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Abstract

We find a basis for the universal punctured even distribution and then a basis for the cyclotomic units
over function fields.

2000 Mathematics subject classification: primary 11R58, 11R60.

0. Introduction

In the classical case, the structure of the group of cyclotomic units can be obtained
from the universal punctured even distribution [6]. Gold and Kim [2] have found
an explicit basis (a minimal set of generators) of the universal punctured even dis-
tribution and then, by eliminating some generators of it, a basis of the group of
cyclotomic units. They used this basis to show that US = U, for all m|n where
G = Gal(Q(,)/Q(n)), and U, (respectively U,) is the group of cyclotomic units in
Q(%») (respectively Q(&n))-

Galovich and Rosen introduced the cyclotomic units in the cyclotomic function
fields [3, 4] and the distribution theory over function fields [5]. Bae described the
group structure of universal even (odd) punctured distribution [1]. In this paper, we
find a basis of the universal even punctured distribution in function field and from this
basis find a basis of the group of cyclotomic units in the cyclotomic function fields,
following the ideas of Gold and Kim [2].

Throughout this paper we fix the following notation. Since the case g = 2 is not
so interesting, we assume that g > 2.
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[2] Bases for cyclotomic units 57

Notation

F, = the finite field with g elements,
Rr = F,[T],
= F(T),
Rr(M) = (1/M)Ry /Ry, for a monic polynomial M of Ry,

Ay = aprimitive M-th root of the Carlitz module p,
Ay = paCin),

® (M) = the Euler totient function,

(M) = the number of monic irreducible divisors of M,
ky = k(Ay) = the M-th cyclotomic function field over &,
Oy = the integral closure of Ry in ky,

Ey = the group of units of Oy,.
1. Preliminaries

Let V}, be the subgroup of k,, generated by
1) {M:AeRt/MRr, A#£0 mod M}UF},

and Uy = Ey N V), what is called the group of cyclotomic units of ky,. It is well
known [4] that Uy is of finite index in E,, in particular, they have the same rank
d(M)/(q — 1) — 1. There are relations among the elements of Vy,

() A = cAl,
3) My =T]r" if BN =M,
R

where ¢ € lF;< and R runs over all the polynomials whose degrees are less than deg(N).
We begin by finding a basis of the universal punctured even distribution (A;,)*, which
is an abelian group with generators

A A A
{g (X/I—) ‘o € Ry (M), " #0]

and relations

o (@)

A A+RN A
(5) g(;v—) =Zg(—LM—> if N|M and — # 0.
R
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58 S. Bae and H. Jung [3]
Define
o\t x
Q: (AM) —_— VM/IFq

by p(g(A/M)) = A4, mod F »- From the relations (2)—(4) and (5), we can easily see
that ¢ is a well-defined homomorphism.
In [1], Bae showed that

(A:l)+ ~ Z¢(M)/(q—l)+yr(M)—l @ (Z/(q _ 1))2x(M)-I_n(M).
Therefore, we have the following theorem.

THEOREM 1.1. There is a split exact sequence
0— (Z/(g— 1) — (Ay)" 5 Va/F: — 0,

where @ is defined as above and r = w(M).

2. Basis of (A3,)"

Let M be a monic polynomial and Qf' Q3 --- Q% be its factorization, with Q;
monic irreducible. Let

S=1{A € Ry :deg A < deg M, A is relatively prime to M},
and define three subsets §;, S‘i and S; of S for each i as follows:
Si={Ae€eS:A=1 mod M/Q7},
Si={AeSi:A=a mod Q7 for some a € Ft
S; = {A € S; : A = amonic polynomial of degree < deg QF mod Qf'}.

For two elements A and B in S;, we write AB to denote the element of S; which is
congruent to AB mod M. We also write A~ to denote an element B of S; such that
AB =1 mod M. Then every element of S can be uniquely expressed as a product
of Ay,...,A,, where A; € §;. Let ¢ be a generator of [Fj,‘. We choose A; € S; such

thata = A; mod Q5.

LEMMA 2.1. Suppose that (B, M) = 1. Then

BA B c N
o Ts(5) s (mar) - (wrgp) < )

AES,'

Jor some C.
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[4] Bases for cyclotomic units 59

PROOF. The same procedure as in the classical case [2] gives the result. O
Let
Iy ={(A),... ,A)):A;eSifori<r—1,and A, €8S}

and
I, ={(Ay, ..., A,) € Iy satisfying one of the following conditions:

A, e Si\{l}and A, € S;\{l)fori <r—1;
whenr —lisodd, A, =--- = Ay =1, A, € (S\{ID\ §;
and A; € S;\{l}fori<I-1;

e whenr—liseven, A, =---=A =1 A4,¢€ S\ {1}
and A; € S;\ {1}, fori <l-—1;

o A, =---=A =1}

Here §$* ={A € 5,: A=A,B mod M for some B € S}.

REMARK. The difference in the definition of I, from that in [2] arises from the fact
that there are (g — 1) roots of unity. In fact, if g = 3, then (§;\ {1}) \ S} is §; \ {1}.

LEMMA 2.2. The cardinality |1,,| of the set I,, is as follows:

() Ifriseven || =1/(g — D[, (P(Q) - D+ (@ —-2)/(g— D).

(i) Ifrisodd, \I)| =1/(q — D[.,(®(Q) -1 +1/(g = D).
In either case, we have Y, |15 = ®(M)/(q — 1) + 27! — 1, where D runs over all
monic divisors of M such that (D, M/D) = 1and D # 1.

PROOF. We prove the case that r is even. The case where r is odd is very similar
and we leave it to the reader. Suppose that r is even and let X; = ®(Q7) — 1 for
1 < i < r. From the definition of I,,, we have

r—

|1,;,|=(X+1—1)]'[X+( (X,.+1)— )]j

+(X2+1—1>X,+(—(X,+1)—1)
q-1 q

By expanding above one, we get (i). Note that there are (}) distinct D’s such that
(D) =1forl <[ < r and that '

<I>(M)=]'[(Xf+1)=z< > x,.,-..x,.,).

i=1 1=1 1<iy<-<ii<r
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60 S. Bae and H. Jung 5]

The results in (i), (i1) and elementary calculation show that
oM
Yl = S50 w2 -,
D q9-1

Let Ty be the subgroup of (A;’M)+ generated by

Ai---A, ,
{g(T>(A1, ,A,)GIM}

T, =1_[TD,
D

where D runs over all monic divisors of M such that (D, M/D) =1, D # 1, M, and
Tp is defined similarly to Ty.

and let

THEOREM 2.3.
(AL)+ =Ty xT, = n Tp,
D
where D runs over all monic divisors of M such that (D, M/D) = 1and D # 1.

REMARK. As we have showninLemma2.2,) ,{I,|=®(M)/(g—1)+2"*-1-],
which is the minimum number of generators of (A$,)*. Theorem 2.3 provides a basis
(minimal set of generators) of (A3)*.

PROOF OF THEOREM 2.3. We use induction on r. The case r = 1 istrivial. Assume
the theorem holds for M with m(M) < r — 1. Weprove g(A,---A,/M) e Ty x T,
for (A, ..., A,) € Iy \ I, case by case.

WIfA € (S\{ID\ S‘,* for r —lodd, or A; € S;\ {1} for r — | even, then

Al A ,
I4 T GTMXTM.

PROOF. When none of Aisis 1, (Ay,... ,A;) € I}, then g(A,---A;/M) € Ty.
Suppose exactly one of A; is 1, say A, = 1. Then by the relation (6) in Lemma 2.1,

A,--+A,_BA,., --A
Zg( 1 11M t+1 [)ETA’r

BeS,

Since g(A---A,.1BA,;,---A)/M) € Ty for all B # 1 by the previous case,
g(Ay---A 1A, ---A/M) € Ty x T,,. Now proceed exactly the same way as
in the classical case (case (i) or (ii) of the proof of {2, Theorem 1}).
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(i) If A, ¢ (1, A} for r — L odd, or A, ¢ S; for r — [ even, then

A---A
g(—lﬁ-—£>€TMXTI:,

PROOF. When [ = r, it suffices to show that for AT € §7, A} # 1

Al---A,_AA" ~ ,
g (l—Al_l_'_[> € TM X TM'

But by case (i), we have

Ap--A,AA! AAT - AL AT AY
— T rr] = LleT, T..
g( M g M M X 1y

When [ = r — 1, by the definition of I,,, it suffices to show that for A}_, € S;_|,
a #F1

A - A:_]“{,_l )
;4 —M—— GTMXTM.

By the relation (6) in Lemma 2.1, we have

() )

A;él
-A? A,_IA A ,
> zg( e
AreS! =1
A;él

Note that

A, "'A:—IA-r—IA£ AIA'I—IA:—IA-::{ eT. T
= X

because A7} # 1, A,_, forz # 1 and g(A,A;"---A*_ /M) € Ty x T, fort = 1.
All terms except glA;---A7_|A A,y /M) are contained in Ty x T,,, by case (i) and the
previous note, so g(A; - - - A:_‘[{,_‘ /M) is contained in Ty, x T,,.

Now we assume that the assertion is true for / + 1,7+ 2, ... , r and we prove the
case r — [ is odd. The case r — [ is even is very similar and we leave it to the reader.
It is enough to show that for A} € S} and A} # 1

A ---AMA
@) g (—171—1) € Ty x TII{'
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62 S. Bae and H. Jung 7
By the relation (6) in Lemma 2.1, we have

~ _2 ~
Ay ---ATA . Ap---ATAAYY A .- ATAAL,
(A ) o (AR 5 (Rt

oy =1 AT €57
A 41

q-2 ay
-Aj A Al A
+ § E:g( MH-] I+I)ET[L’.
Al‘tlesl-+l ary1=1
I+1

Note that the last two sums are contained in T); x T, by case (i) and the inductive
hypothesis. Hence (7) is equivalent to

q-2 a,
Ap-- ATAATY ,
§ g(————“) €Ty xT,.

a4 1=1

Apply the relation (6) in Lemma 2.1 again, we have

«a, -2 «, a
A 'A‘A Aliﬁ' < A7 A Azi*l'Alfz’
g (At 8 (2t

Xp42=

F Y g( A;A;'r;Aaz)

Al2€5,
Alpa#l

A A AUH»IA* Aal+2
+ Z Zg( Ml+1 142 l+2)ET,:4.

Al €8y @sa=1
Al #l

The last two sums are contained in Ty, x T}, by case (i) and the inductive hypothesis
and

A - ALAAT AN
M

)ETMXTI;’

for all a4, # 1 by the inductive hypothesis (note that r — (I 4- 2) is odd). Hence

q-2 a
ATAAY
E ('_‘—"_——l I+I)GTMXT[£’
1

4=

is equivalent to

q-2 A Aoy
A AA 1A
Zg( L o I+2)€TMXT](,.

A=l
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Repeating the above procedure, we see that (7) is equivalent to

q-2 q-2 = Tap -~ ~
A - ATAAY A, A )
8) Zzg( ! ! ';&l l ')GTMXTM.

a =1 a1 =1

We claim that, for 1 < a; < g — 2,

. (An SRR Ko -A::-;&_.A:r)

9 €Ty xT,

M
ifa, #1forsomet =I1+1,...,r—2,r.

PROOF OF CLAIM. When «, # 1, the left hand side of (9) is equal to

A AT AYAT AL
8 M

which is contained in T}, x T,,, because Al T #£E, A,_,. Now we suppose that the

assertion is true for ¢t + 2, ... , r — 2, r and we show that for o, # 1,
Ay ATAAT A AT AL A AL A,
(10) g( 1 1+1 ‘Al,lt r+1 2 1 )GTMXT,(,

which is equal to

(AT ATz A A
: |

By case (i), the inductive hypothesis of proof of case (ii) and the inductive hypothesis
of the claim (using relation (6) in Lemma 2.1 repeatedly), (10) is equivalent to

A A -1, tAaH»l L 'A'G:—2—|Aa,—lA .. 'A'r— A'r
(11) g( ’“ o T ) e Ty x T,.

Note that (11) is equal to
8 (Avirz ATARR -57:-;’24:31/‘7'_2)

M

Repeating this procedure, we see that (10) is equivalent to

AATY L A*AT LAl
g<11 144 '_1>6TM><T,(,,

M

which is true because A1 £, A, (note that r — ¢ is even and ¢ > ). This proves
our claim.
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64 S. Bae and H. Jung 9]

Now we return to the proof of case (ii). By (9), (8) is equivalent to

A - A*A AL, --A, A,
g(l 1 A1 141 1 )GTMXT,(,.

M

But this term is equal to g(A;A™! - - A} /M) which is contained in Ty x T},.

REMARK. The claim in the proof of (ii) is true under the inductive hypothesis of (ii).
However, we have proven (ii) anyway, the claim is true in more general setting, that is,

Ao AA Y Ay - A, AT
g(l 1 4242 lr)GTMXTI(,,

M
ifr—lisoddand 1 < «a, < g — 2, a, # 1 for some ¢ and

Ap---AAL AR A, AT
g(l 11+1A/;1+2 lr)eTMxT',

ifr—lisevenand 1l <o, < g —2,a, # 1 for some t.

To prove the remaining cases, we need the following lemma.

LEMMA 2.4. The following two statements are equivalent:
i) g(A, ';'Al—l(AIA.I)AM) €Ty x Ty;
(i) g((AATY) - (AimA]DAI/M) € Ty x Ty,

PROOE. We prove this lemma for the case r—! odd. By the relation (6) in Lemma 2.1,

A ---AAB )

BeS;y

Since g(A; - A;A;B/M) € T, forall B ¢ S,,,, by case (i), we have

A q-2 A al+l
g( L ) Zg( L ’“)GTMxT,[,.
app =1

Hence

(2 g (ﬁ%ﬁ) € Ty x T,

is equivalent to
i g (Al 'AIA"T‘I> € Ty x Ty.
o =1
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We note that » — (I + 1) is even and use the relation (6) in Lemma 2.1 again, then

we see that

q-2 [ 739
A AA+
E g( 1A ’“)GTMXT,(,

a1 =1

q-2
A CAJAJALHA
§:g<' MIHIH>GWX7H

=1

Therefore, (12) is equivalent to

q-2
A AA ‘A
Z g( 1 IM 141 1+2) €T, x Tn'r

arp=1

Repeating the above procedure, we can see that

A ---AA
g(—l'—M—l—l‘)GTMXTI(l

\ o
L AAAT AL A
(13) 2: Z:( ”; ")emxm

=1 @,

is equivalent to

is equivalent to

By the remark above,
A - AAA™ . A, AY
g(' — ")emxm

for all (eyy,....a.) #(1,...,1). Hence (13) is equivalent to

A - AAAL - A,_A,
g(l 1A1A 11 1 )GTMXTI(,.

M

But g(A,-- -A,f{,f{m . -A,_,A,/M) =g(Alf{,"- --A;/M), so we get the resuit.

We return to the proof of Theorem 2.3.
Qi) If (A, ..., A1) € S x--+ x §,_, then

AlAy - A,
g(%)en,x T,

PROOF. It suffices to show that

Ay .- tA'lA'l«H A'r—
g( ! M'“ €Ty xT,
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66 S. Bae and H. Jung (11}
for any / with A} # 1. By Lemma 2.4, it is equivalent to

g (__A‘Al_""A?

M )ETMXT};{,

where t = Y _/_| #,. But it is true by case (i).

(iv) g(A"--- A\ /M) € Ty x T},.

PROOF. By Lemma 2.4, it suffices to show that
As ,
g Il_ €TyxTy, Ya=0,1,..,9-2.

If g = 3, then g(/i,/M) + g(1/M) € Ty x T,,, by (ii) and Lemma 2.4. Since
g(1/M) e Ty x T,,, g(A;/M) € Ty x T,,. Now assume that g > 3. If r is even,
then r — 1 is odd. In this case

1 A Y (A ,
g(ﬁ)+g<ﬁ)+22g(ﬁ € Ty x Ty

a=;

But g(A%/M) € Ty x T}, fora = 2,...,q — 1 by (i), g(1/M) € Ty x Ty, so
g(A/M) € Ty x T,,. If ris odd, then r — 1 is even. By Lemma 2.4, g(A{/M) €
Ty x T}, is equivalent to g(AS*2A2/M) € Ty, x T, which is true by (i), since r — 2
is odd. O

3. Basis of Uy

Let M = Qf' Q7 -+ - Q% be as before. To find a basis of Uy we eliminate certain
generators of Ty,. To be precise, let

. [1;, —{Q,..., D} ifrisodd;
1=

I, if r is even.
- (i) _Jea/m) if M is composite;
M g(A/ Q) —g(1/ Q) ifM = Q°.

Let TM be the group generated by the elements g(A,--- A,/M) with (A, ..., A,) €
I, and T, = [], Tp, where D runs over all monic divisors of M such that
(D,M/D) =1, D # 1, M and T) is defined similarly to T5,. Then we have

_ (A;’)+ = G] X Gz X G3,
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[12] Bases for cyclotomic units 67

where
G| = TM X T’ ,
G, = group generated by {g(1/Q): 1 <i <r},
G; = group generated by {g(l/QfI'l ij’) :1>3, odd }.
LEMMA 3.1.

n _ PM)
DMl =——7 - 1.
D q

where D runs over all monic divisor of M such that (D, M/D) = 1 and D # 1.

PROOF. We only prove the case that r is even. Since the case r is odd is very
similar, we leave it to the reader. When r is even, we have

Sip=Y - Y (r:l)
D D i<i<r—1

{ odd

ryos r—1
and lellgdrd—l (r—l) is 277!, Hence the result follows. |

LEMMA 3.2. (g — 1) g(1/M) € G,, if M is a composite.

PROOF. If r is even there is nothing to prove. So we assume r is odd. Let
AtAL .- A*
Ro= X %o Y o (HEE)
ATeS) AJeSy AreS;
and foreachl,1 <[ <r,let

4, *A %A ... A®
R=Y Y % "'28<A’A' ---A,A/;, AL, A,).

Ajesy AjeSt A} €S, Aresy
1< <q-2 l<ay<q-2

Then by Lemma 2.1, we have R; + R;,; € T’,{, foreachi =0,1,...,r —1and so
Ro+ R =Ro+R)—(Ri+R)+---+ R+ R) € Ty, If (A],... A7) #
a,...,n,

2 (ATA;I‘-l- -AY

)e TM X T':,
andif (A},... ,A}) #(1,..., ) ora; #a, forsomei # j,

ATAT .. A*A*
g D ———————————

M )GTMXTA;.
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Thus R, + R, € T}, implies

! iy s ,
g(l—w—)+!<§_2g( - ) €Ty x T,

But g(A";’ ‘e /i‘,'/M) = g(1/M), so the result follows. O
LEMMA 3.3. The given generators of G, x G, are linearly independent over Z.
PROOF. Almost the same proof as in [2] gives the result. a

LEMMA 3.4. Letr > 3 odd. Then there exist a unique R € (AS,)* suchthat R # 0,
(@ — )R = 0and R is of the form

S CAPRIOND)

with f (A/M) € Z.

PROOF. Uniqueness is immediate by Lemma 3.3. We prove existence by induction
on r. Suppose that r = 3. In this case Tor ((A3,)*) ~ Z/(q — 1), so there is R # 0
such that (¢ — 1)R = 0. Since (AY)* = G, x G, x G;, we may write

weme(5) e 2 7(5)i(0) 2 (7))

g(A/M)eG, =

Since (g — 1)g(1/M) € G,, we may assume 0 < m < g — 2. Butifm =0, then
(g — DR = 0 implies that FfA/M) = f(1/QF) = 0 by the linear independence
(Lemma 3.3), which force R = 0. Hence we have 1 < m < g — 2. Now apply the

map ¢ to R, then

oo () M) )

Since the first two terms of the right side are units, f (1/ QF) = 0 and so we have

R=ms(i7)+ 3 7(5)e(5)

withl<m<g-2.
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For any two nonzero distinct elements R, R, € Tor ((A‘,",)“), we write

weme(g) e ¥ 7 (2)e(2)

g(A/M)EG;

with 1 < m; < g — 2 as above, then we have m; # m,. Otherwise,

R (OO IO

§(A/M)eGy

which implies that R; = R;.

Since we have g — 2 nonzero torsion elements in (AS,)*, we can choose nonzero
R € Tor ((A})") of the desired form. Then we omit the rest of the induction step
because it is exactly the same as in the classical case [2]. 0

THEOREM 3.5. Uy = ¢(G)) x FX, where ¢ : (A},))" — VM/[F;< is defined as in
Section 1.

REMARK. We have shown Y, |I5| = ®(M)/(q — 1) — 1 in Lemma 3.1. Hence
Theorem 3.5 provides a basis of Uy.

COROLLARY 3.6. Suppose that M and N are monic with (M, N) = 1. Then
U[SN = Un,

where G = Gal(k(Aun)/k(Ay)) and UG, is the subgroup of Uyy fixed under the
action of G.

Now we show that UgM = Uy, where G = Gal(k(A gu)/k(Ay)). When Q{ M,
Corollary 3.6 proves it. So we assume that Q|M and let M = Qf' --- 0“ Q° be
the usual factorization of M with e > 0. Let $* = S*,, as in Section2 letting
M=0Q" - 070", O,y = Q,and K* ={A € $*: A =1 mod Q°}. Choose
T* C §* so that

S*:UA-K".

AeT*

For each monic divisor D of M such that (D,M/D) =1, (D, Q) = 1,say D =
[Ti_, O, we define T}, as the group generated by the elements 2(A;, - - A, A/D Q°*")
withA, € S, \(1}(k=1,...,1),A € $*\ T*and T} =[], T55. Then[2, Lemma 5]
can be translated as follows:
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LEMMA 3.7. Forany A € T*,

2i(57)=1(3)+ 2i (=)

Bek*

Using Lemma 3.7 we can prove the following theorem.
Temorem 3.8. Ugw = ¢ (T x Ty x Tyy) x F.

PROOF. The proof consists of verifying the following three cases:
(i) gA,A,---A,A/(DQ)) € TDQ X TDQ, X Tl’,'Q, ifAeS*\T".
(i) 8(A,A;---A,A/(DQY) € Tpp X TDQ, X T[’,’Q, fAeT*"A#1
(i) 2(A,A, - A,/ (DQ*Y) € Tpg x Thp x Ty
We will omit the proofs because they are very similar to those of [2, Theorem 3] as
we did in the proof of Theorem 2.3. a

COROLLARY 3.9. Let Q|M. Then UG, = Uy, where G = Gal(k(A gm)/ k(A y)).

COROLLARY 3.10. Let M and N be monic polynomials such that M|N. Then the
natural map Ey /Uy — Ey/ Uy is an injection.
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