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ON SUPERRECURRENCE

KARMA DAJANI

ABSTRACT. Let T be a non-singular, conservative, ergodic automorphism
of a Lebesgue space. We study a kind of weighted cocycles called
H-cocycles. We introduce the notions of H-superrecurrence and H-super-
transience. We use skew products to give necessary and sufficient conditions
for H-superrecurrence.

1. Introduction. In studying cocyles Klaus Schmidt [4] proved that a cocycle of f
is recurrent if and only if it is superrecurrent. In this paper, we study a kind of weight-
ed cocycles [6] called H-cocycles. A natural problem is to try to generalize Schmidt’s
results [4] to H-cocycles. 1t is still unknown whether H-recurrence is equivalent to H-
superrecurrence; however, we have made some progress toward a general understand-
ing of the problem. In Section 3 we use skew products to obtain necessary and suf-
ficient conditions of H-superrecurrence of H-cocycles. We also define the notion of H-
supertransience and prove the following dichotomy: an H-cocycle is either
H-superrecurrent or H-supertransient. In the remainder of Section 3, we show that the
sufficient conditions which we obtained for H-superrecurrence can be relaxed. Finally,
in Section 4 we give a few examples.

2. Definitions and preliminaries. Let (X, B, 1) be a Lebesgue probability space.
Let T: X — X be a non-singular automorphism of X: that is, T is a measurable bijection
of X such that for A € B,

1(TA) = 0 if and only if u(A) = 0.

We also assume that the transformation T is conservative: for all B € B with u(B) > 0,
there exists n # 0 such that (BN T™"B) > 0, and aperiodic: p(U,so{x: T"x = x}) =
0.
The non-singularity of T allows us to define for an integer n € Z a measure p o 7" on
X defined by p o T"(A) = u(T"A) for A € ‘B. These measures are equivalent to u. For
n € Z letwy(x) = d—‘ij—T"(x) be the Radon-Nikodym derivative of p o 7" with respect to
w. Thus %(x) is the almost everywhere unique function satisfying
dpoT"
T"A) = | ——— du®).
poT"(A) s dpt) p(x)
It is easy to see that
wa(¥) = W E)wW1(TX) . .. Wi (T" '),
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and
Wnam(X) = wp(X)wn(T"x) forall n,m € Z.

Let f: X — R be any measurable function.

DEFINITIONS.
(1) The cocycle of f is defined to be the function f*: Z x X — R given by

YL A(TY),  ifn>0;
ff(n,x) =<0, ifn=0;
—f*(—n,T"x), ifn<O.
We have the following cocycle identity:

ff(n+m,x) = f*(n,x) + f*(m, T"x), forall n,m € Z,
and for almost all x € X.

(2) The H-cocycle of f is defined to be the function f,: Z X X — R given by

Y f(Towi(x),  ifn> 0;
fi(n,x) =< 0, if n = 0;
—wyp(X)fx(—n,T"x), ifn<O0.

[ satisfies the H-cocycle identity;

fi(n+m,x) = fi(n,x) + wa(x)f(m, T"x),
for all n,m € Z, and for almost all x € X.

Observe that when T is measure preserving, the cocycle of f coincides with the
H-cocycle of f.

(3) The H-cocycle (or cocycle) of f is said to be H-recurrent (or recurrent) if for
every ¢ > 0, and for every B € B with u(B) > 0, there exists n # 0 such that

pBNT"BN {x:|fln,x)| < e}]>0.

(orpu[BNT"BN {x:|f*(n,x)| < e}]1> 0).
(4) The H-cocycle (or cocycle) of f is to be H-superrecurrent (or superrecurrent) if
for every e > 0 and for every B € ‘B, there exists n # 0 such that

pBNT"BN {x:|filn,x)| +]|logwn(x)] < €}]1> 0.

(or u[BNT"BN {x:f*(n,x)| +|logwa(x)] < e}]1> 0.

(5) A measurable function f on X is said to be an H-coboundary if f(x) = g(x) —
w1(x)(Tx) for some measurable function g on X.

(6) Two functions f, g on X are said to be H-cohomologous if their difference is an
H-coboundary.
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3. H-Superrecurrence and skew products. Let (R, C, \) be the real line with the
Lebesgue o-field and Lebesgue measure. With every measurable function f: X — R we
associate the skew product Ty (built from f) defined on X X R X R by

r+f(x)
wi(x)

where X X R X R is given the product o -field and the product measure g = pu X A X X.
We also see that

Ts(x,r,s5) = (Tx, .5 +logw (x)).

r+ fi(n,x)
wp(x)

PROPOSITION 1. [ is invariant under T;.

Ti(x,r,s) = (T"x, ,s +log w,,(x)).

PROOF. We only need to show that fi-measure of measurable rectangles is invariant
under Tf To this end, let A € Band U,V € (C; observe that

T'AXUxV)={(x,r,s) :xeT'A rewy(®U—f(x),s € V—logw(x)}
so that,

AT AxUx = [ dp(x) AN () dA (s)

T-'A /wl(x)U—f(x) /V—log wi(x)
= [, 1@ du@A DAV

= [ du@AW)AW)

:/A/va dp(x)dA(r)dX(s)
=AAXxXUxXYV).

Let f, g be two measurable functions on X. Denote by Ty, T, the skew product of f
and g respectively as defined above.

PROPOSITION 2.  Iff is H-cohomologous to g then Ty is isomorphic to T,.

PROOF. Let A: X — R be such that f(x) — g(x) = h(x) — w(x)h(TXx).

Define A\: X X RX R — X X R X Rby A(x,1,5) = (x,r + h(x), s). It is easy to check
that A is the required isomorphism.

Now, suppose that 1 is equivalent to the measure v. Denote by ‘;—f}‘ the Radon-Nikodym
derivative of 1 with respect to v. We have for every n € Z the following relationship:

d ™ d ™ d ™
) Pl =" ”d‘;

du dvoTn
Since in the next Proposition we will be considering two different equivalent measures
in order to avoid confusion when the H-cocycle of a function f is taken with respect to a
specific measure y we denote it by f¥. Observe that for every n € Z equation (1) gives:

dv
(€9) @(X)-

_dv dp
@ e = L@ (f ) 0
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PROPOSITION 3. If u is equivalent to v then Ty is isomorphic to T, s .
dv

PROOF. Deﬁne)\:XxRxR—»XxRxRby)\(x,r,s)=(x,r-d" s—logf,—‘;).

dv’®
Then A is the required isomorphism.

LEMMA 1. Let T be a measure preserving automorphism of a Lebesgue space
(X, B, ). If there exists two sets E and F of positive measure such that u(F) < oo
and a.e. x € E visits F infinitely often under the action of T, then E is contained in the
conservative part of X.

PROOF. Assume not: then there exists a wandering set D C X such that (D) > 0
and p[EN (U, T"D)] > 0. We shall assume with no loss of generality that u(EN D) >
0. Then

00> uF) 2 u[(J TNEN DN F

=/ > xrEnpnFX) dp(x)

n=—0o

= / > xEnpnTF(x) dp(x)

n=-—00

= [, 2 xr(T")du)

n=—00
= OO,
by hypothesis which is a contradiction.

LEMMA 2. Let T be non-singular, ergodic automorphism of a Lebesgue space and
Ty, i as defined before. Suppose there exist two sequences of sets E,, and Fr, in X X RX R
and A C X with pu(A) > 0 such that:

(a) p(Fn) < oo forallm,

(b) i a.e. (x,r,s) € E,, visits F,, infinitely often under the action of Tf and

(c) AXRXR CULE,.

Then Ty is conservative.

THEOREM 1. Let T be an ergodic, conservative, non-singular automorphism of a
non-atomic Lebesgue probability space (X, B, u), and f: X — R be a measurable func-
tion. Let Ty be the skew product on X X R X R built from f. Then Ty is conservative if and
only if the H-cocycle of f is H-superrecurrent.

PROOF. Suppose Ty is conservative. Let A C X with p(A) > 0. Let U = (%, %)
and V = (—%,%)‘ThenAx UxV CXXR xR such that Z(A x U x V) > 0. By
Conservativity of 7y there exists n # 0 such that '

p[(AxeV)nT;'(AxeV) > 0.
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But (x,r,5) € AX Ux V)N Tf—"(A X U X V) implies that x € AN T"A,|r] <
8] < 5. %| < 5> and [s +logw,(x)| < §. Then [logw,(x)| < [s| +5 < e,

or that ™ < wy(x) < €. Also |r +fu(n,x)| < 5 - wa(x) < § which implies that
|fu(n,x)| < §+|r| < e.Thus

AxUxV) 7_7"(A>< UxV) CANT "AN{x: |fu(n,x)| +| logw,(x)| < 2e} xUXV.
Since g is the product measure it follows that
pANT AN {x:|fui(n,x)| +logwy(x)| < 2e}) > 0.

Therefore f, is H-superrecurrent.

Conversely, suppose f, is H-superrecurrent. Lete > 0and A C X with p(A) > 0.
Form € NletE, = AXB,, X B, and F,, = A X B(nsc)e: X Bpnse, Wwhere B, = {r € R :
|r| < m}. Then, g(F,) < oo forall m,and A X R X R C Un En. By superrecurrence
of f, a.e. x € A has infinitely many non-zero integers n such that x € T7"A N {x :
|fe(n,x)| + | logwn(x)| < £}. Call such an integer n good for x. Now, let (x,r,s) € E,,
and let n be good for x. Then,

r+fi(n,x)

Ti(x,r,s) = (T X, T

,s +log w,,(x))

is such that T"x € A, |'+£‘((Z;‘)l < w‘m(|r| + lf*(n,x)l) < ef(m+e),and |s+logw,(x)| <
[s| +]logw,(x)] < m+e. Thus T(x,r,s) € F,. Since a.e. x € A has infinitely many

good n it follows by Lemma 2 that 7; is conservative.

COROLLARY 1. If u is equivalent to v then f!' is H-superrecurrent if and only if
dp\V .
(f ’ Zi%)* LS.
Let A C X be given and consider the induced transformation 74: A — A given by

Tax = TWx where r(x) = min{n > 0 : T"x € A}. With an H-cocycle f;, under the
action of T we associate an H-cocycle f# under the action of T4 given by

n—1 .
fAn,x) =f*(z r(TQ),X)

i=0

In particular, f* = fA(1,x) = f(r(x), x). Also wi(x) = wy(e(x) = %ﬁ(x).
With f4 we associate the skew product Tf/« A X RX R— A X R X R defined by

r+f4(x)

Ta(x,r,s) = (TAx, 2
! wit(x)

,$+ log wf(x)).

Now for (x,r,s) € A X R X R the first return time of (x, r,s) to A X R X R is the same as
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the first return times, r(x), of x to A. Thus,

r+f4x)
wit(x)

r+ f,,(r(x),x)

wr(x) (x)

Tpa(x,r,s) = (TAx, ,5 +log wf‘(x))

= (T’()t x,

=T r,9)

= (Tf) (x, 1, 5).
AXRXR

Since conservativity is preserved under inducing, it follows that Ty is conservative if
and only if Ty is conservative.

,s +log w,(x)(x))

DEFINITION. The H-cocycle of f is said to be H-supertransient if and only if for
every B € ‘B with positive measure and for all real numbers M > 0,

plimsupBN T™"BN {x: |[fu(n, x)| + | logwa(x)| < M}] = 0.
n—o0
PROPOSITION 4.  Either f, is H-superrecurrent or is H-supertransient.

PROOF.  Assume that f, is not H-superrecurrent, then the skew product 7} is not con-
servative by Theorem 1. Let B C X be any set of positive measure and let M > 0 be any
real number. For x € B, call n good for x if x € BN T™"BN {x : | fu(n,x)| +| log wa(x)| <
M} . Let

A; = {x € B : x has infinitely many good n}, and
Ay = B\A,.
If u(Ay) > 0, then form € N, let
E, =A; X B, X B,

and
Fn=A; X B(M+m)e’“ X Buim,

where By = {r € R: |r| < I}.ThenUpenEn = A} X R X R, i(F,,) < oo for all m and
for any (x, r,s) € E,, and n good we have

T'(x) € B,
|fu(n, %) + 7] < fulr, 0| + @] _ M +m)eM,
wy(x) wp(x)

and
|s +log w,(x)| < |s| + | logw,(x)| < m+ M.

That is, T{(x,r,s) € Fy for all good n. By Lemma 2 Ty is conservative, which is a
contradiction since f, was assumed not to be H-superrecurrent. Thus i (A;) = 1, and f;
is H-supertransient.
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In the remainder of this section we show that we can characterize the
H-superrecurrence of an H-cocycle by means of the asymptotic behaviour of |f.(n, x)| +
| log wp(x)| for points x € X. Precisely, we will show that f; is H-superrecurrent if and
only if im inf,_ | fx(n,X)| + | logw,(x)] = 0, and f. is H-supertransient if and only if
lim inf, oo [ (1, x)| + | log wn(x)| = o0.

PROPOSITION 5.  The H-cocycle of f is H-superrecurrent if and only if

lim inf |fi(n, x)| + | log wy(x)] = O a.e.

PROOF. Assume f, is H-superrecurrent. Let € > 0 and let
D = {x € X : liminf |fx(n,x)| +| log w,(x)| > 0}.
n—o0

We claim that (D) = 0. For if u(D) > 0, then there exists an integer N > 0 so large
such that,

C={x€D:|fnx)| +|logw,(x)| > 2¢ forall |n|] > N}

has positive measure. Using Rokhlin’s lemma we can find B C C of positive meaure
such that BN T"B = ¢ for all 0 # |n| < N. Also for each x € B and each |n| > N
either |fu(n,x)| > € or | logwa(x)] > e, otherwise |fi(n,x)| + | logw,(x)] < 2¢ with
|n| > N, a contradiction. Hence,

u[Bﬁ T"BNA{x:|fi(n,x)| < e} N{x:]logw,(x)| < 5}] = 0forn#0,

but this contradicts H-superrecurrence of f,. Thus, lim inf,_ |fx(n, X)| +| log wa(x)| = 0
a.e.

Conversely, suppose lim inf, o |fa(n, x)| + | logwa(x)] = 0 a.e. We want to show
that f, is H-superrecurrent. For this we show that 7 is conservative. Given ¢ > 0,
by hypothesis, for a.e. x € X there exist infinitely many non-zero integers n such that
|fe(n,x)| +] log w,(x)| < €. Call such an n good for x. Form € N, let E,, = X x B, X B,
and F,; = X X Bn+ejer X Bpee. Since p(X) = 1 it follows that z(F,) < oo for all m
and X X R X R C Up Ey. Now let (x, r,s) € E,, and let n be good for x. It is easy to see
that T}’(x, r,s) € Fy. Since x has infinitely many good n it follows by Lemma 2 that T;
is conservative and hence by Theorem 1 f, is H-superrecurrent.

PROPOSITION 6.  The H-cocycle f, is H-supertransient if and only if

lim inf | f(n, x)| + | log wa(x)| = 00 a.e.
n—oo

PROOF. Clearly, if

lim inf |fi(n, x)| + | log w,(x)| = oo a.e.
n—oo
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then f is H-supertransient.

For the converse we shall prove the contrapositive. Assume that the set B = {x € X :
lim inf, o0 |fu(n, x)| + | logw,(x)] < 00} has positive measure. Choose N > 0 so that
the set

C={x€B: lim inf [fs(n,x)| + | log w,(x)| < N}

has positive measure. Let E,, = C X By, X By, and Fy, = X X Byymyenv X Bman Where the
sets B; as defined above. It is easy to see that conditions (a), (b) and (c) of Lemma 2 are
satisifed, which implies that Ty is conservative, a contradiction.

4. Examples. Example 1: If y is equivalent to v where v is a finite invariant mea-
sure, and f: X — R a measurable function, then the H-cocycle of f is H-recurrent if and
only if it is H-superrecurrent.

PROOF. Clearly, fi, H-superrecurrent implies f, H-recurrent. Now, assume f; is H-
recurrent and observe that for n € Z and x € X, f.(n,x) = (‘j—:(x)< ‘;—‘V‘) (n,x).LetBe B

with u(B) > 0. There exists M > OsuchthatthesetC = {x€B:1/M < %‘:(x) < M}
has positive measure. By H-recurrence of f;, there exists n # 0 such that

plCNT"CN{x:|flnx)| <e/M}]> 0,

which implies

<e} >0

d *
p(CNT"CN {x: \(fﬁ) (n,%)

This implies that (f Z{- )* is recurrent and hence superrecurrent (Schmidt [4]), so that there
exists m # 0 such that,

u[Cﬂ "Cn {x: '(f%)*(n,x)’ < E/M} N A{x:]loguwa(®)] < E}] >0,

or,
u[Cﬁ T7"CN {x:|fln,x)| < e} N {x:]logw,(x)| < E}] > 0.

That is, f, is H-superrecurrent.
Example 2: Let f(x) = g(x) — wi(x)g(Tx), that is f is an H-coboundary. Then f is
H-superrecurrent.

PROOF. Let h(x) = g(x) — g(Tx), then h(x) is a coboundary, hence recurrent, and by
[4] h* is superrecurrent. Let £ > 0 be given and let B € B be such u(B) > 0. Choose M
sufficiently large so that the set C = {x € B : |g(x)] < M} has positive measure. Also,
there exists n # 0 such that

plcnT"Cn {x: [ (n,0)| < e/2} N {x:loguwn(x)| < log(l +&/2M)}]> 0.

https://doi.org/10.4153/CMB-1991-008-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1991-008-7

56 K. DAJANI

Butx € CNT"CN {x: |h*(n,x)| < e/2} N {x:|logwa(x)| < log(1+e/2M)},

implies
xeCNT™"C,

|8(T™0)| < M,
|wa(x) — 1] < €/2M, and
|fi(n, x)| = | (x) — wa(x)g(T")|
< |8 — g(T"0)| + | g(T"x) — wy(x)g(T"x)|
= |g(x) — g(T"@)| + |g(T"0)| |wa(x) — 1
= " (n,x)| +|g(T"0)| |walx) — 1]
<e/2+Me/2M

Hence,u[Cﬂ T"CNA{x: |filn,x)| < e}nN{x:]|logwn(x)| < log(1+e/2M)}] > 0.
Therefore, f is H-superrecurrent.

REMARKS.
(a) If f« is H-superrecurrent and b is an H-coboundary then (f + b). is H-super-

recurrent.

PROOF. Let1 > e > 0 be given, and let b(x) = g(x) — w;(x)g(Tx). For each
neZletA, ={x€X:en< gx) <e(n+1)}. ThenUX__A, = X. Let B € B with
w(B) > 0.Itiseasy to see that there exist m # 0 and an integer n such that u(A,NB) > 0
and

p[Bﬂ T7"BO {x:|(f+b)(mx)| <3e} N {x:|wnx)—1| < e}
> p[(BN AN T BN AYN {x: |fulm,x)| < e}
N {x:|wnx) —1] < e/(n|+ 1}

> 0.

Hence, (f + b). is H-superrecurrent.
(b) If for almost every x, the sequence f.(n, x) is bounded then f is an H-coboundary.

PROOF. Let g(x) = lim sup,_,, f«(n, x), then

g(Tx) = lim supfi(n, Tx) = lim supf*(n +10 —f*(l,x)’
wi(x)

n—oo n—oo

which implies,

wi(x)g(Tx) = limsupfi(n + 1,x) — fo(1,x) = g(x) — f(x).
n—oo
That is f(x) = g(x) — w;(x)g(Tx), i.e., f is an H-coboundary.
H-recurrence of H-cocycles was studied by Dan Ullman [5,6]. In [5] he showed that
for f € L'(X), f. is H-recurrent if and only if ffdu = 0. The question is whether
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the result is still true if H-recurrence is replaced by H-superrecurrence? More generally
whether H-recurrence is equivalent to H-superrecurrence, even in the case where [ f does

not exist.
I would like to thank Arthur Robinson and Daniel Ullman for their encouragement,

support and useful suggestions.
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