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Abstract

We prove the compatibility of local and global Langlands correspondences for GL,, up to semisimplification for
the Galois representations constructed by Harris-Lan-Taylor-Thorne [10] and Scholze [18]. More precisely, let
rp(m) denote an n-dimensional p-adic representation of the Galois group of a CM field F attached to a regular
algebraic cuspidal automorphic representation 7 of GL,(Ar). We show that the restriction of r,(m) to the
decomposition group of a place v 4 p of F corresponds up to semisimplification to rec(ry, ), the image of 7, under
the local Langlands correspondence. Furthermore, we can show that the monodromy of the associated Weil-Deligne
representation of r,, (”)|Galpv is ‘more nilpotent’ than the monodromy of rec(xy ).
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1. Introduction

Let F be an imaginary CM (or totally real) field, and let  be a regular algebraic (i.e., 7 has the same
infinitesimal character as an irreducible algebraic representation p of RSE GL,,) cuspidal automorphic
representation of GL,, (A ). In Harris-Lan-Taylor-Thorne [10] and in Scholze [ 18], the authors construct
a continuous semisimple representation (depending on a choice of a rational prime p and an isomorphism

1 :@p —C)
rp.(n) : Gal(F/F) — GL,(Q,),

which satisfies the following: For every finite place v 1 p of F such that 7 and F are both unramified at
v, rp,, () is unramified at v and

WD (rp,(m)|Ge,)** = 1" recr, (m, ® | det | /)55 (1.1

Here, recr, as normalized in [11] denotes the local Langlands correspondence for F,, and WD(r,,)
denotes the Weil-Deligne representation associated to the the p-adic Galois representation r, of the
decomposition group Gf, = Gal(F, /F,). In this paper, we extend local-global compatibility up to
semisimplification (1.1) to all primes v 1 p of F. In particular, we prove the following theorem:

Theorem 1. Keeping the notation of the previous paragraph, let v 1 p be a prime of F. Then
WD(rP,l(ﬂ-)|GFV)SS =1""recr, (1, ® | det |{1=m)/2yss

In fact, our methods allow us to ‘bound’ the monodromy of WD(rp,,(n)’GFV )Frob=ss by the mon-
odromy of recg, (7, | det |‘(,]7")/ 2). In the past, such versions of local-global compatibility have been
used for proving the nonvanishing of certain Selmer groups (see, for example, Bellaiche-Chenevier [3]).

Using the notation introduced in Definition 8.2, we can generalize the above theorem to the following:

Theorem 2. Keeping the notation of the first paragraph, let v ¥ p be a prime of F. Then
WD(rp, ()]G )P <17 recr, (x, ® | det[§'72),

where ‘Frob-ss’ denotes Frobenius semisimplification.

The above theorems are already known when such 7 are conjugate self-dual, by work of Caraiani [6],
Shin [19] and Chenevier-Harris [9]. In particular, in [6, 19], the authors prove the stronger statement
that the monodromy of WD(r,, (ﬂ-)|GFV )Frob=ss ig equal to that of recr, (, ® | det |§l_")/ 2) under the
added hypothesis that 7 is conjugate self-dual. When removing the ‘conjugate self-dual’ hypothesis
for a given &, one can no longer expect to find the corresponding Galois representations in the etale
cohomology of Shimura varieties, and so the authors of [10] construct r,, , () instead using an p-adic
interpolation argument. To prove Theorem I, we must reconstruct the Galois representations r, , () as
in [10] while studying the Hecke action at all primes v 1 p. We summarize the argument below.

Let  be a regular algebraic cuspidal automorphic representation on GL,, (A ). Let G denote the qua-
sisplit unitary similitude group of signature (n, n) associated to F>" and alternating form ( _(1)" 16’ ) where

the similitude factor GL; is defined over Q (not F). It has a maximal parabolic P = {GL; X(3:)} € G
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with Levi L = {GL, X(E‘) 2)} C P. However, note that L = GL; X RS& GL,,. For all sufficiently large
positive integers M, let

(M) = Ind§ 500 (157 (@ || det ||M)P),
(where Ind denotes unnormalized induction). The authors of [ 10] prove that IT(M) is a subrepresentation
of the space of overconvergent p-adic automorphic forms on G of some possibly nonclassical weight
and finite slope. Classical cusp forms on this space base change via the trace formula to GL;,, to isobaric
sums of conjugate self-dual cuspidal automorphic representations, and they have Galois representations
satisfying full local-global compatibility. Now, at all primes v 1 p of F which split over F* (equivalently,
at all primes away from p where G splits), take the Bernstein centers associated to a finite union of
Bernstein components containing IT(M), as the Hecke algebras acting on spaces of p-adic and classical
cusp forms on G of arbitrary integral (not necessarily classical) weight. For each oo € Wp, , the image
of the Bernstein centers contains Hecke operators whose eigenvalue on a p-adic cusp form I1’ of G is
equal to

trrecy, (11, ® | det 172072y ().
If IT’ is classical, then local-global compatibility is already known, and so the eigenvalue is also equal to

tr WD(r,(I1')|G,., )** (o),

where r, (I1") : GF — GLy, (@p) denotes the Galois representation associated to IT’. By showing that
there are linear combinations of classical cusp forms of G whose Hecke eigenvalues are congruent mod
pk to those of TI(M) for each positive k, we are able to construct a continuous pseudorepresentation
T:Gr — @p satisfying the following: for every place v + p of F which is split over F* and each
oy € WFV s

T(0y) = trrecy, (IN(M), ® | det]y' ) (a).

This implies that there is a continuous semisimple Galois representation rp, ,(II(M)) : Gr —
GL.,(Q,) whose trace is equal to 7, and so for all primes v of F which are split over F* and lie
above any rational prime other than p,

WD(r,, (TL(M))|G,,)** =17 recr, (II(M), ® | det|{!2"/%)ss.

Thus, if €, denotes the p-adic cyclotomic character, then WD(r,, ,(II(M)) ® el‘,M iGFV )*¢ is isomorphic
to

-1

17 recg, (7, | det |17 /2yss @ (7!

recr., (e, | det |£1V_”)/2)”)V’C ® 611,_2"_2M.

Because we construct rp, , (IL(M)) for each sufficiently large positive integer M, it is now group theory
to isolate an n-dimensional subquotient r, ,(7) : Gr — GL,(Q),) satisfying

WD(rp,l(ﬂ)iGFv )Ss = 171 recr, (ﬂ'v ® |d€t |‘(}1—n)/2)xs’

when v 1 p is a prime of F which is split over F*. Using the patching lemma of Sorensen [21], we can re-
move the assumption that v must split over F* and therefore conclude Theorem 1°¢. We then use idempo-
tents constructed by Schneider-Zink [17] and properties of A¥ rp,.(II(M)) and A¥recg, (BC(IT(M)),)

to ‘bound’ the monodromy of WD(r, , (7))F°° =55 by the monodromy of rec, (7, ® | det |‘(,]_”)/2)_
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Notation and conventions

Let F* be a totally real field, and let Fy denote an imaginary quadratic field. We set F = FyF*, and ¢
will denote the nontrivial element of Gal(F/F*). Let p denote a rational prime that splits in Fy. Let n
denote a positive integer, and if F* = Q, assume n > 2. In the sequel, £ will always denote a rational
prime such that £ # p. Fix 1 : Qp — C.

For any field K, we will once and for all choose an algebraic closure K of K, and G will denote the
absolute Galois group of K over K. If Ky C K is a subfield and S is a finite set of primes of Ky, then we
will denote by G*Iq< the maximal continuous quotient of G in which all primes of K not lying above an
element of S are unramified.

If K is an arbitrary number field and v is a finite place of K, let @, denote the uniformizer of K,
and k(v) is the residue field of v. Denote the absolute value on K associated to v by | - |,,, which is
normalized so that |@, |, = (#k(v))~!. If v is a real place of K, then |x|, := +x, and if v is complex,
then |x|, = “xx. Let

-l = ]Il A — R,
A4

Ifr: Gk, —» GL, (@p) denotes a continuous representation of Gg, where v 1 p is finite, then we
will write WD(r) for the corresponding Weil-Deligne representation of the Weil group Wk, of K, (see
section 1 of Taylor-Yoshida [24]). A Weil-Deligne representation is denoted as (r,V,N) = (r,N) =
(V,N), where V is a finite-dimensional vector space over Q,, r : Wr, — GL(V) is a representation

v

with open kernel and N(r) = N : V — V is a nilpotent endomorphism satisfying
r(o)Nr(o)™ =| Artl_;i (o)|F,N

(here, Artp, : F SN W“b denotes the local Artin map, normalized as in [24]). We say (r,V, N) is
Frobenius semisimple if r is semisimple. We denote the Frobenius semisimplification of (r,V, N) by
(r,V,N)Fob=ss “and the semisimplification of (r,V,N) is (r,V,N)%* = (r*%,V,0) (see section 1 of
[24]).

If 7 is an irreducible smooth representation of GL,(K,) over C, we will write recg, () for the
Weil-Deligne representation of Wk, corresponding to 7 by the local Langlands correspondence (see
Harris-Taylor [11] or Henniart [12]). If 7; and 7, are irreducible smooth representations of GL,, (K, )
(resp. GL,, (K, )), then there is an irreducible smooth representation 7y B 7, of GLj,, 4, (K,) over C
satisfying

reck, (m) B my) =reck, (m1) @ recr, (m2).

Let G be a reductive group over K,,, and let P be a parabolic subgroup of G with unipotent radical N
and Levi L. For a smooth representation i of L(K,, ) on a vector space V,; over a field Q of characteristic
0, we define Indg((lliv)) 7 to be the representation of G (K, ) by right translation on the set of locally

constant functions <pv: G(K,) — V. such that p(hg) = n(h)p(g) forall h € P(F,) and g € G(K,).
When Q = C, define normalized induction as

G(K, G (K, 1/2
n-Ind§ ) = Ind§ k") 7 @ | det(ad () |Lie v 2/

2. Recollections

We recall the setup of Harris-Lan-Taylor-Thorne [10], including the unitary similitude group, and the
Shimura variety (and various compactifications) associated to the unitary group, as well as their integral
models. This will allow us to define automorphic vector bundles defined on these integral models, whose
global sections will be the space of classical and p-adic automorphic forms.
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2.1. Unitary group

We define an integral unitary similitude group, which is associated to the following data. If ¥,, denotes
the n X n matrix with 1’s on the anti-diagonal and 0’s elsewhere, then let J,, denote the following element

of GLo, (2):
0 ¥,
Jo = (_\Pn " )

Let D;l denote the inverse different of Of, and define the 2n-dimensional lattice A = (D;l)" ® OF.
Let G be the group scheme over Z defined by

G(R) ={(g.p) € Auto, g,r(A®z R) x R* : "gJ,,“ g = uJy,}

for any ring R. Over Z[1/Disc(F/Q)], it is a quasi-split connected reductive group which splits over
Ox[1/Disc(F/Q)], where F denotes the normal closure of F/Q. Let v : G — GL; be the multiplier
character sending (g, u) — u.

If R = Q is an algebraically closed field of characteristic 0, then

G x Spec Q = {(4, 87) € Gy x GLE™ P g = 1), "7, V7 € Hom(F, Q)}.

Fix the lattice A, = (’D;l)" consisting of elements of A whose last n coordinates are equal to
0, and define Azn) = O}, consisting of elements of A whose first n coordinates are equal to 0. Let
an) denote the subgroup of G preserving A(y,). Write L, 1, for the subgroup of P?’n) consisting of

elements with v = 1 which preserve Azn), and write L () herm for the subgroup of szn) which act

trivially on A/A(,) and preserve Azn). Then L) jin = RS;F GL, and L, herm = G, and we can
define L) := L(n),1in X L(n),herm-
Finally, let G (A®)%4X := G(AP>) x P, (Zp), and G(A®) = G(AP*®) x g,Z,ZOPz’n) (Zp), where

Sp € L) herm(Qp) = Q; denotes the unique element with multiplier p~'.

2.2. Level structure

If N2 > Ny > 0 are integers, then let U, (N1, N2) be the subgroup of elements of G(Z,,) which modp™2
lie in Pz'n) (Z/pN2Z) and map to 1 in Ly 1in(Z/p™'1Z). If UP is an open compact subgroup of G (AP-*),
we write UP (N1, N») for UP x U, (N, N2).

If N > 0 is an integer, we write U, (N) for the kernel of the map P-E—n) (Zp) = Liny1in(Z/pNZ). In

addition, U, (N) will also denote the image of this kernel inside L ;) 1in(Zp).

2.3. Shimura variety

Fix a neat open compact subgroup U (as defined in section 0.6 of Pink [16]), and let S be a locally
noetherian scheme over Q. Recall from §3.1 in [10] that a polarized G-abelian scheme with U-level
structure is an abelian scheme A over S of relative dimension n - [F : Q] along with the following data:

o Anembedding: : F < End®(A) such that Lie A is locally free of rank n over F ®q Os.
o A polarization1: A — AY
o U-level structure [n].

For more precise definitions, see §3.1.1 of [10]. Denote by Xi; the smooth quasi-projective scheme over
Q which represents the functor that sends a locally noetherian scheme S/Q to the set of quasi-isogeny
classes of polarized G-abelian schemes with U-level structure. Let [ (A, 40V, AUV [9V])] denote
the universal equivalence class of polarized G-abelian varieties with U-level structure. Allowing U to
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vary, the inverse system { Xy } has a right G (A*) action, with finite etale transition maps g : Xy — Xy
whenever U’ > g~'Ug.

For each U, denote by Q}Aum Xu the sheaf of relative differentials on A", Let Qi denote the Hodge
bundle (i.e., the pullback by the identity section of Qi\unw Xu ). It is locally free of rank n - [F : Q] and

does not depend on A",
For each neat open compact subgroup U ¢ G (A™), there is a normal projective scheme X{}““ over
Spec Q together with a G (A™)-equivariant dense open embedding

ju : Xu = X,

which is known as the minimal compactification of Xi;. Let the boundary be denoted by c')Xgi“ =
X"\ ju Xu. The inverse system { X"} also has a right G (A*)-action. Furthermore, there is a normal
projective flat Z(,) scheme A" whose generic fiber is X}"". We will denote the ample line bundle
on A" constructed in Propositions 2.2.1.2 and 2.2.3.1 in Lan [14] by wy. Its pullback to Xy is
identified with A"F*Q1Qy;, and the system {wy } over { X7} has an action of G (AP** X Z),). If we let

Smin . . 00N . . 0pmin  ®(p-1)
Xy = &;" @z, Fp. there is a canonical G (AP-®)-invariant section Hassey € H"(Xy ,wy, )

constructed in Corollaries 6.3.1.7-8 in [14] satisfying
g" Hasseg1, =Hassey Vg € G(AP™ XZp).

—min n—ord . —min
Denote by X, the zero locus in X;; of Hassey .

—min, —minn-ord . —min L.
Lemma 2.1. The nonzero locus X;; \Xy is relatively affine over Xy; . Furthermore, it is affine
over F),.

Proof. The nonzero locus over le?m is associated to the sheaf of algebras
) ®(p-1)ai a
(@izowu )/(HasseU -1) Va € Zso.

Over F,, it is associated to the algebra

min

(GB{'ZOHO(YU ,w®(p_1)“i))/(Hassei‘] —1) Va € Zsy.

We conclude the lemma. O

2.4. Ordinary locus

Now let S denote a locally Noetherian scheme over Z(,), and fix a neat open compact sub-
group UP along with two positive integers No > Nj. Then the ordinary locus is a smooth quasi-
projective scheme ng( Ny.N) OVer Zp) representing the functor which sends S to the the set of
prime-to-p quasi-isogeny classes of ordinary, prime-to-p quasi-polarized G-abelian schemes with
UP (N1, N2)-level structure as defined in §3.1 of [10]. It is a partial integral model of Xy »(n,,N,)-
Let [AUY, oniv, quaiv, [puniv]]/xerd (N,.N,) denote the universal equivalence class of ordinary prime-to-
p quasi-polarized G-abelian schemes with U” (N, N,)-level structure up to quasi-isogeny. Finally, let

—ord . s
(l);p( NNy = Xl‘}rg (N1 .N2) BZi) F,, which forms an inverse system each with a right G (A*)°-action.

Furthermore, the map

—ord —ord
Sp i Xur (NN = Xur (v, n)
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is the absolute Frobenius map composed with the forgetful map Xz’,rl‘,i (NyNot1) Xl"]rl‘} (N2.Na) for any
Ny > Ny 2 0.If N; > 0, then ¢, defines a finite flat map

. ord ord
Sp =t Xup (N Na+t) = Xup vy, N)

with fibers of degree p"zllﬁ@J (see §3.1 of [10]).
For each U” (N, N,) such that U” is neat, there is a partial minimal compactification of the ordinary

locus Xl‘}rf}( N1, denoted by Xl(}rs([?}l“ N,)- BY Theorem 6.2.1.1 in [14], this compactification of the

ordinary locus is a normal quasi-projective scheme over Z,) together with a dense open G(A>)°rd.
equivariant embedding

: . ord ord, min
JUP(Ni,N2) - XUI’(NI,NZ) - XUP(N[,Nz)'

Its generic fiber is X(‘T]‘E’(Nl’ Ny)? but unlike X('}‘},“(Nl’ Ny)? it is not proper. Furthermore, by Proposi-
tion 6.2.2.1 in [14], the induced action of g € G(A®)°Y on {X;}rl‘j(nl\l}? Nz)} is quasi-finite. Write
d,mi _ d, mi . d d,mi
0X;, (1;1}1“ Ny) = i (“;}? Ny) ~JUP (VL. NZ)X[‘}?, (Ny.Ny) for the boundary, and let E i 5\1;11 Ny e the formal
completion along the special fiber of Xl(}rf,i(l?\;ln N, Note that by Corollary 6.2.2.8 and Example 3.4.5.5
in [14], the natural map
ord, min ~ ord,min
Xur vy > Xor(ng.v

is an isomorphism, and so we will drop N; from notation. Define

—ord, min ord,min
Xurniny = Xup (v OZn Fr

For each U” (Ny, N,), note that there are G (A®)°"4*-equivariant open embeddings

ord, min min
Xupin.ny T XUr(n, N

This induces a map on the special fibers

—ord, min —min —min,n—ord
ur (NN T Xue (v vy \Xue (vy.v)» 2.1

which is both an open and closed embedding by Proposition 6.3.2.2 of [ 14]. Note that only when the level
is prime-to-p is the nonzero locus of Hassey» (n,,n,) isomorphic to the special fiber of the minimally
compactified ordinary locus. When N, > 0, the map in (2.1) is not an isomorphism.

2.5. Toroidal compactifications

We now introduce toroidal compactifications of Xy and Xy»(n,,n,), Which are parametrized by neat
open compact subgroups of G(A>) and certain cone decompositions defined in [14] and [10]. Let 7"
be the indexing set of pairs (U, A) defined in Proposition 7.1.1.21 in [14] or on pages 169-170 in [10],
where U is a neat open compact subgroup and A is a U-admissible cone decomposition as defined in
§5.2 of [10]. We will not recall the definition here as it is not necessary for any argument.

If (U,A) € J'", then by Theorem 1.3.3.15 of [14], there is a smooth projective scheme Xy a and a
divisor with simple normal crossings 0 Xy o € Xy ,a equipped with an isomorphism

jua:Xu — Xua\0Xu.a
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and a projection Tyor/min : Xu,aA — Xgi“ such that the following diagram commutes:

XU — XU,A

Lol

min
XU — XU .

The collection {Xy7 A} sor becomes a system of schemes with a right G(A*)-action via the maps
Tw.n) A - Xu,a — Xy oo whenever (U,A) > (U’, A’) (see page 166 of [10] for the definition of
> in this context).

If (UP(Ny,N;7),A) € J*, then by Theorem 7.1.4.1 of [14], there is a smooth quasi-projective

ord S : : : ord ord
scheme A7 ) o and a divisor with simple normal crossings A% v vy © A0 (N, )8
equipped with an isomorphism
-ord . yord = ord ord .
Jor (v L Xue e T Xur v ne.a \0Xr (v N A
ord . ypord ord, min
Mior/min * XUP(Ny.N).A > X ()

such that the following diagram commutes:

ord ord
XU”(NI,NZ) - XUP(Nl,Nz),A

Lol

ord ord, min
Xurynny = Ao

. d
The collection { X}}} (NLN) A }

. d d
MAaps 7 (17 (N, Ny),A) /(U (N]NJ).A7) Xi’,rl,(Nl’Nz)’A — XBrP/(Nl’,Nz),A' whenever (UP (N1,N,),A) >

(UP'(N!,N3),A") (see page 167 of [10] for the definition of > in this context).

o becomes a system of schemes with a right G (A®)°-action via the

3. Automorphic bundles

We first define the coherent sheaves on X™" whose global sections are what we consider to be the finite
part of classical cuspidal automorphic forms on G. They are sheaves originally defined over the toroidal
compactifications Xy o (where they are locally free) and are then pushed forward to X min yig Tltor, min-
We start by recalling some differential sheaves that have already been defined.

3.1. Automorphic bundles on compactifications of the Shimura variety

Recall from the previous section that we have a locally free sheaf Q¢ on Xy, which is the pullback by
the identity section of the sheaf of relative differentials from A", the universal abelian variety over
Xy . On Xl‘}““, the normal integral model of the minimal compactification of Xy;, there is an ample line
bundle wy whose pullback to Xy is identified with A?IFQ1Qy; .

Any universal abelian variety A"™V/Xy, extends to a semi-abelian variety Ap/ Xy .a (see remarks
1.1.2.1 and 1.3.1.4 of [14]). Define Qg A as the pullback by the identity section of the sheaf of relative
differentials on Ap. Note that when restricting to the Shimura variety Xy, the sheaf QU3A|XU is
canonically isomorphic to Q. Let Ox,, , (|[v|]) denote the structure sheaf with G (A*)-action twisted
by [[v]].

Let Ef]a’“A denote the principal L) -bundle on Xy , defined as follows: For a Zariski open W,
5{;‘,‘2 (W) is the set of pairs of isomorphisms
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&o: OXU,A(||V||)|W — Ow and & : Qua — Homg(V/V(n), Ow),

where V=A® Q= F* and V() = A(y) ® Q = F". There is an action of & € L, on &, by

h(&o,€1) = (v(h) ', &1 0 h7Y).

The inverse system {&;}", } has an action of G(A®).
Let R be any Q-algebra. Fix a representation p of L, on a finite, locally free R-module W,,. Define
the locally free sheaf &7/ , over Xu . X Spec R as follows: For a Zariski open W, let £ o (W) be the

A,
set of L, (Ow )-equivariant maps of Zariski sheaves of sets,
glcjzi?A W — Wp ®r Ow.

With fixed p, the system of sheaves {&}" p} has a G(A*)-action. If Std denotes the representation
over Z of Ly on A/A(,), then let wy a := gif,nA,/\n[F:Ql stV We will write Zgx,, , for the ideal sheaf in
Oxy ,» defining the boundary 0 Xy A. Define the subcanonical extension

sub _ gcan
Eunp =€unp ®Loxya-

Recall the projection mior/min : Xu,a — Xg", and define S(s}*i) = ﬂtor/min*glsju’bA’p- The coherent
sheaves defined on X gi“ are independent of the choice of A. If we fix p, there is an action of G(A*) on
the system {EISJ“";)} indexed by neat open compact subgroups.

Now let pg be a representation of L, on a finite locally free Z(,)-module. By Definition 8.3.5.1
of [14], there is a system of coherent sheaves associated to py over {Xl‘}““} with G (A®)°"*_action
whose pullback to {X{}““} is G (A*)-equivariantly identified with {5;}’:’00 ®Q}. We will also refer to these

sub min
sheaves by EprO. Note that over A",

sub ~ osub
& py ® WU = gU,pg@(/\"[F:Q] Std¥)®

where wy denotes the ample line bundle defined on X{‘,ﬁ“.

3.2. Automorphic bundles on the ordinary locus

We now define automorphic vector bundles on the system of integral models of the minimally compact-

. . ord, min . . s ord, min
ified ordinary locus {7, (N Nz)} as well as its formal completion along the special fiber {X)), ( NI)}'

The global sections of these coherent sheaves will consist of what we consider cuspidal p-adic automor-

phic forms. We first recall some definitions of sheaves defined on Xl‘}rf,’ (N1.N2) A"

Any universal abelian variety A““iV/Xf,r,‘}(Nl ) extends uniquely to a semi-abelian variety

AA/XL‘}r,‘}(NI’NQ)’A by Remarks 1.1.2.1 and 1.3.1.4 of [14]. Define Q‘l’;‘},(NI’NZ)’A as the pullback by

the identity section of the sheaf of relative differentials on A, . The inverse system {Q‘l’]‘f, (NL.N2) A has

an action of G (A®)°"*_ There is also a natural map

.k yord ord
Spt Spup Ny Ny-1).8 7 Qup (v Ny A

Denote by O xord (|lv]]) the structure sheaf O xord with G (A*®)°-action twisted by
UP (Ny,Np).A UP (Nj,Np).A

[|v]| (recall that {Xl‘}rg(Nl,Nz)’A} has a right G (A*®)°-action).
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Let 531‘3’(0 ;\‘2 Ny).a denote the principal L ,)-bundle on Xi’,rg (N1.Ny).a i the Zariski topology defined

as follows: For a Zariski open W, Sord’can’ Nyy.a (W) is the set of pairs of isomorphisms

UP (N,

& : OX{’/’?)(NI,W.A(“V”) . — Ow and & : Q?Jr?)(M,NZ),A — Homgz (A/A(n), Ow).

(Recall that A, is the sublattice of A = (D;l)" ® Of. consisting of elements whose last n coordinates

are equal to 0.) There is an action of & € L, on Sgrg’(cl";‘;: Noy.a DY

h(&,&1) = (v(h) &g, & 0 h7h).

The inverse system {Efjrg(cl"\’;: No) A} has an action of G(A%)°Y. Let R be a Zp)-algebra. Fix a

representation p of L, (,) on a finite, locally free R-module W,. Denote the canonical extension

ord : ord :
to A7 (NL.N2).Ap X Spec R of the automorphic vector bundle on A5 (N1.N) associated to p by

Sl‘}rg(clf;: Ny).ape Which is defined as follows: For any Zariski open W, Egg’(c;':’ Noa (W) is the set

of L) (Ow )-equivariant maps of Zariski sheaves of sets

ord,can
gUP(Nl,Nz),A W g Wp QR Ow.
When p is fixed, the system of sheaves {2 } has an action of G(A*®)°". Furthermore, the

UP (N1,N2),A.p
inverse of ¢, gives a map

N gord,can ~ ord,can
: — & ® O vord .
(p)" : Spurnm.an UP(NLN=1).8p PO, | SPEAT
. _ . d,can ord,can .
Composing (¢*)~! with 1 @ tre_ : E7 (@) N ives a
posing (s,) BUey * Curn.m-1).80 B SPCag LT Cur (v 1).Ap &
G (A®)°rX_equivariant map
. ord,can ord,can
UF 2 SpEup (NN EUP (NN 1) A

satisfying trp o = p’lF" Q1 If Std denotes the representation over Z of L,y on A/A(y, then let

._ cord,can ord . .
WUP(NLN2LA = EGp i Ny AAnlF2l S denote the pullback of wy to XUI,(NI’M)’A. We will write
T rord for the ideal sheaf in O y.ou defining the boundary 8.4 . Define the
axz(}rp(Nl,NzM XloJrP(Nl.Nz)‘A & Y UP(N1,N2),A
subcanonical extension as
ord,sub _ eord,can
gUp(Nl,Nz),AsP - gUp(Nl,NZ),A,P ®I8X32(N1,N2),A'
Again, the inverse of ¢, gives a map
(5‘* )—1 'y gord,can ~ gord,can ®0 s T .
: — or .
P Px~UP(Ny,N>2),A,p UP(N;,N,-1),A,p X?;c!l)(NI,N271)’A P x GXU,,(NIYNZ)’A
. PR | . . cord,can ord,can .
Composing (¢,)™" with 1 ® tr, : SUI,(NI’NZ_I)’AW ® g,,*Ian?)(N]’NZM = E0p (N Ny 1) pEIVES

another G (A%)°"%*_equivariant map

. ord,sub ord,sub
UF 2 Spun (NN 7 EUr(NLNo-1) 80

satisfying trp og), = p"*1F*Q and compatible with the analogous map defined on {gz)]rdA’ci)n}U.
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gord,sub _ _ord ord,sub

' UP(N1,N2),p — Ftor/min=SUP (N, Na),A,p
on Xl‘}rg’(";}]"’ n,) are independent of the choice of A by Proposition 1.4.3.1 and Lemma 8.3.5.2 in [14].
Note that

Denote the pushforward by . These coherent sheaves defined

gord,sub Qw ~ Sord,sub
UP(Ni,N2),p UP(NILN2) = Cup(Ny,Ny) p@(AnlF:l 5ed¥)’

i sub ord, min . ord,sub
and by Lemma 5.5 in [10], the pullback of gUpfiNl ’sz)’p to XUPéNlA,Nz),p is fol;(Nl,Nz),p'
. . ord, su ord, min ord, sul tat
Abusing notation, denote the pullback of &), (NL.N2).p © X (M) by & (N).p" It is independent of
N>, and thus, trg induces a G(A"")Ord’x—equivariant map

. ord,sub ord,sub
UFSpEuring.p 7 Eurini.p

over %?]’f,’(ml\';:), and also induces an endomorphism on global sections.

4. Classical and p-adic automorphic forms

Before we define cuspidal automorphic representations on G(A®), L) (A) and GL,,(AF), we first
recall some facts about highest weights of algebraic representations of L, and G.

4.1. Weights

For each integer 0 < i < n, let A(;) denote the elements of A for which the last 2n — i coordinates are
zero, and let B, denote the Borel of G preserving the chain A,y O A¢,—1) D ... D A(g). Let T, denote
the subgroup of diagonal matrices of G.

Let X*(T,,;q) := Hom(T, xSpec &, G, xSpec ), and denote by ®,, ¢ X*(7T},;0) the set of roots of T},
on Lie G. The subset of positive roots with respect to B, will be denoted @}, and A,, will denote the set
of simple positive roots. For any ring R C R, let X* (7, /q); denote the subset of elements X*(7,,/Q) ®z R
which pair nonnegatively with the simple coroots ¢ € X, (7, /) = Hom(G,, X Spec Q,T,, X Spec Q)
corresponding to the elements of @ € A,,.

Let @(,) C @, denote the set of roots of 7,, on Lie L(n), and set @7, = @y N @5, as well as
Ay = ApN®(py. If R C Ris asubring, then X*(T,,/0)(,  Will denote the subset of X*(7,,/0)(n) ®z R
consisting of elements which pair nonnegatively with the simple coroot & € X.(7;,/q)(») corresponding
to each @ € A(y).

Recall that L, x Spec Q = GL; x GLE*™ " which induces an identification

T, X Spec Q = GL,4 X(GLrll)Hom(F,Q)’
and hence, X*(T,,/q) = Z D (ZmHom(F.2) Under this isomorphism, the image of X* (T,,/Q)(’fn) is the set

{(bo. (br)) €Z@ (ZM)HFY  poy > ben> ... > by V)

Furthermore, X*(7T,,/q)* is identified with
{(bo, (br)) €Z@ (ZMHMED 1 > by > .. 2bryandbry+beey <0 V1)

Denote by Std the representation of L,y on A/A ) over Z. Note that the representation AMEQ §tdY
is irreducible with highest weight (0, (=1,...,~1);). If p is an irreducible algebraic representation of
L) over Q,,, then its highest weight lies in X* (7, ol )(+n) and uniquely up to isomorphism identifies p.

r

Thus, for any b € X*(T, /3, Ern), let pp, denote the L ,)-representation over @p with highest weight b.
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Define the set of classical highest weights X*(Tn/@p):1 as any b = (bo, (bT’i)‘reﬂom(F,@p)) €
X*(Tn/@ E'n) suchthat b, | + b1 < —2n.
P
We next turn to local components of automorphic representations (i.e., smooth representations of
G(Q¢) when ¢ # p). We relate them to smooth representations of GL,,(Q,) via local base change

defined below.

4.2. Local base change

For a rational prime £ # p, denote the primes of F* above Q as uy,--- ,u,, vy ---vs, where each
u; = w;“w; splits in F and none of the v; split in F. Note that

G(Q) = [ | GLan(Fu,) x H,
i=1
where

N
H= {(,U,gi) €Qy x l_[ GLon (Fy,) : "gidn gi = pln Vi}-

i=1

Here, H contains a product [}_, G' (Fy.), where G' denotes the group scheme over Op+ defined by

G'(R) = {g € Autoso,, R(IAN®O,. R) 18/, = Ju}.

Op+

Note that ker v = RSZ

G'. If I is an irreducible smooth representation of G(Q;), then
= (e_,,) .

Define BC(I1),,, := II,,, and BC(I).y, := va’iv. This does not depend on the choice of w;. We call I1
unramified at v; if v; is unramified over F* and

e @) £ (0).

Let B! denote the Borel subgroup of G' consisting of upper triangular matrices and 7' the torus
subgroup consisting of diagonal matrices.
If IT is unramified at v;, then there is a character y of T'! (Fji)/Tl (OF-+,y;) such that IT|gi(f+) and
G(F}
n-Ind ((F:‘)) x share an irreducible subquotient with a G (OF- ,,)-fixed vector. Define a map between
the torus of diagonal matrices of GL,, (F),) and G! (OF+y,):

N : Tow,, (Fy,) = T'(F}), 4.1)
Hnh 00 t/ty, 0 0
o-.o0 "] o . o | 4.2)
0 0 1, 0 0 tn/n

We define BC(I1),, to be the unique subquotient of

GL2, (Fvi )

n-IndBGLG (Fy;)

xoN
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with a GL,, (OF ,,)-fixed vector, where Bgr,, (F,,) denote the Borel subgroup of upper triangular
matrices.

Lemma 4.1 (Lemma 1.1 in [10]). Suppose that y ® n is an irreducible smooth representation of
L(n)(Q¢) = L(n) nerm(Q¢) X L) 1in(Qr) = Q) X GL,, (Fy).

1. Ifv is unramified over F* and r,, is unramified, then n-Indg((Q") (¥ ® ) has a subquotient T1 which

)(Qq)
is unramified at v. Moreover, BC(I1), is the unramified irreducible subquotient of n—Indgzi"(f;))
2n V"V

(7" ® ).
2. If v is split over F* and 11 is an irreducible subquotient of the normalized induction n-In

GLoy (Fy)
Bal,,, (Fv)

G(Qq)
dP(n) (Qq)

(¢ ® 7), then BC(I1),, is an irreducible subquotient of n-Ind (ﬂf;v Q® my).

Note that in both cases, BC(I1,)) does not depend on v.

4.3. Cuspidal automorphic representations

Here, we define automorphic representations on G (A) whose finite parts will be realized in the space
of global sections of Sls}’t;) on Xl"]“;. We first recall a few definitions. Let U(n) ¢ GL,(C) denote the
subgroup of matrices g satisfying ‘g°g = 1,,. Define

Kneo = (U(n) x U)""EH 0 55,
where S, acts by permuting U(n) X U(n). We can embed ), o in

G(R) ¢ R x ﬂ G Loy (F ®p+ + R)
TeHom(F+,R)

via the map sending

(gT’ hT)TeHom(F+,R) w n(g‘r - hT)/Zi "Pn(g‘r + hT)an/Z

1 ( (gr+h)/2 (gr = ho)¥,/2i )
¥ 7eHom(F*,R)

_ln, 0

and sending the nontrivial element of S, to (—l,( 0" 1,

) ) This forces K, oo to be a
7eHom(F*,R)

maximal compact subgroup of G(R) such that /C;, o N P,y (R) is a maximal compact of L,,)(R). Let
g = (Lie G(R))c, and denote by A,, the image of G, in G via the embedding ¢ +— ¢ - 15,,. We define
a cuspidal automorphic representation of G(A) to be an irreducible admissible G(A™) x (g, Ky, o0)-
submodule of the space of cuspidal automorphic forms on the double coset space G (Q)\G(A)/A, (R)°.
Furthermore, a square-integrable automorphic representation of G(A) is the twist by a character on
Q*\AX/RX,, of an irreducible admissible G (A™) X (g, Ky, «)-module that occurs discretely in the space
of square integrable automorphic forms on G(A)\G(A)/A,(R)°.

Now let I = (Lie L(,;)(R))c, and let A(,) denote the maximal split torus in the center of L,). A
cuspidal automorphic representation of L(,)(A) is an irreducible admissible L, (A%) X (I, Ky 0 N
L) (R))-submodule of the space of cuspidal automorphic forms of L, (A) on the double coset space
L) (Q\L () (A) /Ay (R).

For a number field K and any positive integer m, let g . denote a maximal compact subgroup of
GL,,(K), and let gl = (Lie GL,,,(K))c. Define a cuspidal automorphic representation of GL,,,(Ag)
as an irreducible admissible GL,, (A%) X (gl, Kk )-submodule of the space of cuspidal automorphic
forms on the double coset space GL,,,(K)\ GL,, (A ) /RZ . Finally, by a square-integrable automorphic
representation of GL,,(Ag ), we shall mean the twist by a continuous character on K*/A% /RX  of an
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irreducible admissible GL,,,(A¥) x (gl, Kk )-module that occurs discretely in the space of square
integrable automorphic forms on GL,,,(Ag).

We will now relate the finite parts of these automorphic representations to the global sections of the
automorphic bundles defined previously.

4.4. Global sections of automorphic bundles over the Shimura variety

Let p be a representation of L, on a finite Q-vector space. Define the admissible G (A*)-module

HO(Xmin’ g;ub) — h[ljn HO(Xgin’ Slg]u,l;) )

Note that for any neat open compact U, H(X™", £5*)V = HO (X7, 55“';)) (see Lemma 5.5 of [10] or
Proposition 8.3.6.9 of [14].

Proposition 4.2 (Corollary 5.12 in [10]). Suppose that b € X*(T, a )
P

o and pp is the irreducible

representation of Ly with highest weight b. Then H 0(xmin g S"‘)b) is a semisimple G (A™) module, and

if 1 is an irreducible subquotient of H®(X™", 55‘;"), then there is a continuous representation

R,(I) : GF — GL2,(Q,),

which is de Rham above p and has the following property: Suppose that v { p is a prime of F above a
rational prime € such that

o either € splits in Fy,
o or F and 11 are unramified above {;

then
WD(R,, (T)|Gyr, )T~ = rec, (BC(II¢), | det [{' 7273,

where ¢ is the rational prime below v.

Proof. Each irreducible subquotient IT of H®(X™n, Eg‘;b) is the finite part of a cohomological cuspi-

dal G(A)-automorphic representation 7 by Lemma 5.11 in [10], and furthermore, H%(X™", Ez‘;b) isa
semisimple G (A*)-module. For such 7, by Shin [20] and Moeglin-Waldspurger [15], there is a decom-
position into positive integers

2n=mny + ...+ myn,,

and cuspidal conjugate self-dual automorphic representations 7; of GL,,, (Ar) such that for each
i € [1,r], #|| det || +7=1/2 s cohomological and satisfies the following at all primes v of F which
are split over F*:

-1

—m" n; (ni=1)/2-j
Ty =8y 8L, Iy .

iy | det
These 7; are automorphic representations which have Galois representations associated to them satisfy-
ing full local-global compatibility — results due to many people including [9, 19, 6, 2] (for a summary,

see [1]). O

We will refer to irreducible subquotients of HO(Xmm,S;‘%b) as classical cuspidal G-automorphic
forms of weight pp,.
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4.5. p-adic (cuspidal) G-automorphic forms

Now let p be a representation of L, on a finite locally free Z,)-module. Let H°(xord-min, Sgrd’su'))

denote the smooth G (A%)°"4-module defined as

0 /yord,min gord,suby . 1: 0 /4cord, min ord,sub
HO(Xordmin, gordsid) s lim HO(XTI ETSY ).

Uur,N;
For each positive integer r, define
0 ord,min ¢ord,sub r o . 0 ord, min ord,sub r
H' (X &y ®Z/p"Z) = lim H (XU,,(NI,NZ),EUP(NI’NZ)’p QZ/p'Z).
UP(Ny,Nz)

It is a smooth G (A*)°"-module of p-adic cuspidal G-automorphic forms of weight p, with the property
that

0 ord,min ¢ord,sub ren\UP (N|,N2) _ 70 ord, min ord,sub r
H (X ’gp ®Z/p'Z) P =H (XUP(Nl,Nz)’gUP(Nl,Nz),P®Z/p Z).

Note that mod p™, and there is a G (A*)°"-equivariant embedding
HO(xord,min, ggrd,sub) ®Zp Z/pMZ PN HO(Xord,min’ ggrd,sub ® Z/pMZ).

Fix a neat open compact subgroup UP c G(AP-*) and integers Ny > Nj > 0, and recall that there
is a canonical section Hassey € HO(Y?}m,wg(p _1)) which is G(AP-* x Z,)-invariant. Let Hassey
denote the noncanonical lift of Hassey over an open subset of A" For each positive integer M, the

M-1

powers Hassef] modp™ are canonical despite the noncanonical choice of Irem;eU, and hence, they
glue with each other and give a canonical G(A™*? X Z,)-invariant section Hassey ps of w®P-DpM!
over X" x Spec Z/pM Z.

Fix p a representation of L, on a finite free Z(,)-module. Then for each integer i, define the
G (A®)°rd-X_equivariant map,

) S M- . .
HO(X(T;’“(NI,NZ)’ ESUb ® wtg (p 1)) N HO(XI(}rI(’L(HIi/l:I,Nz)’ g[())rd,sub ® Z/pMZ),

fe (f|X:/r<li;r(n[ian,N2))/Hasselup(Nl,Nz),M .
Using the map defined above, Harris-Lan-Taylor-Thorne [10] prove the following density theorem
relating p-adic and classical cuspidal automorphic forms.

Lemma 4.3 (Lemma 6.1 in [10]). Let p be an irreducible representation of L,y on a finite free
Zp-module. The induced map

[ee]
0 min sub 0 ord, min sub,ord M
—
@H (XU”(NI’NzVEUMNI,Nz),p@(An[F:@]smV)mM-up—n) B (X0 iny v 00 Eur vy p @ 2P )
j=r

is surjective for any integer r.

5. The U,-operator and the main theorem of [10]
The map trg : g‘p*Els}‘},’ Ny S(SJ“,E’ (N)).p OVer %gi&?) induces an endomorphism U,, = trr in the

: 0 /4cord, min ord,sub ._ 770 r4c0rd,min ord,sub 2y : .
endomorphism algebra of H™ (X, 5UP(N])’p)@p = HYX vy Eurng ) ® Qp satisfying U o
n?[F*:Q]

. The subspace of overconvergent automorphic forms H' in HO(¥°rd-min ~gord.sub )5
y24

Sp=Pp UP(N1)> “UP(N1).p
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defined in §6.4 of [10] admits a slope decomposition for U, in the sense of §6.2 of [10]. This means
that for each a € Q, there is a U),-preserving decomposition

i T o gt 0 /yord,min gord,sub  \
Hea®Hoa = H' € Xy (v Eunin )G,

such that H 7; , 1s finite-dimensional and satisfies the following:

1. There is a nonzero polynomial f(X) € QP [X] with slopes < a (i.e., f(x) # 0 and every root of f(x)

has p-adic valuation at most equal to @) such that the endomorphism f(U),) restricts to 0 on HL ;
2. If the roots of f(X) € @p [X] have slopes < a, then the endomorphism f(U),) restricts to an
automorphism of Hia.

Additionally, H La is an admissible G (A*)°"%*-module. Fix an isomorphism @p = C.

Theorem 5.1. Assume that n > 1 and that p is an irreducible algebraic representation of L(p) lin
on a finite-dimensional Q ,-vector space. Suppose that ©t is a cuspidal automorphic representation of
L(n),1in(A) such that ne has the same infinitesimal character as p", and suppose also that  is a

continuous @,,—character of Q*\AX/RY,, such that W|Z§ = 1. Then for all M € Z sufficiently large

. . . oo . .
and for each irreducible subquotient 1 ; of Indng( AP)’“’) (7°|| det ||M x ™), there exist a representation
(n)

p(M) of L,y over Z,, a corresponding scalar a(M) € Q and an admissible representation 11" of
H' ¢ HO(¥ordmin ES‘ES’VI))@ such that m; is a subquotient of TI'.
> A

<a = P

Proof. Combine Corollary 1.9, Lemma 6.12, Corollary 6.17, Lemma 6.20 and Corollary 6.25
in [10]. m]

Our next step is to consider properties of the Galois representations associated to the irreducible
G (A®)°"X_subquotients of Hia, as constructed in Corollary 6.13 in [10]. In order to prove local-
global compatibility at all prim_es above ¢ such that £ # p, we strengthen the construction of Galois
representations associated to irreducible admissible G (A®)°"%*-subquotients of H°(¥°rd-min, Egub)@P

(i.e., Galois representations associated to p-adic cuspidal G-automorphic forms of weight p) (see
Proposition 6.5 of [10]). These Galois representations are constructed using the following two facts we
have already recalled:

1. Proposition 4.2: Classical cuspidal G-automorphic forms of classical weight p have Galois repre-
sentations associated to them; furthermore, they satisfy full local-global compatibility at all primes
¢ such that £ # p.

2. Lemma 4.3: For any integer M, every p-adic cuspidal G-automorphic form of any weight p ‘is
congruent mod p™ to’ some classical cuspidal G automorphic form of classical weight p” which is
of the form p’ = p ® (A"[F:Q Stdv)(”_l)pM_lj for some integer j.

To prove local-global compatibility when £ # p, we will use these two results to reconstruct the
Galois representations associated to p-adic cuspidal automorphic forms on G of weight p, but we
will consider the action of a larger Hecke algebra than in [10] on the p-adic automorphic spaces

HO(ng’(";/i]" Nz),é’grd’s”b ® Z/pM7Z) and HO(%?;f,’(";\i;l‘),Sgrd’s”b) as well as the classical automorphic

spaces HO(XE}',"(M Ny E3P).
6. Hecke algebras away from p

Let S denote the set of ‘bad’ rational primes consisting of p and the primes ¢ which ramify in F but
do not split in Fy. Let Sy, denote the set of rational primes € (# p) that ramify in F and split in Fj.
Let Sy denote the set of rational primes ¢ (# p) that are unramified in F and split in Fp; note that
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Sspl := Sur U Sram contains all rational primes away from p that split in Fp. Let O = Sy U Sram U S, and

let QP = Q\{p}. Finally, let S = S\{p}.
For each conjugate pair of primes {v, “v} of F above a rational prime ¢ € Sy, choose exactly one of
{v,€v} to put into a set §sp1 and the other in §:p1. For ¢ € S, identify

G(Q) = [ ] GLan(F).

v E§sp]

v|e

6.1. At unramified primes
We recall the definition of the unramified Hecke algebra. Fix a neat open compact subgroup U? =
G(22) x Ugr € G(AP->). Suppose that v is a place of F above a rational prime ¢ ¢ S, and leti € Z.

By work of Bernstein-Deligne [4] building on Satake, there is an element T‘fi) €
Q[G(Z)\G(Q¢)/G(Z¢)] such that if T, is an unramified representation of G (Q¢), then its eigenvalue
on H[G(Z” ) is equal to

trrecr, (BC(Ilz), )| det |(1=2m)/2 (Frob')).

(For more details on this construction, see pages 196—197 in [10].) If v is an unramified prime of F
which splits over F*, then we can write the Hecke operator T‘fl) as the double coset

1
G(Zs) "-1 G(Zy),
wy

where @, denotes a uniformizer of F,. )
For each unramified prime v of F and each integer i € Z, there exists an integer d‘(,‘) € Z such that

dTY € Z[G(Ze)\G(Q)) /G (Ze)].

Let H%rp =Zp [G(ZQ)\G(AQ) / G(iQ)] denote the abstract unramified Hecke algebra. Let Ny and
N3 be two integers N2 > Ny > 0, and let p be a representation of L, over Z ;). The Hecke algebra H.*
p

: : _adi 0 min sub 0 /yord, min ord,sub
has an action on the classical and p-adic spaces H” (X777, n,)» SUP(NI’M)’p), H (X, 0N, EUP(N])’p)

0 ord, min ord,sub M . . S ur
and H” (X, (N1.N2) Eup N ’NZ)’pQDZ/p Z) induced from the action of G (A”). Denote by T}, (NL.N2)p
the image of H%rp in the endomorphism algebra

0 i sub
Endz,, (H™ (X0 vy > €UP (6N )

. 0 /4c0ord, min ord,sub . : 0 ord, min ord,sub
Furthermore, if W ¢ H (%UP(NI),SUP(NI)’/?) (respectively, if W ¢ H (XU,,(NI’NZ),EU,,(NI’NZ),p ®

Z/pM1Z)) is a finitely-generated Z,-submodule invariant under the action of the algebra H , then let
P
T‘gi‘;;’;\]l Np.p (W) (respectively, let T‘;}?;E’;VI Np.p.v (W) denote the image of 7—[%‘{) in Endz,, (W).

For each v, let T}fi) denote the image of d@ T‘fi) in any H%rp -algebra T via the canonical map ”H,%rp — T.

6.2. At primes which are split in F,

Suppose that v € § opl U §§pl is a place of F above a rational prime ¢, and let o, denote an element of

WE, , the Weil group of F,. Let B denote a fixed Bernstein component; it is a subcategory of the smooth
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representations of GLy, (F, ). Every component 13 is uniquely associated to an inertial equivalence class
(M, w), where M denotes a Levi subgroup of GL,,(F,) and w is a supercuspidal representation of
M. (Recall that two inertial classes (M, w) and (M’, w’) are equivalent if there exists g € G and an
unramified character y of M’ such that M = g"'Mg and ’ = y ® w(g - g~').) Then, B is defined to
be the full subcategory of smooth representations of GL;, (F) ) consisting of those representations all
of whose irreducible subquotients have inertial support equivalent to (M, w). This implies that there
exists some (M’,w’) ~ (M, w) such that & occurs as a composition factor of the parabolic induction
Inng;" (Fv) (w”) where w’ is an irreducible supercuspidal representation and Py, is a parabolic subgroup
of GL,,, (F,) with Levi M.

Let 358 = 3[m,w] denote the Bernstein center of B, which is the image under the idempotent e
associated to B of

lim Z(C[K\ GL2,(Fy)/K]),
K

the inverse limit over open compact subgroup K of the centers of the complex Hecke algebra for
GL2n(F v)~

Proposition 6.1 (Proposition 3.11 in Chenevier [8]). For an inertial equivalence class [M, w], there is
a representative (M, w) which can be defined over Q. Let E C Q denote a sufficiently large finite-degree
normal field over which w, rec(w), Bim,w), 3[M,w| are all defined over E. Let E[B|a,)] denote the
affine coordinate ring of the variety associated to By .,1. Then there exists a unique pseudocharacter
of dimension 2n

T8 =79l Wr — E[B] =35
such that for all irreducible smooth representations m of 3 and o, € Wr,,
T5(0,)(n) = trrecg, (7) (o).

For a Bernstein component B and o € Wg,, let T, 5, denote the twist of TB(o) such that
T, B,o(m) = trrecy, (| det Iél_z")/ 2)(a') if  is a smooth irreducible representation in 5. Multiplying
T, 8.0 by ep if necessary, we may suppose that 7, 5 . acts as O on all irreducible 7 ¢ 5.

Theorem 6.2 (Bernstein [4]). For each primev € S_ . Let B,, = B be a Bernstein component, and let
e denote the projector element such that for any smooth irreducible representation n of GLy, (F)),
ep(n)=mnifand only if r € B.

There is a compact open subgroup K of GLy, (F\) for which we may find a finite union of Bernstein
components B = B, containing B, with the following property: If , is an irreducible smooth repre-
sentation of GLo, (F,), then nX is nonzero if and only if &, belongs to one of the Bernstein components

in B.

Proof. For the first statement, see Proposition 2.10 in [4]. For the second statement, see Proposition 3.8
and Corollary 3.9(i) of [4]. Also, see §2.3 and 2.5 of [5]. O

We will denote this compact open subgroup by Kg = Kg, ; note that all irreducible smooth repre-
sentations inside 3 have a fixed vector under Kg. More generally, for every B’ c B, 35 embeds in the
center of H(GLy,, Kg)c = C[Kg\ GLy,(F,)/Kg] via multiplication by the characteristic function of
Ky. Let3g, =35 = im([1gcp 35 — H(GL2,, Kg)c). Note that 3% is the center of H(GLy,, Kg)c.

For £ € Sgp1, assume K is an open compact subgroup of G(Q,) such that under the identification
G(Qy) = Héwlavw GL,, (F,), we can decompose

K, = l_[ Kg,.

S . av|€

Zspl
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Ifves ol divides the rational prime ¢ and B is a Bernstein component, then for any oo € Wr,, we
can find an element of 3%, which we will denote by T, g, such that its eigenvalue on the K,-fixed
vectors of an irreducible representation 7 of G(Qy) in B is

trrecg, (7, | det ISI_Z")/Z)(U)-

(However, if 7, ¢ B, then 7X¢ is trivial and T, g - acts as 0.) This element T, g - is the image in 3y
of [1gcnTv 5.0 € [1pcs3n - Itis independent of &r. Furthermore, for each ¢ € Aut(C), we have that
9B = B and additionally,

1-2n)/2 1-2n)/2
g2 )

Yrecr, (my| det| ) = recp, (¥ (| det|
Thus, we have that T, 3 » =T, .o, and so T, g » € Q[K/\G(Qr)/K¢].
Define

0= || Gw. NZIKs\GLan(F,)/Ks)).
S, ovI|¢

Sspl

Then 32 lies in the center of Z[K;\G(Q¢)/K¢]. Note that for any element T € 33 N Q[K,G(Q) /K],

there exists a nonzero integer d(7) € Z such that d(T)T € 32, where v | €. Thus, we can choose
d(T, s.s) € Z \ {0} such that

d(Ty 8,0)Ty 8,0 € Z[K\G(Qr)/Ke],

SO d(Tv,%,O')Tv,FB,a' € 3?
For each v € S_ |, fix a Bernstein component 3,,, and let B, be the disjoint union as defined in
Theorem 6.2. We will make the further assumption that U? = [],,,, U is a neat open compact subgroup

of G(AP-*) such that

Up = H Ky, . 6.1)
veéspl
vl

Let Hyprz, = (® reSin 32) be the abstract ramified Hecke algebra. For any two integers N, >

N1 = 0 and any algebraic representation p of L, over Z(p), recall that the classical space

0 min sub . p,oo . . .
H (XUI’(NI,NZ)’gUP(Nl,Nz),p) has an action of G(AP*) which induces an action of Hs, z,, and

similarly, the p-adic spaces HO(%grd’mm, Egrd’sub) and HO(X;’rd’min, Egrd’sub ® Z/pMZ) have an action
of G(AP-®), which similarly induces an action of Hgpz,. Let T” denote the image of

UP (N1,N2),p
fHI’ = U H :
z, = 1z, ® Tlspl,z, 1IN

P’

0 i b
EndZP (H (Xlrfn:’n(Nl ,N2)? gls}l”(vaNz),P))'

. 0 /4cord, min ord,sub 0 ord, min ord,sub M
Furthermore, if W ¢ H (%U,,(Nl),EU,,(NI),p) (resp., W Cc H (XU,,(NI’NZ), EU,,(NI,Nz)’p(X)Z/p Z))

is a finitely generated Z,-submodule invariant under the action of the algebra MY , then let
P

d, d, . .
Ty s (le Ny (W) (resp. Ty» (le,Nz),p,M (W)) denote the image of ’ng in Endz,, (W).

Foreachv € S, LI S()). let T, ., denote the image of d(T, ., )Ty. 8. in any ng -algebra T.
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7. Interpolating the Hecke action

The main goal of this section is to prove the following proposition.

Proposition 7.1. Let p be an algebraic representation of Ly over Z(p). Suppose that Il is an irreducible

quotient of an admissible G(A®)°" " submodule TI" of HO(¥%°rdmin, E;,)rd’sub) ® @p. Then there is a
continuous semisimple representation

R,(I) : Gr — GL2,(Q,)

with the following property: If € # p is a rational prime such that either € splits in Fy, or both F and 11
are unramified above €, and v | € is a prime of F, then

WD(R, ()G, )** = recr, ((Tp), | det |72y

Proposition 6.5 in [10] proves the existence of R, (IT) and its local-global compatibility at primes
above { ¢ Siym U S such that IT is unramified at £. We extend the local-global compatibility results to
primes above £ € Syym LI Sy

Fix p, IT and I1’ as in the proposition. For each v € QSPI, let B,, denote the Bernstein component
containing BC(I1,),. Let B,, be a disjoint union of Bernstein components containing 3, such that there
is an open compact subgroup Ky, of GLo, (F,) and an irreducible representation of GL5, (F,) with a
nontrivial Ky -fixed vector is contained in B,,. Choose a neat open compact subgroup U? =[], Ur

of G(AP>*) such that U, = K, for each £ € Sy, as well as an integer N such that oy z (0).
Recall that Hgpz, = (& £eSy 32), where 32 is associated to the Bernstein components B, and

disjoint unions B, and open compact subgroups Ky fixed above, for each v € S_, and let 7—[; =
p

Z,[G(Z9)\G(A2)/G(Z2)] ®z, Hspl,z, as before.

We first show the existence and local-global compatibility of a Galois representations associated to
. . . . 0 i b .
irreducible subquotients of the classical space H (Xl‘}’},n( NiN) S;‘:g) (AnFQ §1dY) o(p_1).) for ¢ sufficiently
large. It will be most relevant to write this result in terms of pseudorepresentations.

spl?

Lemma 7.2. For t sufficiently large, there is a continuous pseudorepresentation
.S
T, : Gy —> TF

up (Nl ,Nz),p®(/\”[F:Q] s[dv)®(p—l)t 4

where if v | € ¢ S,

d(Tv,%v,(r)Tt(o-) = Tv,%v,o‘for all o € WFV ifv | te Sspl
d$T, (Frobi)) = 7" for alli > 0 ifv|€¢0

Jor all positive integers i and for all o € Wp, .

Proof. First, assume that p ® @p is irreducible. Let (bo, (br.i)) € X*(T, 3 ZLn) denote the highest
P
weight of p ® Q,,. If € Z satisfies the inequality

-2n 2 (bT,l - t(P - 1)) + (ch,l - t(P - 1))’

and p; := p ® (A"1F:Q §td)®(P=17 then by Lemma 5.11 of [10],

p = o =
TU”(NI,Nz),Pt ® QP - GI'IBQP,
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where the sum runs over irreducible admissible representations of G (A*™) with Y7 (NN2) 2 (0) that
occur in H O(X min ¢ Spec Q P £ [S,‘t‘b). Further, from Proposition 4.2, we deduce that there is a continuous

representation
.S =
To, t G — GLZ"(TZ”(N1,N2),[J1 ® Q) 7.1
satisfying forv | £ ¢ S,
trry, (Frobl) =T\ foralli >0 ifv | £ € Sy 72)
trry (o) =T, g s foralloc e Wg, ifv|{¢Q. '
Let T; := trr,,. Note that if v | £ ¢ S, then T, (Frob, ) = Tv(l) c TZP(NI A Thus, by Cebotarev

P
UP(N1,N2),p0:°

For general p, recall that algebraic representations of L, (Z,) over @p are semisimple, and so we

density theorem, 7; : G5. — T

can construct from the Galois representations associated to the irreducible constituents of p ® @p a

Y4 ray .
UP (Ny.Na) p@(AnlF:2 stdye(p-Dr ® Q,,) for sufficiently large

t whose trace satisfies the desired properties. O

continuous representation r : G‘; — GL,, (T

Combining the above lemma with the congruences properties established in Lemma 4.3, we have the
following corollaries.

Corollary 7.3. If W is a finitely generated ng -invariant submodule of either

HO(XI(}rI(}’(IXJi?,NZ)’ ggrd,sub ® Z/pMZ) or HO(%[OJI?,’(I?\i;;, ggrd,sub)’

then there is a continuous pseudorepresentation

.S ord, p
T:Gy — TUP(NI’N”’p’M(W)

such that

d(Ty s, 0)T(0) = fvysgv,o-fOI‘ alloc € Wg, ifv| €Sy, and
dT(Frobl) =T foralli > 0 ifv|€¢Q.

Proof. Tt suffices to show that for finitely generated

0 ord, min ord,sub M
WcH (XUF(N]’NZ),gp Yo Z/p"7Z),

such a pseudorepresentation exists since there is an G (A*®)°-equivariant embedding
Ho(ford,min 5;)rd,sub) ® Z/pMZ PN H()(Xord,min E,’Brd’SUb ® Z/pMZ).

Ur(Ny)’ UP(Ni,N)’

Since W is finitely generated, there exists k € Z such that

k
0 min sub 0 ord, min sub,ord M
We Im(@ HCG v 0> S0 NN paa1 ) = X0t vy Euv' v @ 2P D))-
j=r
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Since the above map is G (A*)°"4-*_equivariant, we see that for r sufficiently large, by Lemma 4.3, there

is a continuous pseudorepresentation T, : GS. — T . If we take r to be sufficientl
p p r F UP(N1,N2)op, ,M-1 () y

large, then we can compose to get

.S d,
T:Gp — T;’jrpf’N)’p(W)

such that

=spl”®

d(Tys, o)T(0) =T, 9, o foralloc e Wg, ifveS , and
"7 (Frobi,) = 7" forall i > 0 ifv|£¢Q. "

We use the pseudorepresentations constructed in Lemma 7.3 to finish the proof of Proposition 7.1.

Proof of Proposition 7.1. Since (II")V” (V) s finite dimensional, it is a closed subspace of
0 (y-ord,mi d,suby o
H (xor mm’ gOI‘ sul ) ® Qp

that is preserved by the action of HP : thus, we have by Corollary 7.3 that there is a continuous
P

pseudorepresentation
.S d, NUP (Ny,N:
T: Gy = Tyyly ay (Y N)
such that
d(T, ,.0)T(0) = Tv,%v,a. forallo e Wg, ifve §Spl, and
dT (Frob) = TV forall i > 0 ifv|(¢Q.

Since there is a 2 -equivariant map (IT)Y” V) — TIV”(N) there is a map
P

d, 4 A
én - T(I)Jrl’f)Nl,Nz),p((H/)U, (NI’NZ)) - Qp

(N1

sending a Hecke operator to its eigenvalue on (IT)V” (N1-N2) " Composing ¢ o T =: Ty gives a pseu-

dorepresentation
Tn: Gy — Q. (7.3)

which by work of Taylor [23] is the trace of a continuous semisimple Galois representation satisfying the
semisimplified local-global compatibility at the primes away from S™P' (and away from the primes above
p). The proposition then follows from the main theorem on pseudorepresentations (see again [23]). O

8. Bounding the monodromy

uSe

Let £ # p be distinct prime that splits in Fp and v a prime of F above £ (i.e., £ € Ssprandv € S sp1 U S5 pl).

The main result of this section is as follows.

Proposition 8.1. Suppose p is an algebraic representation of L) over Z(py and that 11 is an irre-
ducible quotient of an admissible G (A®)°"%*-submodule T1" of H (%°rd-min, Egrd’sub) ®q, Q - Then the
continuous semisimple representation R, ,(I1) satisfies for v | € € Sy (i.e., for all primes of F above ¢
(away from p) which splits in Fy),

WD(RPJ(]‘[)|WFV)Fr0b—ss < recy, (BC(IT,), | det | (212,

where < is defined below.
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Let (o, N) be a Weil-Deligne representation of Wg, over @p, where o : Wr, — GL(V) and
N € End(V). Let W denote the set of equivalence classes of irreducible representations of Wy, over
@,, with open kernel, where two representations s, s” of W, are in the same equivalence if s = s’ ® y
for some unramified character y. We can decompose any Weil-Deligne representation into isotypic
components indexed by these equivalence classes of VW — that is,

o= @o-[w], and V = @V[(u],

weW wew

where o[w] : Wr, — GL(V[w]) is a Weil representation with all irreducible subquotients lying in
w € W. The operator N preserves isotypic components of o; thus, it preserves V[w]. If N[w] denotes
N restricted to V{w], then (o-[w], N[w]) is a Weil-Deligne representation. Recall from Tate [22] that
there is an indecomposable Weil-Deligne representation Sp(m) of dimension m with nilpotent matrix
of degree exactly m. Explicitly, we have for all T € W,

77
7"
Sp(m)(7) = :
|T|3Em
7
where
01
01
N(Sp(m)) =

01
0

It is well known that every indecomposable Frobenius-semisimple Weil-Deligne representation is
isomorphic to one of the form s ® Sp(m), where s is an irreducible representation of W, and N(s) =0
(see [22, 4.1.5]). If (o, N) and (o’, N’) are two Weil-Deligne representations of the same dimension,
then for each w € W, we can compare the dimensions of Sp(-) in the decomposition of o [w]FP~5$
and o’ [w]F" =59 into indecomposable representations using the following ordering:

Definition 8.2. For each w € W, and for each Weil-Deligne representation (o, N), there exists a unique
decreasing sequence of nonnegative integers m; (o, N) > my (0, N) > ... with an associated
sequence of s1, 52, ... € w such that

@] = (] 5: © SpOm; o (0, N)).

Si€w

The sequence (m; ., (o, N)); is a partition of the integer dim(o-[w])/dim(s;) for any s; € w. If (0, N”)
is another Weil-Deligne representation, then we say

(o,N) < (o’,N")
if and only if Yo € Wandi > 1,
ml,w(O—’N) +-- +mi,w(o—3N) S ml,w(o-/’N/) +- '+mi,w(o—,’N/)'

In particular, (o7, N) < (¢, N’) if and only if N{w] is ‘more nilpotent’ than N’ [w] for each w € W.
Denote by 1, the inertia subgroup of the Weil group W, at v, and let Z denote the set of isomorphism
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classes of irreducible representations of I, with open kernel. For every 6 € Z, define o-[6] to be the
isotypic component of o |;,, whose irreducible subquotients are isomorphic to 6. Since N commutes
with the image of I, these isotypic components are preserved by the monodromy operator; thus, we
can define N[0] as the restriction of N to V[6].

Definition 8.3. Let (o, N) be a Weil-Deligne representations of Wr, over @p. For each 0 € 7, we
can define a unique decreasing sequence of nonnegative integers nj g(o, N) = nag(o,N) > ...
which determines the conjugacy class of the monodromy operator N [6]. It is a partition of the integer
dim(r[6])/dim(0). If (o~’, N’) is another Weil-Deligne representation, then we say

(o,N) <5 (c’,N')
if and only if o|;, = o’|;, and V8 € Z and i > 1,
nl’g(O',N)+...+ni,9(0',N) < nl’g(O'/,N,)+...+ni,9(0",Nl).

We have the following lemma relating the two dominance relations < and <; defined above.
For any sequence of integers (m;)icz., and d € Z., let d - (m;); be the sequence of integers
(my,mq,...,my,mp,my,...,my,...) where each m; occurs d times.

Lemma 8.4 (Lemma 6.5.3 in [3]). Let (0, N) be a Weil-Deligne representation of Wr.,.

1. Let w € W and 0 an irreducible constituent of s|i, for any s € w. Then o[s'] N o [6] = 0 if s is not
an unramified twist of s. Furthermore, if d = dim(s)/dim(0), then

(n1,0(0,N),n2.9(0,N),...)=d - (m1,u(o,N),mz ,(c,N),...).

2. If (o’/,N’) is another Weil-Deligne representation of F, such that o°° = o'ss, then (o,N) <
(¢/,N’) & (o,N) < (o', N’).

From Lemma 8.4 and Proposition 7.1, it suffices to prove that
WD (7, (ID]wy, )7 </ rec, (BC(IT), | det [§"7%)

in order to conclude the proposition. We start by characterizing irreducible representations of 7, with
open kernel.

Definition 8.5. If (6, V) is arepresentation of 7, and 7 is an irreducible representation of a subgroup H of
I,,,set (6[7],V[1]) to be the T-isotypical component of the H-representation (0|g, V|g). Furthermore,
if N is a commuting nilpotent endomorphism of V, then set N[7] = N N V[7].

Let P denote a Sylow pro-p-subgroup of /.. Recall that there is amap ¢, : I, — Z, since v { p
and let IV := ker tp. Recall that there is also an identification of P with 1,/ 17, Let TP denote the set
of isomorphism classes of representations of 12 with open kernel; there is a canonical action on Z” by
1, /17 acting by conjugation. For i € I, let ¢; denote the conjugation map I, — I, where x > ixi~!,
and abusing notation, we let ¢; also denote restrictions of ¢; to certain subgroups of I,,.

Let Z; denote the subset of elements of Z” with open stabilizer in I, /I{. For n € I7, set
I'" = Staby, (7) = {i € I, : noc¢; = n}, which is open in [,,. Additionally, fix a choice of topo-
logical generator g, of P N 1" such that I = (I, g,,). Note that g,, has pro-p-order and can be chosen
so that g;oc, = gy forall g € P.

Lemma 8.6. If n € I7, there exists an irreducible representation 7j of I with open kernel such that
il =1

Proof. Since nj € ZP, we have that I /ker(#) is finite order, and conjugation by gy induces an automor-
phism of the quotient. This automorphism must have finite order as well, and since g;, has pro-p-order in
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I,,, conjugating by g must have p-power order as an automorphism of 17 /ker(z). This implies that there
is some nonnegative integer n such that gf; centralizes I /ker(n). Let Ag,, be an invertible matrix such

n
thatnocg, = Ag, omo Ag}l . Then Ag}) centralizes 1 and therefore must be a scalar since 7 is irreducible;

thus, we may suppose that Ag; = 1. We can then define the representation 77 : 17 — GLdim,,(@p)
sending

iogly > n(io)Af, . where i € I7.
Furthermore, since 7 is irreducible, 7 is also irreducible. O

For each n € Z!, choose once and for all a lift 77 to 1" such that o c, = fjo cg forall g € P. If
ne Ié’ and y is a character of /7 with open kernel containing 17, set Onx = Indfv,, (7 ® x).

Lemma 8.7. Ifn € Z] and y is a character of I"! with open kernel containing I], then

L. 0y is irreducible and 0, i = P foci®x.
lilel, /1
2. 0y =0,y ifandonly if x = x" andn’ = noc; for somei € I,.
3. Every irreducible representation of I,, with open kernel arises in this way.

Proof. 1. For any character y : I — @IX, with open kernel containing 17, /i ® y is irreducible since 7 is.
Thus, we can prove that 8,, , is irreducible using Mackey’s Criterion. Consider some elementi € 1, \1".
We want to show that 6,, , and 6,, , o ¢; are disjoint representations of /" (i.e., have no irreducible
component in common). It is enough to see that they are disjoint on 7. Since On.x© id| » =1 and
0.y ©Ci P =Mn0oc¢; fori ¢ I, these are not isomorphic irreducible representations; thus, they must be
disjoint. The second part follows from Frobenius reciprocity and the definition of 6,, , as an induced
representation from the stabilizer of 7 in [, to [,,.

2. Next, we prove that 8,, , and 6, ,+ are isomorphic if and only if for some i € 1,7 = 5’ o ¢; and
X = x’. One direction follows from the first part of the lemma. To prove the converse, assume 6,, , and
0,y are isomorphic. Restricting to 17, we have

~ ~ ~ 4
@ noci = byl = 977’.x’|15 = @ n oc;.

[i]GIv/IU [i]elv/['f

Thus, = i’ o ¢; for some [i] € I,,/I7. This further implies I = I, where the isomorphism is given
by conjugation by i since for any element g € 7,

’ ~ ~ ~
T ©Cigi-1 =NOCig =MNOC; =1 .

In fact, since I,,/I7 is abelian, we have proven that I7 = [T,
It remains to show that y = y’. By Frobenius reciprocity,

Homy, (6,,,,,05,,) = Homp (7 ® x/, @ foci®y).
lilel, /17

Since 77 o ¢; ® y is irreducible, it remains to check that 7 ® y # 7j as representations of /"7 for nontrivial
x-Let x(g,) = 4g,,, and note that if 7(g,;) = (F® x)(gy) = A, 7(8y), then either A5, = 1 or tr(7j(g,))
is zero; however, since 7 is irreducible, for any & € I¥, we have 1(gyh) = 44,7 (gyh), and for some
h, t(7j(g,;h)) # 0. Thus, tr(7i(g,)) # 0, and so we must have that 1, = 1. Thus, we conclude that
On.x # 0. When y # x’ or n and n’ are not in the same orbit of Ié’ under the action of I, /1Y (or
equivalently, I,,/1'7).

3. Finally, we show that any irreducible (finite-dimensional) representation of I, arises as 6, , for
some 17 and y. Let 6 : I — GL(V) be an irreducible representation, and restrict to I7. Let o, EI(I)’V[T]]
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denote the decomposition of 6| (r into its isotypic components. For each 57, 1" = Stab;(77) acts on
V[n], and furthermore, each i € I induces an identification of V[n] and V[n o ¢;]. This implies that
Indﬁ,, V[n] = V, and thus as a representation of /"7, V[n] is irreducible. There is an isomorphism as

Q p-Vector spaces,
Hom,r (71l;2, VInll;r) ® 1 — V). (8.1)

The space Homp (j|;», V[n]l;r) has an action of i € I7 by conjugation, and IP acts triv-
ially. With this action, (8.1) is indeed an isomorphism of I”7-representations. However, since V[n]
is irreducible, Hom,» (7j|;», V[n]|;») must be irreducible over 7 /IP, which is abelian. Letting
x =Homyp (7jl;r, VInll;»), we conclude that 6 = 6, . O

We now consider a more useful version of Definition 8.3 to all representations of 1, with open kernel
and commuting nilpotent endomorphism.

Proposition 8.8. If (o, V,N) and (¢, V', N’) are two Weil-Deligne representations, then (o, V,N) <;
(o’,V',N) ifand only if o|1, = o’'|1, and

dim(ker(N/) N V[0,,,]) > dim(ker(N"/) N V'[0,,,])

forall j € Zoo, n € IF, and y a character of I | IY with open kernel.

Proof. Note that for any 6 € Z, the conjugacy class of N[6] (resp. N'[6]) is determined by the partition
of dim(c[6])/dim(6) (resp. dim(c’[6])/dim(6)) given by (n; g(07, N))iz1 (resp. (ni,6(0”, N'))iz1).
The condition

nl,g(O',N) + ... +ni,9(0',N) < nl,g(O'l,N/) +... +l’li’9(0",N/) Vi>1
is equivalent to the condition
tk N[0)/ <tk(N'[0]))  Vj=0.

Since we require o|;, = o’[;, in both definitions, we have that their dimensions are equal; thus,
rk N[0]/ < rk(N’[0])’ is equivalent to

dimker N[0]/ > dimker N'[6]”.

By Lemma 8.7, we know that all 6 € 7 are of the form 6,, , where 7 € Ié’ and y is a character of 17
with open kernel containing 17, and so we are done. O

Furthermore, given j € Z.o, 1 € Ié’ , and y a character of 1”7 /17 with open kernel, then using the
fact that dimker N = [/ : I"7] dimker N|, , [70y] (coming from the Lemma 8.7(1)), we can conclude

dim(ker N/ N V[6,,,]) > dim(ker N/ nV'[6,,,])
& dim(ker NV NV[F® x]) > dim(ker N/ nV'[§® x]).

If 7 denotes a representation of /7 with open kernel and f : I} — @p is a locally constant function,
then let n(f) := /lp F()n(i)di, where di denotes the Haar measure on IY (normalized so that vol(I%)
= 1). Since 17 is compact, this integral is in fact a finite sum. Recall that for each 7, we fixed a choice

of topological generator g, of P N I” such that 17 = (I, g,). The following lemma describes the
existence of projection operators for representations of I¥ and the relationship between the image of 7j
and n (both irreducible).
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Lemma 8.9. If (,V) and (n’,V’) € I(f, then
(17" (1)
dim 7

dual representation) such that n(e,) = 1, but 7’ (e;;) = 0 for all n’ # 1.

1. There exists a locally constant function €,; : 5 — @p sending i — (where v denotes the

2. There exists a locally constant function a, : ) @p such that 7j(g,) = n(ay), butn’(a,) =0 if
nn.

Proof. The first part is clear. As for the second part, since  has open kernel, there is a finite quotient
I}, [ker(n) through which it factors. Furthermore, 7 is irreducible, and thus the matrix 7j(g,) € Hom(V)
can be written as a sum ngﬁ Jker(i7) 41.¢7(8)- Define a;, by sending g — a,, ;. By orthogonality, we
have that n’(a,;) = 0 for n” # 7. Recall that the Peter-Weyl theorem gives an isomorphism

Hom(1}) /ker(n),Q,) — &b Endg (V).
(r,V)elrr(1) [ker(n))

and thus a;, pulls back to a locally constant function of 7. O

Foreachn € Z”, fix a choice of €;, and a,, as described in Lemma 8.9.If (o, V, N) (resp. (¢, V', N))
uniquely determine (local) Galois representations p, (resp. p}) of G, acting on the same underlying
vector space V (resp. V'), then recall that the defining relation between p,, and (o, V, N) is

pv (i) = o (i) exp(t,())N) foriel,.
If i € I, is an element such that 7,(g) is nonzero, then we can write log(c (i)~ p, (i)) = 1,(i)N.

Additionally, for all positive j, rk(, (i)N)/ = rk N/, and for any unipotent matrix U, rk(logU)’ =
tk(U — 1)4. Thus,

J .
rk(o-(g)_lpv(g) —id) =tk N7.
This implies that

K(Nlv7ex1)’ = tk((ov(85) = o (@) v 17@x1)s

and we have that (o7, N) <; (o, N’) if and only if o|;, = o’'|;, andforall j € Z.g,n € Ié’, and y a
character of 1 /I% with open kernel,

dim(ker (p(gr]) - O-(gn))le[ﬁ&\{]) 2 dim(ker (,0’(877) - 0—’(877))j|V’[17®/\/])- (8.2)

Additionally, since ker (p(g,) — a(g,I))j\V[ﬁ@(] = ker(p(g,) — p(a,)x(gy,))’, we can then conclude
the following:

Lemma 8.10. If (p,V), (p,V’) are two continuous m-dimensional representations of I, (arising from
continuous G, -representations), then (o, N) <1 (0, N') if and only if p|;p = p’l;p and

N (p'(gy) = p'(an)0) =0 = A (p(gy) —play)d) =0 (8.3)
forall j,k € Z=o, n € Ié’, and p-power root of unity £.

Proof. This follows from (8.2) and the fact that for any A € End(V), dimker A = dimV + 1 — min{k €
Z-o : AKA =0} o

Suppose p;, is a local p-adic GF, -Galois representation of dimension m, and p is a semisimple
continuous m-dimensional global Galois representations of Gr > I,. Then AKp is also semisimple,
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and WD( p|G,., YFrob=ss <, WD(p?)F® =55 if and only if for all j, k € Zsq, n € Ié’, { a p-power root
of unity,

N (8g) =" (a0 =0 = (M (p(gy) = play)l) p()) =0 V7€ G

because trace is a non-degenerate bilinear form on the image of semisimple representation. For any p,
we can extend it by linearity to p : Q,[Gr] — GL(V), and let b;, ; := g, — ¢ - a, € Q,[GF]. Then
WD(p)Frob=ss <, WD(p”)F°P=55 if and only if for all k, j € Z-¢,n € ZF, and p-power roots of unity ¢,

NP (gn) = p'(@n)0)) =0 = wA“p(b] ;1) =0 VT €GP (8.4)

Now, if T denotes a 2n-dimensional continuous pseudocharacter of G, then by extending linearly
and using the recursive formula for a matrix A, tr AKA = L 3% (=1)""1tr(A™) tr Ak (A), we can
define

_ _ 1 &
AT QIGr] =T, by g 1 D (D)™ T(™) A T(g)
m=1

for k < 2n. In the sequel, we will be interested in whether the following function

,]((T) GF _)Qp THA T(b,]{ )

is identically zero.

8.1. Proof of <

In this section, we prove Proposition 8.1.

uSe

Proof. Fix € € Sy andletv | £ be aprime of Fin § Sei-

the hypothesis of the proposition,

Sel We have already seen that for IT satisfying

WD( RPJ (H)lev )SS = 1€CF, (BC(HZ)\) | det |‘(}1_2n)/2)ss.
By Lemma 8.4, it therefore remains to show that
WD(R, (H)|va yFrob=ss _, recr, (BC(I1,), | det I‘()I—Zn)/Z).

For ease of notation, let the p-adic local Galois representation associated to the Frobenius semisimple
Weil-Deligne representation recr, (BC(Il;), | det |\(,172")/ 2) be denoted pr°, . We want to show that for

alln € Ig, p-power roots of unity ¢, and j, k € Z~,

T 0 = A R,,,(H)(b

774“)_ ()

Recall from (7.3) that for 71 := ¢ o T constructed in the proof of Proposition 7.1, there is a function

77 éy for each j, k € Zso, 7 € Z”, and p-power root of unity ¢ such that

By (Ti) (1) = tr A¥(rp (T (€ 8) = Rp o (TD) (@) E) R, () (7).

By (8.4), we want to show that
J .
(P{-?CV (gr]) ¢ Prec (an)) =0 = B]:I,]( (Tnn) =
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Let B,, denote the Bernstein component containing BC(Il¢), . By Proposition 6.2 in [17], associated
to I, there exists an idempotent ey, 5, inside the Bernstein center 35, associated to I3, such that

o en,g, (BC(Il),) #0
o em.g, (Ilp) # 0 = rec(Ily) <; rec(BC(Ily), ) for all irreducible Iy of GLy, (F) ).

If ery denotes the image of e, 5, € 3m,, where B, is the disjoint union of Bernstein components
containing BB, defined in Theorem 6.2, let €y := d(e)er € 32, and abusing notation, let é7y also denote

its own image in H;p: and End(HO(X{]“i“, S;J“t;b)) for any b € X*(T, 3 )i and any neat open compact
LPb r
U=T]Ugsuchthat U, = Ky, .
* _ Y2 . . 2
Lemma 8.11. Let b € X (Tn/Q,, )op and let TU,Q denote the image in HZ,, in

Endz, (H(X5™, €5%),

where U = [[ U, and Uy satisfies (6.1) for every { € S There is a continuous representation
b - Gf, — GLo, (Tp ® @p) described in (7.1) for every b, and let Ty, = trrp. Assume thatn € Ig, la
p-power root of unity, and k, j € Z~ are such that

J
Ak (pﬁfv (gr]) - plr%:v (an)) =0.
For each b, the map énB];’,Q (Tp) : GISF — Ty is identically zero.

Proof. Recall that T, = @Ho@p» where the sum runs over irreducible admissible representations of
G(AP™ X Zp) with IV # (0) which occur in H(X™", £5°) We will prove that for each Ilo, the
composition B

o1, © EHBI:]”Q(TQ) 1G> Ty il @p
is zero. Assume é(BC(Ily),) # O for some Iy € HO(Xmi“,(?;“b). Then rec(BC(Iy¢),) <1
rec(BC(II;), ), and so by Lemma 8.10, for € Z,
N (o Censn) = £ P (an)) =02 A (o () £ S (a)) = 0.
By Corollary 7.1 and Lemma 8.10, we know this implies that
N (Rp. (o) (8) = ¢ - Rp.i(Tlo) (ay))” = 0.

o okj
Thus, ¢, © ean’Jg (Tp) =0. O
Continuing the proof of the proposition, since Ty is constructed in terms of T, if
én (BC(Hg)V)Bz’J{(T;,) is identically zero for all b € X* (Tn/@ )y then EHBI;’]( (Try) is also identi-
Vb /Qp .
cally zero. Since ér(BC(I1), ) # 0, we can conclude that Bfljg (Tr) =0ifnp € Ig, { a p-power root of
unity, and k, j € Z- are such that

J
N (P, &) = £, a)) =0,

(1-2n)/2
v

This implies that WD( R, , (H)|er YErob=ss < recr, (BC(I1y), | det | ). Thus, we conclude

WD(rp., (ID|w;., )% < rec, (BC(IIg), | det |§' /). o
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Proposition 8.1 in conjunction with Theorem 5.1 then allows us to conclude the following:

Corollary 8.12. Assume that n > 1 and that p is an irreducible algebraic representation of L y) 1in

on a finite-dimensional @p—vector space. Suppose that m is a cuspidal automorphic representation of
L(n),1in(A) such that ne has the same infinitesimal character as p". Then, for all sufficiently large
integers M, there is a continuous semisimple representation

Rp,l(ﬂ’ M) : GF - GLZn(@p)
with the following property: if € # p is a rational prime in Sqp|, then for all primes v | €,

WD(R ., (10, M) |y, )75 < recy, (| det | ™7) @ recp., (7o | det |17/%) V¢ g el -2172M

Proof. LetIl be an irreducible subquotient of the induced representation Ind¢4"") (7| det ||M x 1)

Pl (A7)
with the property that at any v | £ € Sgp,
I, = 7, | det M @ 5| det | ™.
Then set
Rp(m, M) = Ry ('T1) & ;. D

9. Group theory

Let I be a topological group, and let & be a dense set of elements of I'. Let k be an algebraically closed,
topological field of characteristic 0, and let d € Z~¢. Let u : I' — k* be a continuous homomorphism
such that u( f) has infinite order for all f € §. For f € &, let 5} and 5} be two d-elements multiset of

elements of k*. Let M be an infinite subset of Z. For m € M, suppose that
om T — GLyg (k)

is a continuous semisimple representation such that for every f € &, the multiset of roots of the
characteristic polynomial of p,,(f) equals

Er || eFuinm.
Proposition 9.1 (Proposition 7.12 in [10]). There are continuous semisimple representations
p' T — GLy(k)

fori=1,2 such that for all f € §, the multiset of roots of the characteristic polynomial of p'(f) equals
g,
f

Theorem 9.2. Suppose that r is a cuspidal automorphic representation of GL,,(Ar) such that e, has
the same infinitesimal character as an algebraic representation of RS(S GL,,. Then there is a continuous
semisimple representation

rp,l(ﬂ-) :Gf — GLn(@p)

such that if v { p is a prime of F above a rational prime € satisfying either

1. ¢ is split over Fy, or
2. m and F are unramified at all primes above ¢,
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then
WD(rp, (70w, )T < reci, (x| det | /%),

In particular, if © and F are unramified at v, then r,, ,(m) is unramified.

Proof. Assume that n > 1. Recall that S contains p and the rational primes that are not split in Fy but
ramified in F; and let GISF denote the Galois group over F of the maximal extension of F' unramified

outside S. LetI' = Gr 5, k = @p, and u = €2, and let M consist of all suﬂiciently large integers

m. Choose an irreducible subquotient IT of the induced representation Ind GAm <l det || x 1)

(Ap ) (ﬂ
satisfying for v | £ € Sgp,

I, =, |det|” @ 7S | det| ™.
Then we set
pmsz(ﬂ,m)sz(z’ll'I)ébe;,m me M

for each v and let k (v) denote the residue field of F,,. Let § contain all elements o, € Wg, which projects

to a power of Frobenius under the map Wr, — Gal(k(v)/k(v)), where v ¢ S’. Denote by o<, the image
of o, under the isomorphism W, = Wg.  induced by conjugation c. Define £ (l,v to be the multiset of

roots of the characteristic polynomial 1! recr, (7, | det |(]7")/ 2)(o-v) and E(ZTV equal to the multiset of

roots of the characteristic polynomial of ¢~ recF( (e, | det I( 1+3m)/ 2)(01?‘}1). We can then conclude

(Fpu(Owe, ) = 17 rec, (| det {7777y 9.1)
By Proposition 9.1, we have that for a sufficiently large integer M in the sense of Theorem 5.1,
Ry(m,M) =1y, (n)®r,,(‘1)" ® E}J_Z”_ZM. 9.2)

Now choose a finite order Hecke character ¢ on A% such that

o y is unramified at v,
o  highly ramified at v¢, and

o recr, ((m ®y), | det | (1-n)/2 ) and recg, ((m ® ¥)e,, | det |(l ">/2)C’V have no common irreducible con-
stituents, even after restricting to 7,,.

From (9.2) applied to 7 ® ¥ in conjunction with Corollary 8.12, after untwisting, we obtain

WD(rp,. (7 ® l//)|WFV )Frob—ss ®& WD(rp, (‘r® Clp)c,V| )Frob—ss

(1-n)/2 (1- n)/2)L,v

<recr, ((m ®@y)y|det],” ) @ recr., (7 ® Y)ey|det]e,

Additionally, by (9.1),

Fpu (@ W), )™ = recr, ((r ® v), | det]y %),
Since < is defined component-by-component, we can conclude
WD(rp,L(ﬂ ® 'p)|va )Frob < recr, (T @ Y)y).

Since the relation < is compatible with twisting, we conclude the theorem. o
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Corollary 9.3. Suppose that E is a totally real or CM field and that ©t is a cuspidal automorphic
representation such that . has the same infinitesimal character as an algebraic representation of
RS(S GL,,. Then there is a continuous semisimple representation

'pa: GE — GLn(@p)
such that, if € # p is a prime and if v | € is a prime of E, then
WD(rp, (1), )T 75 < recg, (mry | det |{'772).

Proof. This can be deduced from Theorem 9.2 in conjunction with Lemma 1 of [21] using the same
argument as in Theorem VII.1.9 of [11]. O
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