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Abstract

In this paper, we consider a delayed discrete single population patch model in advective environments. The individ-
uals are subject to both random and directed movements, and there is a net loss of individuals at the downstream
end due to the flow into a lake. Choosing time delay as a bifurcation parameter, we show the existence of Hopf
bifurcations for the model. In homogeneous non-advective environments, it is well known that the first Hopf bifur-
cation value is independent of the dispersal rate. In contrast, for homogeneous advective environments, the first
Hopf bifurcation value depends on the dispersal rate. Moreover, we show that the first Hopf bifurcation value in
advective environments is larger than that in non-advective environments if the dispersal rate is large or small, which
suggests that directed movements of the individuals inhibit the occurrence of Hopf bifurcations.

1. Introduction

Time delays can induce periodic solutions through Hopf bifurcations, and this phenomenon can explain
population oscillations in the natural world. Take the following n-patch single population model

du; - .
?t’=§ijuk+u_,-[a,~—b_,u,~(t—r)], j=1,---,n t>0 (1.1)

for instance. Here, u; denotes the population density in patch j, (L;) is the dispersion matrix, T is
the time delay and represents the maturation time, and a; and b; represent the intrinsic growth rate
and intraspecific competition of the species in patch j, respectively. It was shown that time delay can
induce Hopf bifurcations for model (1.1) when the dispersion matrix (Ly) =€ ([:jk) with 0 <e K 1 or
€ > 1 [8, 24]. Especially, if n =2, delay-induced Hopf bifurcations can occur for a wider range of
parameters [31].

The species in streams are subject to both random and directed movements. For example, the follow-
ing Figure 1 represents stream to a lake, and the diffusive flux into and from the lake balances. Therefore,
the flux into the lake at the downstream end is only the advective flux, and one can refer to [34, 35, 49]
for more biological explanation. For the river network illustrated in Figure 1, the dispersion matrix (L)
in model (1.1) takes the following form:

(Ly) =dD + qQ. (1.2)

Here, d and ¢ are the random diffusion rate and drift rate, respectively; and D = (D;) and Q = (Q;)
represent the diffusion pattern and directed movement pattern of individuals, respectively, where
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Figure 1. A sample river network.

1, j=k—1lorj=k+1,
-2, j=k=2,---,n—1,

Dy = (1.3)
-1, j=k=1,n,
0, otherwise,
and
1, Jj=k+1,
OQw=1-1, j=k=1,--- ,n, 1.4)
0, otherwise.

The population dynamics in streams have been studied extensively, and it can be modelled by discrete
patch models or partial differential equations (PDE) models. It is well known that the stream flow takes
individuals to the downstream locations, which is unfavourable for their persistence, see, for example,
[35, 36, 45, 49] for PDE models. The directed drift is also a disadvantage for two competing species,
and to win the competition, the species need a faster random movement rate to compensate the net loss
induced by directed movements, see, for example, [3, 13, 35, 36, 53] for PDE models and, for example,
[6, 22, 25, 26, 42] for discrete patch models. A natural question is:

(Q1) Whether model (1.1) undergoes Hopf bifurcations with (L;) defined in (1.2) and how directed
movements of individuals affect Hopf bifurcations?

We remark that d and g are normally not proportional, and consequently results in [8, 24] cannot apply
to this type of dispersion matrix.

In this paper, we aim to answer question (Q;) and consider the river network illustrated in Figure 1.
To emphasise the effect of directed drift, we exclude the effect of spatial heterogeneity, and let
a=---=a,=aand by=---=b,=0> in model (1.1). Then model (1.1) is reduced to the following
form:

n

Z k—i—qQ]k uk—i-u(a—bu(t—r)) t>0, j=1,--- ,n, (L5)

u(r) = 1ﬁ(t) >0, re[—r,0l],

where n > 2 is the number of patches, d and g are the random diffusion rate and drift rate, respectively,
D = (Djy) and Q = (Qy) are defined in (1.3) and (1.4), respectively, and parameters a, b, T > 0 have the
same meanings as the above model (1.1).

Our study is also motivated by some researches on reaction—diffusion models with time delay. One
canreferto [1, 2,9, 12, 19, 20, 23, 46, 50, 51] and [7, 11, 27, 30, 33, 38, 41, 47] for reaction—diffusion
models without and with advection term, respectively. The following reaction—diffusion model with time
delay
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uy=duy — qu,+u(@—bu(t—1)), x€(,0), t>0

cAz'ux(O, 1) — qu(0,1) =0, t>0 06
du,(l, ) — Gu(l, ©) = — Bau(l, 1), 10 '
u(x, t) =¥, 1) >0, xe(0,0), te[—1,0]

models population dynamics in streams, where 8 > 0 represents the loss of individuals at the down-
stream end. Actually, model (1.5) can be viewed as a discrete version of model (1.6) with 8 = 1, which
describes streams into a lake at the downstream end. Divide the interval [0, /] into n + 1 sub-intervals
with equal length Ax=1/(n + 1), and denote the endpoints by O, 1, - - - , n 4 1. Discretising the spatial

variable of the first equation of (1.6) at endpoints j =1, - - - , n, we obtain the following equation:
du/' AU — 21/!/ + Ui AU — Uy .
— =d- : —q- +uj(a—bu(t—1)), j=1,---,n, 1.7
d (Axp 1Ty Twlasbuyt=1) J 8 (1.9

where u;(¢) is the population density at endpoint j. Let d = d /(Ax)? and g = g/ Ax. Then we obtain (1.5)
from (1.7) forj=2,--- ,n — 1. At the upstream end, we discretise the no-flux boundary condition and
obtain that

d(uy — uy) — quy =0. (1.8)

Plugging (1.8) into (1.7) with j = 1, we obtain (1.5) for j = 1. Similarly, discretising the boundary con-
dition at the downstream end with 8 = 1, we have u, = u,,. Plugging it into (1.7), we obtain (1.5) for
j = n. The above discretisation for model (1.6) with T = 0 can be found in [10, 34], and here we include
it for the sake of completeness.

For the non-advective case (g = 0), model (1.6) admits a unique positive steady state u = a/b, and
it was shown in [40, 52] that large delay can make such a constant steady state unstable and induce
Hopf bifurcations. If d and g are proportional with g # 0, delay-induced Hopf bifurcations can also be
investigated. Letting it = e~ Dy and 7= dr, model (1.6) can be transformed as follows:

it = e (e ity), + rit (a — be™u(f — 7)), x€(0,0), 1>0,
(0,9 =0, i>0, (1.9)
i, (1,7) = —BAil, >0,

where A =d /q, r= 1/21 and 7 = dr. For the case of B =0, it was shown in [11] that delay can induce
Hopf bifurcations for model (1.9) if r <« 1, which implies that delay-induced Hopf bifurcations can occur
if d and g are proportional and both large for the original model (1.6). To our knowledge, the case that d
and g are not proportional is also unknown for model (1.6). Our study on question (Q,) also solves this
problem in a discrete setting.

The main results of the paper are summarised as follows. It is well known that large delay can induce
Hopf bifurcations for model (1.5) if the directed drift rate ¢ = 0 (the non-advective case), and the first
Hopf bifurcation value is t,,, = 7 /2a, which is independent of the random diffusion rate d (Proposition
5.1). In contrast, if g # 0 (the advectlon case), the ﬁrst Hopf bifurcation value t,, depends on d and
is strictly monotone decreasing in d € (d3, 00) with d3 > 1 (Proposition 5.2). Moreover, we show that
Tuay > Tpon for d > 1 or d <K 1 (Propositions 5.2 and 5.3), which suggests that directed movements of
the individuals inhibit the occurrence of Hopf bifurcations. The comparison of Hopf bifurcation values
between non-advective and advective cases is illustrated in Figure 2. Moreover, we obtain that the total
population size is strictly increasing in d € [, co) with § > 1 (Proposition 2.6 and remark 2.7).

For patch models in homogeneous non-advective environments, one can refer to [16-18] for the
framework of Turing and Hopf bifurcations, see also [4, 15] for cross diffusion-induced Turing bifur-
cations and [5, 32, 39, 43, 44, 48] for delay-induced Hopf bifurcations. For homogeneous advective
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Figure 2. The comparison of Hopf bifurcation values.

environments, one cannot obtain the explicit expressions for the positive equilibria. This brings some dif-
ficulties in bifurcation analysis, and we overcome them by constructing equivalent eigenvalue problems
in this paper.

The rest of the paper is organised as follows. In Section 2, we give some preliminaries and obtain some
properties for the unique positive equilibrium u, of model (1.5). In Section 3, we study the eigenvalue
problem associated with the positive equilibrium u, for three cases. In Section 4, we obtain the local
dynamics and the existence of Hopf bifurcations for model (1.5). Finally, we show the effect of drift rate
on Hopf bifurcation values and give some numerical simulations in Section 5.

2. Preliminary

We first list some notations for later use. Denote 1 =(1,--- ,1)” and define the real and imaginary
parts of u € C by Rep and Zmpu, respectively. For a space Z, we denote complexification of Z to be
Zc = {x; + ix;]x;, x, € Z}. For a linear operator T, we define the domain, the range and the kernel of
T by AT), Z(T) and MT), respectively. For C", we choose the inner product (u,v) = Z};l uv; for
u,v € C" and denote

" 12
2
Julloe = max o], ||u||2=(§ |u,-|) :

Jj=1

Foru = (uy,--- ,u,)" € R", we write u > 0 ifu;>0forallj=1,--- ,n. Forann x nreal-valued matrix
M, we denote the spectral bound of M by:

s(M) := max{Repu : u is an eigenvalue of M},
and the spectral radius of M by:
p(M) := max{|u|: u is an eigenvalue of M}.

An eigenvalue of M with a positive eigenvector is called the principal eigenvalue of M. A real-valued
square matrix M with non-negative off-diagonal entries is referred to as the essentially non-negative
matrix. If M is an irreducible essentially non-negative matrix, then there exists ¢ > 0 such that M + ¢l
is an irreducible non-negative matrix. It follows from [28, Theorem 2.1] that
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(i) p(M +cl) is positive and is an algebraically simple eigenvalue of M + cI with a positive
eigenvector.

(i) p(M + cl) is the unique eigenvalue with a non-negative eigenvector.
By (i), we have s(M) + ¢ = s(M + cI) = p(M + cI), and consequently, s(M) is an algebraically simple
eigenvalue of M with a positive eigenvector. By (ii), we see that s(M) is the unique principal eigenvalue

of M.
Consider the following eigenvalue problem:

D dDudi+ Y qQubi+ad;=rgy, j=1,--- .n, @.1)
k=1 k=1

where (Dj) and (Qy) are defined in (1.3) and (1.4), respectively. Since dD + gQ + al is an irreducible
and essentially non-negative matrix, it follows that (2.1) admits a unique principal eigenvalue A,(d, q)
with

M, q)=s(dD+qQ+al).

The global dynamics of model (1.5) for T = 0 is determined by the sign of A,(d, q) (see [14, 29, 37] for
the proof).

Lemma 2.1. Suppose that t =0. If A,(d, q) <0, then the trivial equilibrium 0 of model (1.5) is globally
asymptotically stable; if A,(d, q) > 0, then model (1.5) admits a unique positive equilibrium, which is
globally asymptotically stable.

For later use, we cite the following result from [10].
Lemma 2.2. Let A(d, q) be the principal eigenvalue of (2.1). Then the following statements hold:

(i) For fixedd > 0, A(d, q) is strictly decreasing with respect to q in [0, 00), and there exists q', > 0
such that A\(d, g}) =0, A1(d, q) <0 for g > g, and A,(d, q) > 0 for q < q;

(ii) q is strictly increasing in d € (0, 00) with lim,_,o ¢;; = a and lim,_, », ¢}, = na.

Here, we remark that Lemma 2.2 (i) follows from [10, Lemma 3.1 and Proposition 3.2 (i)],

and Lemma 2.2 (ii) follows from [10, Lemma 3.7]. The following result is deduced directly from
Lemma 2.2.

Lemma 2.3. Let 1,(d, q) be the principal eigenvalue of (2.1). Then the following statements hold:

(i) Ifq€(0,al, then M (d, q) > 0 for all d > 0;

(ii) If q € (a, na), then there exists dj; > 0 such that kl(d;‘, q)=0, Ai(d,q) <0 for 0 <d < dj; and
ri(d, q) > 0 ford > d;

(iii) If q € [na, 00), then A(d, q) <0 forall d > 0.
By Lemmas 2.1 and 2.3, we obtain the global dynamics of model (1.5) for T = 0.
Proposition 2.4. Suppose that d, q,a,b > 0 and t = 0. Then the following statements hold:

(i) Ifq €(0,al, then model (1.5) admits a unique positive equilibrium u, > 0 for all d > 0, which is
globally asymptotically stable;

(ii) If q € (a, na), then the trivial equilibrium 0 of model (1.5) is globally asymptotically stable for
d € (0, d;]; and for d € (d;‘, 00), model (1.5) admits a unique positive equilibrium u, >> 0, which
is globally asymptotically stable;

(iii) If q € [na, 00), then the trivial equilibrium 0 of model (1.5) is globally asymptotically stable.
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Clearly, u, satisfies

Z @Dy + qQpu +u; (a — bu)) =0, j=1,--- ,n. (2.2)

k=1
For simplicity, we first list some notations. Define
L=(Ly):=d:D+qQ+al, (2.3)

where d; is defined in Lemma 2.3. It follow from Lemma 2.3 (ii) that 0 is the principal eigenvalue of £
and a corresponding eigenvector is

n=(n,-- ) >0 with Y g =1. (2.4)

i=1

Clearly, O is also the principal eigenvalue of £ and a corresponding eigenvector is

A= i) >0 with ) A=1. 2.5)

i=1
Here, we remark that O is an algebraically simple eigenvalue of £ and L7, and the corresponding
eigenvector is unique up to multiplying by a scalar. Then, we have the following decompositions:

R" = span{n} & X, = span{l1} & X|, 2.6)
where
X, = (xla"';xn)TERn:ZﬁixiZO .
= Q2.7
In fact, foranyy = (y;, -+ ,y,) € R, y=c,1+ &, =c,n + &,, where

Z:‘l:l ﬁiyi
Z?:] niﬁi’

Now, we explore further properties on the positive equilibrium u,.

Clzzﬁiyi’ Elzy—cllexl, Cy = 2:y_C27]€X1.
i=1

Proposition 2.5. Let 3, §§ and X, be defined in (2.4), (2.5) and (2.7), respectively. Then the following
statements hold:

(i) For fixed q € (0, a), u, is continuously differentiable with respect to d € [0, 00), where u, = u,
for d =0, and u, is the unique solution of
a—q .
Uy, = T, qUoj—1 = —Up; (a —q— buOJ) forj=2,---,n, 2.8)
uy; >0 forj=1,--- ,n.
Moreover,
Upy < ... <Uyp; 2.9)
(ii) For fixed q € (a, na), u, can be represented as follows:
u,=(d—d) o +§,) for d>d,. (2.10)
Here, (04, &) € R x X, is continuously differentiable with respect to d € [d;, o), and for d =d,
(g, &) = (o, 0) with

 _ L Dty > 0. @2.11)

b Z;;l n;n;
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Proof. (i) It follows from Proposition 2.4 that u, is the unique positive equilibrium of (1.5), which is
stable (non-degenerate). Therefore, by the implicit function theorem, we obtain that u, is continuously
differentiable for d € (0, co). Then we need to show that u, is continuously differentiable for d € [0, d; ]
with 0 <d; < 1.

Define

dZleuk —_ qul —+ u, (a — bul)

k=1

d Z Doyt + q (uy — up) + u, (a — bu,)
H(d,u)= k=1

n

d Z anuk + q (unfl - M,,) + u, (a - bun)

k=1

Clearly, H(0, uy) = 0, where u, is defined by (2.8). Let D,H(0, u,) be the Jacobian matrix of H(d, u)
with respect to  at (0, u,). A direct computation implies that D,H (0, u,) = (h;;) with

a—q—2buy; j=k=1,---,n,
hjfk: Q7 J=k+17

0, otherwise.

By (2.8), we have -4 =1y <...<Uy,, which implies that D,H (0, u,) is invertible. Then we see

from the implicit function theorem that there exist d; > 0, and a continuously differentiable mapping
del0,d]— ud)= (), ,u,(d)" €R"

such that H(d, u(d)) =0, u(d) > 0, and u(0) = u,. Therefore, u(d) is the positive equilibrium of model
(1.5) for small d. This combined with Proposition 2.4 implies that u(d) =u,. Consequently, u, is
continuously differentiable for d € [0, 00).

(ii) Using similar arguments as in (i), we see that u, is continuously differentiable for d € (d;, o0). By
the first decomposition in (2.6), we see that u, can be represented as in (2.10), where o, and &, are also
continuously differentiable for d € (d;, 00). Then we need to show that o, and &, are also continuously

differentiable for d € [d;, d,) with 0 < d, — d; < 1.
We first show that «* > 0. A direct computation yields

n—1

Z Dyt = Z (njﬂ - le) (ﬁ, - ﬁj+1) . (2.12)

Jk=1 j=1

Noticing that 5 (respectively, #) is an eigenvector of £ (respectively, £7) corresponding to eigenvalue
0, we have

(d;; + q)(nn—l - nn) = —dany,

(d:; +‘1)(77j71 - n,-) = —an; +d:;(77j - Uj+1), j=2,---,n—1,
and

(d; + @)y — 1) = —an,,

(dy + Qs — 1)) = —an; + d; (0 — fj-1), j=2,--- ,n—1,
which implies that n;, <n, <...<mn, and 7, > 7§, > ... > 7,. This combined with (2.11) and (2.12)
yields o* > 0.
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By the definition of £, we rewrite (2.2) as follows:

> L+ (d—d) > Dy — bl =0. (2.13)

k=1 j=1
From the first decomposition in (2.6), we see that u in (2.13) can be represented as follows:

u:(d—d;)(an—i—E) for d > d. (2.14)
Plugging (2.14) into (2.13), we have

> Lk +(d—d) [Z Dy(an + &) — blam; + s,-)z} =0, j=1,--,n (2.15)
k=1 j=1
Denoting the left side of (2.15) by y;, we see from the second decomposition in (2.6) that

Y= ,y) =cl+z with c:Zﬁjyj and z € X,.

Jj=1

Therefore, y = 0 if and only if c =0 and z = 0. Since L& € X, it follows that

c=(d—d)G, and 2= (Gyp.- . Gu,)'
where
Giy(d, o, &)= Ly +(d—d) [Z Dyon; + &) — blom; + s,-f}
k=1 J=1
_(d_dZ)GZ(d’asg)y j=19"' s 1,
Gyd.a.8)=) 7 [Z Dy(amy + &) — blam; + s,-f] :
j=1 k=1
Define G(d,a,§):R?> x X; — X; xR by G:= (G, -+ ,Gy,, G,)". It follows that, for d > d;, u
(represented in (2.14)) is a solution of (2.13) if and only if (v,§)€R x X, is a solution of
Gd,a,8)=0.
Now we consider the equivalent problem G(d, «, §) =0. Clearly, G(d;,a*,0)=0. Let T (55, é ) =
(Ti1,++ > Ty T)" 1R x X; > X; x R be the Fréchet derivative of G with respect to (o, &) at (dj;, ao*, 0).

Then we compute that

TlJ' (&’é)zzcjkék’ j=1,---,n,
k=1

T, (51, é) = Z 7j (Z Dyeny — 21?05*7]_[2) a+ Z gl (Z Djkék - 2bot*n,~§,-> :
j=1 k=1 j=1 k=1

By (2.11), we see that T is a bijection from R x X; to X; x R. Then it follows from the implicit function
theorem that there exists d; > d; and a continuously differentiable mapping d € [dj; Zil] — (&,,, é d) €

R x X, such that G(d, a,, é 2 =0, and &, =a* and é 4= 0 for d=d;. It follows from Proposition 2.4
and Eq. (2.6) that the unique positive equilibrium u, can be represented as (2.10) for d > d;. Then we

obtain that oy = @,, &, = £ g forde (d;, Ell]. Therefore, «, and &, are continuously differentiable for
d € [d:, 00) if we define (. §,) = (@, 0) for d = d. O
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Now, we consider the case d >> 1. Clearly, u, satisfies
ZD_,kuk + A |:q Z Quity + u; (a — buj)i| =0, j=1,---,n (2.16)
k=1 k=1

with d = 1/x. To avoid confusion, we denote u, by u* for the case d > 1. Then the properties of u,
for d >> 1 is equivalent to u* for 0 < A <« 1. Clearly, s(D) =0 is the principal eigenvalue of D, and a
corresponding eigenvector is

1
c=(s1, -+ ,6) with gg=— forall j=1,--- ,n. (2.17)
n
Define
X]Z{(xl,"‘ ’xn)TER": ij:()}’ (218)
j=1
and R” also has the following decomposition:
R" :span{g}@)?l. (2.19)
Proposition 2.6. Suppose that q € (0, na), let u* be the unique positive solution of (2.16), and define
W=l ud), where
u](.): nan;q forall j=1,--- ,n.
Then the following statements hold:
(i) u = (u?, -, uﬁ) is continuously differentiable for 1 € [0, 1);
(ii)
n 2
, g(n+1n—1)
Z (uj‘) |A=0 =T <0, (2.20)

j=1

and the total population size Zj":l uj’\ is strictly decreasing in A € (0, €) with e K 1.
Here, ' is the derivative with respect to A and
1/d;, if q € (a,na)

oo, if qe(0,4]

with d, defined in Proposition 2.5.

Proof. (i) By Proposition 2.5, we see that u* is continuously differentiable for A € (0, A’;). Then we need

to show that u* is continuously differentiable for A € [0, il) with 0 < 5\1 « 1. From the decomposition
in (2.19), we see thatu = (u,, - - - , u,)” in (2.16) can be represented as follows:

u=rg+v with r=>Y u;eR and v€X,. (2.21)
j=1

Plugging (2.21) into (2.16), we have

Z Dyvi + A |:q Z Qi (rgi +vi) + (rgj + vj) (a —-b (rgj + vj)):| =0 (2.22)
k=1

k=1

forj=1,--- ,n. Denoting the left side of (2.22) by y;, we see from (2.19) that

y:(yl" t 7’5;;1)7“:’55 +E Wlth EZ Zy, and EG)?,.

=1
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Therefore, J = 0 if and only if ¢ = 0 and Z = 0. This combined with (2.22) implies that

T= )\.62 and EZ (61,1, BRI al,n)T P
where
E}U(A, r,v)= Z Djyvi + A |:q Z Qi (rg +vi) +a (rgj + vj) —-b (rgj + vj)2:|
k=1 k=1
A~ .
__GZ()",r’v)s ]=19"'sn9
n
(N?Z(A, r,v)= Z |:q Z Qi (rex +v) +a (rg_, + v_/) -b (rg_, + vj)2:| .
j=1 k=1
Define 5(A, r,v):R? x )71 — )71 x R by G = ((~}1,1, e ,(~;1,,,, G,)". 1t follows that, for A € [0, AZ), u

(represented in (2.21)) is a solution of (2.16) if and only if (r,v) € R x )?1 is a solution of 6()\, 7, v) =0.
Then using similar arguments as in the proof of Proposition 2.5, we can show that there exists A; > 0

and a continuously differentiable mapping X € [O, 5»1] — (r*, v*) € R x X, such that

(") = <”“b_ 4 0) and GO, ¥, v*) =0 for A € [0, 1,]. (2.23)

This combined with (2.21) implies that, for A € (0, ),
u' =r'¢+v* with ' = Z u; and v* eX,. (2.24)
j=1
Therefore, u* is continuously differentiable for A € [0, Xl] if we defined u® = r'¢.
(11) Now we compute Z, . (u,‘) /‘A:O' Differentiating (2.23) with respect to A at A =0 and noticing
that v° = 0, we have

n n 1~
DD ]t a ) Qur' st ar’s —b(Pg) = ~Ga(0.1" ") =0,
k=1

k=1

ot Z [a—2b (s + )] [P s+ )],

a> > 0[P+ ()]

=0.
j=1 k=1 j=1
Noting that 7’ = "2, (v*) € X, and G,(0, 7, v°) = 0, we have
“ na—gq na—q q
D A/ _ . — 0’
Z u(%) |A:" PP + nb n
na 9 4
Z k(V]\ A= 0 nb ; _05 =27' , 1,
(_a + ;) (rk)/‘kzo - Q(Vn / A=0 =
By a tedious computation (see Proposition 5.4 in the appendix), we obtain that
oy, = Waz et D =D -y g De=D
=0 6nb ’ =0 6b '
This, combined with (2.24), implies that
n 2
A\ AN/ q(n+1)(n—1)
Z(uj) |;\:0:(r ) |,\:0=_ 6b :
Jj=1
This completes the proof. O
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n

Remark 2.7. Note that A = 1/d. Then the total population size Z/=
indel[s,00)with§> 1.

| Uaj for (2.2) is strictly increasing
3. Eigenvalue problem

Linearising model (1.5) at u,, we have

d
z‘; =dDv + qQv + diag (a — budJ-) v — diag (budJ) v(t — 7). (3.1

It follows from [21, Chapter 7] that the infinitesimal generator A, (d) of the solution semigroup of (3.1)
is defined by:

A (Y =V (3.2)
with the domain

AA.(d)) :{\Il € C'([~1,0],C") : ¥(0) = dDW¥(0) + gO¥(0)

(3.3)
+ diag (a — buy,) W(0) — diag (bus;) ¥( — z)}.
Then p € 0,(A.(d)) (resp., 1 is an eigenvalue of A, (d)) if and only if there exists ¥ = (Y, - - - , ¥,) (#
0) € C" such that A(d, u, t)¥ = 0, where matrix
Ald, u, t):= dD + qQ + diag (a — budJ) — e "diag (bud,/) —ul. (3.4)

To determine the distribution of the eigenvalues of A,(d), one need to consider whether
0,(A.(d) N {x+iyx =0} #0.
By Proposition 2.4, we have
0¢&o0,(A.(d)) forall >0,
0,(A.(d)) C {x+1iy:x <0} for T =0.
In fact, if 0 € 0,,(A,,(d)) for some 7, > 0, then 0 is an eigenvalue of matrix
dD + qQ + diag (a — 2buy,) ,
which contradicts Proposition 2.4. By (3.4), we see that iv(v > 0) € 0,(A,(d)) for some 7 > 0 if and

only if
M(d,v,0)¥ =0
(3.5)
v>0, 0€[0,27m), ¥y(#0)eC"
admits a solution (v, 8, ¥), where matrix
M(d, v,0)=dD + qQ + diag (a — bu,;) — e “diag (bu,,) —ivl. (3.6)
It follows from Proposition 2.5 that the properties of u, are different for the following three cases (see

Figure 3):
Casel: g€ (a,na) and 0 <d —d; < 1;
CaselIl: g€ (0,a) and 0 <d K 1;
Case IIlI: g € (0,na) and d > 1.

Therefore, the following analysis on eigenvalue problem (3.5) is divided into three cases.
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na

a > Case 111

Case I1 €

0 d oo

Figure 3. Diagram for parameter ranges of Cases I-1II.

3.1. A priori estimates
In this subsection, we give a priori estimates for solutions of (3.5).

Lemma 3.1. Let (vd, 0, 1/!‘1) be a solution of (3.5). Then the following statements hold.:
d

v
d—d:

q

(i) For fixed q € (a, na), is bounded for d € (d;, d\1with0 < d, — d; L1y

(ii) For fixed q € (0, a), |v?| is bounded for d € (0, 212) with 0 < ;12 <1
(iii) For fixed q € (0, na), |v¢| is bounded for d € (213, o0) with 213 > 1.

Proof. We only prove (i), and (ii)—(iii) can be proved similarly. Define matrix o := (ij) with

d \™
E— s ‘=k=l""9 s
Qi = <d+‘1) / "

0, otherwise.

Substituting  (v,6,¥)= (14,0, %) into (3.5), and multiplying both sides of (3.5) by

(w_f‘, w_f, - 17;{) o to the left, we have
3+Xn: (a—bug) —e b o (=) e =
2 [ — OUgr) — € Ugp — 1V ] (m) [l =0,
where
S:= (V.d. -+ . ¥]) oD+ 0¥
Since o(dD + Q) is symmetric, we see that S € R. This combined with (3.7) yields

n

d k—1 . n d
v Z (m> |1/,:|2 = (sm Qd) ; bu,, <m>

k=1

k

—1
d\2
1Vl

ll2£4]l o
d

By Proposition 2.5 (ii), we see that there exists M > 0 such that

d, — dj; <« 1. This combined with (3.8) implies that
d

d—d:

q

<bM for d € (d;,d,].

This completes the proof.
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3.2. Case I

For this case, the positive equilibrium u, can be represented as (2.10). Plugging (2.10) into (3.5), we
rewrite the eigenvalue problem (3.5) as follows:

ZZ=1 ‘Cjkl/fk + (d - d;)ﬁ('ﬁ, 9’ d) - iij = O’ .]: 15 R (2

(3.9)
v>0, 6€[0,27), ¥(#£0)eC",
where L is defined in (2.3), and
fi(¥,0,d)= Z D — b(om; + &)W — e b (adn,- + gd.j) Y (3.10)

k=1

with o, and &, defined in (2.10). By (2.6), we see that, ignoring a scalar factor, ¥ ( # 0) € C" in (3.9)
can be represented as follows:

¥ =pBn+z withze Xe, B=0,
115 =B2Iml3 + B X, niz +2) + llzllz = i3,
where 7 is defined in (2.4). Then we obtain an equivalent problem of (3.9) in the following.

Lemma 3.2. Assume thatd > d; and q € (a, na). Then (¥, v, 0)solves (3.9), where ¥ is defined in (3.11)
and v =(d — d;)w, if and only if (B, @, 0,2) solves

(3.11)

FB,@,0,z,d)=0,

(3.12)
B>0,m>0,0¢c[0,27), z€ (X))
Here
FB,w,0,z,d)=(Fi,, - ,Fi,, Fs F3)"
is a continuously differentiable mapping from R® x (X))¢ x [d;, 00] to (Xi)c x C x R, and
Fiji= 3 Laz
+(d —d) [[(Bn +2.0.d) — i (Bn;+7) — F2(B.@.0.2.d)], j=1,--- .n, .

F,:= Z;-l:] l []3(1377 +z,0,d)—iw (,377/’ +Z_;‘)] >
Fy:= (B2 = DIl + 8 21, ni(z +2) + lIzll3,
where f; j=1,--- ,n) are defined in (3.10).

Proof. Clearly, F; = 0 is equivalent to second equation of (3.11). Substituting (3.11) and v = (d — dj;)w
into (3.9), we see that

Y Liz+@d—d) [f(Bn +2.0.d) —iw (Bn;+7)] =0, j=1,--,n. (3.14)
k=1
Denote the left side of (3.14) by y; and lety = (y,, - - - , ¥,)". Using similar arguments as in the proof of
Proposition 2.5 (ii), we see thaty =0 if and only F, =0and F,; =0 forallj=1, - - - , n. This completes
the proof. O

We first show that the equivalent problem (3.12) has a unique solution for d = d;.

Lemma 3.3. The following equation
FB,w,0,z,d,)=0
B=>0,@>0,0€l[0,2r], z€ Xi)¢
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has a unique solution (B8*, w*, 0*,z*). Here

teet D T
=0, =1, o= —Zj’k_”l 0, 00=2
Zj:l nin; 2

Proof. Clearly,
FIJ(ﬁ,w,G,z,d;)zo forall j=1,--- ,n

if and only if z=2z*=0. Substituting z=0 into F;(8,=,0,z2, d;‘):O, we have f=p*=1. Then
pluggingz =0 and 8 =1 into F,(B, @, 0,2, d;) =0, we have

> i [f@.0.d) —imn] =0, (3.15)
j=1

where f; j=1, - - - , n) are defined in (3.10). By Proposition 2.5 (ii), we have
F,0,d))=>" Dyni — ba'n} — e ba"n?,
k=1

where o* is defined in (2.11). Then we see from (3.15) that
Z Dy — Z ba*in; — e ba* Z nn; — io Z nf; = 0.
Jk=1 J=1 j=1 j=1

This combined with (2.11) yields

" Dy,
w=w*=M>o, h=0"="_.
Zj:l nin; 2

This completes the proof. O
Then we solve the equivalent problem (3.12) for 0 <d — d; < 1.

Lemma 3.4. Assume thatd > d;; and q € (a, na). Then there exists gll with 0 < ;11 — d;‘ < 1 and a contin-

uously differentiable mapping d v (B4, @4, 04, 24) from [d;‘, le] to R? x (X))¢ such that (By, @4, 04, 24)
is the unique solution of the following problem:

FB,w,0,z,d)=0

(3.16)
B>0,m>0,0€c[0,27), z€ (X))e
forde (]
Proof. Let P (3, av,é,é) — (i1, Py Pay Py iR x (X))o > (X)e x C xR be the Fréchet
derivative of F with respect to (8, ,6,z) at (8%, w", 6%,z d;). It follows from (3.12) and (3.13)

that
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Py (B,a&,é,z) =Zﬁjkzk, j=1,--,n,
k=1

PZ (,é, é, é,z) = Z ﬁ_/ (Z Djkzk — ba*anj + ibot*r)_/é_,- - iw_*ij + b(x*n/zé — 17)1&7>

j=1 k=1

+ ) dyiben’ f — iz B),
=1

J=
Py (B, 0.2) =2mEf+ Y n (5+5).
j=1

where we have used (2.11) to obtain P,. A direct computation implies that P is a bijection from
R x (X))c to (X))¢ x C x R. It follows from the implicit function theorem that there exists d > d;

and a continuously differentiable mapping d +— (B4, @y, 04,2,) from [d;, 21] to R* x (X))¢ such that

(Ba» @4, 64,24) solves (3.16). i )
Then we prove the uniqueness for d € [d}, d,] with 0 <d, — d; <'1. We only need to verify that if

(,Bd, o, Qd,zd) satisfies (3.16), then lim, ., (,Bd, o, Qd,zd) = (B*, @*, 0% z"), where (8", w*,0%,2")
is defined in Lemma 3.3. Since

F3 (ﬁd9 wd, eda zds d) = 07
we have
18%n +z15 = lInll>. (3.17)

Note from Lemma 3.1 (i) that ¢ is bounded for d € [d;‘, Zi]]. This combined with (3.17) and the first

equation of (3.13) implies that d]lrr[l* Lz =0, and consequently, dlir?* 79 =7z" = 0. By the third equation

of (3.13), we obtain that }il? B?=p*=1. Then, it follows from the second equation of (3.13) that
—dj

}h}} 6! =6* and dlll}]l @’ = w*. This completes the proof. O

By Lemma 3.4, we obtain the following result.

Theorem 3.5. Assume that q € (a, na). Then for d € <d;‘, le] with 0 < gll — d;‘ <1, (v, T, ¥) satisfies
the following equation:

Ad,iv, )Yy =0
(3.18)
v>0, >0, ¥(£0)eC"
if and only if
6, + 21
Vv = d—d)m, Y =e T=Tu= T 120,12,
Va

where ¥, = B, + 24, ¢1 € C is a non-zero constant, and B,, w,, 6, and z, are defined in Lemma 3.4.
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3.3. Case Il

For this case, the positive equilibrium u, is continuously differentiable for d € [0, co). We first solve the
eigenvalue problem (3.5) for d = 0.

Lemma 3.6. Let M(d, v, 0) be defined in (3.6), and let
Ker(M(0,v,0)):= {$ e C": M0, v,0)¢¥ =0} .
Assume that q € (0, a). Then

{(v,0):v >0, 6 €[0,2r], Ker(M(0, v, 0)) # {0} = {(V 0 )} bt (3.19)
where
_ bug,
0, = arccos = Z Yoo 0= \/ buop (a—q— buop)2 (3.20)
with
%:9{)<...<93<n, a—q=v)<...<v. (3.21)
Morveover, for each p=1,2,--- ,n, Ker(M(0, v° v, p)) = {Cl/f ‘c€ (C} where 1ﬁ ( TR Iﬂlgn)T,
and
Y, =0for 1<j<p—1, ¥, =
o
vl =07 ] (eT forp+1<j<n (3.22)
k=p+1
with
h(0,v) = (a— q — bug) — bugze™ —iv, k=1,--- ,n. (3.23)

Proof. Clearly, det[M(d, v,0)] = ]_[;:1 h,(0,v). Foreachp=1,--- ,n, we compute that
h,(0,v)=0
6e[0,27], v=0

admits a unique solution (v,‘,’, 01?), which yields (3.19) holds. By (2.8) and (2.9), we see that (3.21) holds,
and consequently, hk(eﬁ, vg) # 0 for k # p, which implies that 1//2 is well defined for p=1,--- ,n. A

direct computation implies that Ker(M (0, vp 00)) = {Cl/lg ‘c€E C} forp=1,--- ,n. This completes the
proof. O
The following result explores further properties of (v;’ , GPO) Pp=1---,n).

Lemma 3.7. Assume that q € (0,a), and let (v),0))(p=1,--- ,n) be defined in (3.20). Then the
following statements hold:

0> 62 90
i) —>—=>...>—
O
0 O
(ii) Forallp=1,--- — is strictly monotone increasing in q € (0, a) and satisfies lim —O =2
Vo =0 V) a
4
Proof. By (3.20), we have
a—q—bu,
90 arccos T
_p: 0p s p=19"' ,n, (324)

0
Y \/(buovp)z —(a—q- buo,,,)2
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where u,, > (a — q)/b is defined in (2.8) and depends on g for p=1,--- ,n. Then we denote u,, by
uy,(q) throughout the proof. We define an auxiliary function
a—q—bx
arccos ————— _
filg,x)= bx with x> 29,
V(bx)’ = (a— g —bx)’ b
and consequently,
90
—’; =f (q, uovp(q)) forp=1,--- ,n. (3.25)
vP
Let
—qg—>b
A, = arccos 27972 ond B, = \/(bx)z —(a—q—Dbx).
bx

a—
Noticing that g € (0, a), we compute that, for x > Tq’

9A, a—gq 9B, b(a—q)
_— = > 0, - = > O’
ax  x/(bx)? — (a— q — bx)? x  /(bx)* = (a—q—bx)*
04, 1 0B, a—q—bx
—_— = > 0, —_— = =< O’
99 \/(bx)’ — (a—q— bx)’ 99 J(bx)’ —(a—q—bx)’
which yields
a 1 0A oB —
I N WL B (3.26)
dqg B dq dq b
By x> (a —¢g)/b and g € (0, a) again, we have
bx)’ — (a — q — bx)* —q—b
0< \/( %) a-q %) <1 and arccos a-q=% > z
bx X 2
which yields
d 1 0A aB
i} —— (B=—= -4t
ox B ax 0x
b(a — bx)* — (a—q — bx)’ —q—b
= (a - 9 \/( Y —@a-qg-by — arccos . <0 (3.27)
B bx bx

forx > (a—q)/b.

Now we prove (i). By Proposition 2.5, we have uy; < - - - < u,,. This combined with (3.25) and (3.27)
implies that (i) holds. Then we consider (ii). We first show that u,,'(q) <O forg>0andp=1,.--- ,n.
Here, ’ is the derivative with respect to g. Differentiating (2.8) with respect to g yields

) 1
Uo1 = —E,
quoj- + (qu_. — uOJ) =—uy; (a —q— 2buo‘,) forj=2,--- ,n.
This combined with the fact that

a—q
Upp >+ > Uy = b

yields u,'(q) <0 for g>0 and p=1,--- ,n. Then, by (3.25)—(3.27), we obtain that, for each p =
1,--.n,

AT ,_ @) 91, ) Doy (@)
(”_10) =[fi(q. wo,(q))] = % + o e =0,

x=ug,p(q) x=u,p(q)
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where ' is the derivative with respect to g. Note that lin(} up,(q)=a/bforp=1,---,n. Then, by (3.24),
qA)
0
we have lim % = — forp=1,--- ,n. This completes the proof. O
q—0 UI? 2a

Then we consider the solutions of (3.5) for d # 0.
Lemma 3.8. Let M(d, v, 0) be defined in (3.6), and let
Ker(M(d,v,0)) = {¢ €C": M(d,v,0)¢y =0} .
Then there exists ;12 > 0 such that, for d € (0, 212],

W:= {(v,0):v>0, 0 €[0,27), Ker(M(d, v, 0)) #{0}} = {(v;', 9;)}::1 , (3.28)
where (v;’, 9;) €(0,00) x (0, ) foreachp=1, - -- ,n. Moreover, for eachp=1,--- ,n,
Ker(M(d, v!,60) = {c¥:ceC}, (329

where (vl‘f, 9;, W,d,) satisfies lim,_, (v;f, 9;’, 1/[Z) = (vl‘j, 9;), 1/f2), and (v;’, 91?, lﬁg) is defined in Lemma 3.6.

Proof. Step 1. We show the existence of {(v¢, 91‘;')}2:1 such that {(v¢, 9;)}2:1 cw.
We only consider the existence of (v¢,6¢), and {(v;’ ,9;,’)},,# can be obtained similarly. Letting

MH(d, v, 0) be the conjugate transpose of M(d, v, §), we compute that
Ker (M"(0,15,6))) := {¢ € C": M"(0,v],0))% =0} = {cg): c€C},

where @9 = (¢¢,,- -, ¢2,)" with
0 q 0 0
= D0 o =0 fork=3,- . (3.30)
P21 7 (920’ vg) (2% Dok

and &, (62,1?) is the conjugate of i, (67, v?). By Lemma 3.6, we see that
Ker(M(0, 15, 69)) = {Cl/fg ‘c€ (C} .
By (3.22) and (3.30), we see that

(03,93 =1, (3.31)
and consequently
C" = Ker(M(0, v, 69) & Z, (3.32)
where
Z:={z=(z, -+ .2) €C": (¢,2) =0}.

Then by (3.30), (3.31) and (3.32), we see that, for any y € C",
y=C¥) +z with T= (93, y) =93,y +y, and z € Z, (3.33)

where @), is the conjugate of ¢} .
Let

H(d,v,0,2)=(H, - H) = M(dv,0) (¥5+z) R’ xZ—>C", (3.34)

where matrix M (d, v, 6) is defined in (3.6). By Lemma 3.6, we have H (0, vy, 63, 0) =0, and then
we solve H (d, v, 6,z) =0 for d # 0. By (3.32) and (3.33), we see that H (d, v, 0,z) =0 if and only if
H (d,v,0,z) =0, where

H(d, v,0,0)=(Hy.H,,, - H, R xZ—>CxZ,
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and
Hy (d,v,60,2) = (9%, H (d,v,6,2)) =93, H, (d,v,60,2) + H, (d, v,0,7),
Hy;(d.v,0,2) =H;(d,v,0,2) — Hy (d,v,0,2) ¥y, j=1,--+ ,n.
(3.35)
Let

P(\j,é,z):(PQ,Pl,l,"' ,Pl’n)T:RZXZ—)(CXZ

be the Fréchet derivative of H with respect to (v, 0,z) at (O, vg, 99, 0). By (3.23) and the first equation
of (3.35), we have

P() <{), é,z) :(g?g’lhl(eg, U;)) + q)El + ieiiggbuo’zé —iv

— .
=ie 2 buy,0 — iv,

where we have used (3.30) in the last step. By (3.23) and the second equation of (3.35), we have
(Pl,l’ tt ’Plﬂn)T (‘V)a é,i)
=M(0, 6, v9)Z

+ (o, 0, (ie’iegbuo,ﬁ — e bum@) Yo <ie"9§ bty — ie*“’?buo,ze) 1#&) .

Since M(0, 67, 1)) is a bijection from Z to Z, it follows that P is a bijection. Then we see from the
implicit function theorem that there exists a constant d > 0, a neighbourhood N, of (vg, 92", 0) and a
continuously differentiable function:

(v4.65.25) :[0.d) — N,
such that for any d € [0, d), (v;’, Gf,zg) is the unique solution of H (d,v,0,z) =0 in N,. Therefore,

(v4, 64, z49) is also the unique solution of H (d, v,6,z) = 0in N, ford € [0, d). This combined with (3.34)
implies that

span(¢9) C Ker(M(d, v¢, 6%)) for d € [0, d), (3.36)

where ¥ = ¥ + zZ. Note that the rank of M(d, v¢, 6¢) is n — 1. This combined with (3.36) implies that
(3.29) holds. Therefore, we show the existence of (v¢, 6¢). Moreover, lim 4,05, 95) = (v), 65, ¥5). This

combined with (3.21) implies that (v¢, 6¢) € (0, 00) x (0, 7).
Step 2. We show that there exists d, such that (3.28) holds for d € (0, ds].

If it is not true, then there exist sequences {d]}oj and {(v4, 09, y) }Oj such that lim d; = 0, and for

J=1 Jj=1 Jj—00
each j,
(v9.6%) & {(v2.69) )", 1991 =1, v >0, 8% €[0.27).
and
M (d;, v, 60%) ¢4 =0. (3.37)

It follows from Lemma 3.1 (ii) that v% is bounded. Then, up to a subsequence, we have

lim 0% =6*, limv¥ =v*, limy*% =y*
Jj—oo Jj—o0o Jj—00

with 6* €[0,27], v*>0 and |¢¥*|,=1. Taking j— oo on both sides of (3.37), we have

M (0, v*,6%) Y™ =0. This combined with Lemma 3.6 implies that there exists 1 < py, <n and a con-

stant ¢, # 0 such that v* =) and 6* =0), ¥* =c,, wgo. Without loss of generality, we assume that
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Po = 2. Then, for sufficiently large j,
1
<Vdj, Qdf, _wd/ —_ 1ﬁg) S Nz,
C
where N, (defined in step 1) is a neighbourhood of (v, 67, 0). By (3.34) and (3.37), we see that
1
(0t L)
C

Note from the proof of step 1 that (vj ,0¢ ,zg) is the unique solution of H (d,v,0,z) =0in N, for d €
[0, ZZ). This implies that, for sufficiently large j,

which is a contradiction. Therefore, (3.28) holds. O

By Lemmas 3.7 and 3.8, we obtain the following result.

Theorem 3.9. Suppose that q € (0, a). Then ford € (0, d]with0 <d, < 1, (v, T, ¥) solves (3.18) if and
only if there exists 1 < p <n such that

0 + 2im

d d d
v:vp’ "p:CZ"ﬁp? TZ.[[)_]:T9 l=09172""7
p

where ¢, € C is a non-zero constant, and (v;’, Gp" s w;) is defined in Lemma 3.8. Moreover,

Tl > T > > T (3.38)

Proof. We only need to show that (3.38) holds, and other conclusions are direct results of Lemma 3.8.
By Lemma 3.7 (i), we have

. d . d . d
}11—{% T > 111133 Tyg> o> LI_I)IS Toos (3.39)
which implies that (3.38) holds for d € (0, J2] with 0 < cfz <« 1. This completes the proof. O

3.4. Case II1

For this case, we also need to find the equivalent problem of (3.5). Throughout this subsection, we let
A = 1/d and denote u, by u*. Then we rewrite (3.5) as follows:

DY + 1 [qQ + diag (a — bu}') — e “diag (bu’) —ivI| ¢ =0,
b>0, 60,27, P(£0)eC".

(3.40)

By (2.17) and (2.18), we see that
C" =span{g} ® (XI)C»

where ¢ and )?. are defined in (2.17) and (2.18), respectively. Ignoring a scalar factor, ¥ ( #0) € C" in
(3.40) can be represented as follows:

7»0 =VYs +z9 Ze(}?l)cs Y 20,
13 =7lslz + Izl = lIsll3.

(3.41)

Then we obtain the equivalent problem of (3.40) in the following.
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Lemma 3.10. Assume that 1 € (0, 1}) and q € (0, na). Then (Y, v, 0) solves (3.40), where ¥ is defined
in (3.41), if and only if (v, v, 0,2) solves

F(y,v,0,2,,) =0,

~ (3.42)
y>0,v>0,0¢€l0,27), z€X)c.
Here
i(% v99’z’)"):(?1,1’ e ,F‘l,n,ﬁbf‘S)T
is a continuously differentiable mapping from R® x (3'(1 )e X [O, )»;‘) to (3'(1 )e x C x R, and
~ - ) 1~
FlJ(ys v, Q,Z, )") = Z Dijk + A g](yg +z, 9) —w (VS‘/ + Zj) - ;FZ(V’ v, 991’ )‘) s
k=1
~ - ) 343
By, v.0,2,0):= ) [grs+z.0)—iv(r5+3)], G4
j=1
Fi(y,v,0,2,0):= (y* = Dlsll; + lizl5,
where
g(vs+2.0)=9) Ou(ya+z) +@—bu)(vs+z)—e"bu (vg+37).
k=1
Proof. Plugging (3.41) into (3.40), we see that
Y Dia+rlglvs+z.0)—iv (rg+3)]=0, j=1--,n (3.44)
k=1
Denote the left side of (3.44) by y; and lety = (y,, - - - , $,)7. Using similar arguments as in the proof of
Proposition 2.5 (ii), we see thaty = 0 if and only F, =0and F,; =0forallj=1, - - - , n. This completes
the proof. O

We first solve the equivalent problem F (y,v,0,z,A)=0for A =0.

Lemma 3.11. The following equation
I~7(y, v,0,2,0)=0
y20,v=0,0€[0,2x], ze Ki)e

has a unique solution (y,, v,, 0,,z,), where

q b
z2.=0, y.=1, v,=a—-, 6,=—.
n 2
Proof. Clearly,
(Fl,l()/9 v, Q,Z, 0), c »f‘l,n(y’ v, Q,Z, O)) :0’

if and only if z=z,=0. Plugging z =0 into E(y, v,60,72,0)=0, we have y =y, =1. Note from

na—gq

Proposition 2.6 that uJO = forj=1,---,n. Thenpluggingz=0and y =1 into INTZ()/, v,0,2,0)=

0, we have

n n q L, na—gq .
Z[qukakJF;gj—eggj - }—1\;:0,

j=1 k=1
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which yields

This completes the proof. O
Now we solve F’(y, v,0,2,M)=0for0 <A K 1.

Lemma 3.12. There exists A with 0 < »< 1 and a continuously differentiable mapping X+
(y‘, V2, 9*,z‘) from [0, 1] to R? x (X))¢ such that (y*, v*, 8*,7") is the unique solution of the following

problem:
I~7(y,v,9,z, A)=0
- (3.45)
V 20’ ‘)>O’ 9 6[0,27[)’ ZG(X|)(C
for X € [0, X].
Proof. Let P (7, ﬁ,é,z) =(Prs PP Bs) R x (X)e > (K)e x Cx R be the Fréchet

derivative of F with respect to (v, v, 0,2) at (¥, Vs, B4, Z«, 0). Then we compute that
Py (7.5,0.2) =" Dud,
k=1
~ v v Xy v q v
P, (y,0,0,2)=—qZ,+(a—=)0 —iv,
n

Py (7.9.0.2) =2l 17,

where we have used Z_,';] Z; = 0to obtain P,. Clearly, Pisa bijection from R? x ()~( DetoR x C x ()Nf De-

It follows from the implicit function theorem that there exists A > 0 with 0 < & < 1 and a continuously
differentiable mapping A +— (yx, vh, 9‘,z*) from [0, A] to R* x (X,)¢ such that (y*, vh, G'A,zk) satisfies
(3.45).

Then we prove the uniqueness of the solution of (3.45). Actually, we only need to verify that if
(V2> V1, 0,,7,) satisfies (3.45), then lim (v, v;, 6,,2,) = (Va, Vi, 0., 2.). Since Fi (13, 11, 60,2, 4) = 0, we

see that

lyis +z:l3 = lsl3, (3.46)

which implies that y; is bounded for 4 € (0, ). Note from Lemma 3.1 (iii) that v, is bounded for
A € (0, A]. This combined with (3.46) and the first equation of (3.43) implies that 1138 Dz, =0, and con-
sequently, Pfé z,,=0. By the third equation of (3.43), we obtain that PL% y,. = 1. Then, it follows the
second equation of (3.43) that 115} 6, =6, and 1153 v, = v,. Therefore, (B, Vi, 05,2,) = (V> Vs, 04, 2Z,) aS
A — 0. This completes the proof. O

By Lemma 3.12, we obtain the following result.

Theorem 3.13. Assume that q € (0, na) and let . = 1/d. Then for d € [513, oo) with Zl’g >1, (v, 7,¥)
satisfies (3.18) if and only if

, 0* + 2Irm
v=1" ¥y =cy’, r:r,'\=+—, [=0,1,2,---,
V.

where ¥* = y*¢c +7*, c; € C is a non-zero constant, and (y‘, v, GA,zA) is defined in Lemma 3.12.
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4. Local dynamics

In this section, we obtain the local dynamics of model (1.5) and show the existence of Hopf bifurcations.
We first show that the purely imaginary eigenvalues obtained in Theorems 3.5, 3.9 and 3.13 are simple.

Lemma 4.1. Let A = 1/d, and define
(tainva). ifa<q<naandde(d:,d]
@,70,) = (tlj{l, vl‘f), if0<qg<aandd e (0,d]
(t},v), if0<q<naandd e [dy, )

with p=1,--+ ,n and 1=1,2,---, where (4, v d,), (1';{1, v;’, d,) and (t/ v, ds) are defined in

Theorems 3.5, 3.9 and 3.13, respectively. Then, = iv, is an algebraically simple eigenvalue of A (d).

Proof. For simplicity, we only consider the case that 0 < ¢ < a and d € (0, d,], and other cases can be
proved similarly. For this case, T, = rp‘f cand v, = vj with/=0,1,--- andp=1,--- , n. It from Theorem

d,

3.9 that JV[AT;,’,(d) - iV,‘,I] = span [eiupf),p;f], where 6 € [ — 77, 0] and w;f is defined in Theorem 3.9. Now
we show that

JV[A,;]{’ (d) — iv;j]2 - ,/V[A,;{, (d) — iv;j] :
If$c JV[A,;’(a’) - iu;j]z, then

[Arg[(d) _ iv;j] be /[A,Iil(d) -~ ivg] — span [e"”ﬂ"w;j] ,
and consequently, there is a constant o such that
[A,pdj(d) - iv;’] ¢=oce"’ WZ.
This together with (3.2) and (3.3) yields
$(0) =iv'¢(0) + oy, 0 e[<’,0],
$(0) = dD$(0) + g0¢(0) + diag (a — bu;) $(0) — diag (bu,,) ¢( — ). 4.1
By the first equation of (4.1), we have
$(0) = $(0)e"’ + o0 Y,
$(0) =iv!$(0) + o P (4.2)

Note from Theorem 3.9 that e %" = ¢~ with 9;’ defined in Lemma 3.8. Then, substituting (4.2) into
the second equation of (4.1), we have

M (.65, v7) 6O =0 (¥ — e diag (busy) ) (4.3)
where M(d, v, 0) is defined in (3.6).

Let M"(d, v, 8) be the conjugate transpose of M(d, v, 6)). Using similar arguments as in the proof
of Lemma 3.8, we obtain that for d € (0, d,],

{peC: M @ v!,00)p =0} ={co!:ceC},
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and }gr(} @) =¢). Here, 90 = (o0, - -, (p]?’n)T satisfies

(p;)J:o forp+1<j<n, <P;),,,=1’

p—1
P—j q
I’J ( ) 1_[ hl‘(e

)’p

for 1 <j<p-—1,

where A, (Opo v,?) is the conjugate of 7, (GP, vp), and (0, v) is defined in (3.23). One can also refer to
(3.30) for p =2. Then by (4.3), we have

= (M7 (d.6].v) 0. $(0) = (0, M (d. 6. v]) (0))

[ @, 1# — (@, e % diag (buay) w;l)]

— d —iod a
=9 |:Z v —te " ) b”dﬁz%l.j} = 0Sp(d).
= =1

where

S,/(d) = Zgowlpw e i Zbuwwtpw forp=1,--- ,nand [=0,1,---

Jj=1

By Lemmas 3.6, 3.8 and Theorem 3.9, we obtain that

) 0y + 2l o 00+ 21 e
}gr& Sud)y=1— Tbuop cos 6, + 1Tbu0,p sing, #0,
P r

which implies o = 0. Therefore, forany /[ =1,2,-- -,

MA@ - iu;’T = Aag@—if].

and consequently, ivd is a simple eigenvalue of A,d for/=0,1,2,---. U

It follows from Lemma 4.1 that u = iv, is an algebraically simple elgenvalue of Az,. Then, by the
implicit function theorem, we see that there exists a nelghbourhood O X D X H of (r*, iv,, ) and

a continuously differentiable function (u(7), ¥ (7)) : 0* — D, x H, such that w@)=iv, ¥(7,) = J*
and for T € O,,

A(d, (1), DY (1) =dD¥ (v) + Q¥ (v) + diag (a — buy,) ¥(z)

4.4
— e*“(’)fdiag (bud,/') W(T) - IJL(T)'/,(I) = 0
Here

Ya, ifa<q<naandde(d;",c~ll]
v.=1v! if0<g<aandde(0,d,]

E r’
Y*, if 0 < g < naandd € [ds, 00)
withA=1/dand p=1,--- ,n, where (¥, Ell), (w;’, c~12) and (Y*, 213) are defined in Theorems 3.5, 3.9
and 3.13, respectively. By a direct calculation, we obtain the following transversality condition.

Lemma 4.2. Let T, be defined in Lemma 4.1. Then
dRe 1 (T.)] -

dt
Proof. Similar to Lemma 4.1, we only cons1der the case that 0< q <aandd e (0 dz] and other cases
can be proved similarly. For this case, 7, = t¢ b v, = vy 4 and 1# v/f withp=1,--- ,nand[=0,1,-
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Differentiating (4.4) with respectto 7 at T = rp‘fl, we have

d
2 ( I)l) [ 1/, + ‘[j’le—lf"} dlag (bud‘j) 'lﬁZ:I
- a¥ (1) 45)
+M (d. 6, vy) d—pl + 1v‘le*19 v diag (buy,) 1/;2 -0,

where M(d, v, 0) is defined in (3.6). Note that, for [=0,1,- - -,

<MH (d Gd ) d d"ﬁ (‘CI:{’)> < d M (d Od )d'/, (T:I)>’

s Ypo ], ],, dt »Ypo I’ dt

where M?(d, v, 0) and go;’ are defined in the proof of Lemma 4.1. This combined with (4.5) implies that

() e o
o —ify b _—d. d d )

ac s | ; it ; ol
_wp Tpl (Z budd(pm PJ) (Z budd(ppd m>:| :

By Lemmas 3.6 and 3.8 and Theorem 3.9, we obtain that
dRe 1 (1))]

d—>0 dt

This completes the proof. O

> 0.

By Theorems 3.5, 3.9 and 3.13 and Lemmas 4.1 and 4.2, we obtain the following result.

Theorem 4.3. Let u, be the unique positive equilibrium of model (1.5) obtained in Proposition 2.4.
Then the following statements hold:

(i) Forqe(a,na)andde (d;, 21,] with 0 < le — d; & 1, uy, is locally asymptotically stable for T €
[0, T40) and unstable for T € (1,9, 00). Moreover, model (1.5) undergoes a Hopf bifurcation when
T = T4p0-

(ii) For q€(0,a) and d € (0, b with0 < d, < 1, uy is locally asymptotically stable for t € [0, r,fo)
and unstable for t € (t, 00). Moreover, model (1.5) undergoes a Hopf bifurcation when t = t/.

(iii) For q € (0,na) and d € [d3, 00) with d3 > 1, u, is locally asymptotically stable for t € [0, 7))
and unstable for T € (v, 00) with . = 1/d. Moreover, model (1.5) undergoes a Hapfblfurcatton
when T = 1.

Here 74, t,jo and T = r()* are defined in Theorems 3.5, 3.9 and 3.13, respectively.

5. The effect of drift rate and numerical simulations

In this section, we show the effect of drift rate and give some numerical simulations. Throughout this
section, we define the minimum Hopf bifurcation value by the first Hopf bifurcation value.

If the directed drift rate ¢ = O (non-advective case), then model (1.5) admits a unique positive equi-
librium u, = (a/b, - - - ,a/b)" for all d > 0. By the framework of [43, 48], we can show the existence of
a Hopf bifurcation as follows. Here, we omit the proof.

Proposition 5.1. Let ¢ =0. Then the first Hopf bifurcation value of model (1.5) is T,,, =m/2a.
Moreover, the unique positive equilibrium u, of model (1.5) is stable for t < t,,, and unstable for
T > Typn, and model (1.5) undergoes a Hopf bifurcation when t = T,,,.
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Therefore, the first Hopf bifurcation value t,,, for ¢ =0 is independent of the random diffusion rate
d. By Theorems 3.5, 3.9, 3.13 and 4.3, we see that the first Hopf bifurcation value t,, depends on the
diffusion rate d for g # 0. Actually, we show that it can be strictly monotone decreasing in d when d is
large.
Proposition 5.2. Assume that g € (0, na), and let A = 1/d. Then, for d € [213, 00) with 33 > 1, the first
Hopf bifurcation value of model (1.5) is T.4, =T}, where 1} and ds are defined in Theorem 3.13.
Moreover, the following statements hold:

(i)
_mg(n+DHn—1)

= " Tna— g >0, 5.1)

(@)

where’ is the derivative with respect to A;
(ii) There exists d; > ;13 such that Ty, > T, for d € [ds, 00), and 1., is strictly monotone decreasing
ind € [ds, 00).

Proof. By Theorems 3.13 and 4.3, we see that for d € [;13, 00) with 213 >> 1, the first Hopf bifurcation

value of model (1.5) is 7,4 = 7. We first show that (i) holds. Note from Lemmas 3.11 and 3.12 that
(yl, v, GA,z*) is the unique solution of (3.42) and (yo, Vo, Oo,zo) = (1, a— 21 % 0). Differentiating
n

the first equation of (3.42) with respect to A at A = 0 and noticing that z° = 0, we have

’ _ig0
0= Z Di(z;) |A=0 +4q Z iy’ s+ (a - buj(.’) ylg—e™ buj(.’yogj
k=1 k=1

1~
— v’y — —F, (y°1,6°2°,0),
n

n

0=¢> > 0"V a+E)] |, — D (bu)’

j=1 k=1 j=1

0
r=0Y S

+ 3" [@= b)) = b =i | [0y g+ @],
=1

_ig0
x=0bu1(') —e (buj) l

jmo 1 (VA) /|A=0:| 7/05j’

+ X:: [(9*) /

0=2y"(y")"|,_lIsl5- (5.2)

,_o=0. Then plugging (y*)n’lhozo into the
2’_ ,z’e()?l)c and
n 2

By the third equation of (5.2), we have (y*)’
first and second equations of (5.2), and noticing that (y‘), v°,9°) = <l,a—
7, ()/0, v°, 0%, 20, 0) =0, we have

9.
n

n q 1
> Dy |,y ==+ == =0,
= » n n

n q 1 .
Y DuE |+ ==0, j=2, .m,
= » non

[—q@zy—;i(w})w (= 2) @) +i2 3 (o) —i () ]

j=1 j=1
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This combined with (2.20) and Proposition 5.4 in the appendix implies that

¢’(n+Dn—1

, gn+1)(n—1) , ) ,
(ZZ) A=0 = 6I’l ’ (v)») =0 == 6I’l ’ (el) A=0 =0.
Then, by Theorem 3.13, we have
% 2 _
(tk) , _ 9_ , _ rgnn+ 1)(n—1)
0/ la=o vl 12(na — g)*

Now we consider (ii). By Lemmas 3.11, 3.12 and Theorem 3.13, we see that

lim Tady = lim T(? = ———77 > Twn-

r—0 r—0 2(61 — %)
This, combined with (i), implies that (ii) holds. This completes the proof. O]

Then we consider the case of small diffusion rate.

Proposition 5.3. Assume that q €(0,a). Then, for d € (0, d>] with d, < 1, the first Hopf bifurcation
value of model (1.5) is T4, = rn o Where t,'fo and d, are defined in Theorem 3.9. Moreover, there exists

d> € (0, dy] such that Tu, > Tupn for d € (0, d].

Proof. By Theorems 3.9 and 4.3, we see that the first Hopf bifurcation value is .4, = r;fo, and

90
lim 7,4 = hm T = e (5.3)
d—0 vn

0

0 A -
By Lemma 3.7 (ii), we see that —’Z) > 21 This, combined with (5.3), implies that there exists d, € (0, d;]
VY a

such that 7,4, > t,,, for d € (0, 212]. ]

It follows from Propositions 5.2 and 5.3 that the first Hopf bifurcation value in advective environments
is larger than that in non-advective environments if d 3> 1 or d <« 1, see Figure 2. This result suggests
that directed movements of the individuals inhibit the occurrence of Hopf bifurcation.

Now we give some numerical simulations. We choose three patches, that is, n = 3, and set a = 1 and
b = 1. Then we can numerically compute the first Hopf bifurcation z,4, for a wider range of parameters.
For the case g € (0, a), we prove that large delay can also induce Hopf bifurcations for model (1.5) if
0<d<1ord>1 (Theorem 4.3 (ii) and (iii)). Then we compute that there exist three families of
Hopf bifurcation curves {‘L’ }loo1 (j=1,2,3). For simplicity, we only plot the first one for each family

{T,dz}, ,G=12,3)in F1gure4
Then 7,4, = mm 7'y, and it exists for d € (0, 00), which implies that delay-induced Hopf bifurcation

may occur for d € (O 00). Actually, we choose d =0.06, 1.5, 20, 150 and numerically show that there
exist periodic solutions; see Figure 5.

For the case g € (a, na), we prove that large delay can induce Hopf bifurcations for model (1.5) if
0<d-— d; & lord> 1 (Theorem 4.3 (i) and (iii)). In Figure 6, we plot 7, for this case, and it exists
for d € (d, 00), which implies that delay-induced Hopf bifurcation may occur for d € (d;, 00).

By Figures 4 and 6, we conjecture that 7,, change monotonicity once with respect to d. In fact,
by Proposition 5.2, 7,4, is decreasing in d when d is sufficiently large. Moreover, in Propositions 5.2
and 5.3, we show that t,,, > 1,,,, Which suggests that directed movements of the individuals inhibit the
occurrence of Hopf bifurcation. To illustrate this phenomenon, we fix T = 1.6, d = 1.14 and choose the
same initial values for g = 0 and g = 2. As is shown in Figure 7, periodic oscillations disappear for g # 0.
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Figure 4. The relation between Hopf bifurcation values and dispersal rate d for the case q € (0, a) with
a=1,b=1and g=0.6. (a) d €(0,1]; (b) d €[5, 150].
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Figure 5. Periodic solutions induced by a Hopf bifurcation witha=1, b= 1and g =0.6. (a) d =0.06
andt=3.1;(b)d=15andt=2.1; (¢c)d=20and t =2.1; (d) d =150 and T =2.0.
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Figure 6. The relation between Hopf bifurcation value and dispersal rate d for the case q € (a, na)
witha=1,b=1and g=2.
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Figure 7. Directed drift rate q inhibit the occurrence of Hopf bifurcation. Here,a=1,b=1,d=1.14
andt=16.(a)g=0; (b) g=2.

We remark that model (1.5) is a discrete form of model (1.6), where Dj, is defined in (1.3) and

1, j=k+1,
-1, j=k=1,---,n—1,
Ou= (5.4)
-8B, j=k=n,
0, otherwise.

In this paper, we consider the case 8 = 1, and it is natural to ask whether g (the population loss rate at
the downstream end) affects Hopf bifurcations. Then we consider this problem from the point view of
numerical simulations and choose

n =73 (three patches), a=1, b=1, ¢=0.6, d=2.
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Figure 8. The effect of B on the dynamics of model (1.5) with Dy, and Q. defined in (1.3) and (5.4),
respectively. (a) $ =09, t =2.1; (b) =15 t =2.1.

If B = 1, we compute that 7,4, & 2.03. Then set T = 2.1, we show that there also exists periodic solutions
for B =0.9, and periodic oscillations disappear for B = 1.5, see Figure 8. Then, we conjecture that if
the positive equilibrium of (1.5) exists, the minimum Hopf bifurcation value for the case 8 > 1 (resp.
B < 1) is larger (resp. smaller) than that for the case § = 1.
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Appendix
In the appendix, we show the following result by linear algebraic techniques.

Proposition 5.4. Let D = (Dy) with Dy, defined in (1.3), and let X, be defined in (2.18). Assume that
Dy =awitha,y € X,. Then

n—1 k

= 3k (Ya). (5.5)
k=1 =1

Especially, ifa, = - - - = a,, then
nn—1) n—=2)n—1)n
Yn= 1 + a (56)
2 3
Proof. Since Dy=aandy e X,, we have
M +»n=a, (5.7a)
Yi-1 _zyj+yj+l=aj7 J=2’ an_l’ (57b)

and

n

> y=0. (5.8)

Jj=1

Summing the first k equations in (5.7), we find
k
VetV =Y an k=1, .n—1. (5.9)
j=1
Multiplying (5.9) by k and summing these over all k yields
n—1 n—1
> yta=ly=> k(Y q
j=1 k=1
This combined with (5.8) implies that (5.5) holds.
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Now we consider (5.6). A direct computation yields

n—1

n—2
w=(Yi|a+|D ii+D)a
Jj=1 1

Jj=

nn—1) +(n—2)(n—1)n
= a
2 3
where we have used Y7 j(j 4 1) = "2 in the last step. This completes the proof. O

a,
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