovers an unexpected ‘common
source’ of the two types of dynamics, expressing both the cluster variables and the coefficients in
terms of a new family of F'-polynomials, which generalize the Fibonacci polynomials of [FZ03b].
This approach also yields a new constructive way to express the (conjectural) ‘Langlands
duality’ between the two kinds of dynamics, suggested in [FGO3].

e Last, but not least, all examples of cluster algebras coming from geometry of semisimple groups
(see [BFZ05, FZ03a, FZ04]) have non-trivial coefficients. (By contrast, most of the recent
developments in cluster algebra theory obtained in the context of cluster categories and cluster
tilted algebras deal exclusively with the case of trivial coefficients.) There are many examples
of cluster algebras of geometric origin which have the same combinatorics of exchange matrices
but totally different systems of coefficients. This motivates the study of the dependence of a
cluster algebra structure on the choice of coefficients. One surprising conclusion that we reach
in this study is the existence of ‘universal formulas’ for cluster variables; these formulas reduce
the case of arbitrary coefficients to a very particular special case of principal coefficients.
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The paper is organized as follows. Requisite background on cluster algebras is presented in § 2.
In keeping with the tradition established in [BFZ05, FZ02, FZ03a], we rephrase the definitions
to better suit our current purposes. In particular, we reconcile the setups in [FZ02] and [FZ03a]
by emphasizing the difference between the labeled seeds attached to the vertices of an n-regular
tree (see Definitions 2.3 and 2.8), and the (unlabeled) seeds attached to the vertices of an exchange
graph (see Definitions 4.1 and 4.2). (Informally, a seed is a cluster x together with the corresponding
exchange matrix B and the collection of coefficients p* appearing in all exchanges from x.)

In §3, we introduce some of the main new concepts that play a central role in the paper, most
notably, the cluster algebras with principal coefficients (Definition 3.1) and, based on the latter, the
F-polynomials (Definition 3.3). Our first main result, Theorem 3.7 (sharpened in Corollary 6.3),
expresses any cluster variable in any cluster algebra in terms of the (arbitrary) initial seed using the
appropriate F-polynomials. Thus, one can think of principal coefficients as a crucial special case
providing control over cluster algebras with arbitrary coefficients.

The universal formulas of Theorem 3.7/Corollary 6.3 have an a priori unexpected ‘separation
of additions’ property: each cluster variable is written as a ratio of two polynomial expressions in
the initial data, one of the them (the numerator) employing only the ‘ordinary addition’ in F, and
another one (the denominator) involving only the ‘auxiliary addition’ in the coefficient semifield P.

These formulas lead to the following structural result obtained in § 4 (Theorem 4.6): the exchange
graph of an algebra with principal coefficients serves as a cover for the exchange graph of any cluster
algebra with the same exchange matrix. This is a step towards the much stronger Conjecture 4.3:
the exchange graph of a cluster algebra depends only on the exchange matrix at any seed, but not
on the choice of coefficients.

Properties of F-polynomials are discussed in §5. Although the definition of F-polynomials
is simple and elementary, proving some of their properties resisted our efforts. One example is
Conjecture 5.4, an innocent-looking assertion that every F-polynomial has constant term 1.

In §6, we show that a cluster algebra with principal coefficients possesses a Z™-grading with
respect to which all cluster variables are homogeneous elements. We then discuss general properties
(partly proven and partly conjectural) of the (multi-)degrees of cluster variables, which we refer
to as g-vectors. In particular, we show that these vectors can be expressed in terms of (tropical
evaluations of ) F-polynomials.

Section 7 applies the tools developed in earlier sections to the study of cluster monomials, that
is, monomials in cluster variables all of which belong to the same cluster. The significance of cluster
monomials stems from the expectation that they belong to the suitably defined ‘canonical basis’
of a cluster algebra. There is still a long way to go towards this result: even the linear indepen-
dence of cluster monomials remains open (see Conjecture 7.2, reproducing [FZ04, Conjecture 4.16]).
As a possible tool in proving this conjecture, we discuss two families of combinatorial parameteriza-
tions of cluster monomials by integer vectors in Z"; they are somewhat reminiscent of two families
of parameterizations of canonical bases (Lusztig’s and string parameterizations) in the theory of
quantum groups. One of these parameterizations of cluster monomials (by denominator vectors)
has already appeared in [FZ03a, FZ04]; another (by g-vectors) is new. Note that in §6, g-vectors
are defined in restricted generality, for the case of principal coefficients only; in §7, we find a way
to extend this definition to a much more general class of coefficients.

In the rest of the paper (§§8-12), we restrict our attention to some special classes of cluster
algebras. Sections 8-10 deal with the bipartite cluster algebras, a class that includes all
cluster algebras of finite type. A bipartite cluster algebra has a seed ¥ such that, in each of the
n exchange relations (1.1) emanating from X, one of the monomials M and M~ is equal to 1.
Such a seed Y is also called bipartite, and is naturally included into a sequence of bipartite seeds
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called the bipartite belt. In §8, we show that the restriction of the coefficient dynamics to the
bipartite belt yields a natural generalization of Zamolodchikov’s Y-systems to the case of arbitrary
symmetrizable generalized Cartan matrices. Two main results of this section sharpen their
counterparts obtained in [FZ03b]: Theorem 8.5 (the ‘Laurent phenomenon’) asserts that the
solutions of a generalized Y-system can be expressed as Laurent polynomials in the initial data,
while Theorem 8.8 improves upon the periodicity theorem of [FZ03b] by showing the necessity of
the finite type assumption.

The proof of Theorem 8.8 given in §10 relies on the calculation of denominator vectors and
g-vectors for the cluster variables on the bipartite belt. We also need some properties of the root
system associated with a symmetrizable generalized Cartan matrix. These properties are discussed
in §9, which can be read independently of the rest of the paper. We believe these results to be of
independent interest. In particular, Theorem 9.4 and Corollary 9.6 strengthen the following result
obtained in [BLMS&9]: in the Weyl group associated to an indecomposable symmetrizable Cartan
matrix of infinite type, the ‘bipartite’ Coxeter element has infinite order.

The last two sections (§§11 and 12) deal with the cluster algebras of finite type, i.e. those with
finitely many seeds. The classification of these algebras obtained in [FZ03a] is parallel to the Cartan—
Killing classification of semisimple Lie algebras and finite root systems. In § 11, we demonstrate that
several conjectures made in the preceding sections hold for the algebras of finite type. In particular,
we prove linear independence of cluster monomials (Conjecture 7.2) for the cluster algebras of finite
type; see Theorem 11.2. Other conjectures are proved by combining our results on bipartite cluster
algebras with the structural results in [FZ03a], such as the following property (implicit in [FZ03a]):
in a cluster algebra of finite type, every cluster variable appears in a seed lying on the bipartite
belt.

In Theorem 11.6, we show that in finite type, the F-polynomials coincide, up to a simple twist,
with the Fibonacci polynomials of [FZ03b].

The concluding section (§12) presents an explicit construction of the ‘universal’ system of co-
efficients for cluster algebras of each finite type. This universality is understood in the following
sense. As a consequence of results in [FZ03a], for any two cluster algebras A and A of the same
(finite) Cartan—Killing type, there is a natural bijection between the sets of cluster variables for A
and A. So the only feature that distinguishes these algebras from each other is a choice of coefficients
(in turn predicated on the choice of the ground ring, the integral group ring ZP of the multiplicative
group of the coefficient semifield P). The main result of § 12 (Theorem 12.4) asserts that, among all
cluster algebras of a given Cartan Killing type, there is a universal cluster algebra A" such that
every other algebra of this type is obtained from A™Y by a (unique) ‘change of base’ resulting from
a homomorphism of multiplicative groups of coefficient semifields. The existence of A™V is by no
means obvious, and it is not clear how far this result can be extended beyond finite type.

The reader will notice a large number of conjectures put forth in §§ 4-7. We conclude the paper by
an index of partial results that we obtained towards these conjectures. We note that a promising tool
for attacking some of these conjectures is provided by a geometric interpretation (found in [CCO04]
and generalized in [CKO05b]) of Laurent expansions of cluster variables in terms of Grassmannians
of quiver representations.

2. Preliminaries on cluster algebras

To state our results, we recall the basic setup introduced in [BFZ05, FZ02, FZ03a]. In keeping with
the tradition established in the previous papers in the series, we rephrase the definitions to better
suit the current purposes.
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The definition of a cluster algebra A starts with introducing its ground ring. Let (P,®,-) be
a semifield, i.e. an abelian multiplicative group endowed with a binary operation of (auxiliary)
addition @ which is commutative, associative, and distributive with respect to the multiplication
in P. The multiplicative group of P is torsion-free [FZ02, § 5|, hence its group ring ZP — which will
be used as a ground ring for A — is a domain.

The following two examples of semifields will be of particular importance to us.

DEFINITION 2.1 (Universal semifield). Let Qg (us,...,us) denote the set of all rational functions in
¢ independent variables uq,...,u; which can be written as subtraction-free rational expressions in
u, ..., up. For example, u? —u+1= (u+1)/(u+1) € Qg(u). The set Qgp(uy, ..., up) is a semifield
with respect to the usual operations of multiplication and addition. This example is universal: any
subtraction-free identity that holds in Qg¢(uq,...,us) remains valid for any elements uq,...,u, in
an arbitrary semifield (see [BFZ96, Lemma 2.1.6]).

DEFINITION 2.2 (Tropical semifield). Let J be a finite set of labels, and let Trop(u; : j € J) be an
abelian group (written multiplicatively) freely generated by the elements u;(j € J). We define the
addition @ in Trop(u; : j € J) by

J J ]

J

and call (Trop(u; : j € J),®,-) a tropical semifield. To illustrate, us @ u%u;l = u2_1 in Trop(uy,ug).
If J is empty, we obtain the trivial semifield consisting of a single element 1.

The group ring of Trop(u; : j € J) is the ring of Laurent polynomials in the variables w;.

The terminology in Definition 2.2 is consistent with [FZ02]. It is different from (although closely
related to) the terminology in [BFZ96, §2.1], nowadays commonly used in tropical geometry.

As an ambient field for a cluster algebra A, we take a field F isomorphic to the field of rational
functions in n independent variables (here n is the rank of A), with coefficients in QP. Note that
the definition of F ignores the auxiliary addition in P.

DEFINITION 2.3 (Labeled seeds). A (skew-symmetrizable) labeled Y -seed in IP is a pair (y, B), where:

e y=(y1,...,yn) is an n-tuple of elements of IP; and

e B = (b;;) is an n x n integer matrix which is skew-symmetrizable.
That is, d;b;j = —d;bj;; for some positive integers di, ..., d,. A labeled seed in F is a triple (x,y, B),
where:

e (y,B) is a labeled Y-seed; and

e x = (x1,...,x,) is an n-tuple of elements of F forming a free generating set.
That is, x1,...,x, are algebraically independent over QP, and F = QP(zy,...,z,). We refer to x

as the (labeled) cluster of a labeled seed (x,y, B), to the tuple y as the coefficient tuple, and to the
matrix B as the exchange matrix.

The (unlabeled) seeds, as defined in [FZ03a] and in Definition 4.1 below, are obtained by iden-
tifying labeled seeds that differ from each other by simultaneous permutations of the components
in x and y, and of the rows and columns of B. In this paper, we mostly deal with labeled seeds;
meanwhile, we sometimes refer to labeled seeds simply as seeds, when there is no risk of confusion.
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Throughout the paper, we use the notation

(2] = max(a, 0);

-1 ifx <0
sgn(z) = 0 ifx=0;
1 if z > 0;

[1,n] ={1,...,n}.
DEFINITION 2.4 (Seed mutations). Let (x,y, B) be a labeled seed in F, as in Definition 2.3 above,

and let k& € [1,n]. The seed mutation py in direction k transforms (x,y, B) into the labeled seed
ur(x,y,B) = (x',y’', B') defined as follows.

o The entries of B’ = (b];) are given by

—b;j ifi=~korj=k
bi; = (2.2)
bij + sgn(bir) [bikbrjl+ otherwise.
e The coefficient tuple y' = (v}, ...,y,,) is given by
—1 e -
Y if j =k
yj = ' [r5]+ b i (2:3)
yive (e @ 1)k if § £ K
e The cluster x' = (z},..., ;) is given by 2/ = x; for j # k, whereas z} € F is determined by
the exchange relation
(bir]+ [—bik]+
0 | it 0 | C By (2.4)

(Y ® D)y,
We also say that the Y-seed mutation in direction k transforms (y, B) into the labeled Y-seed
urp(y, B) = (y', B’) given by (2.2) and (2.3).

It is easy to see that B’ is skew-symmetrizable (with the same choice of di,...,d,), implying
that (x',y’, B’) is indeed a labeled seed. Furthermore, the seed mutation puy is involutive, that is,
it transforms (x’,y’, B’) into the original labeled seed (x,y, B).

A few comments are in order.

Remark 2.5. The transformation p : B — B’ defined by (2.2) is easily checked to coincide with
the matriz mutation defined in [FZ02, (4.3)]. Another equivalent way to define it is

y —b;j ifi=Fkor j=k;
K bij + [_bik]—i-bkj + bik [bkj]-i- otherwise.

Remark 2.6. The transformation y — y’ given by (2.3) first appeared in [FZ02, (5.5)], and then in
a different context in [GSV03, Lemma 1.3] and [FGO03, (6)] (cf. Proposition 3.9 below).

Remark 2.7. Originally [FZ02, Definition 5.3; FZ03a, §1.2], we defined the coefficient tuple as a

(2.5)

2n-tuple p = (pf, ...,pT) of elements of P satisfying the normalization condition pj ®p; =1 for
all j. The equivalence of that setup and the current one was established in [FZ02, (5.2) and (5.3)]:
by setting
_l’_
p .
y; = L, (2.6)
pj
the coefficients p;-—L are recovered via
+ Yi - 1
r = , = 2.7
P yer BT e 27
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and the exchange relation (2.4) takes the usual form (cf. [FZ03a, Definition 1.1])

) =y <p,j [T+, Hmzﬂ‘bik”). (2.8)

i=1 i=1

DEFINITION 2.8 (Regular n-ary tree). As in [FZ02], we consider the n-regular tree T,, whose edges
are labeled by the m}fmbers 1,...,n, so that the n edges emanating from each vertex receive different
labels. We write t — ¢’ to indicate that vertices t,t’ € T,, are joined by an edge labeled by k.

DEFINITION 2.9 (Patterns). A cluster pattern (respectively, Y -pattern) is an assignment of a labeled
seed Xy = (x¢,¥y¢, By) (respectively, a labeled Y-seed (y:, Bt)) to every vertex t € T,,, such that the

seeds assigned to the endpoints of any edge t —— ¢ are obtained from each other by the seed
mutation in direction k. The elements of ¥J; are written as follows:
Xt = (xl;ta cee 7$n;t)) Yyt = (yl;t7 cee ayn;t)7 Bt = (bgj) (29)

Clearly, a cluster pattern (respectively, Y-pattern) is uniquely determined by each of its seeds
(respectively, Y-seeds), which can be chosen arbitrarily.

As will be explained in § 8, the notion of a Y-pattern is a far-reaching generalization of Zamolod-
chikov’s Y-systems [FZ03b, Zam91].

Ezample 2.10 (Type Ag; cf. [FZ02, Section 6]). Let n = 2. Then the tree Ty is an infinite chain.
We denote its vertices by ...,t_1,%0,%1,to,..., and label its edges as follows:

-it_lLtoitlLtgitgi'“. (2.10)

We denote the corresponding seeds by ¥, = ¥, = (X, Ym, Bm), for m € Z. Let the initial seed ¥
be

0 1
xo = (21,72), Yo = (y1,42), Boz[_1 o]' (2.11)

We then recursively compute the seeds X1, ..., %5 as shown in Table 1. Note that the labeled seed X5
is obtained from X by interchanging the indices 1 and 2; the sequence then continues by obvious
periodicity (so that ¥19 becomes identical to Xy, etc.).

Now everything is in place for defining cluster algebras.

DEFINITION 2.11 (Cluster algebra). Given a cluster pattern, we denote by
X=|Jxi={zis:teTy 1<i<n} (2.12)
teTy,

the union of clusters of all of the seeds in the pattern. We refer to the elements x;; € X as cluster
variables. The cluster algebra A associated with a given cluster pattern is the ZP-subalgebra of the
ambient field F generated by all cluster variables: A = ZP[X]. We denote A = A(x,y, B), where
(x,y,B) = (x¢,y:, By) is any labeled seed in the underlying cluster pattern.

DEFINITION 2.12 (Geometric type). A cluster algebra (or a Y-pattern, or a cluster pattern) is of
geometric type if the coefficient semifield P is a tropical semifield of Definition 2.2.

For patterns of geometric type, it is convenient to denote the generators of P by xp41,...,2m,
(for some integer m > n), so that P = Trop(xy41,...,%m). As the coefficients yi., ..., yn:+ at each
seed ¥y = (x¢, ¥y, By) are Laurent monomials in 2,41, ..., 2y, we define the integers bgj, for j € [1,n]

and n <t < m, by

m
b,
yie =[] =" (2.13)

1=n+1
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TABLE 1. Seeds in type As.

t By Yt Xy
0 0 L] x T
—1 0) Y1 Y2 1 2
[0 —1] 1 r1y2 + 1
1 e1 — €T —_—
1 o] y1(y2 ® 1) " 1 2 & 1)
5 [0 1] 1 iy @y ® 1 | myiye +y1 + 2o T1y2 + 1
=1 0] | yi(y2® 1) Y2 (Y2 B y1 @ Dziza  22(y2 ® 1)
3 [0 —1] y1 @1 Y2 T1Y1y2 + Y1 + 22 Y1+ o2
. 1 0] Y112 Y @y @1 | (2 @y1 @ Driws x1(y1 © 1)
4 [0 1] Y1Y2 1 Y1+ o2
-1 0] @1 i r1(y1 © 1)
5 [0 —1]
i 1 0_ Y2 Y1 x2 T

That is, we include the exchange matrix B; as a submatrix into a larger m x n matrix
Bi= () (1<i<m, 1<j<n) (2.14)

whose matrix elements bfj with ¢ > n are used to encode the coefficients y; = y;.¢. It then follows
from Definition 2.2 that the formulas (2.7) for a seed 3; become

T ) U
L h o bt
py= 11 =" »= 11 ="

and the exchange relations (2.8) become

z) = ) <H A T xﬁ‘bgk“), (2.15)
=1 =1

where we denote z; = x;4 for i € [1,n]. Furthermore, the Y-seed mutation formulas (2.3) take
the form (2.2), with ¢ > n (cf. [FZ02, Proposition 5.8]). Thus, extending the notion of matrix
mutation to rectangular matrices, we have By = u;(B;) whenever ¢ LA Summing up, the entire
Y-pattern (hence, up to isomorphism, the corresponding cluster algebra of geometric type) is
uniquely determined by a single rectangular matrix B,.

3. Separation formulas
We now introduce a special class of coefficient patterns that will play a central role in this paper.

DEFINITION 3.1 (Principal coefficients). We say that a Y-pattern ¢ — (y¢, By) on T,, (or a cluster
pattern ¢ — (X, y:, Bt), or the corresponding cluster algebra A) has principal coefficients at a
vertez to if P = Trop(y1,...,yn) and y¢, = (Y1,-..,Yn). In this case, we denote A = Aq(By,).

Remark 3.2. Definition 3.1 can be rephrased as follows: a cluster algebra A has principal coefficients
at a vertex tg if A is of geometric type, and is associated with the matrix Bto of order 2n x n whose
principal (i.e. top n x n) part is By,, and whose complementary (i.e. bottom) part is the n x n
identity matrix (cf. [FZ02, Corollary 5.9]).
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In Theorem 3.7 below we give a formula that expresses a cluster variable in an arbitrary cluster
algebra with a given initial exchange matrix BY = By, in terms of similar formulas for the corre-
sponding cluster algebra with principal coefficients. In order to write these formulas, we need to
introduce some notation.

DEFINITION 3.3 (The functions Xy, and Fy;). Let A = A4(BP) be the cluster algebra with principal
coefficients at a vertex tg, defined by the initial seed Xy, = (X¢,, ¥t,, Bt,) with

Xtg = (X1, ,Tn),  Yie = Y15+, Un), By =B = (b?j). (3.1)
Thus, P = Trop(yi,...,yn), and all coefficients in all exchange relations (2.4) are monomials in
Y1,---,Yn. By iterating these exchange relations, we can express every cluster variable z4; as a
(unique) rational function in z1,..., %y, y1,...,Yy, given by a subtraction-free rational expression;
we denote this rational function by
BO.
X[;t = Xg;t o € st(mh e Ty Yly e 7yn)- (32)
Let Fypy = Ffto;to € Qs¢(y1,--.,yn) denote the rational function obtained from Xy, by specializing
all of the z; to 1:
Fri(yr, - oun) = Xee(L, oo Ly, o0, yn)- (3.3)

For instance, we have Xy, = x¢ and Fp,, = 1 for all ¢; and if #; L to, then

89, )+ 60,1+
Bt Yk HZE ‘ + Hl‘ ‘ B¢,
X, = Z Tk Z o Bt =k L

Ezample 3.4 (Principal coefficients, type A3). Let n = 2 and B = [_01 (1)] That is, we consider the
special case of Example 2.10 in which the coefficient semifield is P = Trop(yi,y2). In this case, the
formulas in Table 1 simplify considerably. The results are shown in the first four columns of Table 2,
where we use the notation x; = (X1, X2,), in agreement with Definition 3.3. Setting 1 = 2o =1
yields the polynomials Fj.;, shown in the fifth column of the table.

As we now demonstrate, each rational function X is in fact a Laurent polynomial with integer
coefficients, while each Fy.; is actually a polynomial in y1,...,yy,.

THEOREM 3.5 (Laurent phenomenon [FZ02, Theorem 3.1]). The cluster algebra A associated with
a seed (x,y, B) is contained in the Laurent polynomial ring ZP[x*!], i.e. every element of A is a
Laurent polynomial over ZP in the cluster variables from x.

In view of [FZ03a, Proposition 11.2], for a cluster algebra with principal coefficients, Theorem 3.5
can be sharpened as follows.

PROPOSITION 3.6. Let A = A4(B°) be the cluster algebra with principal coefficients at a vertex to
with the initial seed given by (3.1). Then A C Z[mfl, ey @by, o yn]. That is, every element
of A is a Laurent polynomial in x1,...,x, whose coefficients are integer polynomials in y1,...,Yn.
Thus,

Xe;tEZ[mzltl7”’7x$1;yla"'7yn]7 Fe;tEZ[yla"wyn]' (34)
The polynomials in (3.4) are conjectured to have positive coefficients. We note that not until
the positivity of coefficients of the (Laurent) polynomial expansion for some Xj.,; (or Fjj;) has been

established, can such an expansion be used for evaluation in an arbitrary semifield. On the other
hand, one can always use an appropriate subtraction-free expression.
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TABLE 2. Type As, principal coefficients.

t B, Yt X1, Xoy Fiy Foy
SEPE
-1 0
0 10 Y1 Yo 1 T2 1 1
L. 0 1_
0 —1]
1 0 1 T +1
1 o — T nyT 1 y2+1
10 Y2 T2
_O _1_
- 0 1
—1 0 1 1 x +uy1+x T +1
9 Lo L4 191Y2 T 2 1Y2 s+ +1 ya 1
- 1 Y2 12 )
L. 0 _1_
_ e
1 0 1 T +y1+x +x
3 X . " 19192 T Y1 2 U1 2 s+ +1 w41
- Y1y2 122 T
__1 1_
- 0 1
—1 0 1 + )
4 Y1y2  — T2 nrh 1 y1+1
L -1 Y1 L1
L 1 0_
0 -1
1 0
5 0 1 Y2 U1 T2 x1 1 1
1 0

As explained in §11, in the special case of cluster algebras of finite type, the polynomials FJ.;
are closely related to the ‘Fibonacci polynomials’ of [FZ03b].

We need one more piece of notation in order to state our next theorem. If F' is a subtraction-
free rational expression over Q in several variables, P a semifield, and wq,...,u; some elements
of P, then we denote by Fl|p(ui,...,us) the evaluation of F' at wuj,...,up. This is well defined
in view of the universality property of the semifield Qgf(u,...,ur) alluded to in Definition 2.1.
For example, if F(u1,us) = uf — ujug + u3 € Qgt(ug, uz), and P = Trop(y1,y2), then Flp(y1,y2) =
(v @ u3)/(y1 @ y2) = 1.

THEOREM 3.7. Let A be a cluster algebra over an arbitrary semifield P, with a seed at an initial
vertex to given by (3.1). Then the cluster variables in A can be expressed as follows:

0.
Xft 7t0|}_(‘,1:17 e Iy Yl e 7yn)
IL’g;t = Bt . (35)
Fé;t |P(y17"'7yn)

Formula (3.5) exhibits the ‘separation of additions’ phenomenon: the numerator in the right-
hand side is totally independent of the auxiliary addition @, while the denominator does not involve
the (ordinary) addition in F.
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Ezample 3.8. To obtain the expressions for the cluster variables in the last column of Table 1, one
needs to replace each + sign in the fifth column of Table 2 by the & sign and then divide each
expression in the fourth column of Table 2 by its counterpart in the fifth column.

The proof of Theorem 3.7, to be given later in this section, requires some preparation.
Our starting point is the following generalization of [GSV03, Lemma 1.3] and [FGO03, (6)].

PROPOSITION 3.9. Let t — (x¢,¥y:, Bt) be a cluster pattern in F, with

Xt = (xl;ty e 7$n;t)7 Yt = (yl;ta e 7yn;t)7 Bt = (bgj) (36)
(as in (2.9)). For t € T,, let ¥ = (Y1:t, - - -, Unit) be the n-tuple of elements in F given by
b,
Yjst = Yjst szg (3.7)
i

Then t — (3¢, B;) is a Y-pattern in F. In other words, for t L t', we have (cf. (2.3)):

A it if j =k
Yt =y NN bt (3.8)
Uity O + 1) 05 # k.
Proof. We denote
Ti=Tig, T =T, Vi = Vit Y=V, by =0bl;, b =0bi (3.9)
(so as to match the notation of Definition 2.4) and
:g] — gj,tJ :g; — gj,t" (310)
With this notation, we get
ih= vk [T 20" = e Tl = ;"
i#k i#k
proving the first case in (3.8). To check the second case, note that the exchange relation (2.4) can

be rewritten as follows:
Uk +1 el

Ty, = . 3.11
Using this, for j # k, we get
. b —[—bir] 4 b
y] = y] bk] Hx g =Yj y][g k]]+(y +1)” bijzkj Hxi” ok "
i#k i#k
Applying (2.5), we get
/ bij bk s+ -b NYIES —by;
9= (wi [T ) (ww [ ] 22 Ok + 1) = 950, (G + 1) 7",
i#] ik
as required. O

To draw some conclusions from Proposition 3.9, we need one more piece of notation.
DEFINITION 3.10 (Rational functions Yy ;). We denote by

BY:t
}/j;t = }/j;t o€ st(ylv s 7yn)

the components of the Y-pattern with values in the universal semifield Qg (y1,...,Yn)
(see Definition 2.1), and the initial Y-seed ((y1,...,yn), B%) at to.
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0.
Ezample 3.11. For a Y-pattern of type As (see Example 2.10), the functions Y]Ei ito appear in the

third column of Table 1 (replace & by + throughout).

By the universality property of the semifield Qg (y1,...,yn), for any Y-pattern (y;, By) with
values in an arbitrary semifield P’ and the initial Y-seed ((y1,...,yn), B?) at to, the elements y;,; € P
are given by

BY:t
Yjit = }/j;t 0|P(y17"' 7yn) (312)
In particular, using the notation of Definition 3.10, Proposition 3.9 can be restated as
~ B¢, ~ ~
yj§t = Y};t O|f(y17’-’ 7yn)7 (313)

where we abbreviate §; = ¥;.1,. Another important specialization of (3.12) is for the patterns of
geometric type: using the notation in (2.13) and (2.14), in this case we have

m
b,
}/j;t|Trop(zn+1,...,zm)(ylv s 7yn) = H x; Ja (314)
i=n+1
o,
where y; = [[\2, z,".

Comparing Definitions 3.3 and 3.10, we note that the rational functions Y}.; are defined by means
of ‘general coefficients’ while the definition of the polynomials Fj,; involves principal coefficients.
Still, both Y} and Fj lie in the same semifield Qg (y1, . .., yn). In fact, these two families are closely
related, as we will now see.

PROPOSITION 3.12. Let t —— t' and B, = (bij). Then

n

Yo +1 —1 [—bic]
Fpy = ] AT EL e (3.15)
(}/Z;t + 1)|Trop(y1,...,yn) &t E ut

Proof. The equality (3.15) is a special case of (3.11) for the cluster algebra with principal coefficients
under the specialization 1 = --- =z, = 1. O

Proof of Theorem 3.7. We prove (3.5) by induction on the distance between ¢ and ¢y in the tree T,,.
The equality in question }S trivial for ¢ = ¢y, both sides of (3.5) being equal to z;. So it suffices to
show the following: if ¢t — ¢/, and all ;4 satisfy (3.5) then the same is true for z,u.

Applying (3.11), we obtain

Yoo + D|F(G1s- - 9n) [—biel+
Ty = ’ Tip T, 3.16
5= W+ Dlelon o) H (316)

where the elements §; = g;.,, € F are given by (3.7), and B = B;. Applying (3.16) to the cluster
algebra with principal coefficients at ¢y, we get

(vat"i'l)(z:/b "7yn 1 ]
Xf;t’ ){rZ bie]+ (317)
(Yk 4+ 1)|Trop(y1, ,yn)(yh Y H it

(note that further specializing all x; to 1 leads to (3.15)). To see that x4y satisfies (3.5), it suffices
to substitute for each z;;; in the right-hand side of (3.16) its expression given by (3.5), and then to
use (3.17) in conjunction with the equality (3.15) evaluated in P. O

The following proposition establishes another relation between the rational functions Yj,; and
the polynomials F,
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PROPOSITION 3.13. For any t € T, and j € [1,n], we have
n
bij
Y}ﬁt = Y}';t‘Trop(yl,...,yn) Hﬂ;tj7 (318)
i=1

where (b;j) = (bfj) = B, is the exchange matrix at t.

Proof. Apply (3.13) to the cluster algebra with principal coefficients and specialize 1 = --- = x,,
1 (implying y; = ;). Then (3.18) becomes a special case of (3.7).

ol

Remark 3.14. We note that the monomial Y}t vop(y,,...y,) aPpearing in (3.18) is nothing but the
value of y;; in the cluster algebra with principal coefficients at ¢y. For our running example of

type Ag, the monomials Yj.¢|1vop(y,,...y,) appear in the third column of Table 2.

Proposition 3.13 has the following useful corollary.

PROPOSITION 3.15. Suppose that t € T,, and j € [1,n] are such that b;fj > 0 for all i. Then Y}, is a
Laurent polynomial in y1,...,Yn-

Proof. This is immediate from (3.18). O

4. Exchange graphs
We start by recalling some basic definitions from [FZ02, FZ03a].

DEFINITION 4.1 (Seeds). We say that two labeled seeds ¥ = (x,y, B) and ¥/ = (x',y’, B’) define
the same seed if ¥’ is obtained from ¥ by simultaneous relabeling of the n-tuples x and y and the
corresponding relabeling of the rows and columns of B. In other words, seeds are equivalence classes
of labeled seeds, where

Ez(xayaB)7 X:(x17”’7xn)7 y:(yla"'ayn)7 B:(bZ])
and
Z/:(XlaylaB/)v x' = (:L‘/lv"wx;m)v y/: (ylla"'ay;L% B = (b;])
are equivalent (denoted ¥ ~ Y) if there exists a permutation o of indices 1,...,n such that

TP = Toli)y Y5 = Yo big = Voti)oli)
for all 7 and j. We denote by [X] the seed represented by a labeled seed X.

For instance, in Example 2.10, the labeled seeds Xy and X5 define the same seed, i.e. [Xo] = [Z5].

The (unlabeled) cluster of a seed is an (unordered) m-element subset of F which is a free
generating set for F (cf. Definition 2.3). In view of Definition 2.4, for every element z of the cluster
of a seed [X], there is a well-defined seed . ([X]) = [ux(X)], where z = zj in the labeling provided
by ¥; we say that the seed . ([X]) is obtained from [¥] by mutation in direction z.

The combinatorics of seed mutations is captured by the exchange graph of a cluster algebra.

DEFINITION 4.2 (Exchange graphs). The exchange graph of a cluster pattern (and of the corre-
sponding cluster algebra) is the n-regular (finite or infinite) connected graph whose vertices are the
seeds of the cluster pattern and whose edges connect the seeds related by a single mutation.

To illustrate, the exchange graph in Example 2.10 is a 5-cycle.

The exchange graph can be obtained as a quotient of the tree T,, modulo the equivalence relation
on vertices defined by setting t ~ ¢’ whenever ¥y ~ Xy (equivalently, [2;] = [Zy]).
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Each exchange graph is endowed with a canonical (discrete) connection, in the sense of [BGH02,
GZ99]. That is, for any two adjacent vertices [X] and [¥'] in the exchange graph, the n — 1 edges
incident to [X] but not to [¥X'] are in a natural bijection with the edges incident to [X'] but not to [X].
Specifically, an edge corresponding to the exchange of a cluster variable z from [¥] is matched to
the edge corresponding to the exchange of z from [X'].

Clearly, the exchange graph of a cluster algebra depends only on its underlying Y-pattern, which
is in turn determined by a Y'-seed at an arbitrary vertex ty in T,,. The following stronger statement
was conjectured in [FZ04, Conjecture 4.14(1)].

CONJECTURE 4.3. The exchange graph of a cluster algebra A(x,y, B) (and the canonical connection
on this graph) depends only on the matrix B.

DEFINITION 4.4 (Finite type). A cluster algebra A is of finite type if its exchange graph is finite,
that is, A has finitely many distinct seeds.

Cluster algebras of finite type were classified in [FZ03a]: they correspond to finite root systems.
As shown in [FZ03a], the property of a seed (x,y,B) to define a cluster algebra of finite type
depends only on the matrix B.

For cluster algebras of finite type, Conjecture 4.3 was proved in [FZ03a, Theorem 1.13]. It is
also known to hold for n < 2 (see [FZ02, Example 7.6]).

As an application of the results in §3, we obtain a partial result towards Conjecture 4.3.

DEFINITION 4.5 (Coverings of exchange graphs). Let A’ and A be two cluster algebras defined by

cluster patterns ¢t — Xy = (x¢,yt, By) and t — X} = (x},y}, B) with the same exchange matrices B;.

We say that the exchange graph of A’ covers the exchange graph of A if the canonical projection

of T,, onto the exchange graph of A factors through the similar projection for A’; in other words,
t, ~ Xf, implies ¥y, ~ ¥y, .

THEOREM 4.6. The exchange graph of an arbitrary cluster algebra A is covered by the exchange
graph of the algebra A4(ty) which has the same exchange matrices B, (t € T,) as A and has
principal coefficients at some vertex tg.

In other words, among all cluster algebras with a given exchange matrix B® = By, the one with
principal coefficients has the ‘largest’ exchange graph, i.e. one that covers all exchange graphs in
this class. It is immediate from Theorem 4.6 that the exchange graph of A4(t) is independent of
the choice of tg.

It follows from Definition 4.5 that the ‘smallest’ exchange graph — that is, the one covered by all
others — arises in the case of trivial coefficients (all equal to 1), i.e. in the case of a cluster algebra
over the one-element semifield P = {1}.

Proof of Theorem 4.6. Suppose that in A4(tg), the labeled seeds at two vertices ¢; and ¢y are equiv-

alent. We need to show that ¥; ~ X;, in an arbitrary cluster algebra A with the same exchange
BY:tg BY%t
a(i)t1? ~dita |Tr0p(y1,...,yn)

BO%tg
Yo‘(j);tl |Tr0p(y1,...,yn)’
0. 0.
and bf; = bfr(z') () for some permutation o of [1,n]. This implies, in particular, that FZBt o — p féz)ttol
We need to show that in A, we have x4, = 7o)y, and yj.1, = Ys(j)s, for all i and j. The former
B%to _ 1 B%to
Yj;tz - Ya(j);tl
consequence of (3.18). O

0.
matrix BY at tg. By definition, we have X Z._BtQ’tO =

equality follows at once from (3.5); the latter follows from the equality , which is a

The following conjecture asserts that the exchange graph of A4(tg) has a purely combinatorial
description in terms of matrix mutations.
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CONJECTURE 4.7. Let (By)ser, be a family of 2n x n extended exchange matrices associated with
the algebra A4 (tg) (see Remark 3.2). Then the labeled seeds at two vertices t and ¢’ define the same
seed of A,(tg) if and only if By is obtained from B; by a simultaneous permutation of rows and
columns of the principal part By. In other words, in the cluster algebra A4 (%), the cluster of a seed
(x,¥y, B) is uniquely determined by the corresponding Y-seed (y, B).

Conjecture 4.7 is not yet checked even for algebras of finite type. Note that it implies the following
combinatorial characterization of finite type exchange matrices.

We say that a matrix B has finite mutation type if its mutation equivalence class is finite, i.e. only
finitely many matrices can be obtained from B by repeated matrix mutations.

CONJECTURE 4.8. An exchange matrix By, gives rise to cluster algebras of finite type if and only
if the corresponding 2n x n matrix By, defined as in Remark 3.2 is of finite mutation type.

It is the ‘if” part of Conjecture 4.8 that still remains open. At the moment we can only prove
the following weaker statement.

PROPOSITION 4.9. An exchange matrix B gives rise to cluster algebras of finite type if and only if
any integer matrix B having B as its principal part is of finite mutation type.

Again, only the ‘if’ part needs a proof. It will be given in § 10.

5. Properties of F-polynomials

0.
In this section we discuss some properties (partly conjectural) of the polynomials Fy; = F, ft o ¢

Zly1, ..., yn) given by (3.3). We start by writing down, in a closed form, the recurrence relations for
these polynomials.

PROPOSITION 5.1. Let t — B, = (bi;) (t € Ty) be the family of 2n x n matrices associated with

thekcluster algebra Ae(By,). That is, B’to és l_&the matrix in Remark 3.2, and By = ,uk(Bt) whenever
t — t'. Then the polynomials Fy; = Fg_tto’ ®(y1,...,yn) are uniquely determined by the initial

conditions
Fooo=1 ({=1,...,n), (5.1)
together with the recurrence relations
Fpp = Fpy for b #k; (5.2)
s . ot
Doy, " T R + 1y, = T ™
Fk;t’ - Fk-t ) (53)

for every edge t " ¥ such that t lies on the (unique) path from ty to t' in T,,.

Proof. The relations (5.2) and (5.3) are immediate consequences of the exchange relations in the
cluster algebra with principal coefficients at ¢y, which are a special case of (2.15):

n n n n
(b7, 4 5.1 bt (=01 ;i) —bt
Xt Xy = H Y; R l_IXz‘[;tZk]+ + H Y R HXi[;t e (5.4)
j=1 i=1 j=1 i=1
To deduce (5.3) from (5.4), specialize all initial cluster variables to 1. O

We next draw some consequences from (3.5).
PROPOSITION 5.2. Each of the polynomials Fy.t(y1,...,Yyn) is not divisible by any y;.
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Proof. Applying (3.5) to the algebra with principal coefficients at ty, we conclude that the

denominator on the right-hand side becomes equal to 1, that is,
BYt
Fé;t 0|Trop(y17~~~7yn) = 1’ (55)

which is precisely our statement. U

0. _ nRo.
Our next result relates the polynomials F, ﬁ 1 and F. v tB to

. Bo;to —Bo;to
PROPOSITION 5.3. The polynomials F,, ™ and F, are related by
—BY%t - —
Fg;t O(yllv"'vynl)

—BO:¢, -1 —1y°
Fé;t O‘Trop(yl,...,yn)(yl ) )

0.
FE (g, yn) = (5.6)

Proof. Using the notation in Definition 3.3, let us introduce the cluster algebra A’ which shares
with A = A4(B") the same ambient field, the same coefficient semifield P = Trop(y1, ..., ¥,), and

the same initial cluster x4, = (x1,...,2y,), but has the initial Y-seed (yj ,Bj ) given by y =
(yy Lo Jun ), B{O = —BY. Comparing the definitions, we see that all of the cluster variables T
in A" are the same as in A. Applying (3.5), we get
—B%:¢, — —
Bt Xg;t 0(1’1,...,$n;y1 17"'7yn1)
Xﬂ;t (:Elv"'vwn;ylw"ayn) = — B0t 1 1 (57)
Fé;t ‘Trop(yl,...,yn)(yl yes Yn )
which implies (5.6) by specializing all x; to 1. O
We now present a tantalizing conjecture which is a strengthening of Proposition 5.2.
CONJECTURE 5.4. Each polynomial Fﬁo;to (y1,...,Yn) has constant term 1.
In view of Proposition 5.3, Conjecture 5.4 is equivalent to the following.
CONJECTURE 5.5. Each polynomial Ffto;to (y1,--.,Yn) has a unique monomial of maximal degree.
Furthermore, this monomial has coefficient 1, and it is divisible by all of the other occurring mono-

mials.

Some special cases of Conjecture 5.4 are proved in subsequent sections. Here we give some
equivalent reformulations.

ProproSITION 5.6. For a given initial seed, the following are equivalent.

(i) Each polynomial Fy4+(y1,...,yn) has constant term 1.

ii) Fach tropical evaluation Yy, is a monomial in vy, ..., vy, which has either all expo-
st Trop(y1,...,yn) Y Y
nents non-negative or all exponents non-positive.

(iii) In the corresponding cluster algebra with principal coefficients, in each exchange relation
2.4)/(2.8), exactly one of the coefficients pjE is equal to 1.
k

Proof. In the notation of Proposition 5.1, we have
n bt oy
n;t‘Trop(yl,...,yn) = Hyj o (58)
j=1

this is a special case of (3.14). Thus (ii) can be rephrased as follows.

(ii') For any ¢ and t, the integer vector cp; = (bf;LH gs---5 b5, ;) has either all components non-
negative or all components non-positive.
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In view of (5.4), the coefficients in the exchange relations are of the form
n
(bt
P = Y; e
j=1

Hence, (iii)=>(ii"). To prove the converse implication (ii’)=(iii), it remains to show ,;chat (ii’) implies
that for any ¢ and ¢, we have cpy # 0 . Recall that By = ui(B;) whenever t — t’. Under the
assumption (i), the matrix mutation rule (2.2) can be rewritten as follows:

—Cyit if £ = k};
Cor = 4 Cot + [brely cre if 0L, >0 for all (5.9)
ot + [<brel+ ey 0, <O for all 4.

It follows that, as long as (ii’) holds, matrix mutations act by invertible linear transformations on
the bottom part of B;. The latter must therefore have full rank, and so has no zero columns.

It remains to demonstrate that (i)<(iii). The implication (i)=-(iii) is immediate from (5.3): if all

participating F-polynomials take value 1 at y; = - -+ = y,, = 0, then exactly one of the coefficients on
the right must be equal to 1. The converse implication (iii)=-(i) also follows from (5.3) by induction
on the distance from ¢ to tg in T,,. O

6. Principal Z"™-gradings

In this section we introduce and study a natural Z"-grading in a cluster algebra with principal
coefficients. As an application, we obtain, in Corollary 6.3 below, a refinement of Theorem 3.7.

0.
PROPOSITION 6.1. Every Laurent polynomial Xft o g homogeneous with respect to the Z"-grading

in Z[azfl, o xE iy Y] given by
deg(z;) = e;, deg(y;) = —b’, (6.1)
where ey, ..., e, are the standard basis (column) vectors in 7", and b? =>, bgjei is the jth column
of BY.
Proof. Let 41,...,9y, be given by
) ).
9=y [[ =" (6.2)
i
(cf. (3.7)). In view of (6.1), we have
deg(i;) = 0. (6.3)

Now let us apply (3.17). Using induction on the distance from ¢y in T, it suffices to show that
the element Xj.;» on the left-hand side is homogeneous provided that all of the elements X;; on the
right-hand side are also homogeneous. In other words, it remains to show the homogeneity of

(}/E;t + 1)(@17 v 7z)n)
(}/f;t + 1)|Tr0p(y1,...,yn) (yb s ,yn)

The numerator (Y + 1)(91,...,0n) is homogeneous of degree 0 by (6.3). The denominator is a
Laurent monomial in 1, ..., y,, so it is homogeneous as well. O

Proposition 6.1 can be restated as follows (cf. Definitions 3.1 and 3.3).

COROLLARY 6.2. Under the Z"-grading given by (6.1), the cluster algebra A4(By,) is a Z"-graded
subalgebra on[m:fl, o2 Y1, yn). All cluster variables in A4 (By,) are homogeneous elements.
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We use the notation

g1
BY; . BY;
gu=g, "= || =deg(X;, ") ez (6.4)
In
(see (6.1)) for the (multi-)degrees of the cluster variables in A4(By, ), and refer to the integer vectors
thus obtained as g-vectors.
We can now refine the ‘separation of additions’ result in Theorem 3.7, as follows.

COROLLARY 6.3. Cluster variables in an arbitrary cluster algebra A = A(xq,yo,B") can be
expressed in terms of the initial seed (3.1) by the formula

0.
Fy 17 (-9
Loy = é,to Fal n)xglgl cgdn (6.5)
? BY:to n
Fg;t |P(y1)"'7yn)

where we use the notation (6.2) and (6.4).

Proof. Proposition 6.1 can be restated as follows:
0. —b0.
Xft’t0<’ylm1,...,’yna:n;...,nyk My, > <H’ng>XB P21, Ty y) (6.6)
k

for any rational functions 71, ..., v,. Applying (6.6) with v, = m,; , we obtain
0. .
Xﬁt ’to(xl,...,xn;yl,...,yn) —a:‘(l“- :L‘g"FB to(yl, ey Un)- (6.7)
Substituting (6.7) into (3.5) yields (6.5). O

Ezample 6.4. In the special case of type Ay (Examples 2.10 and 3.4), the g-vectors g = gf:;to
can be read off the fourth column of Table 2, by taking the monomials not involving the y variables
and recording their exponents. The results are shown in the second column of Table 3, where we
use the shorthand
86t = H zd.
K]

Substituting 91 = y124 ! §)a = yox; into the fifth column of Table 2, we obtain the Laurent poly-
nomials Fy.¢(91,92) shown in the third column of Table 3. The fourth column of this table lists
the polynomials Fy.;|p(y1,y2). Thus, Table 3 provides all of the ingredients for the right-hand side
of (6.5) for the cluster algebra under consideration. The resulting formulas for the cluster variables
match those in the fourth column of Table 1.

Remark 6.5 (The +/@®-symmetry). The formula (6.5) exhibits certain symmetry between the
ordinary addition in F and the auxiliary addition in P. To make this symmetry more transparent,
we note that this formula (as well as many other formulas in this paper) extends to the following
more general setup. Let M be an abelian multiplicative group, with two distinguished subgroups P
and ]f”, each of which is endowed with a semifield structure, which we write as (P,®) and (]13’, +),
respectively. (In our current setup, think of M as the multiplicative group of F, with P the coef-
ficient semifield, and P the subsemifield in F generated by all of the elements Ui given by (3.7).)
We can now define a (labeled) (M, P, P)-seed as follows:

E:((xlv"'axn;ylw">yn;g17"'7gn)’Bo) (ZEjEM,ijP,])jEP), (68)

where BY is a skew-symmetrizable integer n x n matrix (see Definition 2.3), and the elements
xj,y; and g; satisfy (6.2). Then, for any k = 1,...,n, the (M,P,[P)-seed mutation in direction k
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TABLE 3. g-vectors and Laurent polynomials Fy.4(91,92) in type As.

t| a8t Bt Fr.4(91,72) Fot (91, 92) Filp Foulp
0 T T2 1 1 1 1
1
1| = — 1 r1y2 + 1 1 Y2 b1
T2
1 1 T +y1+x
2| — — 112 T UL T T 1y +1 |y ®y1 &1 Yy &1
I ) xI9
T3 T1Y1y2 + Y1 + 22 Y1 + T2
3| — — N2y ®1 y1 @1
X1 X1 ) x2
4] 2y 2 1 Y1+ T2 1 o1
T €2
5| xo T 1 1 1 1

transforms ¥ into
E, = /"Lk(z) = (($/17 R 7x;1;yi7 R ?y/l,l;:gi7 R ?:g/l,/L)7B1)
given as follows:
e B! is obtained from BY by the matrix mutation in direction k (see (2.2));

e the tuple (v},...,y,) (respectively, (¢},...,9,)) is obtained from (yl,...lyn) (respectively,
(91, --.,9n)) by the Y-seed mutation (2.3) in the semifield P (respectively, P);

o 1z =, for i # k, and z, is given by (3.11) with by = bY,.

The fact that ¥’ is indeed a (M, P, I@’)-Seed is shown by calculations in the proof of Proposition 3.9.

Following Definition 2.9, we can define a (M, P, ]@’)—pattern as an assignment of an (M, P ]@’)—seed
¥; to every vertex t € T, such that the seeds assigned to the endpoints of any edge t — t' are
obtained from each other by the mutation in direction k. If the seed X, is given by (6.8), and X,
is written as

Et = ((xl;ta sy Tty Yty - - -5 Ynsts @1;1&7 e 7Qn;t)a Bt)v (69)
then the elements of ¥; are given by the expressions (3.12), (3.13), and (6.5), where in the last
two formulas the evaluation in F is replaced by that in P. These expressions imply the following
+/@-duality: every (M,P, ]@’)—pattern gives rise to a (M, P, P)-pattern obtained by replacing each
(M, P, P)-seed (6.9) with the (M, P, P)-seed

((1‘1_7%7 s 7'1"7;;}&;3)1;157 s agn;t;yl;ta s ayn;t)a Bt)

Returning to cluster algebras, we note that, in practical terms, using the formula (6.5) to
compute some cluster variable zy; in terms of an initial cluster at a vertex tg requires calculat-
ing the polynomial Fﬁo;to (y1,---,Yyn) and the g-vector gf:;to. The polynomial Fﬁo;to (Y1, -5 Yn)
can be calculated recursively by Proposition 5.1. As to computation of the g-vector, it can be
accomplished using recurrences (6.11) and (6.12) below.

to

0.
PROPOSITION 6.6. In the notation of Proposition 5.1, the g-vectors gp; = gf_t’ are uniquely

determined by the initial conditions
8, =€ (U=1,...,n) (6.10)
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together with the recurrence relations

8o = 8t for ¢ 75 k, (611)
8kit! = —8k;t T Z[bfkhgi;t - Z[bfm+j,k]+bg‘)a (6.12)
i=1 j=1

where the (unique) path from tq to t' in T,, ends with the edge t L t', and bg-) stands for the jth
column of BY.

Proof. The relations (6.11) and (6.12) follow from (5.4) by equating the degree of the product
Xt X, with that of the first term on the right. O

Note that (6.12) can be replaced by the relation

n

n
8ritr = —8rt T D _[—blgl+gie — D[~ 4l+bY, (6.13)
i=1 j=1

obtained by taking the second term on the right in (5.4) instead of the first term. The fact that
(6.12) and (6.13) agree is equivalent to the identity

n n
0
Z biygit = Z bfm+j,kij (6.14)
i=1 j=1
which is simply another way of saying that the element Yj.;(91,...,9») is homogeneous of degree 0

(see (6.3) and (3.13)).

Ezample 6.7. The results of g-vector calculations based on (6.11) and (6.12) for a cluster algebra
of type Az (Examples 2.10 and 3.4) are shown in the third column of Table 4.

We now present an alternative recursive description of the g-vectors gz‘?t that is based on fixing ¢
and t and allowing the initial vertex ty to vary.

PROPOSITION 6.8. Let tg L t1, and B = pi(BY). Then the g-vectors

451 93
BO:¢ . Blit .
8.t b= and 8.t t=
9n g;L
are related as follows:
—g). ifi = k;
9i = { , 01 0 e (6.15)

where the integer hj_ is defined by

uls = Fftl;tl | Trop(u) (u[bgl}*’, couTh ,u[bgn”) (u™! in the kth position). (6.16)

Proof. We start by preparing some needed notation. We will work in the cluster algebra A = A,(B°)
with principal coefficients at a vertex tp, and adopt the notation in Definition 3.3. Thus, the seed
Yty = (Xtg, Yto» Biy) is given by (3.1), and the coefficient semifield is P = Trop(yi,...,yn). Let ¥y, =
(%¢,,¥t,, Bt,) be the adjacent seed at t; obtained from ¥, by the mutation in direction k given by
(2.2)—(2.4). In more detail, 3, is given as follows.
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TABLE 4. g-vectors and denominators in type As.

IHIERAIERS
EIEREEN:
R IEREI
IHEIERE]
JIHEIEREIEN:
ARIERIIERE

e Its exchange matrix is By, = B! = ux(BO).
o Its coefficient system is y4, = (yy,...,y,), where the y; are given by (2.3) evaluated in P

o fu if j = k;
i~ R+ ... (6.17)
Yy if j # k.
e Its cluster is x4, = («,...,2},), where x} = z; for ¢ # k, and

) =t <yk H Pl H mz[_b““]+>. (6.18)

Finally, let (¢1,...,9n) be given by (6.2), and let (9], ..., 7)) be obtained from them by (2.3), where
the addition is the one in the ambient field F.

To prove (6.15), we evaluate the cluster variable z,;+ € A in two different ways by applying the
formula (6.5) with respect to the seeds at tp and at ¢;. Equating the two expressions yields
the identity

F (@ ) F, B (1)
P 9i t 1 rIn "Ng!
- [[=0 = [ (6.19)
FB tO|P(yl7---7yn 7 B t1| (y/177y;1) )
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Note that the denominator on the left of (6.19) is equal to 1 by (5.5). By the same token, it is

easy to see that the denominator on the right of (6.19) is equal to yZ;“ (see (6.16)). Therefore (6.19)
simplifies to

FE (g1, ngl = FE O (gt g () (6.20)
K]

We now specialize (6.20) by setting z; = 1 for all 7. By (6.18), z}, specializes to yj + 1, while by
(6.2), each y; specializes to y;. As for the elements g);-, they specialize to the tuple of elements of F
obtained from the y; by (2.3), with the addition again understood as the one in F. To distinguish
the latter elements from those in (6.17), we denote the specialized g); by @;; we can thus assume
that the elements 7 belong to the universal semifield Q¢(y1,...,y,) and are given by (2.3) there.
In this notation, (6.20) specializes to

B Bty
FE (s yn) = F @ Ty, (g + 1% (6.21)
Using the universality of Q¢ (y1,...,yn), we conclude that (6.21) implies the following:
BO; . . Bl; N R ~—h’ . ’
Ff;t to‘}-(ylw” 7yn) = Ff;t tl|]-‘(y£,... ,y;)yk k(yk + ].)gk (622)

Substituting (6.22) into (6.20) and performing cancellations, we obtain

[Tt = @e/ue” f 1) % [T @b (6.23)

7

It follows from (6.2) and (6.18) that
N )
gefye = [ [=" e+ 1= Hw it g
i

Substituting these expressions into (6.23), we see that the powers of x) on the right cancel out,
so both sides are monomials in x1,...,x,. The desired formula (6.15) is obtained by equating the
exponents of each x; on both sides. O

0.
As a byproduct of the above proof, we can express the g-vector gft 0 in terms of F' -polynomials.

0.
PROPOSITION 6.9. In the notation of Proposition 6.8, the component g;, of the g-vector gft to 5o
given by
FB0 t0|Tr0p )(u[—b‘élh’ L 7u[—b2n]+)
= ; ; (6.24)
F t1|Trop(u)( [bkl}Jr,...,’U,_l,.,,,u[bknbr)

(u~! in the kth position).
Proof. Define the integer hj by
u* = FB t°|Tmp(u)( = bgl}*, uTh ,u[_bgn“) (v~ in the kth position). (6.25)
Then the desired equality (6.24) takes the form
gk = hi, — . (6.26)

To prove (6.26), we exploit the symmetry between ty and ¢1. To do this, we use the formula obtained
from (6.21) by interchanging ¢y and ¢;. Comparing (6.25) with (6.16) (and using the first case in
the matrix mutation rule (2.2)), we see that interchanging to and t; replaces hj with hy, and g},
with gi; thus, the resulting counterpart of (6.21) takes the form

FB PG T) = FB lyny e y) @) @+ D (6.27)
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Using the fact that 7, = y,;l (by the first case in (2.3)), we can rewrite (6.27) as follows:
0. 1. _ _
Fﬂi o (yb e 7yn) = Fﬂi h (glb e ag;l,)yzk e (yk + 1) gk' (628)
Comparing (6.28) with (6.21) yields the desired equality (6.26). O

We conclude this section with several conjectural properties of the g-vectors. The first sharpens
(6.26).

CONJECTURE 6.10. In the notation of Proposition 6.8 and (6.25), we have
hy = —lgkl+,  he = —[—gx]+ = min(0, gy). (6.29)

0

0.
The next conjecture somewhat surprisingly expresses the g-vector gf,t "0 in terms of the

polynomial F ﬁo;to alone.
0.
CONJECTURE 6.11. Suppose that B?, ¢y, £ and t are such that the polynomial F ﬁ 0 is not identically

BY:to g.l s .
equal to 1. Then the g-vector g,,”” = | i | is given by

n
Bt —1 _
Fé,t 0 ‘TI‘Op(ul,...,un) (ul goes 7'I,Ln1)

BO;tO b?l b?n '
F&t |Tr0p(u1,...,un) (Hz U; ™y eeey Hz u;

To state our last conjecture, the following terminology comes in handy.

(6.30)

oI =
uj udr =

DEFINITION 6.12. We say that a collection of vectors in Z™ (or R™) are sign-coherent (to each
other) if, for any i € [1,n], the ith coordinates of all of these vectors are either all non-negative or
all non-positive.

. 0. 0.
CONJECTURE 6.13. For any given BY ty, and t as above, the vectors gﬁt’to,...,gﬁt’to are

sign-coherent.

The significance of these conjectures will become clearer in the following sections.

7. Cluster monomials and their parameterizations

DEFINITION 7.1 [FZ04, Definition 4.15]. A cluster monomial in a cluster algebra A is a monomial
in cluster variables all of which belong to the same cluster. Thus, a cluster monomial at a vertex
t € T, is a product of the form

ai
Tait = H‘T?;L; € F witha= S Zgo (71)
l

an,

Cluster monomials are destined to play an important role in the emerging structural theory
of cluster algebras and its applications. We refer the reader to [FZ04, §4.3] for a discussion of
the properties of cluster monomials, both proven and conjectural. Based on the results for rank 2
obtained in [SZ04], we expect every cluster monomial to belong to the ‘canonical basis’ that has yet
to be defined for an arbitrary cluster algebra. Even so, the following basic property has not been
established in general.

CONJECTURE 7.2 [FZ04, Conjecture 4.16]. Cluster monomials in any cluster algebra are linearly
independent over the ground ring.
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For cluster algebras of finite type, this conjecture is proved in Theorem 11.2.

In this section, we discuss two families of combinatorial parameterizations of cluster monomials
by integer vectors in Z". (They are somewhat reminiscent of Lusztig’s and string parameterizations
of canonical bases in the theory of quantum groups.) One of these parameterizations (by denominator
vectors) has already appeared in [FZ03a, FZ04]; another (by g-vectors) is new. (Note that in §6,
g-vectors were defined in restricted generality, for the case of principal coefficients only.)

We start by recalling the notion of denominator vectors (see, e.g., [FZ04, §4.3]). Let x =
(z1,...,2y) be a labeled cluster from some seed in A. By Theorem 3.5, every non-zero element
z € A can be uniquely written as

N(x1,...,xp
_ ﬁ (7.2)
where N(z1,...,x,) is a polynomial with coefficients in ZP which is not divisible by any cluster
variable x; € x. We denote
dy
d(z) =dx(z)=| : | € 2", (7.3)
dn

and call the integer vector d(z) the denominator vector of z with respect to the cluster x. Note that
the map z — d(z) has the following multiplicative property:

d(z122) = d(z1) + d(22). (7.4)

Suppose that A is associated with a (labeled) cluster pattern ¢ — (x¢,y¢, By) on T, and that x
is the cluster of the initial seed (3.1) at 5. We use the notation

0.
A7 = du(ary) (7.5)

for the denominator vectors of cluster variables. This notation is unambiguous since it is easy to see
that dx(zs,) is independent of the choice of the coefficient system y = y;,; in fact, the mutation
mechanism for generating cluster variables makes it clear that the whole Newton polytope of xy.;

(as a Laurent polynomial in z1,...,x,) is independent of this choice.
More explicitly, the vectors dg; = dff 10 are uniquely determined by the initial conditions
BYt
df;to 0= —€y (76)
(as before, eq,...,e, are the standard basis vectors in Z") together with the recurrence relations
implied by the exchange relation (2.4):
dyy if £ #£Fk;
dyy = . 7.7
o —dy;; + max <Z[b§k]+di;tv Z[—bﬁkhdi;t) iftl=k (1)

i i
for t — t; here and in what follows, the operations max, min, [a];, etc., on vectors are performed

component-wise.

Ezample 7.3. The denominator vectors dff;to for a cluster algebra of type Ay (cf. Examples 2.10,
3.4, and 6.7) are shown in the fourth column of Table 4.

As above, let A be a cluster algebra with the initial exchange matrix By, = BY. If a

cluster variable w,; belongs to the initial cluster, that is, xy; = wx;, for some 4, then its
denominator is given by (7.6). Otherwise, we expect its denominator vector to have the following
properties.
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0. 1
CONJECTURE 7.4. Suppose that zy; does not belong to the initial cluster. Let dft o — [ : ] be
the denominator vector of ;. Then:

(1) all components d; are non-negative;

(2) we have d; = 0 if and only if there is a cluster containing both z,; and z;,;

(3) each component d; depends only on x4, and z;.,, not on the vertices ¢y and t.

We note that Conjecture 7.4 implies the following counterpart of Conjecture 6.13
(cf. Definition 6.12).

0. 0. .
CONJECTURE 7.5. For any t and ¢y, the vectors dft to ,df;t’to are sign-coherent.

Using (7.4), we can extend the notation (7.5) from cluster variables to cluster monomials
(cf. (7.1)) by setting

n
0. 0.
A5 = dy(zay) = Y ag ™. (7.8)
=1
In particular, in view of (7.6), we have
0.
dlj = —a (aezly). (7.9)

CONJECTURE 7.6 [FZ04, Conjecture 4.17]. Different cluster monomials have different denominators

with respect to a given initial seed ¥;,. In particular, for any fixed ¢ € T,, the correspondence
ito dBO;tO

Bty . . BOst .
a  dg,° is an embedding Z%, — Z", hence the vectors di,,",...,d, ;" form a basis of the

vector space Q".

Remark 7.7. If the initial seed Xy, is acyclic (see [BFZ05]), we expect the vectors dﬁ:;to, . ,dﬁi;to
to form a Z-basis of the lattice Z". We note that this property does not hold in general. The simplest
counterexample is in finite type As, for a non-acyclic seed with the exchange matrix

0 1 -1
B=B,=|-1 0 1
1 -1 0

Let ¢t be the vertex connected to ty by the path

o —— ] 2ty 2 ts 1 ¢,

0.
Applying the recurrence (7.7), we compute the vectors dft o,

0 1 1

BY:¢ Bty BY%ty
dl;t ‘=1 ’ d2;t ‘=1 ’ d3;t =10
1 0 1

These vectors generate a proper sublattice of index 2 in Z3.

In view of Remark 7.7, it is unlikely that there exists a simple formula relating the denominator
vectors dgf 0 and dftl " (for tg L t1 and pu(B°) = BY). This feature is expected to be rectified
by passing from the denominator vectors to the g-vector parameterization. Introducing the latter
will require a little preparation.

Let A be a cluster algebra of geometric type associated to an m x n matrix By, = BO (see (2.13)
and (2.14)). We assume that A satisfies the following property:

The matrix B has full rank n. (7.10)
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As shown in [GSV03, Lemma 1.2] and [BFZ05, Lemma 3.2], the same is then true for all matrices B;.
For instance, all of the algebras with principal coefficients satisfy (7.10). The property (7.10) easily
implies that, for every ¢, the elements

n m

X b, o,

i =y | [l = [[ v (G € [Ln)) (7.11)
=1 1=1

(cf. (3.7)) are algebraically independent in F; here the elements z;; = z; for n < i < m are the
generators of the coefficient semifield P = Trop(x,41,- .-, Zm)-

Let M denote the set of all non-zero elements z € A that can be written in the form
m
2= R Gna) [ 25 (7.12)
i=1

for some vertex t € T,, where R is a rational function in n variables with coefficients in Q, and
a; € Z for i € [1,m]. In view of the formulas (3.8) and (3.11), if z is of the form (7.12) for some ¢,
then it can be written in the same form for any choice of t. Therefore (or by Corollary 6.3), each
cluster variable — hence each cluster monomial — belongs to M. Clearly, M is a subgroup of the
multiplicative group of the ambient field F.

We call a rational function R(ui,...,u,) € Q(uy,...,u,) primitive if it can be written as a ratio
of two polynomials not divisible by any u;. In view of (7.11), any z € M can be written in the form
(7.12) with R primitive. We claim that such a presentation is unique.

PROPOSITION 7.8. If A satisfies (7.10), then every z € M has a unique presentation in the form
(7.12) with R primitive.

Proof. 1t is enough to show that if

m
P(@l;h e 7:gn;t) = Q(@l;h e 7:gn;t) Hx(:;f (713)

i=1
for some primitive polynomials P and () and some integers aq, ..., am,, then a; = 0 for all 7, and so
P = Q. Since each ;¢ is a Laurent monomial in m independent variables x1., ..., Zp;, the relation
(7.13) implies that [];", xflt can be expressed as a Laurent monomial in §1.¢,...,Jn;. Since P and
() are primitive, their ratio can be a Laurent monomial only if they are equal to each other, and we
are done. O

Now everything is in place for defining the g-vector parameterizations (of M).

DEFINITION 7.9. For any z € M and any ¢t € T,,, the g-vector of z with respect to ¢ is the vector
gi(z) € Z" defined as follows: if z is expressed in the form (7.12) with R primitive, then we set

ai

gi(z) = [ : ] (This is well defined by Proposition 7.8.)

n

Definition 7.9 implies at once the following analogue of (7.4):
gt(2122) = gt(21) + &t (22). (7.14)
By Corollary 6.3 and Proposition 5.2, we have
8to (Tet) = gff;to’ (7.15)
as defined by (6.4); so our terminology is consistent with that of §6.
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In analogy with (7.8), we use (7.14) to extend the notation (7.15) from cluster variables to cluster
monomials by setting

n
BO; BO.
Bat " = Bio(Tazt) = Y a0 gy (7.16)
(=1
In particular, we have (cf. (7.9))
BO.
Bapy' =2 (a€Z). (7.17)

We suggest the following counterpart of Conjecture 7.6.

CONJECTURE 7.10.

(1) Different cluster monomials have different g-vectors with respect to a given initial seed.

0. 0.
(2) For every t € T, the vectors gﬁt o ,gﬁt’to form a Z-basis of the lattice Z".

Remark 7.11. It is not hard to see that part (1) of Conjecture 7.10 together with Conjecture 5.4
imply Conjecture 7.2 (in a cluster algebra satisfying (7.10)). Indeed, assuming Conjecture 5.4 and

applying Corollary 6.3, we see that the Laurent expansion of any cluster monomial z in terms of the
a1

elements x; = 2.4, (i € [1,m]) contains a Laurent monomial z{* - - - 2% such that a = [ : } = g1, (2),
and the exponent vector of any other Laurent monomial in the same expansion is obtained from a
by adding some non-negative integer linear combination of the columns of B°. Since the columns
of BY are assumed to be linearly independent, the monomial z{' - xfm s the leading term of z

with respect to an appropriate term order. Then part (1) of Conjecture 7.10 implies that different
cluster monomials have different leading terms, and so are linearly independent.

The property in part (2) of Conjecture 7.10 is stronger than the corresponding (conjectural)
property of the denominator vectors (cf. Remark 7.7). Another (conjectural) advantage of the
g-vectors is the following nice transition rule.

CONJECTURE 7.12. Let ¢ 1 be two adjacent vertices in T, and let B! = pz(B°). Then, for

any t € T,, and a € ZY, the g-vectors gffz;to =(91,.-.,9n) and gf;;tl =(g},--.,4,) are related as
follows:
— 0k if j =k
= { ) - o (7.18)
g; + [bjk]+gk — bjk min(gg,0) if j # k.

Remark 7.13. Conjecture 7.12 is easily seen to be a consequence of Conjectures 6.10 and 6.13.
Indeed, combining (6.15) with (6.29) (and interchanging ¢y and t;), we conclude that (7.18) holds
for the g-vectors of cluster variables; the fact that (7.18) extends to cluster monomials follows from
Conjecture 6.13.

Remark 7.14. If g4, ..., g, are sign-coherent vectors forming a Z-basis in Z', then the transformation
(7.18) sends them to a Z-basis in Z". Thus, the validity of part (2) of Conjecture 7.10 for all initial
seeds would follow from its validity for any single choice of ¢y in conjunction with Conjectures 6.13
and 7.12.

Remark 7.15. Let Zmin,+ denote the set of integers supplied with the following semifield structure:
the multiplication in Zmyy + is the usual addition of integers, while the ‘addition’ is given by a © b =
min(a, b). Comparing (7.18) with (2.3), we see that Conjecture 7.12 can be restated as follows:
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for every cluster monomial z, the correspondence ¢ — (g;(z), BY) (here B denotes the transpose
of By) is a Y-pattern (see Definition 2.9) with values in Zyi, +. The fact that the exchange matrices
B; get replaced by their transposes brings to mind the Langlands duality. According to part (1)
of Conjecture 7.10, each cluster monomial gives rise to a certain ‘Langlands dual tropical Y-pattern’.
This conjecture is consistent with the series of conjectures by Fock and Goncharov in [FG03, § 5]
on a ‘canonical’ basis in a cluster algebra. In fact, our construction of g-vectors was motivated by a
desire to understand [FG03, Conjecture 5.1] and make the parameterizations introduced there more
explicit.

We conclude this section by a proposition and a conjecture relating denominator vectors of
cluster variables to the corresponding g-vectors.

PROPOSITION 7.16. Assume that condition (7.10) holds. Then the denominator vector dff;to =

[ :
dn

seed satisty the following relation:

—di—g1 —~dn—gn _ B%to b3 b
Uy e I = Fy I Trop (w1 ...stn) Huiz ,...,Huim . (7.19)
i i

0. g1
and the g-vector gft to — [ : } of the same cluster variable with respect to the same initial
k) gn

Proof. Remembering the definition (7.2) of the denominator vector, we see that (7.19) is a conse-
quence of (6.5). O

In view of Proposition 7.16, Conjecture 6.11 can be equivalently restated as follows.

CONJECTURE 7.17. Suppose that B, tg,¢ and ¢ are such that the cluster variable xp does not
dy
: } is given by

n

0.
belong to the cluster at tg. Then the denominator vector dft to — [

—d —dy, BO:t — —
Uq R und = Fé,t O‘Trop(ul,...,un) (ul 17 v 7un1)’ (720)

Remark 7.18. Comparing Conjecture 7.17 with Conjecture 5.5, we see that their conjunction can
0.
be stated as follows: the vector [dft ’t0]+ appears as the vector of exponents in the unique monomial

0.
in the polynomial F ft ito (y1,-..,Yn) that is divisible by all other occurring monomials.

8. Bipartite belt and Y -systems

DEFINITION 8.1. We call a (labeled) seed (x,y, B) (and its exchange matrix B = (b;;)) bipartite if
there is a function ¢ : [1,n] — {1, —1} such that, for all 7 and j,

bij > 0= {5( (81)

e(7)

<
I
|
—_

For the rest of this paper, we are working in a cluster algebra A = A(xq,yo, B) of rank n with
a bipartite initial exchange matrix B = (b;;).
The Cartan counterpart of B (see [FZ03a, (1.6)]) is the (generalized) Cartan matric A = A(B) =

(a;j) defined by
5 i
aij = Lo (8:2)
—|by| if i # .
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The Coxeter graph of A has the vertices 1,...,n, with ¢ and j joined by an edge whenever a;; < 0.
A Cartan matrix A is the Cartan counterpart of a bipartite matrix B if and only if the Coxeter
graph of A is bipartite, which explains the terminology.

Recall that uj denotes the mutation in direction k; we use the same notation for seeds, Y -seeds,
and exchange matrices. Note that pgue = pepr whenever bgy = 0. Therefore, the following two
‘composite’ mutations are well defined on bipartite seeds:

Py = H P,  H— = H s (8.3)
e(k)=1 e(k)=—1
Furthermore, each of 4 and p— is involutive and transforms bipartite seeds to bipartite seeds;

in fact, pug(B) = —B. In the terminology of [FZ03a, §9.1], these mutation transformations are
‘shape-preserving’.

DEFINITION 8.2 (Bipartite belt). The initial bipartite seed ¥g = (xq,¥y0, B) is naturally included
into a bipartite belt consisting of the seeds

Em = (Xm: Ym, (=1)"B) (m € Z)
defined by setting, for each r > 0,
= (Xp,yr, (=1)"B) = pg - pr—pry pi—(20), (8.4)
—_—

r factors

Y = (X—m Y—r; (_1)TB) = HF - /L+/L—/L+(EO)' (8'5)

r factors

We write the cluster x,, and the coefficient tuple y,, as
Xm = (Tl > Tnom)y  Ym = Ulimy - -+ YUngm)- (8.6)
The mutation rules of Definition 2.4 imply that, for 4, j € [1,n] and m € Z,

Tigmt+1 = Tiyy,  if (i) = (—=1)™, (8.7)
Yimi1 = Y i () = (1™ (8.8)

Hence, in studying the elements x;,,, and y;.,,, we may concentrate on the families
{zim : () = (=)™}, (8.9)
{Yjim 1 e() = (=)™} (8.10)

The following exchange relations are easy consequences of (2.3) and (2.4). First, for e(i) = (—1)",

we have

Yism—1Yi;m+1 = H (yj;m 3] 1)—(13'1'. (811)
(j)=—2(4)
Second, for £(j) = (—1)™"!, we have

an
Yim ey=—ej) Tigm +1

il = 8.12
Ljsm—1Ljm+1 Yim ® 1 (8.12)
Ezample 8.3 (Type Ay). Let
0 1 2 —1
B = [_1 O] , A=A(B)= [_1 2} , e(1)=1, e(2)=-1. (8.13)
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TABLE 5. Bipartite dynamics in type As.

mo| Yim Y2;m Tim Toym a(lym)  a(2;m)
-1 Uy To —ao
0 U9 T —o
uz @1 riu + 1
1 it s
Ul l’g(Ug D 1)
U Quo®1 | wrug +x0u1 +1
2 ay + ag
ULUY (’LL1 D us D 1)1‘11‘2
up @1 Toup + 1
3 e a
(%) xl(ul D 1)
4 Uy €2 —Q9
5 u9 1

(This choice of signs is consistent with [FZ03b, §3.5].) Then py = pq, p— = po, and (8.4) and (8.5)
become

(x-2,y-2,B) = pa(x-1,y-1,—B),
(x-1,¥-1,—B) = p1(x0,y0, B),
(x1,¥1, —B) = pa(x0,y0, B),
(x2,¥2, B) = p1(x1,y1, —B),

in agreement with the notation used in Example 2.10. The families (8.9) and (8.10) take the form
{Zi;m 1 # m mod 2} and {y;.m : j = m mod 2}, respectively. These elements are shown in Table 5,
obtained by erasing half of the entries from Table 1 and substituting y; = ul_l and ys = ug, so that
the y;.,, are expressed in terms of

w =y1—1 =y and up =Yz =1yo
(cf. [FZ03b, Example 1.3]), whereas the z;.,,, are expressed in terms of uy, ug,

r1 =210 and X9 = x9._1 = T2y.

Formula (8.11) can be viewed as a recurrence relation for the family (8.10) of elements ;..
This recurrence is a natural generalization of Zamolodchikov’s Y-systems [FZ03b, Zam91], so we
refer to it as a (generalized) Y -system (with values in a semifield P) associated with a (generalized)
Cartan matrix A.

There are two natural choices for the initial data in a Y-system. The first choice utilized in
[FZ03b] takes an arbitrary n-tuple (u,...,u,) € P" given by

yi—1 if e(i) = +1;
w=1" (8.14)
yio  if (i) = —1.
An alternative choice is to use as the initial settings an arbitrary n-tuple yo = (y1,...,yn) € P™.
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In view of (8.8), the two choices are related by
y; bif (i) = +1;
U; =
yi  ife(i) = -1,

so passing from one to another does not present any problems.

(8.15)

While dealing with Y-systems, we may (and will) work in the universal semifield Q¢ (y1, ..., Yn)

of Definition 2.1. Using yo = (y1,...,yn) as the initial data and remembering the notation
introduced in Definition 3.10, we can write the solution of a Y-system as
B;
yj;m = Y;';tio (y17 e 7yn)7 (816)

where ty € T,, (respectively, t,, € T,) is the vertex to which the labeled seed ¥y (respectively, X,,)
is attached. (For a general semifield P, one interprets (8.16) as the corresponding specialization of

the rational functions Y]Bt:f)

Remark 8.4. In a traditional Y-system [FZ03b, Zam91], A is a Cartan matrix of finite type, the
initial data have form (8.14), and P = Qg¢(uq,...,u,). Note that there is a notational difference
between the Y-system relation (8.11) and its counterpart [FZ03b, (1.1)]: these two relations feature
the exponents —a;; and —a;;, respectively. Accordingly, while translating the results in [FZ03b] into
our current notation (or vice versa), the Cartan matrix A should be transposed.

THEOREM 8.5 (Laurent phenomenon for generalized Y-systems). In the Y-system (8.11) associated
with an arbitrary symmetrizable generalized Cartan matrix A, every element y;.,, with £(j) =
(—=1)™~! viewed as a rational function in the initial data ui,...,u, (or yi,...,yn) is, in fact, an
integer Laurent polynomial.

Theorem 8.5 generalizes the finite type result [FZ03b, Theorem 1.5]; note however that we do
not obtain the positivity property established in [FZ03b].

Proof. The theorem follows from (8.16) and Proposition 3.15 once we realize that for Y}, = yj.m
with £(j) = (—1)™~1, all of the exponents b;; in (3.18) are non-negative. O

Ezample 8.6 (Y-system of rank 2; cf. [FZ02, (6.9)]). For n = 2, a (generalized) Cartan matrix is of

the form
2 —b
a=[2 7]

where the integers b and ¢ are either both positive or both equal to 0. Setting e(1) = 1 and £(2) = —1,
and assuming that @ is the ordinary addition, the Y-system becomes

w10
Y2mt1 = Wim +1)° if m is odd;
Y2:m—1
. (yQ;m + 1)C . .
Yiymy1 = ——— if m is even.
Yi;m—1

Using the initial data u; = y1,-1,u2 = y2,0 (cf. (8.14)), we obtain
(ug +1)° ((uz + 1)¢/uy +1)° ((uz + 1)¢/ug +1)° <y
Y11 = ) Y2:2 = ) Y1;3 = )
up Us Ug (ug +1)°

To illustrate Theorem 8.5: to see that y;.3 is indeed a Laurent polynomial in u; and ug, we can
rewrite it as

etc.

( b ((u2+1)c+u1)b_ul{>c'

1
13= 57| U
yy ubc_l c 1 u2+1

1 Ug
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Ezample 8.7 (Y-system of type Ag}_l) Let n be an even integer at least 4, and let A be the Cartan

matrix of affine type Afllll. So the Coxeter graph of A is a n-cycle, and a;; = —1 for any two
adjacent vertices ¢ and j. The corresponding Y-system can be described in simple terms as follows.
Place initial variables uq, ..., u, around a circle. Alternately color them red and blue. Replace each

red variable u by (v + 1)(w + 1)/u, where v and w are the two neighbors of w. Then do the same for
all blue variables, then again for all the red ones, etc. Theorem 8.5 asserts that all rational functions
obtained this way are integer Laurent polynomials in u1,...,u,. In particular, if the initial values
are all specialized to 1, then all of the numbers generated in this Y-system become integers. We leave
it to the reader to check that these integers are squares of Fibonacci numbers.

Without losing ground, we can assume that the matrix A is indecomposable, that is, its Coxeter
graph is connected. In most situations, the general case reduces to this one in an obvious way.

Zamolodchikov conjectured [Zam91] and we proved [FZ03b, Theorems 1.1 and 1.2] that if A
is an indecomposable Cartan matrix of finite type, then the corresponding Y -system exhibits the
following periodicity property:

Yjim+2(h+2) = Yjism (m €Z,j€ [1,77,]), (817)

where h is the Cozeter number. (In the special case of type A, this was proved earlier in [FS95,
GT96].) Our next result sharpens (8.17) as follows.

THEOREM 8.8. Suppose that an exchange matrix B is bipartite, and its Cartan counterpart A =
A(B) is indecomposable.

(1) If A is of finite type, then the corresponding bipartite belt (see Definition 8.2) has the following
periodicity property: the labeled seeds 3, and ¥, o, 42) are equal to each other for allm € Z.

(2) If A is of infinite type, then all of the elements x;.,, in (8.9) are distinct, as are all of the
elements y;.,, in (8.10) viewed as Laurent polynomials in the initial data.

To rephrase Theorem 8.8: the bipartite belt (or the associated Y-system) is periodic if and only
if the Cartan matrix A is of finite type; if it is periodic, then 2(h+ 2) is a period; if it is not, then all
cluster variables on the bipartite belt are distinct, as are all Laurent polynomials in the associated
Y -system.

Theorem 8.8 is proved in § 10.

9. Bipartite dynamics on roots

As before, let A = (aj;) be a (symmetrizable generalized) n x n Cartan matrix with a bipartite
Coxeter graph. We identify the lattice Z™ with the root lattice @ associated with A. Specifically,
the standard basis vectors in Z"™ are denoted by aq,...,a, and identified with the simple roots.
Let W C GL(Q) be the corresponding Weyl group; it is generated by the simple reflections s1,. .., sy
which act on the simple roots by

si(aj) = Oéj — az-jozi. (9.1)

Following [FZ03b], we define the elements t1 € W by setting

t+: H Sk, t_ = H Sk (92)

e(k)=1 e(k)=-1
As in (8.3), these two elements are well defined because the factors in each of the two
products mutually commute. By the same reason, each of them is an involution: ti =t =1
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To illustrate (9.1) and (9.2), the actions of ¢, and ¢_ on the simple roots are given by

- if e(j) = +1;
te(ay) = aj — Zaz’jai ife(j) = -1, (9:3)
i#]
aj—Zaijai if E(]) =41
L)={ 7 (9.4)
-0y ife(j) =—1.

DEFINITION 9.1. We define the vectors a(i;m) € @, for all i € [1,n] and all m € Z such that
e(i) = (—=1)™, by setting, for all r > 0,
a(isr) =t_ty -t (—ai) fore(i) = (=1)"; (9.5)
——_———

r factors

a(f;—r—1) =ttt (—a;) fore(j) = (-1 (9.6)
—_———

r factors

In particular, we have a(i;m) = —«; for m € {0,—1}. (Note that this notation is slightly different
from that in [FZ03b].)

Ezample 9.2 [FZ03b, Example 2.3]. In type As (cf. Example 8.3), the elements ¢ = s; and t_ = s9
act as follows:

t t_ t t_
—oy RE QL+ ay —— ay —— —ao. (9.7)

The corresponding vectors «(i;m) with m € [—1,4] are shown in Table 5 .

Clearly, all of the vectors «a(i;m) are (real) roots; in particular, for each of them, all non-zero
components are of the same sign. To determine these signs, we assume that the Cartan matrix A is
indecomposable; the general case easily reduces to this one.

PROPOSITION 9.3. Let A be an indecomposable Cartan matrix of finite type (i.e. one of the Cartan—
Killing types A,,...,G2). Let h be the corresponding Coxeter number, that is, the order of the
Coxeter element tt_ in W. Then «(i;m) is a positive root for any m € [—h — 1,h] — {—1,0} and
any 1 with e(i) = (—1)™. All of these positive roots are distinct, and every positive root associated
to A appears among them. Furthermore, we have

ai;—h —2) = —ap  fore(i) = (—1)",
a(jih+1) = —aj«  fore(j) = (—1)"7,
where i — i* is the involution induced by the longest element wg € W: wo(;) = —ay=.

Proof. This is an immediate consequence of a classical result of Steinberg [Ste59] (cf. [FZ03b,
Lemma 2.1 and Proposition 2.5]). O

THEOREM 9.4. Let A be an indecomposable Cartan matrix of infinite type whose Coxeter graph is
bipartite. Then the vectors a(i;m) (see Definition 9.1) for m € Z — {—1,0} and (i) = (—1)™ are
distinct positive roots.

Proof. Consider the matrix A’ = 2 — A. Since A’ is symmetrizable, all of its eigenvalues are real.
Let p denote the maximal eigenvalue of A’. As in [BLMB89], we observe that p > 2. Indeed, a Cartan
matrix A is of finite type if and only if its symmetrization is positive definite, i.e. all eigenvalues
of A are positive or, equivalently, all eigenvalues of A" are less than 2. (As shown in [BLM89], A is
of affine type if and only if p = 2, but we will not need this.)
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We next note that all entries of A’ are non-negative. Moreover, since A is indecomposable, some
power of A’ has all entries positive. Hence, the Perron—Frobenius theorem applies to A’, implying
in particular that an eigenvector for the eigenvalue p of the transpose of A’ can be chosen to have

all components positive. Explicitly, there are positive real numbers ci, ..., ¢, such that
- Z a;jc; = pc;  for any j € [1,n]. (9.10)
i#]

Let R? be a two-dimensional real vector space with a fixed basis {e,,e_} and two linear invo-
lutions s; and s_ acting in this basis by the matrices

s+:[_é ’1’] s_z[fl) _2]. (9.11)

Let U : Q — R? be the linear map defined by U(q;) = ciec(; for all i, where (c1,...,¢,) € R
satisfies (9.10).

LEMMA 9.5. We have Uty = s U.

Proof. The two cases are completely analogous, so we only treat one. This is a simple calculation
that uses (9.3), (9.10), and (9.11) (in this order):

—cjey if e(j) = +1;
Ut(ay) = cje_ — <Zaijci>e+ if e(y) = —1;
i
—cjet if e(j) = +1;
ejes + ey ife() = —1;
= ¢jsi(eq(j))
= 8+U(Oéj)7
as desired. O

Note that U sends positive (respectively, negative) roots to positive (respectively, negative) linear
combinations of e; and e_. To show that each a(i;m) with m € Z — {—1,0} and (i) = (—1)™ is
a positive root, it therefore suffices to prove that U(«a(i;m)) is a positive linear combination of e
and e_. By Lemma 9.5,

U(a(i;m)) = Utsts - toq)(—qi) = cises - s_c(5)(€c())-
Thus, we need to show the following elementary statement: if s; and s_ are given by (9.11) with
p = 2, then any vector of the form sis---s.(e_.) is a positive linear combination of ey and e_.
This statement is hardly new, and easy to prove. Direct inspection shows that the vectors in question

are of the form (U, (p), Un+1(p)) and (Upr1(p), Un(p)) for m > 0, where the sequence (U,,(p)) is
defined by the linear recurrence

Uo(p) =0, Uilp) =1, Unsi(p) = pUn(p) = Un-1(p) (m > 0).

Assuming that U, (p) > Uy—1(p) = 0 for some m > 0 and using the fact that p > 2, we conclude
that Up,+1(p) — U (p) = Un(p) — Upm—1(p) > 0, implying by induction on m that U,,(p) > 0 for all
m > 0, as desired.

We have shown that all of the roots in (9.5) and (9.6) with » > 0, i.e. the roots a(i;r) and
a(j; —r — 1) with » > 0, are positive. To finish the proof of Theorem 9.4, it remains to show that
all of these roots are distinct. Thus, we need to show that every equality of the form

tit:': e ta(i)(—ai) = tit:': e ta(j)(—aj) (9.12)
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implies that i = j and there are the same number of factors on both sides. Let w (respectively, w’)
denote the product ti1ts---t.;) (respectively, t1t+---t.(;)) on the left-hand (respectively, on the
right-hand) side in (9.12). Rewriting (9.12) as

—a; = w ' (—qy),

we note that, unless the products w and w’ are identical, the root w=!w’ (—a; ) is positive as shown
above, and so cannot be equal to —ay, finishing the proof. O

Theorem 9.4 can be rephrased as follows.

COROLLARY 9.6. Let A be an n x n indecomposable Cartan matrix of infinite type whose Coxeter
graph is bipartite. Then ¢((t1t_)") = rn for allr > 0, where {(w) is the length of an element w in the
Coxeter group W . Equivalently, the concatenation of any number of copies Ong(k):1 Sk Hg(k):_l Sk
is a reduced decomposition in W .

Proof. The equivalence of Corollary 9.6 and Theorem 9.4 is clear from the following well-known
characterization of reduced decompositions: a decomposition s;, - - - s;, is reduced if and only if all
the roots s;, - - - s4,_, (ay, ) are positive for k =1,..., /. O

Remark 9.7. Corollary 9.6 sharpens the following result in [BLMS89]: if A is an indecomposable
Cartan matrix of infinite type with a bipartite Coxeter graph, then the element ¢, ¢t_ € W is of
infinite order. (In fact [How82], any Coxeter element in any infinite Coxeter group has infinite order.)
The above proof of Theorem 9.4 is based on similar ideas as the proof in [BLM89] but seems to be
simpler although we prove a stronger statement.

Remark 9.8. It is conceivable that Corollary 9.6 could be extended to an arbitrary infinite Coxeter
group W (not necessarily crystallographic) with a bipartite Coxeter graph. We note that in this
generality, the Coxeter elements ¢¢_ were studied in [McMO02, §5].

10. Denominators and g-vectors on the bipartite belt

We stick to the notation of the preceding two sections. In this section we compute, for any cluster
variable x;., lying on the bipartite belt, the denominator vector and the g-vector of z;.,, with
respect to the initial cluster xg.

We begin by obtaining an expression for the denominator vector of ., (see (7.2) and (7.3))
that is similar to that in Definition 9.1.

Let @3, denote the union of the set of real positive roots and the set of negative simple roots.
Following [FZ03b], we introduce the involutive permutations 74 and 7_ of <1 by setting

(10.1)

e if o = —a; with e(j) = —¢;
Te(a) =

te(a) otherwise

(see (9.2)).

re

Ezample 10.1. In type Ay (cf. Example 9.2), the actions of 7 and 7_ on < are given by the

following.
—o T+ o = a1 + s T+ o9 = —g ( )
O o 10.2
T— 7'+
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DEFINITION 10.2 (cf. Definition 9.1). We define the vectors d(i;m) € @, for all i € [1,n] and all
m € Z such that (i) = (—1)™, by setting, for all » > 0:
d(i;r) =177 - Ty (—ay)  for e(i) = (—=1)"; (10.3)
f
r factors
d(j;—r—1) =147 - 7o(j)(—a;) for e(j) = (-1 L. (10.4)
fact

In particular, d(i;m) = —a; for m € {0, —1}.

THEOREM 10.3. The denominator vector for a cluster variable x;.,, with respect to the initial
cluster xq is equal to d(i;m), for any i € [1,n] and m € Z with €(i) = (—1)™.

Proof. 1t suffices to treat the case when the Cartan matrix A is indecomposable. We start by
clarifying the relationship between the vectors d(i;m) and a(i;m). First suppose that A is of finite
type. Comparing Definitions 9.1 and 10.2 and using Proposition 9.3, we conclude that in this case

d(i;m) = a(i;m) (me€[—h—2,h+ 1)), (10.5)
and
d(i;m+2(h+2)) =d(i;m) (me€Z). (10.6)
If A is of infinite type then by Theorem 9.4
d(i;;m) = a(i;m) (m € Z). (10.7)

Turning to the proof of Theorem 10.3, note that it holds for m € {—1,0} since in this case,
for €(i) = (—1)™, the denominator vector of x;., is equal to d(i;m) = —«;. Applying (7.7) to the
exchange relations (8.12), we see that to finish the proof it suffices to show that the vectors d(i;m)
with (i) = (—1)™ satisfy the recurrence relation

d(j;m—-1)+d(j;m+1) = [— Z aijd(i;m)} (10.8)
e(i)=—¢(j) +
(recall that the operation a — [a]4+ on vectors is understood component-wise).

First suppose that A is of infinite type, and so d(i;m) = «(i;m) for all m € Z. The equality
(10.8) holds for m = 0 since d(j;1) = a(j;1) = o for e(j) = —1. For m > 0, all roots «(i;m) are
positive by Theorem 9.4, hence (10.8) takes the form

a(jjm—1)+a(jm+1)=— Z agjo(i;m). (10.9)
e(i)=—¢(j)
The equality (10.9) is a direct consequence of (9.5):

—a(j;m—1) — | Z agjo(iym) =ttt .- <aj - Z az‘jOéi)
e(@=(=nm m—1 factors e(@)=(=1m
= t_t+t_ .. (a])
N—_——
m factors
=a(j;m+1).
The case m < 0 is treated in the same way.

If A is of finite type, we use (10.5), and then the same argument as above proves (10.8) for
m € [—h — 1,h]. The cases m = —h — 2 and m = h + 1 follow from (9.8) and (9.9); for m outside
the interval [—h — 2, h + 1], use the periodicity property (10.6). O

147

https://doi.org/10.1112/50010437X06002521 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002521

S. FOMIN AND A. ZELEVINSKY

Ezample 10.4. To illustrate Theorem 10.3, the denominator vectors for the elements x;.,, shown in
Table 5 appear in the last column of that table. In type As, we have h = 3, so for all of the values
shown in the last column, (10.5) applies.

As a first corollary of Theorem 10.3, we show that Conjecture 7.5 holds for the clusters on the
bipartite belt.

COROLLARY 10.5. For any m € 7Z, the denominator vectors of the cluster variables
{gjm-1:2(j) = (1)} U{agm : () = (1) }.
are sign-coherent (see Definition 6.12).
Proof. Combine formulas (10.5)-(10.7) with Proposition 9.3 and Theorem 9.4. O
The following result generalizes its finite-type counterpart obtained in [FZ03a, Theorem 1.9].

COROLLARY 10.6. Each cluster variable x;.,, can be written as

-Pi;m(xO)
4G

Tiym = )

where P;.,, is a polynomial with non-zero constant term.

Proof. The fact that w;.,, is a Laurent polynomial whose numerator has non-zero constant term
is proved by induction on m employing [FZ03a, Lemma 5.2]. The denominator is then given by
Theorem 10.3. U

As another application of Theorem 10.3, we compute the tropical evaluation of the
coefficients y;.,,. As in (8.16), we use yo = (y1,...,¥n) as the initial data. We use the shorthand

dy
yg = H ygk ford=|:| ez
ke[l,n] dp,

PROPOSITION 10.7. For all m € Z and j € [1,n] with £(j) = (—1)™"1, the elements yj.,, evaluated
in the tropical semifield P = Trop(yy,...,y,) are given by

—d(j;m—1
Yism| Trop(yn,...um) = Yo b=y (10.10)

(see Definition 10.2).
Proof. We first verify (10.10) by inspection for m € {—1,0}. Assuming (10.10) for some m € Z,

we easily see from the definition of the tropical semifield and the sign coherence property of
Corollary 10.5 that the right-hand side of (8.11) takes the form

e(f)=(=1)m~1 e(f)=(-1)m~!
As a result, the Y-system dynamics (8.11) becomes identical to the cluster dynamics (8.12)

(with trivial coefficients) after identifying y;.,, with «j.,—1. Thus, (10.10) can be seen as a spe-
cial case of Theorem 10.3. O

Ezample 10.8. In type Az, the monomials yj.m|Trop(y,,y.) already appeared in Table 2. Here we
are only interested in the values y;., with j = m mod 2. See the second column of Table 6.
The corresponding vectors of exponents match the entries located one row higher in the fourth
column of Table 6 (or, equivalently, the last column of Table 5).
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TABLE 6. Bipartite dynamics with principal coefficients in type As.

m Yiym Y2:m T1ym L2m d(lam) d(2,m) g(Lm) g(2ﬂm)
1
-1 — ) — Q9 (65)
Y1
0 Y2 T —Qq Qg
T1y2 +1
1 Y1 —_— (e} —Qg
€2
1
9 1 miye 1 + 22 ar + ag —oy
Y2 12
3 - M al _al _|_ a2
Yy1y2 T
4 — ) — Q9 (%)
Y1
5 Y2 T —Qq aq

Proposition 10.7 enables us to explicitly write the exchange relations (8.12) in the cluster algebra
Ae(B) with principal coefficients at the initial bipartite seed (xq, yo, B) (see Definitions 3.1 and 8.1)
in terms of the denominators d(i;m).

COROLLARY 10.9. In A.(B), the exchange relations (8.12) take the form

Tjm1Tjmi1 = yg_d(j§m_l)}+ H xz’_;gzij + ygd(ﬁm_l)h—’ (1011)
e(i)=—¢(j)
for m € Z and (j) = (=1)™" L.

COROLLARY 10.10. Conjectures 5.4, 5.5, and 7.17 (hence, Conjecture 6.11) hold in the case when

0.
the clusters and cluster variables in question belong to the bipartite belt. Thus, a polynomial F’ ﬁv’fo
has constant term 1, and among its monomials there is one, namely y([)d(&m)]ﬂ which is divisible by

all others.

Proof. Conjectures 5.4 and 5.5 follow from the observation that the formula (10.11) satisfies condi-
tion (iii) of Proposition 5.6. It remains to show (7.20). This is also an easy consequence of (10.11),
which implies that the denominator vectors d(¢;m) and the tropical evaluations in (7.20) satisfy
the same recurrence relations (we leave the details to the reader). O

Remark 10.11. Tropical evaluations of the elements y;.,, in Proposition 10.7 can be viewed as
Y -system analogues of the denominator vectors of cluster variables. Indeed, by Theorem 8.5, every
element y;.,, with £(j) = (—1)™! is an integer Laurent polynomial in the initial data yi, ..., yn.
In analogy with (7.2), Proposition 10.7 can be rephrased as saying that this Laurent polynomial
has the form

” N1, 9n)
Gm = T A1)
yO(Jm )

where N is an integer polynomial not divisible by any of its n variables. Thus, Proposition 10.7
provides a ‘denominator vector’ parameterization of the elements y;.,, in a Y-system by the roots
in @, contained in the (T4, 7_)-orbit of the negative simple roots. This parameterization is close
to but different from that of the elements in a Y-system (by the same set of roots) used in [FZ03b]
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in the finite type situation. The relationship between these two parameterizations will be discussed in
the next section.

Proof of Theorem 8.8. First suppose that an indecomposable Cartan matrix A is of infinite type.
Combining (10.7) with Theorem 9.4, we conclude that the vectors d(i;m) for m € Z and £(i) =
(—1)™ are all distinct. Therefore, the cluster variables x;.,, (respectively, the Laurent polynomials
Yizm+1) are all distinct by Theorem 10.3 (respectively, by Proposition 10.7), proving part (2) of
Theorem 8.8.

Now suppose that A is of finite type. In view of (8.17), to prove part (1) of Theorem 8.8, one
only needs to show that @, = %4942 for all i and m with e(i) = (—=1)™. This follows from
Theorem 10.3, the periodicity property (10.6), and the following result, which is a consequence
of [FZ03a, Theorem 1.9] (see also Proposition 11.1 below): in a cluster algebra of finite type,
a cluster variable is uniquely determined by its denominator vector with respect to a bipartite
initial cluster xg. O

Proof of Proposition 4.9. The ‘only if’ part is immediate from the fact (established in [FZ03a] and
already mentioned in §4) that the property of a seed (x,y, B) to define a cluster algebra of finite
type depends only on the matrix B. To prove the ‘if” part, we need to show the following.

() If B gives rise to a cluster algebra of infinite type, then there exists a matrix B with principal
part B such that B is of infinite mutation type.

As shown in [FZ03a], if B gives rise to a cluster algebra of infinite type, then the same is true for
some principal 2 x 2 submatrix B’ of a matrix obtained from B by a sequence of mutations. It is
then enough to show that (x) holds for B’. Since B’ is bipartite, we can take the corresponding B’
as a 4 X 2 matrix giving rise to the cluster algebra with principal coefficients; the fact that B’ is of
infinite mutation type is immediate from Proposition 10.7 and Theorem 9.4. ]

Our next goal is to compute the g-vectors of the cluster variables x;.,,. To state the result, we
denote by E the linear automorphism of the root lattice () acting on the basis of simple roots by

E(a;) = —e(t)oy  for i € [1,n]. (10.12)

THEOREM 10.12. For every ¢ € [1,n] and m € Z with £(i) = (—1)™, the g-vector g(i;m) of the
cluster variable x;.,, with respect to the initial seed is given by

g(i;m) = Er_(d(i;m)) (10.13)
(see (10.12), (10.1), and Definition 10.2).
Proof. The desired equality (10.13) is easily checked for m € {—1,0}. Indeed, for £(j) = —1, we have
Er_(d(j; —1)) = Er—(—aj) = Eaj = aj = g(j; —1);
and, for e(i) = +1, we have
E7_(d(3;0)) = Er—(—0s) = E(—;) = o = g(4;0).

To prove (10.13) for the rest of the values of m, recall (7.15) and (6.4). The vector g(i;m) is

m—1

equal to the degree of x;,, in Ae(B). In view of Corollary 10.9, for any m € Z and ¢(j) = (—-1)",
we have

g(jim — 1)+ g(j;m + 1) = deg(yl U V), (10.14)
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Remembering the definition (6.1), we rewrite the right-hand side of (10.14) as follows:

deg (i) = STd (G m — 1))y deg(yr)

k
= [dG;m = D)y > e(Daines, (10.15)
k ik
where d(j;m — 1) is the kth component of the vector d(j;m — 1).
To simplify (10.15) further, we follow [FZ03b, (1.7)] and extend the permutations 74 and 7_ of
®%_, to plecewise-linear involutions of the root lattice @ by setting

T(craq + -+ + cpay) = cjag + -+ + L an, (10.16)

where
—ci— Y alegls i ei) =&
= j#i (10.17)

Ci otherwise.

/
C;

As an immediate consequence of (10.16) and (10.17), we have, for any o = c1ay + -+ - + cpay, € Q,

n

TLa+T o= — Z Z aijlcjl+ o (10.18)

i=1 j#i
Using (10.18), we rewrite (10.15) as follows:
deg(yg *""") = B(r_d(jim — 1) + 7od(jim — 1).
In view of (10.3) and (10.4), we have d(j;m — 1) = 747-d(j;m + 1). Hence, (10.14) becomes
g(iim = 1) +g(jim + 1) = E(r-d(j;m — 1) + 7-d(j;m + 1)).

It follows that each of the equalities g(j;m — 1) = E7_(d(j;m — 1)) and g(j;m + 1) =
E71_(d(j;m + 1)) implies the other. Since we have already checked these equalities for two con-
secutive values of m, they are true for all m € Z, as desired. ]

Ezample 10.13. In type Ay (with the conventions (8.13)), the maps 7+ are given by
T+ (c1on + caa2) = (—c1 + [ca]4 ) + caave,
T_(c10n + caa2) = craq + (—ca + [e1]4 ) ae,
in agreement with (10.2). The linear map E acts by
E(a) = —a1, E(ag) = as.

For the corresponding cluster algebra A4(B), the elements x;., and y;.,, are shown in Table 6.
These entries have been imported from Table 2 (or set u; = y; Dand uy = yo in Table 5 and
calculate in Trop(yi1,y2)). The denominators d(i;m) and degrees g(i;m) are copied from Table 4.

(Recall that, by convention, a; = [§], aa = [{].)

Remark 10.14. Theorem 10.12 and Corollary 10.5 imply that Conjecture 6.13 holds in the case
when the clusters and cluster variables in question lie on the bipartite belt.

By Theorems 10.3 and 10.12, the denominator vector d and the g-vector g of any cluster variable
Zi.m With respect to the initial seed are related by g = E7_(d). We now show that this relationship
can be extended to all cluster monomials on the bipartite belt.
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COROLLARY 10.15. For every cluster monomial of the form ;U‘l“m <exgn,, its g-vector g and its
denominator vector d with respect to the initial seed are related by

g=FE7_(d). (10.19)
(Here T_ is the piecewise linear involution of () given by (10.16) and (10.17).)
Proof. In view of (7.4) and (7.14), it is enough to show that

(Zd<m>) = S (dtism)

for any non-negative integers aq, ..., a,. This follows from the definition (10.16) and (10.17), once
we remember Corollary 10.5. U

The last result in this section provides supporting evidence for Conjectures 6.10 and 7.12 in a
bipartite setting.

PROPOSITION 10.16. Let ¥ and X1 = u.(Xg) be adjacent seeds on the bipartite belt. Then the

g-vectors
/

g1 91
gbm)= || and g(tym)=|:
9n g;
of a cluster variable xg.,, (with €({) = (—1)™) computed with respect to the seeds ¥y and ¥,
respectively, are related by

—g, if e(i) = ¢;
9= g+ D (=blgk — Wikl=gil4), ife(i) = —=. (10.20)
e(k)=e
Here, as before, (b%-) is the exchange matrix at Y.
Proof. Tt follows from the definitions combined with Theorem 10.12 that
g(l;m) = Er_d({;m), (10.21)
g (t;m) = —Er d(¢; —m). (10.22)
(If B and B’ are the exchange matrices at ¥ and 31, then B’ = — B, hence the corresponding sign
function £ : [1,n] — {1, —1} is equal to —&; this is why, in passing from (10.21) to (10.22), 7_ gets
replaced by 7 and E gets replaced by —F.) Definition 10.2 implies that d(¢;m) = 7_d(¢; —m).
Consequently,
g(tym) = BEd(6; —m) = ETy E(—g/(6;m)).
Using (10.12), (10.17), and (8.1), this can be checked to match (10.20). O

11. Finite type

In this section, we focus on the cluster algebras of finite type. By the classification result of [FZ03a],
any cluster algebra of finite type has a bipartite seed, so all of the results in §§8-10 apply. In fact,
a cluster algebra A = A(xg,yo, B) with a bipartite initial matrix B is of finite type if and only if the
Cartan counterpart A = A(B) (see (8.2)) is a Cartan matrix of finite type. (The ‘only if’ direction
follows from [FZ03a, Propositions 9.3 and 9.7].)

The results in [FZ03a, FZ03b] imply that things are particularly nice in finite type.
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ProrosiTiON 11.1. In a cluster algebra of finite type:

(1) every cluster variable belongs to a seed lying on the bipartite belt;

(2) the denominator vectors establish a bijection between cluster variables and ‘almost positive
roots’ (the elements of ®>_;), and between cluster monomials and the root lattice.

Proof. The first statement is a consequence of Proposition 9.3 and [FZ03a, Theorems 1.9 and 1.13].
To obtain the second statement, combine these theorems with [FZ03b, Theorems 1.8 and 1.10]. O

We now establish Conjecture 7.2 for the cluster algebras of finite type.

THEOREM 11.2. In a cluster algebra A of finite type, the cluster monomials are linearly independent
over the ground ring ZP.

Proof. By Corollary 10.6, each cluster monomial has a unique ‘leading’ term of smallest total
degree with respect to the cluster variables from the initial cluster. Then Proposition 11.1 implies
that different cluster monomials have different leading terms, hence are linearly independent. [

In [FZ04, Conjecture 4.28], we conjectured that Theorem 11.2 can be strengthened as follows:
in a cluster algebra of finite type, the cluster monomials form an additive basis. For cluster algebras
of infinite type, we expect this property to fail.

We next verify several conjectures from the previous sections in the special case where A is a
cluster algebra of finite type and the initial seed £y = ¥4, is bipartite.

Conjecture 7.4 (hence, Conjecture 7.5, already established in more general setting — see
Corollary 10.5) is immediate from [FZ03a, Theorems 1.9 and 1.13].

As an application of Proposition 11.1, we extend Corollary 10.15 to all cluster monomials
(not necessarily associated with clusters lying on the bipartite belt).

ProprosiTiON 11.3. In a cluster algebra of finite type, the g-vector g and the denominator vector
d of any cluster monomial with respect to a bipartite initial seed are related by (10.19), where
the piecewise linear involution 7_ and the linear transformation E are given by (10.16), (10.17)
and (10.12).

Proof. In view of Proposition 11.1 and Theorem 10.12, the equality (10.19) holds for any cluster
variable. It then extends to all cluster monomials by the same reasoning as in Corollary 10.15, using
Corollary 10.5. O

We now turn to Conjectures 7.6 and 7.10. In finite type, they can be strengthened as follows.

COROLLARY 11.4. For a bipartite seed ¥, in a cluster algebra of finite type, each of the maps

Tast df}to and wa; gf.fo is a bijection between the set of all cluster monomials and Z".

Proof. The statement about denominator vectors follows from [FZ03a, Theorems 1.9 and 1.13]
and [FZ03b, Theorems 1.8 and 1.10]. It implies the statement about the g-vectors in view of
Proposition 11.3. ]

We next turn our attention to the polynomials F ﬁ;to, under the assumption that B is of finite
type, and both seeds tg and ¢ lie on the bipartite belt. We use the shorthand

Bisto
Fé;m = Fg;tm )

where ¢, (m € Z) is a vertex on the bipartite belt with an attached seed %, = 3, (see (8.4)
and (8.5)).

We establish a link between the polynomials F.,, and the ‘Fibonacci polynomials’ introduced
and studied in [FZ03b].

153

https://doi.org/10.1112/50010437X06002521 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002521

S. FOMIN AND A. ZELEVINSKY

TABLE 7. Fibonacci polynomials in type As.

m Fim Fo | d(L;m)  d(2;m) Jim f2m
0 1 —a 1

1 y2 +1 o Yo + 1
2 | yiy2+y1+1 a1 + ao y1+yo+1

3 vy +1 o1 y1+1
4 1 —a 1

5 1 - 1

DEFINITION 11.5 (Fibonacci polynomials). For e € {4, —}, let E. denote the automorphism of the
field Q(y1,...,yn) defined by

S .
E(y:) = {y it e(d) _ (11.1)
Yi otherwise.

For ¢ € [1,n] and m € Z, with (¢) = (—1)™, let

def d(t;m);
Joam & Ea(Fem(n, . oya)) [ o257 (11.2)
e(j)=1
where d(¢; m); stands for the jth component of the denominator vector d(¢;m). By Corollary 10.10,
fem is a polynomial in y1, ..., y,, which we call a Fibonacci polynomial.
In plain terms, f.,, is obtained from the polynomial Fy.,,(y1, ..., yn) by replacing each variable y;
with e(j) = 1 by its inverse and clearing denominators. It is then clear that, conversely,
def d(t;m);
Fom = By (frmrs- - y) [ @™, (11.3)
e(j)=1

For the special case of type Ag, the polynomials Fy.,,, and fy.,, are shown in Table 7.
In [FZ03b, Theorem 1.6], we introduced a family of polynomials

Fla] € Z[yy, - - ynl
labeled by the roots o € ®>_;. Combining [FZ03b, Theorem 1.5, Theorem 1.7, and Remark 2.8

and remembering Remark 8.4 and Definition 10.2 of the current paper, we see that the polynomials
F[a] can be defined as the unique family of polynomials with the following properties. First, these
polynomials satisfy the initial conditions F[—c«;] = 1 (for all 7). Second, for any a = d(j;—m —1) €
®- 1 with e(j) = (—1)™"1, they satisfy the recurrence relation

Flrea]Flr_a] =y " ] Fld(im) = 4y (11.4)

i#j

(We note that 7ya =d(j;m — 1) and 7—a =d(j;m +1).)
THEOREM 11.6. In a cluster algebra of finite type, f., = F|a], where o = d(¢;m).

Thus, the terminology of Definition 11.5 is consistent with that of [FZ03b]: the Fibonacci
polynomials fy.,,, and F[a] are indeed the same.
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Proof. We need to verify that the polynomials f.,, satisfy the recurrence (11.4) (the initial con-
ditions are immediate). As before, we use the notation yg = (y1,...,yn). Assuming that e(j) =
(—1)™"!, we denote

d(j;m —1) = (dy,...,dy),
d(j;m+1) = (dy,...,dy).
It then follows from (10.16) and (10.17) that
. dy ifel) =1;
d(j;—m—1), = . @
dy ife(l)=—-1.
Thus, we need to show that
—dy] —dy] a; [d d
fj;m—lfj;m—i—l H yz e H yk Kl Hfz mj + H y l]+ H y][g k]+' (11'5)
=1 e(k)= i#] e(lt)= e(k)=—1
This can be deduced from Corollary 10.9 as follows. Combining the latter with (3.3), we get
Fj;m—lﬂ;m-ﬁ-l = Hyé_dd-‘- H F;;;_nlz” + Hy[dl
L e(i)=—e(j4)

Applying FE, and using (11.2), we obtain, after straightforward simplifications,

T | A | B | (R | R

e(£)=1 e(k)=—-1 i#] e(£)=1
[dl]+ [dk]+ 11.6
+ 10w T ot (11.6)
e(l)= e(k)=—

We next use (10.8), which in view of Corollary 10.5 can be rewritten as

dg+dg == aijld(i;m)] . (11.7)
i#]
Putting (11.6) and (11.7) together yields (11.5). O
COROLLARY 11.7. Each polynomial Fy.,(y1,...,Yn) has positive coefficients.

Proof. By [FZ03b, Theorem 1.6], each polynomial F[a] has positive coefficients. The claim follows
by Theorem 11.6 and (11.3). O

In [FZ03b, §2.4], we gave explicit formulas for the Fibonacci polynomials F[a] associated with
the root systems of classical types ABC'D. The Fibonacci polynomials of exceptional types can be
calculated on a computer using the defining recurrence (11.2). Combining these results with (11.3),
one can compute all polynomials Fy.,,. Corollary 6.3 then yields explicit formulas expressing an
arbitrary cluster variable in an arbitrary cluster algebra of finite type in terms of the bipartite
initial seed. These formulas are too bulky to be included in this paper: as mentioned in [FZ03b,
p. 999], the monomial expansion of a Fibonacci polynomial of type Eg can have up to 26 908 terms.

12. Universal coefficients

In this section, we show that among all cluster algebras of a given finite (Cartan—Killing) type,
there is one with the ‘universal’ system of coefficients: any other such algebra is obtained from this
one by a coefficient specialization. To make this precise, we need the following definition.
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DEFINITION 12.1. Let A and A be cluster algebras of the same rank n over the coefficient semi-
fields P and P, respectively, with the respective families of cluster variables (7i:)ic(1n) e, and
(Tizt)ie[1,n) teT, - We say that A is obtained from A by a coefficient specialization if:

(1) A and A have the same exchange matrices B; = B; at each vertex t € Ty,;

(2) there is a homomorphism of multiplicative groups ¢ : P — P that extends to a (unique) ring
homomorphism ¢ : A — A such that ¢(z;+) = T; for all ¢ and ¢.

With some abuse of notation, we denote both maps ¢ : P — P and ¢ : A — A by the same symbol,
and refer to each of them as a coefficient specialization.

Recall from §2 that the cluster algebra structure is completely determined by the underlying
Y-pattern t — (y, B:), which is in turn completely determined by a Y-seed (yy,, Bt,) attached to
an arbitrary ‘initial’ vertex tg € T,,. In the language of Y-patterns, Definition 12.1 can be rephrased
as follows.

PROPOSITION 12.2. Let A and A be cluster algebras over the coefficient semifields P and P, re-
spectively, sharing the same exchange matrices B;. Let the underlying Y -patterns for A and A be
t — (y¢, By) and t — (¥, By), respectively. A homomorphism of multiplicative groups ¢ : P — P is
a coefficient specialization (that is, satisfies condition (2) in Definition 12.1) if and only if

QO(yJ';t) = gj;t? (P(yj;t D 1) = gj;t ®1 (12'1)
for all j € [1,n] and t € T,
Proof. We start by restating the condition (12.1) in terms of the coefficients appearing in the

exchange relations. Following (2.7), we denote by

+ Yjst - 1
P - 12.2
the two coefficients in the exchange relation for a cluster variable x;; at a vertex ¢ (cf. (2.8)); also
let ﬁ;ft denote the counterparts of the coefficients p;ft in the cluster algebra A. In view of (12.2), for

a homomorphism of multiplicative groups ¢ : P — P, condition (12.1) is equivalent to requiring
o(05,) =y (12.3)
for all j € [1,n] and t € T,

Let xo and Xy be the clusters of A and A at some initial vertex to. Since the elements of
xo are algebraically independent over the ground ring ZP, any homomorphlsm of multlphcatlve
groups ¢ : P — P extends to a (unique) ring homomorphism cp Z]P[ - ZP[XO '] by setting
©(2iy) = Tigo for all 4. Recall that by Theorem 3.5, A C ZP[x¢'] and A C ZP[X:']. In order to
express a cluster variable at any vertex t; as a Laurent polynomlal in the elements of the initial
cluster at ¢y, one only needs to iterate the exchange relations of the form (2.4) along the path
connecting tg and 1. Since the elements of every cluster are algebraically independent, the condition
that ¢(z.¢) = Z;y for all 4 and ¢ is equivalent to the property that ¢ sends every relation (2.4) in A
to the corresponding relation in A, that is, satisfies the equivalent conditions (12.1) and (12.3). O

One way to get a coefficient specialization is to take any semifield homomorphism ¢ : P — P.
For example, if A is a cluster algebra of geometric type over a semifield Trop(u; : j € J), then for
any subset I C J, there is a semifield homomorphism ¢ : Trop(u; : j € J) — Trop(u; : j € I)
defined by setting p(u;) = u; for j € I and ¢(u;) =1 for j ¢ I.

DEFINITION 12.3. We say that a cluster algebra A (and the corresponding Y-pattern ¢ — (y¢, Bt))
has universal coefficients if every cluster algebra with the same family of exchange matrices (B;) is
obtained from A by a unique coefficient specialization.
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By the standard universality argument, for a given family of exchange matrices (Bi), a cluster
algebra with universal coefficients is unique in the following sense: for any two such algebras A
and A, there is a canonical isomorphism of multiplicative groups of their coefficient semifields that
extends to a canonical ring isomorphism A — A sending all cluster variables and all coefficients in
the exchange relations for A to their respective counterparts for A. (A subtle point: the definition of
universal coefficients does not imply the uniqueness of auxiliary addition in the coefficient semifield.)

Note that the existence of a cluster algebra with universal coefficients is by no means clear.
We prove it in the following for the finite type case. To state the result, let us again recall the main
theorem of [FZ03al: any cluster algebra A of finite type has an initial seed with a bipartite exchange
matrix B such that the Cartan counterpart A = A(B) is a Cartan matrix of finite type. That is,
A is associated with a finite root system ®, uniquely defined by A (up to isomorphism).

THEOREM 12.4. For any bipartite matrix B such that A = A(B) is a Cartan matrix of finite type,
there exists a universal cluster algebra A™ (B) = A"V (®) having B as the initial exchange matrix.
Specifically, A" (B) can be realized as follows.

e As a coefficient semifield for A"V (B), take
PV = Trop(p[a"] : a" € L ), (12.4)
the tropical semifield whose generators pla"| are labeled by the set @;_1 of ‘almost positive
coroots’ (i.e. positive roots and negative simple roots in the root system dual to ®).
e Define the initial Y-seed (y§™V, B), with y&"V = (y1.0,- .-, Yn0), by
. V.,V
vio= [ plaVT@led] (12.5)
aVE<I>\§71

where ¢ is the sign function from (8.1), and [a" : o] stands for the coefficient of a} in the
expansion of the coroot ¥ in the basis of simple coroots.

The rank 2 special case of Theorem 12.4 is implicitly contained in [FZ02, Proposition 6.4 and
Remark 6.5].

Before providing a proof of the theorem, we illustrate it with an example.

Ezample 12.5 (Universal cluster algebra of type As). Let B = [_(1) é] as in Example 8.3. Thus,

£(1) = 1 and £(2) = —1. Since the root system ® of type As is simply-laced, we can identify the
coroots with the roots. By (12.4), the universal coefficient semifield P"™" is the tropical semifield
with five generators:

P = Trop(p[—au], p[—az], plai], plar + oz, plaz)). (12.6)
Formula (12.5) gives
_ plaalplar + ag] ~ pl-ag
Y1;,0 = p[_al] s Y20 = p[QQ]p[Oél T Otg] . (127)

Thus, A™Y(B) is the cluster algebra of geometric type defined by the extended exchange matrix
(see (2.14))

o091
Il
o
= =0 = O O
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TABLE 8. Universal coefficients in type As.

t By Y1:t Yo:t T1i To;t

oL o] | PR e | ) el
= e =~ el IR
2[5 o] | B gy |l el
[T | e Tamad |l sl
(] e | s
| [T | e M | el et

(Rows 3-7 of the matrix B correspond to the variables pla] (o € ®>_1) in the order listed in (12.6).)
We then calculate the rest of the coefficients ;¢ by substituting the above expressions for y; and
Yo into the third column of Table 1, and computing the resulting expressions in P™V. (It is useful
to note the following: if Y and Y’ are two disjoint monomials in the generators of PV, then
Y/Y'@®1=1/Y".) The results are shown in the third column of Table 8.

We conclude this example by writing the exchange relations in the universal cluster algebra of
type As. The coefficients in each of these relations are obtained by splitting the appropriate Laurent
monomial in the third column of Table 8 into its numerator and its denominator. To have a consistent
notation for the five cluster variables in A"V(B), we use the denominator parameterization: let
x[a] denote the cluster variable whose denominator vector is a.. See the fourth column of Table 8.

With the notation agreed upon above, the exchange relations in A" (B) are

r[—as)z]as] = p[—ao]z[—ai] + plag]plen + ag], (12.8)
z[—ai]zfan + ag] = plea]zfas] + pl—ai]plas], (12.9)
zlag]r[on] = plar + az]z|on + as + p[—ai]p[—as], (12.10)
zlar + ag]z[—ag] = plasg]z[an] + pl—as]pla], (12.11)
zlar]z[—aq] = pl-ai]z[—as] + plaa]plar + az]. (12.12)

These exchange relations (thus, implicitly, the algebra A" (B)) have already appeared® in
[FZ02, Example 7.6].

Proof of Theorem 12.4. In the following argument, we fix the bipartite exchange matrix B of finite
type associated with a root system ®, and work with the class of cluster algebras A having B
attached to an initial seed. We start by taking an inventory of the exchange relations in A.

L Correction: in [FZ02, Figure 3], the exchange relation between y2 and ys contained a typo.
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By Proposition 11.1, the denominator vectors with respect to the initial cluster provide a bijec-
tion a — z[a] between the set ®>_; of ‘almost positive’ roots and the set of all cluster variables
in A; furthermore, this bijection extends to a bijection v +— z[y] between the root lattice @ and
the set of all cluster monomials in A. Using these bijective parameterizations, we can write every
exchange relation in A in the form

z[Blz[B'] = pr[n] + paz[rel, (12.13)
where 3,5 € ®>_1, 71,72 € Q, and p; and py belong to the coefficient semifield P.
These exchange relations have the following properties.
e The pairs {3, 5’} appearing in the left-hand sides depend only on the root system @, that

is, are the same for all choices of coefficients; see [FZ03a, Proposition 3.5 and Corollary 4.4],
where such pairs are called exchangeable.

e The pair {v1,72} on the right is uniquely determined by {3, §'}; so it also does not depend on
the choice of the coefficient system in A. (See [FZ03a, (5.1)], where v, and 7, are explicitly
expressed in terms of 8 and ('.)

In view of these properties, we denote the coefficients in (12.13) as follows:

pi=p({B, 8 ;7)) (i=1,2). (12.14)
This notation becomes slightly ambiguous if v, = 2. However, this can only happen if § = a; and
B = —a; are the two roots of an irreducible component of type A; in ®, in which case v1 = v = 0;

all of the arguments below will be valid in this case as well, even if both coefficients will carry the
same notation.

Among the coefficients p({3, 5'};7), the following will be of special importance.

DEFINITION 12.6. A coefficient p({3,4'};71) in (12.13) and (12.14) is called primitive if v = 0,
i.e. the ‘opposite’ monomial x[ys] is equal to 1.

The following lemma provides several equivalent descriptions of exchange relations with primitive
coefficients.

LEMMA 12.7. For an exchange relation (12.13) the following conditions are equivalent:

(1) one of the coefficients p({3,3'};v1) and p({3,5'};v2) is primitive;
(2) the relation in question appears on the bipartite belt, i.e. {3,5'} = {d(j;m — 1),d(j;m + 1)}
for some j € [1,n] and m € Z (see Theorem 10.3);

(3) {B,0'} = {rra,7_a} for some o € D>_;.

Recall that 7} and 7_ appearing in condition (3) are the involutive permutations of ®>_; given
by (10.1); they extend to piecewise-linear involutions of the root lattice @ via (10.16) and (10.17).

Proof. The equivalence of conditions (2) and (3) is clear from the formulas (10.3) and (10.4).
The implication (2) = (1) follows from the definition of the bipartite belt. To prove (1) = (2), we use
the formula given in [FZ03a, (5.1)], which gives explicit expressions for 71 and 75 in terms of {3, '}.
As a special case of [FZ03a, (5.1)], condition (1) is equivalent to the following: o(3) + (') = 0
for some transformation o belonging to the group generated by 7 and 7_. Since both ¢(3) and
o(4") belong to ®>_1, the only way they can add up to 0 is if, say, o(8) = —«; and o(f') = «;
for some j. Again remembering (10.3) and (10.4), it is easy to see that in that case, {3,0'} =
{d(j;m —1),d(j;m + 1)} for some m € Z, and we are done. O
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LEMMA 12.8. In the algebra A"V (B) given by (12.4) and (12.5), the primitive coefficients are
precisely the generators p[a¥] of P"™V. More specifically, if {3,3'} = {7 (a),7_(a)} for some o €
®~_; (see Lemma 12.7(3)), then the corresponding primitive coefficient in (12.13) is equal to p[a],
where oV is the coroot associated with a root a.

Proof. Let us explicitly solve the Y-system (8.11) in the semifield P"V defined by (12.4) with the
initial conditions

yir = [ w7 (@6) = +1),

VedV
aved
€®y_,

vio = [ wle¥]9 () = ~1);

VepV
aved
€edy

by (8.8), these conditions are equivalent to (12.5). We will need the analogue of (10.16) and (10.17)
for the dual root system, which can be written as

—[a¥ ey =D agllaY o]y ife(f) =<
[Tgav : a]V] = 7 1210
¥ : o] otherwise.

(12.15)

Using (12.16) and proceeding by induction, it is straightforward to verify that the solution of (8.11)
in P with the initial conditions (12.15) is given by

—1r™) aVia)
virmt =[] PO ) = (1)),
avedpy
>-1 i) o] ' . (12.17)
yir = 1] pla70 N () = (=)
aVE<I>;_1

(r)

for all » > 0, where we abbreviate 72/ = 7.7_.7----.
N——

r factors
Substituting the expressions given by (12.17) into (8.12), we obtain explicit formulas for exchange
relations in A" that belong to the bipartite belt. By comparing (12.17) with the expressions (10.3)
and (10.4) for the denominator vectors, it is easy to see that if the exchange relation in question
has {3,0'} = {7+ (a),7— ()}, then the corresponding primitive coefficient p({3, 3'};~1) is equal to
pla], completing the proof. Note that there is also a nice formula for the other coefficient in the
same relation:

p({B.8'}i72) = [ p8Y1 1), (12.18)
5\/

where 3V runs over ®Y ,, and (8'[la") is the compatibility degree introduced in [FZ03b, §3.1].
We do not need this formula for the proof. O

We continue the proof of Theorem 12.4. By Lemma 12.8, every generator pa"] of P"Y appears
as a coefficient in an exchange relation on the bipartite belt. It follows that the coefficients in
the exchange relations generate PV as a multiplicative group. In view of (12.3), we arrive at the
following conclusion.

e If a cluster algebra A is obtained from A"™V by a coefficient specialization ¢, then ¢ is unique.

It remains to prove the ezistence of a coefficient specialization ¢ : A"V — A. To do this,
we introduce the following terminology.

160

https://doi.org/10.1112/50010437X06002521 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002521

CLUSTER ALGEBRAS IV

DEFINITION 12.9. A multiplicative coefficient identity (MCI) is a multiplicative relation among the
coefficients p({3, #'}; v) that holds in all cluster algebras of a given type, independently of the choice
of coefficients.

The remaining (existence) part of Theorem 12.4 is an immediate consequence of Lemma 12.8 in
conjunction with the following lemma.

LEMMA 12.10. For every non-primitive coefficient p({/3,3'};~), there is an MCI expressing it as a
product of primitive coefficients (not necessarily distinct).

Proof. We start by deducing the desired statement from the following formally weaker assertion:

For every non-primitive coefficient p({3, 3'};7v), there is an MCI that

expresses it as a product of two or more other coefficients. (12.19)

Indeed, let us assume that (12.19) holds, and fix an MCI as in (12.19) for each non-primitive
coefficient p({3, 5'};7). To prove that every non-primitive coefficient p factors into a product of
primitive coefficients, we write a chosen MCI for p as p = p1---ps, then substitute for each p;
the product given by the corresponding MCI, and continue in the same way. To show that this
process terminates, consider the following directed graph I': the vertices of I'" correspond to all
of the coefficients p({f3,3'};v) in the exchange relations, and the edges are of the form p — p/
whenever p’ is one of the factors in the chosen MCI for p. Since the sinks of I' are precisely the
primitive coefficients, it suffices to show that I" has no oriented cycles. Suppose on the contrary
that p;1 — po — -+ — ps — p1 is an oriented cycle in I'. Multiplying the chosen MCIs along this
cycle and canceling py - - - ps, we obtain an MCI that expresses 1 as a product of several coefficients:
1=¢q1 - q,. Being an MCI, this identity must be satisfied in any cluster algebra of the given type.
Returning for a moment to the nomenclature of coefficients used in the preceding sections, we can
write ¢q; in the form ¢; = p;r;t for some j € [1,n] and t € T,,. Now let .4, be the algebra (of the same
finite type) with principal coefficients at ¢. Its coefficient semifield is Trop(y1,...,yn), with ¢1 =y,
while the rest of the factors go, ..., ¢, are monomials in y1,...,y, (with non-negative exponents).
Hence, the equality 1 = ¢1 - - - ¢, does not hold in A, and so cannot be an MCI. This contradiction
proves that Lemma 12.10 is indeed a consequence of (12.19).

The proof of (12.19) follows from the results in [FZ02]: applying the reduction procedure in
[FZ02, §2], we reduce the statement to the rank 2 case, and then the desired MCI can be obtained
as one of the identities [FZ02, (6.11)—(6.13)]. For the convenience of the reader, we provide a little
more details here. Let us start with a relation of the form (12.13) with the coefficient p; non-
primitive. This means that the cluster monomial z[vs] is non-trivial, hence contains some cluster
variable z[3”]. Let x be a cluster containing z[f] and such that x — {z[g]} U {z[#']} is another
cluster. Let z C x be the (n — 2)-element subset x — {z[3], z[3"]}. Following [FZ02, §2], we can
consider the rank 2 cluster algebra setup with the initial cluster {x[5], z[3”]} obtained by ‘freezing’
the cluster variables from z, i.e. viewing them as ‘constants’ or ‘new coeflicients’. This algebra is
of one of the finite types As, By or GGo; the type A; x A; cannot occur because then all of the
cluster variables occurring in x[y;] or x[y2] would belong to z. Its exchange graph is an (h+ 2)-cycle
(cf. Theorem 8.8), that is, a 5-cycle (respectively, 6-cycle, 8-cycle) for the type As (respectively,
By, Gi2). In determining the MCIs along this cycle, we can ignore the terms from z, which reduces
the proof of (12.19) to the rank 2 case, and brings us into the setup studied in [FZ02, §6].

Let us rewrite the results in [FZ02] in our current notation. Assume that @ is of one of the types
Ay, By, or Gy. Let ®5_1 = {f1, ..., Ont2}, where the roots are ordered cyclically around the origin;
for instance, in type As we use the same ordering as in (12.6). We use the convention that the
subscripts are considered modulo (h+ 2). Then the exchange relations and the corresponding MClIs
can be described as follows.
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TABLE 9. Index of conjectures.

Conjecture

Finite type;
bipartite initial
seed

Bipartite case;
seeds/variables on
the bipartite belt

Conjecture 4.3

[FZ03a, Theorem 1.13]

[FZ04, Conjecture 4.14(1)]

Conjectures 5.4-5.5

Conjecture 6.10
Conjecture 6.11
Conjecture 6.13

Corollary 10.10
Proposition 10.16
Corollary 10.10
Remark 10.14

Conjecture 7.2 Theorem 11.2

[FZ04, Conjecture 4.16]

Conjecture 7.4 [FZ03a, Theorems 1.9, 1.13]

Conjecture 7.5 Corollary 10.5

Conjecture 7.6 Proposition 11.1

[FZ04, Conjecture 4.17]
Conjecture 7.10 Corollary 11.4
Proposition 10.16

Corollary 10.10

Conjecture 7.12
Conjecture 7.17

Type As. The exchange relations have the form
z[Brm—1]2[Bmt1] = qm([Bm] + Tm.

For every m, there is an MCI expressing the non-primitive coefficient r,, as a product r,, =
gm+29m+3-

Type Bs. In this case, in the sequence (31, (o, ..
relations have the form

., the long and short roots alternate. The exchange

x[ﬂm—l]x[ﬁm—i—l] = me[ﬂm]bm + T,
where b, = 1 (respectively, 2) if 3,1 and §,,41 are short (respectively, long). The corresponding
MCIs look as follows: r,, = qm+2qg;f+3qm+4.

Type Go. Again, in the sequence f1,3o,..., the long and short roots alternate. The exchange

relations have the form

x[ﬂm—l]x[ﬁm—i—l] = me[ﬂm]bm + T,
where b,, = 1 (respectively, 3) if 5,1 and (,,41 are short (respectively, long). The corresponding
MClIs look as follows:

L {Qm+QQm+3qer+4Qm+SQm+6 if Bm—1 and fBy,41 are short;
" Qm+2q2l+3qfn+4q,?’n+5qm+6 if By,—1 and G411 are long.
This completes the proof of Lemma 12.10. O
Theorem 12.4 is also proved. O
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Remark 12.11. Once it is proved that the cluster monomials form a ZP-basis in any cluster algebra A
of finite type (see [FZ04, Conjecture 4.28]), Theorem 12.4 will imply that any such A can be obtained
by a ‘base change’ from the universal cluster algebra A™V of the same type: that is, A is canonically
isomorphic to A™Y & puniv ZP.

13. Index of conjectures

Table 9 gives pointers to partial results which provide supporting evidence towards the conjectures
proposed in this paper: either for bipartite initial seeds or under the additional assumption of
finite type.
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