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Abstract

It is known that for K, equipped with i.i.d. exp (1) edge costs, the minimum total cost of a perfect matching
converges to ¢ (2) = */6 in probability. Similar convergence has been established for all edge cost distri-
butions of pseudo-dimension g > 1. In this paper we extend those results to all real positive g, confirming
the Mézard-Parisi conjecture in the last remaining applicable case.
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1. Introduction

There has been substantial interest over the past few decades in the minimum matching problem:
given a graph G, and a positive cost (or weight) associated to each edge of G, we want to find a
perfect matching of minimal total cost M(G). Of special interest is minimum matching on the
complete graph K, on n vertices or the complete bipartite graph K, , on n + n vertices, with ran-
dom edge costs given by independent exp (1) variables. The latter is sometimes referred to as the
random assignment problem. For this graph model, the lower bound M(K,,,,) > 1 — o(1) (w.h.p.)
is trivial: the cheapest edge from any given vertex has expected cost n~!, and a perfect matching
uses n edges. Similarly, M(K},) > 1/2 — o(1) w.h.p. The upper bound lim sup,, M(K,,,,) <3 was
established by Walkup [12], by finding a perfect matching using only fairly cheap edges. This was
later improved to 2 by Karp [4].

Mézard and Parisi [8] conjectured that M(K, ) converges in probability to ¢(2) = 7%/6 and
M(K,) to £(2)/2, based on heuristic replica symmetry calculations. Aldous [1] proved that the
limit exists, and later confirmed the conjecture [2]. Both of these papers used what is some-
times called the ‘objective method’ [3], and worked with matchings on an infinite limit object.
Parisi [10] further conjectured the more precise result that E[M(K,, ,)] = ZZZI k~2. This was
later established independently by Nair, Prabhakar and Shaw [9] and Linusson and Wastlund [6],
both using inductive proofs. The proof was later simplified by Wastlund [13]. Salez and Shah [11]
gave yet another proof of the Mézard-Parisi conjecture, using the objective method to analyse the
behaviour of belief propagation on the limit object.

A more comprehensive overview of the existing literature and related problems can be found
in a survey paper by Krokhmal and Pardalos [5].
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A natural question is whether these results extend to other edge cost distributions. It turns out
that only the scaling behaviour of the probability distribution near 0 matter. A random graph
where edge costs are i.i.d. copies of the random variable ¢ is said to be of pseudo-dimension q
if limy—, o P(¢ < x) - x~1 exists and lies in (0, 00). The exponential distribution and the uniform
distribution on [0, 1] are both of pseudo-dimension 1, and the chi distribution with g degrees of
freedom as well as the Weibull distribution with shape parameter g (i.e. the (1/g)th power of an
exponential variable) are of pseudo-dimension g. In the paper by Mézard and Parisi [8], g was a
real positive parameter, but most focus since then has been on the special case g = 1.

The motivation for the term pseudo-dimension is as follows. For g € N, a geometric graph
model is given by embedding the vertices as n points chosen uniformly and independently at ran-
dom in a hypercube [0, 1]4, and setting the edge costs to be the corresponding Euclidean distances.
The mean field approximation (i.e. the graph model where edge costs follow the same distribution,
but are i.i.d.) of a geometric graph model of dimension g is a graph model of pseudo-dimension gq.

For any graph G and probability measure v on R, let G[v] denote G equipped with i.i.d. edge
costs with distribution given by v. If v is of pseudo-dimension g, then the cost of the minimum
matching on K, ,[v] can be shown to be of order O(nl-1/9), by a minor modification of [12]. This
suggests studying the quantity n~!*1/4M(K,, ,[v]). Does it converge in probability to a constant?
This question was answered in the affirmative for g > 1 by Wistlund [14] (both for K, , and K,,),
but it remained open for 0 < g < 1. Our main result is the following theorem, confirming the
Meézard-Parisi conjecture for all g > 0.

Theorem 1.1. For every q € (0, 1), there exists a f = B(q) such that for any probability measure v
for which ¢:=1lim,_, o v({€ < x}) - x~ 1 exists and c € (0, 00),

M(Ky,n[v])
canl—1/q

MG 1

Cl/q;ql_l/q - 2

— B(g) and

in probability as n — oo (through even n in the latter case).

The reason for the factor 1/2 in the graph model K,, is that perfect matchings in K,, , and K,
have n and n/2 edges respectively, but it turns out that the average cost of edges participating in
the optimal perfect matching is (asymptotically) the same in both graph models.

We believe the theorem should hold in somewhat greater generality, i.e. for graph sequences
Gy, other than K, , and K,,. As we will discuss in Section 3.6, the theorem only depends on the
structure of the sparse subgraphs of G, obtained by removing expensive edges. Roughly speaking,
these subgraphs need to look like Galton-Watson trees locally, and be good global expanders. We
therefore conjecture the following, which is most easily phrased in terms of graphons.?

Conjecture 1.2. Let W: [0, 1] — [0, 1] be a connected graphon and let G,, be a sequence of dense
graphs with | V(G,)| = 2n which converges to W.

If there is a § > 0 such that fol W (x, y) dx =8 for almost all y € [0, 1], then n~TVAM(G,[v])
converges in probability to a constant (depending only on §, g = q(v), and ¢ = ¢(v)).

In other words, if G, admits a connected graphon limit and has degree §n+ o(n) at every

vertex for a constant § > 0, then an analogue of Theorem 1.1 should hold for G,,. Special cases of
this conjecture include the Erdés-Rényi graph G, s and complete balanced k-partite graphs.

2A graphon is an analytic limit object for a sequence of dense graphs. For definitions and further details we refer to (7,
Chapter 7].
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2. Notation and definitions

We will assume 0 < g <1 and a large parameter A > 1 is fixed, and often suppress dependence
on them in our notation. We will restrict our attention to 0 < g < 1, since Theorem 1.1 is already
known to be true for g > 1. Although our proof strategy works for g > 1 too, some parts of our
lemmas are trivial in that case, and assuming 0 < g < 1 streamlines the proofs.

Unless otherwise stated, all functions f considered will be either f: V(G) — A for some graph
Gorf: A — R, where A:=[—1/2,/2]. For f and g functions on A, we will use f < g to mean
that f(z) < g(z) forall z € A. For x € R, we let x; := max (x, 0). We writea,, /" aifa, — aanda,
is a non-decreasing sequence, and a, \  a if —a, /" —a.

An m-rooted graph is a graph where m of the vertices have been designated as root vertices. For
an edge-weighted m-rooted graph G, the (k, 1)-truncation G(k, A) is the subgraph of G obtained
as the union of k-neighbourhoods of the roots after all edges of weight more than A have been
removed. Equivalently, G(k, 1) is the union of all paths from a root of length at most k that only
use edges of weight at most A. We say that an m-rooted random graph G is the A-local limit of the
m-rooted random graph sequence G, if and only if, for every k € N, G, (k, A) converges to G(k, 1)
in the total variation metric.> We will think of these edge weights as costs, and use the words cost
and weight interchangeably.

Furthermore, we will let |G| denote the number of edges of a graph G, and we will consider the
edges of a rooted tree to be directed away from the root ¢. By path we will mean a directed path
away from the root. If u is the parent of v, we write u — v. Let |u| denote the distance to u from
the root.

3. Proof strategy

In this section we will give an overview of our proof strategy, and how it relates to the proof for g >
1in [14]. In broad terms, the strategy is to prove that the ‘local’ structure of the optimal matching
is ‘locally’ determined. That is, for each edge uv we can approximate its expected contribution to
the total cost of the optimal matching by only looking at some large but finite neighbourhoods of
uand v.

As a first step, we switch to working with a rescaled model. Multiply all edge costs in K,,[v] and
Kyu[v] by (11/¢)'/4. Since minimum perfect matching is a linear programming problem, the only
effect this has on the optimum is to multiply its cost by the same amount. One can think of this as
changing the units of cost in such a way that the expected number of edges of cost at most 1 from
a given vertex is 1 4 o(1). Such rescaling allows us to work with A-local limits more easily.

Let K,, and K, , be these rescaled models (suppressing dependence on v), so that the quantities
in Theorem 1.1 can be rewritten as

M(Kppu[v]) 1 o M(Kn[v]) 1

—Cl/qnl_l/q = ;M(Kn,n) and —Cl/qnl_l/q = ;M(Kn)
We also let £ = £(u, v) denote the edge cost of the edge uv in the rescaled model, and we say that
it is cheap it £(u, v) < A.

3.1 Local limit
We will be working with the A-local limits of K, and I~<n,n. By Proposition 2.2 of [14], the A-local
limit of K}, rooted in m arbitrary vertices is m disjoint independent copies of a certain random tree

bThe total variation distance between two edge-weighted random graphs is at most ¢ if they can be coupled in such a way
that they are isomorphic with probability at least 1 — & (where the isomorphism preserves roots and edge weights). For further
details see [14, Sections 2.1-2.2].
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TZ which we will define shortly. It follows from the proof of this proposition that this is also the
A-local limit of K, ,, rooted in m arbitrary vertices.

The tree T? is defined as the 1-rooted Galton-Watson tree with offspring distribution Poi (19)
and edge weights given by i.i.d. copies of the [0, A]-valued random variable X with CDF P(X <
t) = (t/A)1. Note that since A is a large number, this tree is supercritical, and infinite with proba-
bility 1 — 0,(1). We will not reproduce the proof of [14, Proposition 2.2] here, but instead sketch
an argument for why disjoint copies of T form a plausible A-local limit of K, and K, .

Edge weight distribution. By the definition of pseudo-dimension and the rescaling of the edge
weights, for any fixed ¢t > 0 (i.e. not depending on n), P(€ <t) = (1 + 0(1))t4/n. For any t < A,
P <t)

Pt E<A)= m = (14 o(1))(t/1)1,

and hence the edge weights of the A-local limit should be i.i.d. with CDF (¢/A)1.

Degree distribution. The probability that an edge is cheap is p:=P(¢ < A), independently of
all other edges. In other words, the subgraph of K,, consisting of all cheap edges is an Erdés-
Rényi random graph G, and the analogous subgraph of Kj, , is a bipartite Erdés-Rényi random
graph Gy . The degree distributions of G, and Gy, are approximately Poisson with mean
pn—1)=(140(1))A9 and pn= (14 o(1))A1 respectively. Hence the A-local limit of these
graphs should have degree distribution Poi (19).

Disjoint trees. Let P} be the set of paths of length at most k + 1 starting from any of the roots
(in Gpp or Gupp). A first moment calculation shows that the expected number of pairs P, P’ €
P with P# P and PN P #0 is O(p*T2n?k+1) = o(1). But if no such pair exists, then the k-
neighbourhoods of the roots are disjoint trees. Hence the A-local limit should consist of 1 disjoint
trees.

We will frequently use the following equivalent construction of Tg, where we generate the
offspring of a vertex and the corresponding edge weights concurrently. For every vertex u, run an
inhomogeneous Poisson point process on the time interval [0, 1] with intensity gt4~! at time ¢.
Let m, be the corresponding intensity measure, i.e. the measure on [0, A] such that dm,(t) =
qt?! dt. (Note that A~9my, is then the probability measure corresponding to the CDF (¢/A)7 in

our original definition of Tg.) Ifey,4,,. .., Ej are the arrival times of the events in this process, we
let v1, 2, ..., v be the children of u, and give the edge uv; weight ¢;.

Finally, while not necessary in order to understand our paper, it is worth mentioning that Tg
can also be constructed from the so-called ‘Poisson-weighted infinite tree€’ (PWIT) which is often
encountered in the literature on the objective method (e.g. [2], [3]). Let T be the tree obtained
by raising all edge weights in the PWIT to the (1/q)th power. Then Tg has the same distribution
as T(oo, A), i.e. the connected component of the root after all edges of weight more than A are
removed.

3.2 Exploration game

The game Exploration was introduced in [14]. This zero-sum perfect information game is played
in the following way. On an edge-weighted rooted graph G, Alice and Bob take turns picking the
next edge of a self-avoiding walk starting from the root. When it is a player’s turn (Alice’s, say),
and the current vertex is u, she can take one of two actions.

(i) Pick any neighbour v of u that has not already been visited, and pay Bob the cost £(u, v) of
the edge uv. Bob then continues the game from v.
(ii) Quit the game, and pay Bob a penalty of A /2, for some fixed parameter A > 0.
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The payoff for Alice, once the game has finished, is the total amount Bob has paid to her minus
the total amount she has paid to Bob. Each player’s aim is to maximize their payoff. Note that it is
always better to quit than to pick an edge with weight ¢ > X: even if the other player were to quit
immediately after one picks this edge, the payoff for the last moves would be —¢ +1/2 < —/2.

If the weighted graph G is finite, every game position has a well-defined game value f = f(G, u).
If Alice starts by moving from u to v, the remainder of the game is equivalent to a game played
on G — u started on v, but with the roles of Alice and Bob reversed. By considering all possible
options a player has from the vertex u, it is easy to see that

£(Gu) = min(k /2, min (¢(u, v) — (G — u, v))), (3.1)

where the second minimum is taken over all neighbours v of u. If the graph is a finite rooted
tree T and we start the game at the root, no move can go from a vertex to its parent, so we may
consider edges to be directed away from the root and forbid moves towards the root. But then
f(T,v) =f(T —u,v) if u is the parent of v, so we let f(v) :=f(T,v). Thus (3.1) can be slightly
simplified to

f(u) =min(3/2,min (¢, v) ~ f0)), (32)

where the second minimum is taken over all children v of u. If the tree is infinite, however, it is no
longer clear that the function f is well-defined. Instead, we consider the set of functions f which
satisfy (3.2) for all u € V(T), and call these ‘game valuations’.

Wistlund [14] proved that for any g > 0, the limits of n='M (K,) and n~'M (f('n,n) exist if, for
all large 2, there exists a unique game valuation on (almost all realizations of) T7. We give an
overview of this proof and why it works for both the complete and the complete bipartite graph
in Section 3.5.

Wistlund proceeded to prove that the valuation was indeed unique for g>1 ([14,
Proposition 2.8]), but that proof did not extend to 0 < g < 1. Therefore, in order to prove
Theorem 1.1 it suffices to show the following.

Proposition 3.1. For any A > 0 and q € (0, 1), there is almost surely a unique game valuation on
TZ, i.e. a function f: V(TZ) — A satisfying (3.2) for every u € V(Tg).

We will first show that the set of all game valuations on T} admits a bounded lattice ordering.
The recursion (3.2) has a useful monotonicity property: if f and g are game valuations on a tree T
such that f(v) < g(v) for all children v of u, then f(u) > g(u).

Let fk(u) be a game valuation on V(Tg(k, A)) (i.e. the tree Tg truncated after k generations)
satisfying (3.2) for all u with |u| < k. This valuation is almost surely unique, since Tf(k, A) is almost
surely finite. Note also that f¥(u) = 1/2 for all u with |u| = k, since these u have no offspring in
T(k, 1).

Let us compare the valuations f* and f/ for j > k. For any v with [v| =k, fi(v) <1/2 =f*(v),
50 by the monotonicity property, f*(u) < f/(u) for all u with |u| = k — 1. Iterating this, we see that
F*(u) = fi(u) when |u| has the same parity as k, and f*(u) < f/(u) otherwise. This suggests defining
the following partial orders on the set of functions on a rooted tree:

f(u) <g(u) VYu:|u|isoddand <k,

g = (3.3)
f2eg f(u) >g(u) VYu: |u|iseven and < k.

By the game value of u € V(G) we will mean the value of the exploration game on G, starting from u, to the second player.
In other words, the net amount that Alice will pay to Bob, assuming optimal play by both.
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The previous inequalities between f/ and f* can now be restated as follows: for any j > k, f* < f/
if k is even and f* > f/ if k is odd.

Lemma 3.2. Wesay that f < g whenever f < g for allk € N. The order < is a bounded lattice order,
with unique maximum f, and minimum fg given by the pointwise limits

fa(u) = lim ) and  fa(u) = lim FR(w). (3.4)

Proof. The order < is reflexive and transitive. It is also anti-symmetric, ie. f <g<f=f=g,
and hence a lattice order. We will prove that fp exists and is the minimum; the argument for fy is
analogous.

Let g be any game valuation on Tg(Zk, A) (i.e. the first 2k levels of T;f). For any v with |v] = 2k,
g(v) <A/2 =f*(v), and hence f2* <, g. In particular, this holds for g = f2k+2, i.e. f2k <, f2k+2,
So for any u € TZ, the sequence (ka(u))2k>‘u| is monotone (non-decreasing or non-increasing
depending on the parity of |u|) and hence the limit fg(u) exists.

To see that f is the minimum, let ¢ be any game valuation on T;f (not just on a truncation).
Pick any u € TJ with |u| even, and consider g(u). By the previous argument f?* <, ¢ for any k, and

hence f 2k(y) > g(u) for any k > |u|/2. Letting k tend to infinity, we see that fg(u) > g(u). Similarly,
fp(u) < g(u) for all u with |u| odd. Hence (3.3) is satisfied for any k, or in other words fg < g. [J

The strategy will be to analyse the game where Alice and Bob play according to f4 and fp respec-
tively. One can show that if this game ends after finitely many moves, then f4 = fp (see the proof
of either [14, Proposition 2.8] or Proposition 3.1). But by Lemma 3.2, all game valuations are
sandwiched between f4 and f3, so if f4 = fg there must be a unique game valuation.

3.3 Proof strategy for Proposition 3.1 forq > 1

We give here a short description of Wistlund’s proof of an analogous statement of Proposition 3.1
for g > 1, in order to explain how our proof for g > 0 is similar, and yet differs from it significantly.
One way to explain the proof idea is that there are two main components: (i) show that a game
where both Alice and Bob play according to f4 must finish after finitely many moves, and (ii) show
this game is not ‘too different’ from a game where Alice plays according to f4 and Bob according
tOfB.

Let ug:=¢, u1, up, . .. be the (finite or infinite) game path when both Alice and Bob play
according to fa. Let Z; :=fa(u;) for i > 0, and note that these random variables are not indepen-
dent. If Z; = A /2, then the f4-optimal move from u; is to quit and pay the penalty, and the game
path is finite if and only if this happens for some i. It is not too hard to show that P(Z; = 1/2) > 0
uniformly in i, but since the Z; are not independent this is not sufficient. However, conditional
on Zj, (Zo, ..., Zi—1) and (Zit1, Ziy2, . . . ) are independent. So in order to prove (i), it therefore
suffices to show that there is an & > 0 such that P(Z;;.1 =1/2 | Z;=z) > e forallz € A.

A move is said to be §-reasonable if and only if it is within & of being f4-optimal,4 i.e. the move
u— v is §-reasonable if £(u, v) — fa(v) < fa(u) 4 8. It turns out that for any § > 0, if Bob plays
according to fg his moves will be §-reasonable eventually - after a vertex w, say (see the proof of
[14, Proposition 2.8]). Using (3.2) and the choice of f4, Wistlund proved (statements equivalent
to) the following more precise versions of (i) and (ii). Pick u € V(T) in a way that does not depend
on the subtree rooted in u. Then

dIn [14] reasonable moves were defined in terms of their deviations from f3, but by focusing on f; instead our notation
becomes slightly more convenient later in Section 4.2.
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(i) thereisan & > 0 such that if u — v is the f4-optimal move from u, then
inf P =A/2 =z)>e¢,
PR (faW)=4/2]fa(u) =2) >
(ii) for any ¢ > 0, there exists a § > 0 such that

sup E[#(5-reasonable but not f4-optimal moves from u) | fa(u) =z] < /2.
zeEA

Note that there is a.s. no f4-optimal move u — v if fo(u) = 1/2, which is why the range of the
infimum in (i) excludes /2.

Now assume that Alice and Bob play according to f4 and fp respectively. We will give a sketch
of the argument that (i) and (ii) together imply that the game will end after finitely many moves
[14, Proposition 2.5, Lemma 2.7].

Consider a vertex u at even distance from the root (so that it it Alice’s turn at u), chosen in a
way independent from the subtree rooted in u. Condition on f4 (u). What is the expected number
of vertices reachable by an f4-optimal move by Alice followed by a §-reasonable move by Bob?

Conditional on f4 (1) = 1 /2, there are a.s. no such vertices, because Alice will a.s. quit at u.
Conditional on fs (1) = z for some z < 1 /2, there is an f4-optimal move u — v which Alice will
choose. Then by (i), fa(v) = A/2 with probability at least ¢, so the expected number of f4-optimal
moves from v is at most 1 — ¢. By (ii), the expected number of §-reasonable but not f4-optimal
moves from v is at most ¢/2. In total, the expected number of §-reasonable moves is at most
1—¢/2.

If we consider the tree R(u) of game paths from u consisting of f-optimal play by Alice and
8-reasonable play by Bob, we see that its expected number of vertices at level k is at most (1 —
/2)%/2] Hence R(u) is almost surely finite. This in fact holds for all vertices simultaneously: since
the tree TZ has countable many vertices, there is almost surely no vertex ’ with R(¢/') infinite.

Now, recall that w is a vertex such that Bob plays §-reasonably after w, whence R(w) is guaran-
teed to contain the game path from w. But R(w) is almost surely finite, and hence the game will
end after finitely many moves.

3.4 Revised proof strategy for0 <q <1

The main trouble that arises when trying to apply the argument above when g € (0, 1) is that
the proof of statement (i) above fails for g < 1. Indeed, the statement is false for g < 1/2: see
Remark 4.1.

Our aim is still to show that the probability of a player quitting at any given time is uniformly
bounded away from 0 (when both players play according to f4). Whether or not a player will
quit the game at u; is determined by the random variable Z; := f4(1;), but as mentioned earlier
these random variables are not independent. This problem was sidestepped in Wastlund’s proof
by the conditioning in (i) above, but since that fails for small g we will instead need to understand
the dependency between Z; and Z;; ;. We do this by constructing a pair of linear operators (one
for each parity of i) that map functions of the form z+> E[e | Z;1 1 =z] to z+> E[e | Z; = z]. The
statement that will correspond to (i) will be that the composition of these two operators is a con-
traction (Lemma 4.8). Having changed one major component of the proof, the second one (ii) is
no longer compatible. The linear operators we construct can only provide information about the
conditional expectation of random variables, so we must change our aim from proving that (some
structure containing) the game path is almost surely finite, to proving that it has finite expected
size. However, the expected size of the tree of reasonable moves (as defined in Section 3.3) does
not appear to be finite.

We solve this by using a refined concept of reasonable moves, where we take into account not
only single deviations by Bob from f4, but instead consider the sum of these deviations along
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a game path. This leads to a significantly smaller tree of reasonable moves (guaranteed to contain
the game path) whose expected size we can bound recursively.

3.5 The connection between exploration and matching

Here we will briefly discuss the connection between the seemingly disparate topics of the explo-
ration game and the minimum perfect matching problem. This is not strictly necessary in order to
understand our proof of Proposition 3.1 (which is the novel result of this paper), but it gives some
insight into how Proposition 3.1 implies Theorem 1.1. For a full proof of this implication, we refer
the interested reader to Section 3 of [14]. Crucially, at no point in the proof of [14, Theorem 3.2]
is the assumption q > 1 used: the proof only depends on there being a unique game valuation
f ::fA :fB on Tg.

We begin by defining the A-relaxed (or A-diluted) matching problem. A partial matching in a
graph G is a subgraph H C G where no two edges share a vertex. For a partial matching H on an
edge-weighted graph G, we say that the A-relaxed cost ¢, (H) of it is the sum of the costs of all
edges it contains, plus A /2 for each unmatched vertex. In other words,

a(H)= Y tw)+ Y 12

uveE(H) u¢V(H)

We let M, (G) := ming ¢, (H), where the minimum is taken over all partial matchings. We also
let M}(G) be the sum of edge costs of the matching H which minimizes c; (H). Note that for
any graph G, M, (G) is an increasing function of A, and M} (G) < M;.(G) < M(G). There are two
results from [14] that connect A-relaxed matchings to perfect matchings and to the exploration
game, respectively.

First, [14, Theorem 3.2] shows that the existence of a unique game valuation (Proposition 3.1)
implies that 8, :=lim, n’lM;(f('n) exists for any A. A rough outline of the argument is as follows.

Let C,,, be the contribution of uv to M:{(f(n), i.e. Cyy is the cost £ := €(u, v) of the edge uv if this
edge participates in the minimal-cost A-relaxed matching, and C,,, = 0 otherwise. Then M} (K,) =
2wy Cuv» where the sum ranges over all pairs of vertices. It can be shown that for a finite graph,
an arbitrary edge uv participates in the optimal A-relaxed matching if and only if the move u — v
is optimal in the exploration game on K, starting from u. Let £ := £(u, v), Z, := f (K, — uv, u) and
Zy :=f(I~<n — uv, v). Then the move u — v is optimal if and only if Z, > ¢ — Z,, because by (3.1)
the value (to the second player) of the move u — v is £ — Z,, while the value of the best move
other than u — v is Z,,. Noting that {{ < Z, + Z,} C {¢ < A}, we can calculate the expected value
of Cy:

EC,, = ]E[X{ggzu_;_zv} A= ]E[X{ggzﬁ_zv} LEL<A]-PE <A, (3.5)

where xg denotes the indicator random variable for the event E. Let X, be defined as (£ | £ <
A), i.e. the random variable given by the CDF P(X,,, <) =P(¢ <t|£ <A). The three random
variables Z,, Z, and X,,, depend on n, but we will find their limits in probability as n — oco. Since
(Zy, Z,) is independent from X,,,, we deal with them separately.

Recall that for any t <A, P(£ <t €< 1) =(1+ o(1))(t/1)1. Hence X,,, converges in distribu-
tion to a random variable X with CDF P(X < t) = (¢£/A)1 (i.e. X has probability measure 1~ 7m,).
The A-local limit of K,, — uv rooted at u and v is two disjoint independent copies of T, and by
the sandwiching argument in (3.4) together with Proposition 3.1, the pair of random variables
(Zy, Z,) converge in probability to a pair (Z, Z') of i.i.d. copies of f (T, ). Hence (3.5) equals

_ 14001

(1+0o(1) - Elxx<zizy - X1 - P(E<A) A Bl xx<zezy - X1, (3.6)

=B
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and in particular, EC,,, only depends on the distributions of Z, Z" and X. In other words, it depends
on no structure of K, other than its A-local limit and its edge cost distribution. Summing over all
(5) edges gives

EM; (Ro) = ) ECuy = (1+0(1) 3 5.

uv

Since rooting K, in any four vertices u, v, x, y gives a graph whose A-local limit is four disjoint
independent copies of Tg, one can show with a similar calculation that

ECyCay = (1 4 0(1))EC,ECyy, (3.7)

so by the second moment method, the sum M} (K;,) = ZW C, is concentrated around its mean
(14 0(1))(n/2)Bs.

Second, [14, Proposition 3.4] uses a variation on Pdsa’s extension-rotation method to show
that if a graph sequence G, with random edge costs £(u, v) satisfies a certain expansion property,
then a partial matching with few unmatched vertices can be extended to a perfect matching at
a small extra cost. More precisely, if the partial matching has total cost M and leaves §|V(G,)|
vertices unmatched for some § > 0, then there exists a perfect matching with total cost at most
M+ 05(1) - [V(Gp)l.

In [14, Lemma 3.5] it is shown that K, satisfies this expansion property, and in [14,
Proposition 3.1] it is shown that the fraction of unmatched vertices in the optimal A-relaxed
matching is 0, (1). Hence, by the extension-rotation argument, M(K,) <M;(I~<n) +0,(1) - n,
and M;(G) < M(G) holds trivially for any weighted graph G. Since this holds for all large 2,
M(K,) = (1 + 0(1))(n/2)B where f := lim sup,_. .. Bs.

The argument is nearly identical for K, , as for K, except for the minor difference that the
total number of edges is n? rather than (;), and hence (w.h.p.)

MK(knn) = Z Cuv = (1 + 0,(1))nps

u,v

(where the sum ranges over all u at the ‘left’ side of K, , and v at the ‘right’ side). It is also worth
noting that [14, Proposition 3.4] is only done explicitly for K, but the proof works without mod-
ification for K,, ,. In fact the crucial expander property in [14, Lemma 3.5] is stated in terms of a
random subgraph of a bipartition® of K,,.

3.6 Generalizing to other graphs

A natural question now is: For what graph sequences G, other than K, and I~<n,n does the above
argument work? For the extension-rotation argument, we need the expander property of [14,
Lemma 3.5]. For the calculations in (3.6) and (3.7) to work, the A-local limit of G,, when rooting in
four arbitrary vertices must be four disjoint independent copies of Tg (possibly after rescaling the
edge costs of G, by some factor). But if this holds, the rest of the argument in [14, Theorem 3.2]
also works. In fact, if one can show concentration of M}(G,) in some way other than (3.7), it
suffices to consider rooting in two arbitrary vertices.

A simple example is an Erdés-Rényi random graph G,,, with constant p > 0. It has the A-local
limit TZ (if one adjusts the cost scaling factor appropriately), and verifying that it has the expander
property should not be too difficult. This approach might also be feasible for p — 0 slowly with n,
but clearly not for p <log n/n (since then Gy, has isolated vertices with positive probability).

A necessary condition for G, to have the A-local limit Tg at every vertex is that it is approxi-
mately regular. A graph that also has some ‘self-similarity’, in the sense that the subgraph induced

¢The proof would need some modification for (say) the complete k-partite graph, k > 3.
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by a random subset of vertices ‘looks like’ the whole graph, should have decent expander prop-
erties, and its (k, A)-truncations should ‘look the same’ rooted in any vertex. Any graphon is
‘self-similar’ in this way, and the graphon in Conjecture 1.2 is approximately regular. It therefore
seems like a good candidate for G,.

Some other graphs for which this proof method might work are quasi-random graphs and
k-partite complete graphs.

4. Proof of main theorem

4.1 The tree T, conditional on the game valuation f,

In order to be able to construct the linear operators mentioned in Section 3.4, we will change
slightly how we generate the random tree T} and the game valuation f4. Instead of first generat-
ing T} and then calculating f4 ‘back from infinity, we will generate the tree and vertex labels f4
concurrently. This will require the following lemma from [14].

Let F4(z) :==P(fa(¢) = z). In a slight abuse of notation, we will also use F4 to refer to the
probability measure on A of the random variable f4(¢). Similarly, Fp will refer to both the func-
tion z +— P( fg(¢) > z) and the corresponding measure. Furthermore, let the £f-square be the set
{(€,f): 0< €< A, |f] <A/2}, and recall that m, is the measure on [0, A] such that dm, = ql‘q_1 dt.

Lemma 4.1. (Lemma 2.6 of [14]f). Let u € V(TZ), let vi, va, . .. vy be its children, let £; := £(u, v;),
and let fi:=fa(vi). Then the points ({;, f;) constitute a two-dimensional inhomogeneous Poisson
point process on the Lf-square, with intensity given by measure pa :=mg x Fa if |u| is odd and
up :=mg x Fp if |u| is even.

An immediate consequence of the lemma is that the f4-optimal move from a vertex is a.s.
unique: ¢ — f has continuous distribution, because its probability density function is given by the
convolution of the function ¢ qti_l and the measure dF( — z).

To generate the tree TZ concurrent with f4, start by picking z according to the prob-
ability measure F4, and assigning the root ¢ the game value fa(¢)=2z. Then we generate
the next generation of the tree by the Poisson point process of Lemma 4.1, conditioned on
min (A/2, min; (¢; — f;)) = z.

If z = )\ /2, this is equivalent to conditioning on there being no point in the region {¢ — f < A/2}
of the ¢f-square. Since the distribution of points in two disjoint regions are independent, the
points in {£ — f > 1 /2} are generated by an inhomogeneous Poisson point process according to
the measure pp restricted to the region {¢ — f > A/2}.

If z < 1 /2, this is equivalent to conditioning on there being no point in the region {£ — f < z}
and one special point on the line {¢ — f = z}. The points {¢{ — f > z} can be generated by restricting
the intensity measure to {¢ — f >z} as in the previous case. The line {¢{ — f =z} has zero up-
measure, so to pick a random point from it we condition on there being at least one point in the
Poisson point process on the strip {z < £ — f <z + ¢}, and then let ¢ — 0. Since up = my, x Fp,
and my is absolutely continuous with respect to the Lebesgue measure, this is well-defined.
In order to express the probability measure obtained in the limit explicitly (which we do in
Lemma 4.4) we must first understand the measures F4 and Fp in more detail.

The following is proved in [14, page 1077] (as well as occurring in similar forms in e.g. [2], [8]
and [11]), but we include the proof here because it helps in understanding some of our argument
later on, in Lemma 4.8 and Lemma 4.7.

fThe lemma in [14] only states that (¢;, f;) constitutes a Poisson point process, not what the intensity measure is. However,
it is implicit in the proof of the lemma that p is the correct measure when |u| is even, and the other case is analogous.
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Lemma 4.2. Let V be the non-linear operator on functions on A defined by

V(G)(2) := exp (— / qz+ 017G dt).
A
Then FA = V(FB) and FB = V(FA).
Note that since Fp(t) < 1 for all £, the lemma implies that F4 () > e M, Similarly, Fp(t) > e

Proof. Recall that F4(z) :=P(fa(¢) > z). Since (by definition) fa(¢) = min (1/2, min; (¢; — f7)),
the event {f4(¢) > z} happens if and only if there is no (¢;,f;) with ¢; — f; <z. By Lemma 4.1,
the (¢;,f;) constitutes a Poisson point process, and the probability that no (¢;, f;) falls in the set
D,:={(l,f): £ —f <z} is exp (— up(D;)). To calculate up(D,), first fix £ and let  be such that
z+t=1~.Then ! — f < zifand only if f > t. Integrating over all  gives

1p(D) = / gz + 0T B(f > 1) di.
A

However, P(f > t) =P(f > ) for all but at most countably many ¢, and Fz(t) =P(f >t) by
definition. Hence F4(z) = exp ( — up(D;)) = V(Fp)(z). The other case is analogous. O

The operator V is the composition of an integral operator with a continuous kernel and a
smooth function applied pointwise, and we can use this to establish smoothness properties of Fy
and Fp, as well as bound their derivatives.

Lemma 4.3. Each of the two measures given by Fa and Fg on A is the sum of a point mass at A /2
and a measure that is absolutely continuous with respect to the Lebesgue measure on ( — A/2,A/2).
The functions Fa and Fg are continuously differentiable on (—A/2,1/2), with derivative F),
given by

F,(2) = —Fa(2) - (FB(A /2) qlz+1/2)7" — / q(z+ 1 Fy(r) dt). (4.1)
A

Furthermore, [, q(z+ t)‘leA(t) dt is a continuous function of z, and for some constant « > 1 and
all |z| < A/2, we have the bounds

~Fj(2) <e(h/2 = |2)1, (4.2)
— / q(z+ )17 Fj(t) dt < a max ((z+ 2/2)%171, |z — 2./2]77Y). (4.3)
A
Equation (4.3) also holds for 1./2 < z < 3)/2, and analogous results hold for Fj.

The proof of this lemma is largely a lengthy calculus exercise, and we postpone it to the end of
the paper. We will often parametrize the diagonal line {(¢,f): £ —f =z} as{(z+t,t): t € A}. The
measure 1p has density

P30 ==qz+ 01" (= Fy(t)) (4.4)

along such a diagonal for t < 1 /2, and a point mass q(z + A/2)9~! Fg(1/2) at the end point t = A /2
(and analogously for 4, p3).

Lemma 4.4. Let (¢,f) be a point in the inhomogeneous Poisson point process on the {f-square
with intensity measure |14, conditioned to lie on the line £ — f =z (for some z < A/2). Then the
probability distribution of f is given by

https://doi.org/10.1017/50963548320000425 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548320000425

Combinatorics, Probability and Computing 385

X z d
p(f<x)=M
A

, P(f=xr/2)= Q(Z-F)»/Z);_IFA()L/Z)’
A

where

i = qlz + 7/2) 1 Fa(3/2) + /A P () dt.

Proof. Let 1, be defined as ¢ ™! times the measure ju4, restricted to the region
Ec:={(l,f): z<l—~f<z+e,f>—z}
and let 7 be the measure on Ey which is given by p7 (¢) dt at the point (z, z 4 t), and a point mass
of FA(A/2) at (z,z 4+ 1/2).
We will show that 1, — 1, as ¢ — 0, and that normalizing 1 gives the probability measure in
the statement of the lemma. For z < A /2,

x f+z+e | o—f x 1 [ftete
/ d%:/ / Lo (pae df:—/ _/ gt def(f) df.
f<x —1/2 € -2 €

f+z f+z

Note that £ — g¢9~! is decreasing on R, whence

1 [ftete
- / g7t de S q(z+ )17
€ Jf+z

By the monotone convergence theorem,

x
// dne — / P4 (1) dt.
<x —A/2

Similarly, the 75.-measure of the line segment {f=21/2,z2<f—f<z+¢e} approaches
q(z+1/2)471FA(1/2) as € — 0. So ne — n as € — 0, and J4 :==1lInll € (0,00). (For a measure
m, ||m|| denotes the m-measure of the whole space on which m is defined.) It follows that
ne/lImell = n/linll, and ne/||nel is the probability measure for a random point picked according
to ;4 in Eg. U

We will also use inequality (4.3) of Lemma 4.3 in another (weaker) form, as a bound on the
normalizing factor J5:

Ji <amax ((z+A/2)%7Y |z = 1/2|197Y) + Fa(r/2)q(z + 2 /2)171
<arimax ((z+1/2)171, |z —a/2/97h). (4.5)

4.2 (u, t)-reasonable moves

We will now introduce our new definition of reasonable moves, and show that the game path is
reasonable according to this definition. For v € Tg — {¢}, let §(v) be how far from f4-optimal it is
to move to v from its parent u. More precisely, 6(v) := €(u, v) — fa(u) — fa(v). Note that §(v) > 0,
since it follows from (3.2) that fa(u) < €(u, v) — fa(v) for any v.

Definition 4.1. We say that a (finite or infinite) path P = uuyu; . . . away from the root is (u, t)-
reasonable if Zlﬂl 8(ui) <t and §(u;) =0 whenever |u;| is odd. In other words, a path is

(u, t)-reasonable if Alice’s moves are fo-optimal and Bobs deviations from fa sum to at most t.

Lemma 4.5. The game path (when Alice plays according to fo and Bob according to fg) is (¢, 21)-
reasonable.
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Proof of Lemma 4.5. Let P be the game path. Pick any length 2 subpath (1 — v — w) C P, such
that u is at even distance from ¢.

Since u is at even distance from the root, it will be Alice’s turn to move from u. She will choose
the f4-optimal move, i.e. she will move to a child v of u such that f4(u) = €(u, v) — fa(v). In other
words, 8(v) = 0. This move may or may not be fg-optimal, but fp(u) < €(u, v) — fp(v) regardless.
Thus8

Ja(u) = fp(u) = [(u, v) — fa(W)] = [€(u, v) — fp(W)] =fp(v) — fa(v),

Then it will be Bob’s turn to move from v. He will choose the fz-optimal move, i.e. he will move to
a child w of v such that fg(v) = £(v, w) — fg(v). This move may or may not be f4-optimal, but by
the definition of § we have that f4 (v) = £(v, w) — fa(w) — §(w). Thus

fB(V) = faw) = [€(v, w) — fp(W)] — [£(v, w) — fa(w) — 8(W)] = fa(w) — fp(w) + &(w),
and together with the move u — v and the fact that §(v) = 0, this gives that

Ja(u) — fo(u) = fa(w) — fp(w) + 8(v) + 8(w).
Let ¢ =up — u; — up — - - - be the game path P. Pick n € N such that 2n < |P| (P might be
infinite, in which case we just pick any n € N). If we repeat the argument above with (u, v, w) :=
(u2i—2, Uzi—1, tz;), for all 1 < i< n, we get that
fa(@) — fp(@) = fa(uz) — fp(uz) + 6(u1) + 8(u2)
> fa(us) — fp(ug) + 8(u1) + 8 (u2) + 8(u3) + 8(ua)

2n
> faluzn) — fo(uzn) + ) 8(uy).

i=1
Since [fal, |fg] < 1/2, this implies that

2n
Z 8(u;) < 2.
i=1

Recall that §(u#;) = 0 for odd i, whence
k
Z 8(u;) <21 foranyk <|P|.
i=1
Taking the supremum over such k, it follows that
|P|

Z 8(u;) < 2. O
i=1

Let A¢(u) be the union of all (u, t)-reasonable paths. The crucial property of A¢(u) is that the
event {w € A(u)} is determined by the first |w| generations of Tg together with vertex labels given
by fa. In other words, this event is independent from the descendants of w. The event {w € P}, on
the other hand, depends on both f4 (v) and fg(v) for v descendants of w, and we do not even know

a priori if f3(v) is determined by any finite subtree of T7.
But our aim is to bound E|P|, and since P C A, (¢) it suffices to bound E|A3; (¢)]. We will
work with k-level truncations A]t‘(u) := A¢(u)(k, 1), and recursively bound the expected value of

8A similar argument is used in [14, page 1076] to show that the difference fy (11) — fp(u2) is monotone in k.
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|Alt‘(u)|. Conditional on f4(u), the distribution of Alt‘(u) is the same for every u at even distance
from the root, so we let

Rz) =E[|AK@®)| | fa(¢) =zI. (4.6)

We are now ready to state the following proposition, which essentially says that the tree of
reasonable paths is finite almost surely.

Proposition 4.6. There exists a family of continuous functions (V¢)iejo21] on A such that
R*(2) < Y1(2) forall z€ A, t € [0,21], and k € N, and satisfying sup, , ¥(2z) < co. In particular,
E|A2.(@)| < sup, V2, (2) is finite.

4.3 Linear operators

To prove Proposition 4.6 we will need the following lemmas concerning certain linear opera-
tors. These operators relate functions of the form z+— E[e | f4(u) =2z] to z+—> E[e | fa(v) =z],
whenever # — v is an f4-optimal move.

Recall that

Ja = qlz + 1/2)1 Fo(h/2) — / qz+ 0T Fy(n) dt
A

is the measure of the diagonal line {¢{ — f =z} in the {f-square, according to the measure from
Lemma 4.4.

Lemma 4.7. Let the positive linear operator Ly on C(A) and the function Iy: A — [0,1] be

defined by
Ly DO o
A
Ix(2) = M (4.8)
A

on (— A/2,A1/2), and by their continuous extensions at A /2. Let Lg and Ip be defined similarly.
Let u, v be such that ¢ — u— v are fo-optimal moves. Then the following holds:

(Lp o LOR{(2) = E[ AT ()] | fa(@) =2]. (4.9)
Furthermore, 1 satisfies these properties:

(i) Ia is continuous,
(ii) Ia(z) <1 forze[—Ar/2,1/2), and
(iii) Ia(=£ A/2) are well-defined by continuous extension.

Analogous statements hold for Ip.
Lemma 4.8. ||[Lgo L4l <1, where || - || is the operator norm given by the co-norm on C(A).

Proof of Lemma 4.7. Assume that the moves ¢ — uand u — v are f4-optimal. Let Z, := (fa(v) |
fa(u) =z), and consider E[| Alf(v)| | fa(u) = z]. Since (by definition)

RE(2) = E[|AFW)| | fa(v) =2,
we can write

E[lAKW)| | fa(w) = 2] = ERK(Z,).
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First, note that the operator that takes a function g to z+— Eg(Z;) is linear: For any fixed z, the
mapping g — Eg(Z;) is a linear functional, so the function z + Eg(Z;) depends linearly on the
function g.

Now let us use the distribution of Z, given by Lemma 4.4 to calculate IER’; (Z;). Integrating over
A gives that

ERkz,) — 1T M EAG/2RIG/2) + [} RES)PA() ds
! @ Z .
Ji

Note that R¥(3/2) =0, since Alice’s optimal move from a vertex with game value /2 will be to
quit immediately. Thus

ERK(Z,) = /A RECHOA(F) df /7,

which equals LAR’f(z) by (4.7). Note also that p3 (¢), p5(t), J3 and Jj are positive for all z, t, so the
operators Ly, Lp are positive. Applying the same method one more time gives the desired result
for the first part of the lemma. For the second part, we verify that (i)-(ii) hold.

(i) The non-negative term f A 04(t) dt is continuous in z by Lemma 4.3, and so is the positive term
qz+ X/ 2)971F4(1/2). Hence both the numerator and denominator of (4.8) are continuous, and
the denominator is non-zero, so I is continuous.

(ii) Both q(z + A/2)41F4(1/2) and fA p4(t) dt are positive and finite for |z] < A /2, so I4(z) <1
for such z.

(iii) Using (4.3), we see that for z near —4/2,

O((z+ 1/2)*171)
(z+1/2)171 + O((z + A/2)%171)

so that lim,_, _; /> Ia(z) = 0. Near 1/2,

INAGE: L (1 N INAGE: )1
PIIEA(M/2) +0(1) + [, p5(D dt @97 1Fa(3/2) 4 o(1)

Ix(2) = =0((z+ 1)),

Ix(2) =

so lim,_, /2 1a(2) will exist if lim,_, ; /> f A 04 (1) dt exists (even if the latter limit is infinite).
The singularity of p% (¢) at t = —z moves as z — A /2, so we will instead work with the translate
p3(t —z+ 1/2) which has its singularity at —A /2 for all z. Note also that

/pj(t)dt:/ pa(t —z+1/2)dt,
A A

as the support of p is [ — z,A/2] € A, and translating by —z + A /2 gives a function with support
[ —A/2,z] € A. By (4.2), we have that

ag(t+r/2)%172 <0,

Zt—z4+r/2)=qgt+1/2) TV F,(t—z+1/2) <
palt —z+1/2)=q(t+1/2) Wt —2z4+1/2) {K»O,

for some constant K and all z sufficiently close to A/2. Thus we have an upper bound on pZ (t —
z+ X/2) which is independent of z. For g > 1/2, this upper bound is integrable, and by dominated
convergence it follows that

lim pg(t—zﬂ/z)dt:/ lim pj(t—z+)»/2)dt:/ P22 (t) dt < 0.
z—>1/2 J A A Z—MA/2 A
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Hence lim, ;> fA p4(t) dt exists (and is finite) for g>1/2. For g<1/2, we use (4.1) of
Lemma 4.3 to lower-bound —F/ (1),

—F, (1) > Ea()Fg(A/2)q(t + A/2)T ' > K- (t 4+ 1/2)17!

for some K’ := qe‘”q > 0, whence
/ P35 (1) dt:f q(t+2)171 - (= F\(t)) dt >1<’q/ (t+2)7 Mt +2/2)T7 " dt.
A A A

The right-hand side goes to 0o as z — A/2, since the singularity (¢ + A/2)?172 is not integrable.
We conclude that lim,_,; fA p3(t) dt exists for all g (finite for g > 1/2, infinite for g < 1/2),
hence I4(1/2) is well-defined. O

Remark 4.1. It follows from the proof of the previous lemma that I, (1/2) = 1 for g < 1/2, while
In(A/2) < 1for g > 1/2. This implies that statement (i) in Section 3.3 is true only if g > 1/2.

Proof of Lemma 4.8. Ly is a substochastic operator,” and to be able to fully leverage this property
we will factorize it into a stochastic operator that has almost all the structure of L4 and a sub-
stochastic operator that is also a diagonal map. Start by defining the kernel «% (¢), as o normalized
for (z,t) € (— A/2,1/2)%

()= LA (4.10)

NGO
Using this kernel, we write Ls (h)(z) as f A Ta(@)h(t)ic; (t) dt. The factor I4(z) does not depend on
t, so it can be factored out of the integral. We can therefore write L4 as the composition of the
operators Sy and Dy, defined by

Sa(h)(z) :=/ h(t)x5 (¢) dt, (4.11)
A

Dy (h)(z) :=14(2) - h(2). (4.12)

For any function h, sup, Sa(h)(t) < sup, h(t), so ||Sall < 1. Similarly, ||Sg|| < 1. In order to show
that |[Lg o La|| < 1, we factorize Lg o L4 into Dg o Sgo D4 o Sa. It then suffices to bound ||D4],
|Dg]| or ||Dp o Sp o D4 || away from 1, since by the definition of the operator norm and using that
[1Sall, IS8l < 1, we have

Lo Lall < [Dp o Sp o Dall < IDall - IDall-

The proof of the lemma will be divided into two cases, depending on whether or not In(1/2) =
Ig(A/2)=1.

Case 1. In(A/2) < lorIp(r/2) < 1. Assume without loss of generality that I4(1/2) < 1. Then
I4(z) < 1 for all z. By Lemma 4.7, I4 is a continuous function on a closed interval, so it attains
its supremum 7, which must be less than 1. Thus |D4|| <7 < 1.

Case 2. I4(1/2)=1Ip(L/2)=1. DpoSpoDy is an integral operator with kernel given by
Ig(s)I4(t)kg(t). In order to show that this integral operator has norm less than 1, we will bound
the integral of its kernel along the line s = z, where z € ( — A/2, 1 /2] is arbitrary but fixed. (We do
not need to consider the case z= —X/2, since Ig( — 1/2) < 1.)

hp positive linear operator T given by T(h)(z) := [ h(t)k(t, z) dt is said to be stochastic if [ k(t,z) dt =1 for every z and
substochastic iff Kk(t,z) dt <1 for every z.
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We have a good upper bound on I, and Ig on any closed set not containing z = A/2; in par-
ticular, on [ — 1 /2, 0]. We therefore bound the total mass of  on [0, A/2]. Since Ip(1/2) = 1, we
know that [, pf(t) dt — oo asz— /2. But

)2
/ o5t dt <grT"! foranyz,
0

1/2

SOO

Kk5(t) dt must vanish as z — A /2. Hence there exists 0 < # < A/2 such that, for all z > 6,

0
/ kg(t) dt > 1/2. (4.13)

—Z
By (ii) of Lemma 4.7, we can find § > 0, such that when t < 0 we have
In(t)<1—48 and Ip(t)<1-—34. (4.14)
Then, for —1/2 < z < 6, we apply the bound to Ip to get

4.14
f I5(2) L4 (OKE(D) dt<13(2)~/ 21—,
A A
while for 0 <z < 1/2 we apply it to Iy:

0 .13)

22
/ I ea) dt 2P / (1 — 8)icE(t) dt + f a1
A 0

—Z
This means that the weight along each line of Dg o Sgp o D4 is at most 1 —§ when z <6, and at
most 1 — §/2 otherwise. So in either case, ||[Dg o Sgo Da|| <1 —8/2.

We conclude that ||Lg o L || < max (z,1—48/2) < 1. O

4.4 The game finishes in finite time

Armed with Lemmas 4.3, 4.7 and 4.8, we can proceed with the proof of Proposition 4.6.

Proof of Proposition 4.6. We will use the fact that the positive operator L:=Lp o L4 is a con-
traction (i.e. ||L|| < 1) to construct suitable ¥;. Let 1: A — R denote the function with constant

value 1. We define the functions v, (for any ¢ € [0, 21] and some large constants K, m > 0 to be
determined later) by

Yi=Kexp (mt)- Y LF1. (4.15)
k=0

By Lemma 4.8, ||L|| < 1, so the above series is absolutely convergent, whence for all z € A
W 1
S Kexp(mt) 1—|L|’

Because the series is absolutely convergent, we can apply the operator L to v; by applying it term-
wise to the sum in (4.15):

(4.16)

Lyn(z) =K exp (mt) - Y L¥1(2) = Yu(2) — K exp (mt). (4.17)
k=1

Crucially, Ly is less than v, and with a sizeable margin. We will do induction on even k to
establish the main claim, that

RE(z) :=E[|AF| | fa(d) = 2] < ¥i(2).
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For z = A /2 this is trivial, since there is no f4-optimal move from ¢ when f4(¢) = A/2 and hence
R%k()»/Z) = 0. We therefore fix some —A/2 <z < 1/2 and 0 <t < 2A, and consider the first two
moves of the game conditional on f4(¢) = z.

Let ¢ — u be the fy-optimal move, which exists since z < A/2. Let u — vy be the f4-optimal
move from u, if such ug exists. Otherwise, add a dummy vertex uo without descendants.

Assume there are N of Bob’s move options from u that are sub-optimal with respect to f4 but
within  of being f4-optimal. Let v;, 1 < i < N, be the vertices those moves lead to, t; := §(v;), ¢;
the cost of the edge (u, v;), and let f; := f4(v;). By assumption, ; < t for all 1 <i < N. Note that #;,
v, fi and N are random functions of z.

For the base case k = 2, the children of the root in AZ(¢) are the f4-optimal moves (by defi-
nition), and there is almost surely at most one such move (u). Its expected number of children,
conditioned on any value of f4 (1), is at most 1 + A4, so R% <2+ 21 Welet K =2(2 + A1), so that
R? < K/2 < y, establishing the base case.

Next, assume Rf < Y for some even k > 2 and all 0 < s < 21. We want to show that R]t‘Jr2 < Yy
as well, and to do that we will bound the expected size of A]frz. The tree Af“ can be written as
an edge-disjoint union of copies of A in the following way:

N
AFH@) = AH@) U Af(vo) U J AF (). (4.18)
i=1
Note that the trees A’t‘(vo) and Af_ti(vi), 1<i<N, are independent conditional on
fa(vo), fa(v1), . . ., fa(vn). We already have a bound for Af(q&), and we continue by bounding the
conditional expected sizes of Af(vo) and Ufil Alf_t,-(Vi)- For A'f(vo), by the definition of Rf and
Lemma 4.7,
E[|Af(vo)| | fa(¢) = 2] = L(R})(2)
< L(¥¢)(z), since L is a positive operator

417 Yi(z) — K exp (mt). (4.19)

Next we bound the expected size of the union of the trees A’fﬁti (vi). To do this we condition first
on the random variables N, f; and ¢; and then on the event f4(¢) = z, so that the first conditional
expectation is itself a random variable:

N
E [ U Af_, ()| 1 fa(@) =z] =F |:IE |:

i=1

N

=K {Z R, (f) | fa(®) = z] : (4.20)
i=1

since the subtree rooted in v;, conditional on f4(v;), is independent of f4(¢). By the induction

hypothesis with s =t — ¢;,

N

Ak,

i=1

|N)tl’ﬁ>1<l<N:| |fA(¢):Z:|

N N
SORE (DY)
i=1 i=1
Let o4 be the Poisson random measure generated by 14 (i.e. the counting measure of the points
of the Poisson point process with intensity (14). It is a sum of Dirac measures, each corresponding
to a point in the £f-square. Among these points, (¢;, f;), 1 <i < N, are exactly those that lie in the
diagonal strip

D:={l,f):z<l—f<z+1t}.
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Note that for any bounded 114 -measurable function h, we have that E[ f hdoa]l = f hdua (which
can be seen by approximating h by simple functions). The expression (4.20) is then at most

N
E o —z|=E () doa(t,
[;wt W) Lfa(6) z] U/Dmt s () o f)}

_ / /D Vs e () dpa(e.f)

(426) // Kexp (m(z+t—£+f))
I 1— L]l

dua(t,f) (4.21)

The integrand is constant along diagonals ¢ — f = x for fixed x € (2, z 4 t]. Recall that the one-
dimensional measure of such a diagonal is J;. Integrating along these diagonals first, we see that

Z+t
(4.21) < . / Ji exp (m(z +t — x)) dx
1—|LIl J;
4.5 K t zHt
< %&ﬂ”) . oard [(x4+21/2)T 4 |x— /21971 exp (m(z — x)) dx
- z
< Kexp (mt) - ey (4.22)

for some &, which goes to zero as m — oo, and does not depend on k, t or z. We now have a
bound on the expected size of each term in the right-hand side of (4.18). The bounds from (4.22)
and (4.19) give that

R (2) =E[|A%<¢>| AT+ Y IAL 0l | fa(@) =z}

< (K/2) + (Yr(2) — K exp (mt)) + (K exp (mt)ey). (4.23)

Pick m large enough that ¢, < 1/2. The expression (4.23) is then at most 1;(z), completing the
inductive step. Hence R’tc < Y for all even k and all £ € [0, 2A]. O

Proof of Proposition 3.1. By Lemma 4.5, the game path P is (¢, 2A)-reasonable, and is therefore
contained in the tree Ay (¢) of all (¢, 2A)-reasonable paths. By Proposition 4.6, A, (¢) is almost
surely finite, and hence the game finishes after finitely many steps. Thus P is the finite path ¢ =
up — uy — - - - — uy for some u;. For 1 <i<N, let £; = £(vi_1, v;). Let S be the total payoft for
Alice. (The total payoff for Bob is then —S.) Alice pays €1 + €3+ - - - to Bob, and Bob pays ¢, +
€4+ - - - to Alice, until one player decides to pay A/2 and quit the game. Thus

S=—l1+b—L3---ELlyFA/2,

where the &-sign depends on whether Alice or Bob is the one to quit, i.e. whether N is even or
odd.

Claim 1. fs(¢) > —S

Proof of claim. Recall that f4 (1;—1) < £; — fa(u;), with equality if u;_; — u; is f4-optimal (which
is always the case if i is odd). Using these inequalities along the game path P gives us

N
fa@) =01 —falu) 2 — b+ falup)=--- 2 Z (— D+ (= DNfa(un).

i=1
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If N is even, then Alice is the one that quits, which she would only have done if f4 (un) = A /2.
In that case

N N
S=—=1/24 Y (= Diti=—falun)+ Y _ (= 1)t

i=1 i=1
If on the other hand N is odd, then Bob is the one that quits, and (as for every vertex) fa (un) < 1/2.
Hence

S=2/2+ ) (= Dii>faun)+ Y (=1t

i=1 i=1

In either case
N
—S<Y (= D)+ (= DNfalun) <fa@). O

i=1

By symmetry (reversing the roles of Alice and Bob in the proof, and § instead measuring how
far Alice deviates from what is fg-optimal) we also have that —fg(¢) > S. Thus f4(¢) = —S > fp(¢).
But by the choice of f4 and fg, we know that f4(¢) < fz(¢), so we have that f4(¢) = fp(¢). For any
other u € V(Tg), the subtree rooted in u has the same distribution as the whole Tg, so a similar
argument gives that f4 (u) = fg(u). Hence fo = fp. Since f4 and fp are the maximum and minimum,
respectively, in the lattice ordering of all valuations, this implies that the valuation is unique. [J

We end the paper by giving the deferred proof of Lemma 4.3.

Proof of Lemma 4.3. Let G be the class consisting of all non-increasing functions G: A — (0, 1]
which satisfy G( — 1/2) = 1. Recall that V is the non-linear operator defined by

V(G)(2) = exp<— /A gz + T Gt) dt).

We will find the derivative of V(G) for any G € G, and then show that F4, Fp € G. Since F4 = V(Fp)
and Fg = V(F,) [14, page 1077], this will give us the derivatives F} and Fj.

Claim 2. V(G) CG.
Proof. For any function G: A — R, we have that V(G)( — A/2) = 1, because
V(G)(— A/2) = exp (- /A a(— 212+ 077G dt>
and (— A/2 + l‘)ff1 vanishes for all t € A.
Now picka G € G. Note first that V(G) is non-increasing since G is non-increasing and positive.

Furthermore, G > 0 implies V(G)(z) < 1, and similarly G < 1 implies

V(G)(z) > exp (— /A q(z+ t)fzfl dt)) >exp(—21)>0.

Thus V(G) € G, and the claim follows. O
Claim 3. F5,Fgpe g

Proof. First note that F4 and Fp are non-increasing by definition. Next recall that F4 = V(Fp),
Fp = V(F4) and that V(G)( — A/2) =1 for any real-valued function on A, whence Fao( — A/2) =
Fp(—A/2)=1. O
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Since any G € G is bounded and monotone, it has bounded variation. We can therefore inte-
grate with respect to the measure dG, in the sense of a Riemann-Stieltjes integral. However,
Riemann-Stieltjes integration is usually defined for non-decreasing functions rather than the
non-increasing function G here, and we must be careful with how Riemann-Stieltjes treats the
endpoints of A. We therefore let G be defined by G:=1—Gon[—1/2,A1/2) and G(A/2):=1,
and work with dG rather than dG.

Claim 4. For any G € G, V(G) is differentiable on the interior of A, with derivative given by

A v(6)2) = Vo)) - / gz + 0T dG(). (4.24)
dz A

Proof. To verify (4.24), start by integrating fA q(z+ t)i_1 dG(t) from z = —X/2 to x (for some x
with |x] < X/2):

x A2
_1 ~. q_l ~
qiz+ )1 dG(t) dz = / /_ gst dG(t) ds
/—,\ 2 /—,\ 2 jﬁgffgc
AJ2—x
= / gs7 1 G(x + 5) ds
0

= —In (V(G)(x)).

By the fundamental theorem of calculus, In (V(G)(2)) is differentiable, with derivative given by

d 1 -
L (VG)@) = — f ale+ 07" d5(0).
dz A
This implies that V(G) is also differentiable, with derivative given by (4.24), proving the claim. [

Claim 5. Let the function g on A be defined by
g(2):= (/2 — |2))17 L. (4.25)
Then there exists a constant a > 0 such that if G € V(G) satisfies —G' < ag, then —(V(G)) < ag.

Proof. We need to calculate (and then estimate) %V(G)(z). Since G € V(G), G is differentiable,

and therefore dG(t) = —G/(t) dt for t in the interior of A. However, G also has a point mass at A /2,
so for any t € A we have that

dG(t) = —G'(t) dt + G(r/2) d8; )2 (1),
where 8y is a Dirac measure at x. Substituting this expression for dG in (4.24),
diZV(G)(z) =—-V(G)(z) - <q(x 24+ 2)171G(r/2) — /A q(z+ t)?[l G'(t) dt). (4.26)
The integrand on the right-hand side of (4.26) has a singularity at t = —z, while the function g has
a singularity at t = A /2. For some positive parameter r < min (1 /4, 2~%/9), we will deal separately

with two cases: when these singularities are within 2r of each other, and when they are further
apart. We will establish that the following inequality holds in both cases:

d
- V(G <g() 29+ 4ar?) +qri~! forallz, (4.27)
z
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from which it follows that

_dizV(G)(z) <a-g(z) forallz

by picking some a > max (8g, A/1).

Case 1. —1/2 <z < —A/2+ 2r. We apply the bound —G'(t) < a - g(¢), and use the fact that the
resulting integrand is symmetric around t = —z/2 4 A /4:

_/ G/(t)ﬂ(zﬂﬁ_ldféaf Q02— T 2+ 0T dr
A A

z/2+A/4
<2a(z/2 4 1 /4)T7! / gsT! ds
0

=22"2g(z 4 1/2)%7! (4.28)
< 4darig(z). (4.29)
We will later be using the tighter bound in (4.28), but for now (4.29) suffices. Again using (4.26),

this gives a bound on %V(G)(z):
d _
_d_zV(G)(Z) <G(z) - (G(r/2) - q(n/2 + z)‘i ! + 4arlg(z)) < g(z) - (q + 4ar)
which is less than the bound from (4.27).
Case2. —A/2+2r <z< A/2. We use thebound —G'(t) < a-g(t) for —z <t < —z+1:

/2
— / GM)-qz+0T " dt < / ag(t) - qz+ 1) dt — / G'(t)-qlz+ )T ' dt. (4.30)
A —z

—z+r

—z+r

If g(t) is larger than g( — z), for —z < t < —z 4+ 1, it can be at most twice as large, since g is increas-
ing fastest at /2 — 2r and g(A/2 — r) < 2¢(A/2 — 2r). Hence the first integral on the right-hand
side of (4.30) is at most

—z+r
/ 2¢(—2)-q(z+ NIl dr < 2¢(z) - 14, (4.31)
—z
while the second integral on the right-hand side of (4.30) is at most
2/2
— / G(t)-qritdt < qr1™?, (4.32)
—z+r

since q(z + 19 lisa decreasing function in ¢. Putting (4.31) and (4.32) together with (4.26), this
gives us that —dilz V(G)(z) is at most

V(G)(2) - (G(A/2)q(A/2+2)T ! + 2a -g(2)rl + gri1 < 2¢(2) - (q + ar®) + gri 1,
which is also less than the bound from (4.27). O

Claim 6. —F), —Fp < ag (inequality (4.2) in the statement of the lemma).
Proof. Note first that F4, Fg € V(G), whence they are differentiable by a previous claim. Let

Gi(z):=1for all z€ A, and Gy := V(Gg). Then G; € G, and by induction G € G for all k > 1.
We know by [14, page 1077] that for any z € A, Gyi(z) /' Fa(z), and similarly Gy41(2) \( Fp(z).
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A is compact and F is continuous, so by Dini’s theorem G,; — F4 uniformly. But since F4 is
differentiable, uniform convergence of Gy implies G}, — Fj. Similarly, G} | — Fpas k — oo.

Noting that —G}(z) =0 < ag, and — Gk(z) <ag => Gk _H(z) < ag, by induction —G}C(z) <ag
for all k. Since G}, — F,, we have that —F), < ag, and similarly —F}, < ag. O

The next step is to show that f A P4(t) dt is continuous in z on (—A/2,1/2). (Recall that

P4 (1) :==—q(t + z)i_ng(t).) It suffices to show that it is continuous on any closed sub-interval
IC (—A/2,A/2).Since |F)| is bounded by K; := sup,; ag(t) < oo on I, for any x, y € I we have
[Fa(x) — FA()| <Ky~ |x—yl. (4.33)

We will let e:=,/|x—y|— 0. Suppose (without loss of generality) that x <y and
[x — &,y + €] 1. We estimate the difference

r/2 A/2
’/ qlx+ )T 1F, (1) dt—/ qly + T E, (1) dt'
-
“. 33) —x+£ r/2
' Kr-qx+ )71 dt +q‘/ (x+ 01— (y+ T HF, (1) dt
—y+e

A2 ‘

<2Kpe1+2x—yl-q(1 —q)- ‘/ (y+ 1)1 2 F,(t)dt
~—— —yte ————
<e? <el2

=0(e1).

Hence fA p3(t) dt is continuous in z, and so is F.

To establish the bound (4.3) for f A P4(1) dt, we use —F), < ag. Then Fy satisfies the conditions
necessary for (4.28) to hold for z near —A/2 with G = F4. For other z, note that the integrand is
at most —Fj(z), for which the weaker bound ag suffices. In other words, for some constant b and
any —A/2 <z < A/2, we have that

/ 05 (1) dt < bmax (/2 —2)17 L, (z+ A/2)%71).
A

Finally, for z>21/2, note that (z+1)47'<(z—1/2)1"!, whence [, p5(H)dt is at most
q(z — A/2)77L. Setting o« = max (a, b, q) gives the desired result. O
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