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Abstract

For a normalized analytic function f(z) = z + X,~, a,z" in the unit disk D := {z € C : |z| < 1}, the estimate
of the integral means
2 T 4o

,
B 5 )L e

is an important quantity for certain problems in fluid dynamics, especially when the functions f(z) are
nonvanishing in the punctured unit disk D\{0}. Let A(r, f) denote the area of the image of the subdisk
D, :={z € C: |z] < r} under f, where 0 < r < 1. In this paper, we solve two extremal problems of finding
the maximum value of L;(r, f) and A(r,z/f) as a function of r when f belongs to the class of m-fold
symmetric starlike functions of complex order defined by a subordination relation. One of the particular
cases of the latter problem includes the solution to a conjecture of Yamashita, which was settled recently
by Obradovi¢ et al. [‘A proof of Yamashita’s conjecture on area integral’, Comput. Methods Funct.
Theory 13 (2013), 479-492].
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1. Introduction

Let H denote the family of analytic functions in the unit disk D :={z € C: |z| < 1}
and A denote the subfamily of H consisting of the functions f(z) normalized by
f(0)=0= f(0)— 1. Any function f(z) belonging to the class A has the following
representation:

f@=z+ ) ay" forzeD. (1.1)
n=2
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A function f(z) is said to be univalent in a domain Q C C if it is one-to-one in Q.
Denote by S the class of all univalent functions in the class A. A function f € H is
said to be m-fold symmetric (m = 1,2,3,...) if

f(e27ri/mz) — eZﬂi/an(Z)‘

The study of m-fold symmetric functions was initiated by the work of Golusin [5],
Noshiro [13] and Robertson [19]. If f € A is an m-fold symmetric function, then f(z)
has the following representation:

Q=2+ amnd™. (12)
k=1

For two functions f, g € H, we say that f is subordinate to g, written as f < g
or f(z) < g(z), if there exists an analytic function w : D — D with w(0) = 0 such that
f(2) = gw(z)) for z € D. Furthermore, if g is univalent in D, then f < g if and only if
F(0) = g(0) and f(D) C g(D) (see [4]).

For A, B € C with |B| < 1 and A # B, let S*(A, B) denote the class of functions f € A
which satisfy the subordination relation

2f'(z) - 1+Az
f@ 1+ Bz

Without loss of generality, we can assume that B is real. Also, it is easy to see that
S*(A, B) = S*(—A, —B) and hence we assume that -1 < B<0. For-1<B<A<1,
the class S*(A, B) was introduced and investigated by Janowski [7].

In this paper, we pay attention to the class S;,(A, B) of m-fold symmetric functions
of the form (1.2) which satisfy

2f'(2) - 1+AZ"
f(z) 1+ Bz

where A € C, —1 < B <0 with A # B. We note that functions in the class S},(A, B)
need not be univalent. For suitable choice of the parameters m, A and B, we can
obtain different subclasses studied by various authors. For instance, we list some of
the subclasses for certain parameters:

(1) for 0 <a <1, the class S, (a) := S;,(1 — 2@, —1) denotes the family of m-fold
symmetric starlike functions of order a and $*(a) := S}(a) is the class of starlike
functions of order @ which was introduced by Robertson [19]. Further, $* :=
S7*(0) is the class of starlike functions which was introduced by Nevanlinna [12];

(2) fory e C\{0}, the class S*(y) := S7(2y — 1, —1) is the class of starlike functions
of complex order which was introduced by Nasr and Aouf [11];

(3) the class S7(1,0) was introduced by Singh [23];

(4) for0 < a <1, the class S(@) := Sj(a, —a) was introduced by Padmanabhan [16];

(5) fora> %, the class Sj(1, 1/a — 1) was introduced by Singh and Singh [24];

for z € D.

z€D, (1.3)
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(6) for a+b>1,b<a<1+b, the class S’f((b2 —d*> +a)/b, (1 —a)/b) was
introduced by Silverman [22];

(7) for —1 < B< A <1, the class S;,(A, B) denotes the family of m-fold symmetric
starlike functions which was introduced by Anh [1].

Moreover, for A = ¢/®(e® — 2Bcosa), B=—1 and m = 1 with 8 < 1, the class
S;,(A, B) reduces to the class of a-spiral-like functions of order § which is denoted
by S.(B) (see [8]). Further, functions in the class S,(8) are univalent for 8 € [0, 1)
and a € (-n/2,7/2) (see [8]). In particular, functions in the class S,(0) are called
a-spiral-like. The class S,(0) was introduced by gpaéek [25].

For A e C, -1 < B <0 with A # B, we define

Az _
_ Jze for B =0,
kA,B(Z) - {Z(] + BZ)A/B—I for B + 0 (14)
and
K{'3(2) = (kas (@)™, (1.5)

It is easy to see that for every m € N, the function kg’g(z) belongs to the class S;,(A, B).
For f € H the functional, called integral means,

1 T ) ) .
M(r, f,A1,42) = 7 f |f(7’€le)|1‘ If'(l’e’e)li2 do (z=re" eD),

where 4;, 4, € R, was introduced and investigated by Gromova and Vasil’ev [6]. The
integral means

1 (™ do
ho =20 = [
and

Li(r, ) := r*Li(r, )

have many important applications in fluid dynamics (see [26, 27]). In 2014,
Ponnusamy and Wirths [18] proved that for f € S*(),
I'S-4a)
I'2(3 - 2a)
and the inequality (1.6) is sharp. This has settled the open problem of Gromova and
Vasil’ev [6]. In the same paper the authors discussed a similar problem for the class of
a-spiral-like functions of order 8 and also for the class S*(A, B) with -1 < B< A < 1.
Also, in 2014, Obradovié et al. [15] considered a similar problem for some subclasses
of the class A. Except for these few recent results, the estimates of L;(r, ) for many
geometric subclasses of the class S are not known.

For g € H, we denote the area of the multi-sheeted image of |z| < r under w = g(2)
by A(r, g), where 0 < r < 1. Thus, for g(z) = >..", bnz",

Li(r, /) < (1.6)

A(r.g) = f f g @R dxdy =7 nlbr*" (z2=x+iy). (1.7)
lzl<r n=1
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Computation of the area (1.7) for an analytic function g is known as the area problem.
We call g a Dirichlet-finite function whenever A(1, g), the area covered by the mapping
7 g(z) for z €D, is finite. For example, all polynomials and more generally all
functions f € A for which f’(z) is bounded on the unit disk D are Dirichlet-finite
functions. In 1990, Yamashita [28] conjectured that

Zz 2
1}16354 A(r, f(Z)) nre,

where C denotes the class of convex univalent functions in the unit disk D of the form
(1.1). The maximum is attained only by rotations of the function fy(z) = z/(1 —z). In
2013, Yamashita’s conjecture was settled in a more general setting for functions in the
class S*(a) by Obradovié et al. [14]. In 2014, Ponnusamy and Wirths [18], Obradovi¢
et al. [15] and Sahoo and Sharma [21] discussed the maximum area problem for
functions of type z/ f(z) when f belongs to certain subclasses of the class S. Moreover,
recently, Ponnusamy et al. [17] solved the same problem for the class S*(A, B), where
-1<B<AXLI.

Our first aim of this paper is to estimate L;(r, f) for functions in the class S;,(A, B),
where A € C, —1 < B <0 with A # B. Our second aim is to investigate Yamashita’s
conjecture (or the maximum area problem for functions of type z/f(z)) for the class
S;(A,B), where AeC, -1 <B<0withA # B.

Before we state our main results, we recall that for a,b,c € C with ¢ # 0, —1, =2,
-3, ... the function

Sy (@a(b)n 2"

Zi" (), nl

is called the Gaussian hypergeometric function, which is analytic in the unit disk D.
Here (a)) =1 for a # 0 and (a), denotes the Pochhammer symbol (a), = a(a + 1)
-++(a+n-1) for n € N. Clearly, the shifted function zF'(a, b; c; z) belongs to the class
A. The asymptotic behaviour of F(a, b; c; z) near z = 1 gives that

_T©I'(c—a-b)
- T(c—aX(c-b)
Similarly, the function ¢F(a; z) is defined by

F(a,b;c;z) :=7F(a,b;c;2) =1+

F(a,b;c;1) < oo for Rec > Re(a + b).

o) 1 Zn
()F]((,Z;Z):l-l- _
; (@) n!

which is analytic throughout the finite complex plane.

2. Main results

Tueorem 2.1. Let f € S;,(A, B) for some A € C, =1 < B<0 with A # B. Then, for
O<r<i, a
F(6,5;1; B>r*") for B#0,
Li(r, /) < A2
0 1(1;—| | 2 ) for B=0,
m

where § = 1/m(A/B — 1). The inequality (2.1) is sharp.

(2.1)
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Proor. Let f € S;,(A, B) and p(z) = z/ f(z). Then p(z) is analytic in the unit disk D
with p(0) = 1 and p(z) # 0 in D. In view of (1.3),

J@_ _w) 1+A"

o T o “1vEe SP

or, equivalently,
zp'(2) - (B-A)7"
p(2) 1+ Bz
Since ¢(z) is convex in D and ¢(0) = 0, it follows that (see for example [10,
Corollary 3.1d.1, page 76])

o AR
e = p(2) < exp| fo 2 dr) = 4500,

=1 ¢(2), ze€D. (2.2)

where
o (1 + Bz")(1Im@AIB-D = F(1,5:1; Bz")  for B # 0,
83 = e~ A/mx" for B=0,

with 6 = (1/m)(A/B — 1). If we write the series representation of q(m) (z) by

4D =1+ ) cnd™

then the Littlewood subordination theorem (see [4, 9]) yields

T r2 1 T z 2
Li(r f) = f z
1 1 e % ) 7o
(m) 2
< Z [ﬂ |CIA,B(Z)| do
= Z lcomPr2¥™  where cop = 1. 2.3)
k=0
Now, for B # 0,
2 2km (ONE m2k _ o (O)(O) (Brm*
= Br
Z lcunl’r Z (Br™) e
= F(6,5; 1; B3r*™). (2.4)
Also, for B =0,
& o0 1 A/ 2k |A|2r2m
2 2km _ _ .
kZ(; |Ckm| ™" = kz_(; ozl m | T 0F1(1, o ) (2.5)

Finally, the desired conclusion follows from (2.3) to (2.5). Equality occurs for both
cases in (2.1) for the function k( 5(2) defined by (1.5). O
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RemMARrk 2.2. We observe that for B = —1 and r = 1, the series

F(5,6;1; B r™) = i O Q(Br’")Zk
s Uy L - k!

k=0

converges if
- 2 A .. m
1 >Re(6+6):—Re(——1) that is, if Re(A + 1) > ——.
m B 2

Remark 2.3. For —1 < B < A <1, by substituting m = 1 in Theorem 2.1, we obtain
the result proved by Ponnusamy and Wirths [18, Theorem 1]. Again, if we substitute
m=1,A=e“e—-2Bcosa)and B=—1withf < 1, a € (-n/2,7/2) in Theorem 2.1,
we obtain the result proved by Ponnusamy and Wirths [18, Theorem 2].
LeEmma 2.4. Let f € S;,(A, B) for some A€ C, -1 < B<OwithA#B. If
< N km
— =1+ bz forzeD, (2.6)
f@ ,; l

then .
D (Ueam)? =B = A — kmBP) bl < |A - B
k=1
Proor. For f € S;,(A, B), set p(z) = z/ f(2). In view of the relation (2.2), it immediately
follows that there exists an analytic function w : D — DD such that
'@ _ (B-A)"w()
p2) 1 + Bz"w(z) ’

eD,

which is equivalent to
P'(2) = w@7"' (B - A)p(2) — Bzp'(2)). (2.7)
From (2.6) and (2.7),

Z kb ?™ " = w(z)?"! [(B —A)+ Z(B —A- kmB)bkmzk’”]
k=1 k=1

or, equivalently,

n )

km—1 km—1
Z kmbka "+ Z CkmZ "
k=1

k=n+1
n—1

= W@ |(B= A+ Y (B~ A~ knBybi "
k=1
for certain coefficients c¢y,,. By Clunie’s method [2] (see also [3, 20]),

n n—1
Z(km)zlbkm|2r2(km—1) _ Z IB—A— kmB|2|bkm|2r2((k+l)m_l)
k=1 k=1
<|A — B3, (2.8)

The required result follows if we take » — 1~ and allow n — co. O
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Lemma 2.5. Let f € S;,(A,0) for some A € C\{0}. If

Z

— =1+ ) bud™ forzeD
e IL

and

CIX"(;(Z) =AM~ 4 Z com?™  forz€D,
k=1

then, for each N € N and for|z| <r, r € (0, 1],
Z(km»bkmfr”‘m < Z(km)|ckm|2 o, (2.9)

Proor. By considering the inequality (2.8) for B = 0 and then multiplying by 7> on
both sides of it, we obtain
n—1
Z{(km) — AP P bt PP + ()2 (b P < JAP P (2.10)
k=1

Since the function q(m) (Z) satisfies the following differential equation:

( 10@) = —AZ"q{0(2) forzeD,

it is clear that the equahty in (2.10) is attained for by, = Cipn.

We consider the inequalities (2.10) for n=1,2,..., N and multiply the
corresponding nth inequality by a factor /1(’") These factors are chosen in such a way
that the addition of the left-hand side of the modified inequalities gives the left-hand
side of (2.9). Therefore, the factors /15:”) can be obtained from the following system of
linear equations:

= (km)> A"y + Z AT Gm)* = |APP"), k=1,2,...,N. 2.11)

n=k+1
Since the matrix representation of the system of Equations (2.11) is an upper triangular
matrix with positive integers as diagonal elements, the solution of the system (2.11) is
uniquely determined. Hence, by Cramer’s rule, the solution of the system (2.11) can

be written as
((Il _ 1)!)2}’}12("_1)

Ay = = DetAn):
where A,y isan (N —n + 1) X (N — n + 1) matrix given by
nm n*m? — AP - n*m? — |APr"
(n+ Dm (n+1)°m? < (n+ D2m? = AP
Apn =
Nm 0 e N>m?
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Determinants of these matrices can be obtained by expanding according to Laplace’s
rule with respect to the last row, wherein the first element is Nm, the last element
is N’>m? and the remaining entries are zeros. This expansion and a mathematical
induction give the following recurrence formula for k < N — 1:

1 ( |A|27‘2m) N-1 |A|2}"2m

m) _ ym)
/lk,N _/lk,N—l Nm 1 k2m2 L l2m2 ’

which can be written as
1 N-1
A= A0 = 5= = at) [ ] a), 2.12)
I=k+1
where a(k) = |A]>r*" /(km)?. We note that 1 — a(k) may be positive as well as negative
for k € N. Now we shall prove that the multipliers /l,({mlz are positive for all N e N, 1 <
k < N. Indeed, this proves our required result, since, as we noted at the beginning of
the proof, equality is attained for by, = cpy-

Case (i). Suppose that 1 —a(k) <0. Then, from (2.12), we see that for fixed

k € N, N > k, the sequence {/l,({mA),} is an increasing sequence. Thus,

1
(m) (m) (m) _
Ak,NZ/lk,N—l > .“Z/lk,k = % >0

(m)
kN

Case (ii). Suppose that 1 — a(k) > 0. Then, for fixed k € N, N > k, the sequence {/12"2}
is a strictly decreasing sequence with

and hence the multipliers 4, ,, are positive.

o n-1
m . m 1 1
A = lim A7 = — = (1 - a(k) > — [ ] a0
n=k+1 I=k+1

VA Lo 1
= (1-a(k) I(ZO] —(a)) - ijl - ,l;[l ath)

To prove that /l](cmA), >0 forall NeN,1<k<N, it suffices to prove that /ll(cm) > 0 for
k € N. Since a(k) > a(l) for [ > k + 1, each term in the first summation is greater than
the corresponding term in the second summation. Hence, /l,((m) > 0, which completes
the proof. O

LEmMA 2.6. Let f € S;,(A, B) for some A€ C, -1 < B<0withA#B. If

< N km
— =1+ bz forzeD
f@ ;

and

g3(@) = (1 + BB = 1 %" 0,2 for zeD,
k=1
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then, for each N e N and |z < r, r € (0, 1],

N N
D k)b < ) Gl (2.13)
k=1 k=1

Proor. By considering the inequality (2.8) for B # 0 and then multiplying by > on
both sides of it, we can rewrite the inequality (2.8) as
n—1
(k) = Wk — @ B2yl r*" + (nm |, r*™ < BIGP", (2.14)
k=1
where ¢ := 1 — A/B. Since the function q('”) (z) satisfies the following differential
equation:

—(q("” @) =2" 1[(3 Ay ~ (q“") (2))| forzeD,

it is clear that the equality in (2.14) is attained for bkm = Cim-

We consider the inequalities (2.14) for n=1,2,..., N and multiply the
corresponding nth inequality by a factor /1('"]\), These factors are chosen in such a way
that the addition of the left-hand side of the modified inequalities gives the left-hand
side of (2.13). Therefore, the factors /lﬁl"") can be obtained from the following system

of linear equations:

m = (km)* A"y + Z AT km)® = lkm — g B>}, k=1,2,...,N.  (2.15)
n=k+1

Since the matrix representation of the system of equations (2.15) is an upper triangular
matrix with positive integers as diagonal elements, the solution of the system (2.15) is
uniquely determined. Hence, by Cramer’s rule, the solution of the system (2.15) can

be written as
qom (- DH?m>D

n,N ( N!)2m2N

where A, y isan (N —n + 1) X (N — n + 1) matrix given by

Det(A,n),

nm n*m? — |nm — ¢*B>r¥" .. n*m? — [nm — ¢|> B> r*"
(n+ Dm (n+1)’m? co (4 1D2m? = |(n+ Dm — gPB*rm
An,N =
Nm 0 v N2m2

Determinants of these matrices can be obtained by expanding according to Laplace’s
rule with respect to the last row, wherein the first element is Nm, the last element
is N?>m? and the remaining entries are zeros. This expansion and a mathematical
induction give the following recurrence formula for k < N — 1:

N-

1
(m) _ 4(m) 2.2
A= = [ - 7 ”")H
I=k+

‘ B2 2m
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or, equivalently,
N-1

m m 1
A=A - (1= (k) [ | a0, (2.16)
I=k+1
where 5
— ¢ 2_2m
ak) =1 - o B r™.
m

Here we note that 1 — a(k) may be positive as well as negative for k € N. Now we
shall prove that the multipliers /l/((m]\), are positive for all N € N, 1 < k < N. Indeed, this
proves our required result, since, as we noted at the beginning of the proof, equality is
attained for by, = cim.

Case (i). Suppose that 1 —a(k) <0. Then, from (2.16), we see that for fixed

k € N, N > k, the sequence {/l,({ 1\)/} is an increasing sequence. Thus,

1
(m) (m) (m) _
AN Z Ny 2 Z/lk,k_E>0

and hence the multipliers /1(’") are positive.

Case (ii). Suppose that 1 — a(k) > 0. Then, for fixed k € N, N > k, the sequence {/12"2}
is a strictly decreasing sequence with

A= Jim A = o~ (1~ a(k) Z ]_[ a(l). (2.17)

n= k+1 l k+1
To prove that /l(m) >0 for all N e N, 1 <k <N, it suffices to prove that /lg:") > 0 for
k € N. Now one can verify that
1 S 1
n(l —am) @+ 1)1 -a(n+1))

(2.18)
and
1 1 N a(n)
n(l—am) n  n(l-an)
are valid for every n € N. By repeated application of (2.18) and (2.19) for n =

(2.19)

kk+1,...,P
1 - 1 = H{:k pa)
— — ke for k < P.
e~ 2 | O S Ty ks
By taking P — oo,
Km(1 = a(k)) a(k)) Z n @b

k+1 l k+1

Therefore, from (2.17), it follows that /lzm) > 0. This completes the proof of the
lemma. o

The following result settles Yamashita’s conjecture for functions in the class
S;.(A, B).
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Tueorem 2.7. Let f € S;,(A, B) for some A € C, =1 < B<0 with A+ B. Then, for

O<r<il,
Z
max A(r, ) ('")
f€S;(A.B) f@ 5,
where
ZIA = BEA"F@S + 1,5+ 12, B2 for B#0,
EQ =" (2.20)

SIAPPOF(2: AP /) for B=0,

with 6 = (1/m)(A/B — 1). The maximum is attained by the rotation of the function
K\"\(2) defined by (1.5).

Proor. Let f € §;,(A, B). If we set

=1+ b, 2™ and =1+ cmd™ forzeD,
f( ) Z k(”’) Z

then, from Lemmas 2.5 and 2.6, it follows that for each N € N,

N N
D m) b P <Y (e P, r € (0,11, (2.21)

n=1 n=1

In view of (1.7) and (2.21),

( i )) _ FZ(nm)|bnm|2 2nm

< nZ(nm)lcnmlzrznm = (’ k(mf( ))
n=1

To complete the proof, we have to show that
7 (el = B3 (1), (2.22)

where E;"’%(r) is defined by (2.20). Now, for B # 0, a formal computation gives

nz_;mm»cmﬁrz"'" = nZ(nm)‘%
8)u(®),
Z( \On@n o
D,

= nm|o] B2 " Z ©x D0+ Dy +(;”g)+ Dn pgmyen
=0 n n

= ZIA—BPP"F(S + 1,5 + 1:2: BA2™)
m

(Br'™)*"

= E{")(r). (2.23)
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TasLE 1. Approximate values of E(”” (D).

m A Approximate values of F('”)( 1) B Approximate values of Ef‘"_',’;( 1)
1 1+i/2 6.94942 -2/3 15.826 4
1 3+1i/4 591.462 -3/4 451.334
2 1+2i 13.898 8 -1/10 14.1108
2 54 3i 960.4419 -3/4 482.049
Also, for B =0,
2.2 2
nm __
n Z(nm)lcnml =7 Z(nm) (n,)z
7 2n
(1)n m

= AP OF 1 (2: A" )
= E(m)(r) (2.24)

Finally, the desired conclusion follows from (2.22) to (2.24). This completes the
proof. O

RemMark 2.8. When B = —1 and r = 1, the series

_ (6 + 1), (6 + 1),
F6+1,6+1;2;B> ) =y — 1 JA(Bm)n
nZ:o (2)n(D)n

converges (finitely) if 2 > Re(6 + 1 + &+ 1), that is, if Re(4 + 1) > 0.

Before we proceed further, it is worth mentioning certain basic propemes of the
functional E(m)(r) given by (2.20). Since the series expansion of E( 5(r) (in either

case) has positive coefficients, E("’) 5(r) 1s a nondecreasing and convex functlon of the

real variable r. Thus, E(m) (1) < EX";(I). In order to see the bounds for the Dirichlet-
finite function, we wrlte

s O+ D+ Dy,
ZIA- B|Z (Z)n(l)n XTI T npin for B#0,

Toar
! ZO @)n(D), Z

For certain values of the parameters m, A and B, the numerical values of E(m)(l)

and the images of the unit disk under the extremal functions qgm;(z) =z/ Km 2.5(2) are

described in Table 1 and Figures 1-8, respectively.
If we choose A =1 — 2B and B = —1 in Theorem 2.7, then we obtain the following
result.

E{(1) =
for B=0.
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FIGURE 2. Image of the unit disk under qgf%(z) withm=1,A=3+i/4, B=-3/4.
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Figure 3. Image of the unit disk under ¢{'3(z) withm = 1, A= 1+i/2, B=0.

—15 & L L L =
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FiGure 4. Image of the unit disk under qgf’l);(z) withm=1,A=3+i/4, B=0.
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05 10 15 20 25 30

FiGure 5. Image of the unit disk under qu%(z) withm=2,A=1+2i,B=-1/10.

-5 0 5 10

FIGURE 6. Image of the unit disk under qgf%(z) withm=2,A=5+3i, B=-3/4.
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0.5 1.0 1.5 2.0 2.5 3.0

Ficure 7. Image of the unit disk under qg"'l)g(z) withm=2,A=1+2i,B=0.

Ficure 8. Image of the unit disk under qfa'f'l);(z) withm=2,A=5+3i,B=0.
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CoroLLArY 2.9. Let f € S;,(B) for some 0 <5 < 1. Then, for0 <r <1,

2\ 4n 2 2
A( ,—): 1 - py 2’"F(— S+ L2 -1+ 102 2'").
P ) e P

The maximum is attained for the function k}j,m)(z) =z(1 — Zm)@mB-1),

In particular, if we choose m =1 in Corollary 2.9, then we obtain the result of
Obradovi¢ et al. [14, Theorem 3]. For the choice A =1 — 2y and B = —1, where
v € C\{0}, Theorem 2.7 reduces to the following maximal area problem for the class
of m-fold starlike functions of complex order.

CororLary 2.10. Let f € S, (y) :=S8;,(1 = 2y,—1) for some y € C\{0}. Then, for
O<r<i,

2y 2y
max ( < ) | | 2'"F( + 1,——7 +1;2; rz’").
feSn(1-2y.~-1) f@ m m

The maximum is attained for the function k(ym)(z) =z(1 = ")y~ 2/m,

If we put m = 1 in Corollary 2.10, then it reduces to the maximal area problem for
the class S*(y) := §7(1 — 2y, —1) of starlike functions of complex order which was
introduced by Nasr and Aouf [11]. If we choose A = ¢'“(e'* — 2B cosa), B=—1 and
m =1 with § < 1 in Theorem 2.7, then we obtain the result of Ponnusamy and Wirths
[18, Theorem 3] which solves Yamashita’s conjecture for functions in the class S, (5).
If we choose A = (1 —28)a, B=—a and m = 1 in Theorem 2.7, then we obtain the
following result.

CororLaRry 2.11 [21, Theorem 1.3]. Let f € S*((1 — 2B)a, —a) for some 0 < a < 1 and
0<B< 1. Then forO<r<1,

max 4o (B - 1)*r*F(2B8 - 1,28 — 1;2; *r?).
feS*(1-2B)a,—a) ( f(z )) B-1 (25 o )
The maximum is attained for the function k-2g)a —o(2) defined by (1.4).

If we choose 8 = 0 in Corollary 2.11, then we obtain the result of Sahoo and Sharma
[21, Theorem 3.1]. This solves Yamashita’s conjecture for functions in the class S(a)
which was introduced by Padmanabhan [16]. More generally, if we choose m = 1
in Theorem 2.7, then it reduces to the following maximal area problem for the class
S*(A, B).

CoroLLary 2.12 [17, Theorems 2.1 and 2.3]. Let f € S{(A, B, 1) = S*(A, B) for some
-1<B<0,A#Band A €C. Then, forO <r<1,

fegl*g(l},B) ( f(z )) Eas(r),
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where B
A A
_RE22R[Z Z2.9.52,2
Exp(n ="~ Bl rF(B’B’z’Br) for B#0,
mlAPr? o Fi(2;|APr) for B=0.

The maximum is attained by the rotation of the function ku p(z) defined by (1.4).

Finally, if we choose A = (b* —a* +a)/b, B=(1 —a)/b with a+b>1, a€
[, 1+ b] in Corollary 2.12, then we obtain the result of Ponnusamy et al. [17,
Corollary 2.7]. This solves the maximal area problem for functions in the class
S*((b* = a* + a)/b, (1 — a)/b) which was introduced by Silverman [22].
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