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Abstract. Let J, denote the Bessel function of order w. The functions
X% Jyioni1(x),n=0,1,2, ..., form an orthogonal system in the space L*((0, c0),
x***ldx)ywhen « > —1. In this paper we prove that the Fourier series associated to this
system is of restricted weak type for the endpoints of the interval of mean convergence,
while it is not of weak type if & > 0.

2000 Mathematics Subject Classification. 42C10, 44A05.

1. Introduction and results. Given a positive measure o on some space and an
orthonormal system {¢, },=0 in L?(c), the Fourier series associated to {g, },0 is the
sequence of operators S, defined by

S =Y alee.  [eL¥o),
k=0

where ¢x(f)= [f¢r do. The elementary property that ||S,/ — f |l 12(0) — 0 for every
f € span {g, } .0 raises the same question with the L?(¢c') norm replaced by the (o)
norm, 1 < p < co. By the Banach-Steinhaus theorem, this is equivalent to the uniform
boundedness

1SN <Clif @y,  felF(o),n=0.

Needless to say, the most important case is the trigonometric system on the unit
circle T, for which the boundedness holds if 1 < p < oo [19]. For p = co the answer is
definitely negative, while for p =1 the boundedness fails but there is a weak substitute
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in terms of the Lorentz space L'*(T, df):

1S/ I oor.aoy < Cf N icroaeys  f € LN(T, d6), n>0.

Here,
If | 7o) = sup VAP =[P () ot an, 1 <p <00,
y>

ro[® A
W Nl zrroy = (— / [tl/”f*(t)] 7) , 1<p<oo,1<r<oo,
P Jo

where XA is the distribution function and f* the nonincreasing rearrangement
of f. There is a Holder’s inequality /15,0, < Cllf lgr.q0llf lirn0 1/pi = 1/qi + 1/ 74
Also, |If .o <CIfllp.p = CIf l,<Cillf 1. The reader is referred to [12] or [21] for
further details on /" spaces.

After the trigonometric system, the convergence of Fourier series has been studied
for a number of orthonormal systems, including Jacobi polynomials [17, 18, 14, 4, 10],
Hermite and Laguerre polynomials [15, 16], generalized Jacobi polynomials [1] and
Bessel functions on (0, 1) [9].

In [23, 11] the authors characterized the I convergence for the Fourier-Neumann
series; i.e., the Fourier expansion associated to the functions

i) =VaAn 420 + 2Jp 2 (0)x7, n=0,1,...

which are orthonormal on L*((0, 00), x***! dx) [L?(x***!), from now on]. See [24,
§13.41 (7), p. 404] and [24, §13.42 (1), p. 405]. Here, @« > —1 and J, is the Bessel
function of order v.

For each suitable function f, let S,/ be the n-th partial sum of its Fourier series
with respect to the system {j}°°; i.e.,

Sulf. x)= fo SO 02 dr, K= Y ).
k=0

In this paper, we study the weak and restricted weak behaviour of these series; i.e., the
uniform boundedness

I1Suf Il poezety < Cllf Nperty,  f € LP(x*H), n>0
or
I1Suf Il posuzesty < Cllf Nlppigaery,  f e LX), n>0.

Let us focus on the weak boundedness. The a priori assumption that j* € LI(x>**+1)
(n=0,1,...,1/p+1/g=1) should be made so as to guarantee the existence of the
Fourier coefficients for any f € L7(x***!). Also, we must assume that j¢ € 17> (x>*+1)
if we want S,f to be in L7®(x***!). By Lemmas 1 and 2 below, these assumptions
hold if and only if p; <p <p,, where p; =4(a¢ + 1)/Qa + 3), pp = 4a + 1)/ + 1)
if >0, and py =4/3,p, =4 if —1 < o < 0. For the restricted weak boundedness,
the same arguments lead to the a priori assumptions that p; < p < p,. Since the /-1
boundedness holds if and only if p; < p < p», and it implies the L7-1/>*° and L/*!-1/>®
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boundedness, the real interest is in both endpoints. We obtain a negative answer for
the weak type in the case & > 0, and a positive answer for the restricted weak type.

THEOREM. Let >0, py = 4o+ 1)/2a + 3), po = 4o + 1)/2a + 1). Then the
partial sum operators S,,n=0,1, ..., are not uniformly bounded as operators from
LoV (x2t Yy nto LPh°(x?*1), i=1,2. In the case —1 <a <0 the second statement
holds with py = 4/3 and p, = 4.

There is a close connection between S, and the Hankel transform H,, given by

* Ju(xy)
(xp)”

Haf () = fo o dy. (1)

It turns out from [24, §5.1 (8), p. 134] and [7, proof of Lemma 4] that S,f =
Ha(t0.1Ha) = Han (X011 Hanf) = Maf = Mafs Where He, is given by (1) with
Jytoma2 1n place of J,. Now, Kenig and Tomas [13] proved that the multiplier
M, is not bounded from L7(x***!) into L7®°(x***!) when p = 4(a + 1)/(2a + 3).
Chanillo [5] proved that M, is bounded from L7!(x***!) into L7>®°(x***!) with
p =4+ 1)/2a + 3). Some related uniform estimates were obtained by Carbery,
Romera and Soria [20, 3] in the context of the disc multiplier.

Throughout this paper, unless otherwise stated, we use C, C; to denote positive
constants independent of n (and all other variables), that can assume different values
in different occurrences. As usual, we write /' = O(g) in a given domain if |f|<Cg.
Finally, the standard notation a; = max{a, 0} will be used.

2. Auxiliary results. Some appropriate estimates for Bessel functions will be
needed. For instance,

v

- xi v+2
Jo(x) = oDt 0(x"*?), x— 0+, )

Jo(x) = \/g[cos (x - % _ %) n O(x—l)] X = 00, 3)

where the O terms depend on v. See [24, §3.1 (8), p. 40] and [24 §7.21 (1), p. 199].
Some bounds for J, and J;, with constants independent of v are also available. If
v>0,0<x<v/2and a> —v, then there exists some constant C, depending only on
a, such that

(O < Cava_1/2<§>” 4

(see[24, § 3.31, p. 49]). The formula 2J), = J,_; — J,4| proves the same bound for J/(x),
as well as the analogs to (2) and (3):

v—1

2'T(v)

T (x) = \/g[—sin<x - % - %) + O(x‘l)], X = oo.
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It is easy to deduce from (4) and bounds done by Barcel6 and Cordoba (see [2, p. 661],
[8, p. 24]) that

IJ,(x0)] < Cx VA(lx = v+ 034 xe(0,00), v>1 (5)
I/ (x)] < Cx7 34 (x —v| +vHY4 ) xe(0,00), v>1 (6)

with some constant C independent of v. As a consequence, the following estimate for
the norm of x*J,(x) and x*J/ (x) in L7(x***") and L>*°(x***1) can be given.

LEMMA 1. Let 1<p<oo, a> —1, beR and v>1. Let x4, v)=(logv)/4
AMp,v)=1ifp#4.

(@) xPJ,(x) e LP(x***Y) if and only if p(b + v) +2a+2>0 and p(b — %) + 20 +
2 <0. In this case, |x"J,(xX)| ey < CA(p, VW27 b 3Gt

(b) xPJ,(x) e LP*(x*** V) if and only if p(b + v) +2a 42> Oandp(b — D42+
2 <0. In this case, ||xJ, () Lo (y2a1y < C 2 D=3 3G

(c) xPJ/(x)e LP(x**Y) if and only lfp(b + v — 1)+2a+2 >0 and p(b — %)—}—
2o +2 < 0. In this case, |X*J(x)|| ey < OV b

(d) xPJ(x) e LP>°(x**1) if and only if p(b + v — l) +20+2>0and p(b — )+

200+ 2 <0. In this case, || X" J}(x)|| oo (y2es1y < Cv 250 +b-

Similar results can be found in [2, 22] and so we shall omit the proof. Details
are given in [6, Chapter 2].) Let us just mention that the 7 and L/”*° conditions
follow easily from (2), (3) and the analogs for J/(x), while the norm estimates are a
consequence of (4), (5) and the analogs for J (x).

Our next lemma is the main step in the proof of the uniform restricted weak type.

LEMMA 2. Letv > 1,1 <p < oo, and L,(f, x) = J,(x'"))H(#2T (t'/%)f (1), x), where
H denotes the Hilbert transform. There exists a constant C, independent of v, such that

(@) ||Luf||U(dx) < C”f”{J’(dx)af € Lp(dx), ifp<4,
() LS Nl 5ax) < CIf N z21ax), /€ L (dx).

Proof. (a) It follows from (5) that

ILof Wl p@a) < C|H (27, (£72)f (1), x) |

LP(x /3 (|x 12—y |1 32/

Now, x7/8(]x!/2 — v| + v!/3)7P/* € 4, uniformly in v if p <4. (See [7], [11] or [23].)
Thus, H is a bounded operator on L7(x?/3(|x!/? — v| + v!/3)7P/%) and this, together
with (6), proves (a).

(b) Let us write L, (f; x) = L, 1(f, x) + L, »(f, x), where

AR (Vs
Lv,l(f»x):Ju(xl/Z)(|x1/2_v|+v1/3)1/4H< (V@) x>,

(1172 — v| + V134
1

LU,Z(ﬁ X) = Jv(x%)H<IZJ‘,)(I2)f(t)[(|t2 — :)| - vg)z 1_ 1( - V| il v§)4]’x>.
(1 =]+

The term L, (f, x) is easy to handle: we have

L) (72 = o] 4+ 0 <
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and x~1/% € 44(0, 00), so that

(2T P (1)

(1112 = v + V13174
X2T (M) (x)

(|x1/2 — v| + v1/3)1/4

Lo 1S zsooax) < CHH(

L4(x—l/2)

< Clf Nl a1 ()

L4(x—1/2)

-

Let us consider now L, »f. The elementary inequality |a'/* — b'/4| <a=/*|a — b|, which
holds for every a, b > 0, gives

(1 = o]+ 8 = (e v vt E = 2 (1 v uh)
Thus,
ILoa(f, %)) < !Jv(xl/z)!/ ()1 = vl 405 vl e
0
< [ ()

Finally, Lemma 1(b) and a small change in Lemma 1(d) give ||Jv(x%)|| Laeo(ay) < C and
I,(x2)(x2 — v + v3) | fosecan < C. O

B[ +vh)7 | zosean V1 21

3. Weak boundedness. Using the fact that, for « > —1, we have

- xt
Z 2(0[ + 2k + I)Ja+2k+1(x)-]a+2k+1(t) = m[xJaJrl(x)Ja(t) - tJa(x)JaJrl(l)
k=0

+ xJ, +2n+2(x)-]a+2n+2(t)

l.]a+2n+2(x) a+2n+2 (t)]

(see [11, 23]), we deduce that

Snfz Wlf_ W2f+ W3.nf_ W4,nfa
where

Wi(f, ) = 33 ot (OH (121 (12)/ (1'2), ),

Wz(f, x) 2x—aJ (X)H(ta/ZJrl/ZJ +1( I/Z)f( 1/2)’ X )
W3,n(ﬁ X) — % —a+1J‘/)(x)H(ttx/2Ju( I/Z)f( 1/2)’ XZ)’
Wanlf, x) = x0T, () H (12127 (112)f (112), x2),

and v =+ 2n+ 2. Here, H denotes the Hilbert transform on (0, co). The following
formulae were proved in [11, Theorem 1]:

: : 2e—1 1 _2a+3
IW S gy < CI o), et D) p “Tar D ™)
2+l 1 _2a+5

W o < C 2a N 8
I Wof |l perty < CIf lpesny Mot 1) » 4(a+1) ®)
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2 —1 1 20+3 3
Wi uf ” Cllf |l 152041y, 2 __ i 9
W30 f | rerty < CIf Nl Loty M@+ <p {4(a T 4} ©)
20+1 1 1 2a + 2
| Wanfllrpoery < Clf | paetry, m {m7 Z} » 4(a n i) (10)

Now, let & > 0. As mentioned in the introduction, the S, are not bounded operators
from L7(x?**1) into L7®°(x***+1) if p = 4(a + 1)/(2c + 1), so we only need to prove here
that the uniform weak boundedness fails for p =4(a + 1)/« + 3).

It follows from (8) and (10) that W, and W,, are uniformly bounded from
LP(x***1) into itself when p=4(a + 1)/(2a + 3). Thus, it will be enough to find a
sequence of functions {f,} such that the inequality

I Wifn 4+ W nfull rooarty < Cllfall o ety (11)

2a+3

fails for every constant C. Let f,(f) =sgn(Jo ()¢~ "2 xp1,,(#). Then,

Vull ey = Cllogmyr.  p=4(e +1)/Qa +3).

Now, for v=a +2n+ 2 and x > 2v we have

2n
W ] < Cx 7" ‘|J’<x)|/ %)Idt<c"_“_7<§) ,

where the last step follows from (6) and (4). Thus,

2n
e
| X2v,00) W3,nfull Lroo(xetty < C(Z) . p=Ha+1)/Qa+3). (12)

On the other hand, for x > 2v we have

dt> Clogm)x™*~"|Jpr1(x)],

Wi, )| = Cx™*" 1|Ja+1(x)|/ Jo(17)
the last step following from (3). Therefore,
I X(2v.00) () W1(fs X)|| 202041y = Clog n. (13)
Putting (12) and (13) together, we get
IWifu+ Winfull ooy = Clogn,  p=4(a+1)/(2a + 3)
and (11) indeed fails.

4. Restricted weak boundedness. By duality, we only need to prove that the
self adjoint operators S, are uniformly of restricted weak type in two cases:

aZO,pzt%iP,and—l <a<0,p=4.

Case a >0 and p= 42(3—::). From (7) and (9), we conclude that W) and W3, are

uniformly bounded from L7 (x>**!) into itself. Therefore, it is enough to prove that W,
and W, are uniformly bounded from 17! (x***1) into 17®°(x**1); i.e.,

qp.2
IWanf Ipoegaenty < Clf gy, f € L2 ()
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and a similar inequality for W,. We shall consider only W4 ,, since the boundedness
of W, is completely analogous. Let f € 17! (x***!) and, for each k € Z,

k A~k k k
Ik = [2 , 2 +l), f] ZfX(O,Zk*I)U[Z’“Z,oo)a f2 ZfX[zlc—1.2k+2).

Thus, / =fF + f¥ for each k € Z and

Wanllo )1 < [ Wan(FE X) [0+ Y [ Wan (/5 x) [ (%) (14)

keZ keZ
Let x € Iy. Then, it is easy to check that [x> — y?| > 3)?if y € (0, 2=1) U[2%+2 00). Hence,

after a change of variable we get

| Wan(fF. x)| < Cx 10,0 /0 VIO dy
and

Do IWanlff ) a0 < Cx I T 0 s I T ey
keZ

where % + é = 1. Therefore, the first term in (14) is bounded:

D Waalf x) [ xa )

keZ

< Clf Nl sy,

Uy,oo(x2u+])

by Lemma 1(b) and (d). Let us consider now the second term. If x € I,
|W4,n(f2k, x)| < CT""ILV(t%f,f(ll/Z)’ ).

From Lemma 2 it follows that

20k

[ W, ) 00 ey < C27F 5 |3, OL (B 2(2), )]

L (x dx)
= coekt x%sz(xl/z) ||U~1(dx) = C”fx[%’*zlk“) LP(x2atl)”
Then,
D AWan(f5. ) 20, () < ClIf ll 1 esr)- (15)
keZ Lp-oo(x2et)

Case —1 <a <0 and p=4. Now, W, W,, and W3, are uniformly bounded from
L*(x***1) into itself (see (7), (8), (9)) and so we only need to prove that

[| W4’nf.||L4:>c(X2a+l) < C|[f||L4,1(x2a+1), fe L4’1(X2a+l).

The above proof of (15) remains valid, while only minor changes are necessary for the
first term in (14): it is not difficult to check that

a

24g g
yTix z<i
|x2 =2 73
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if xe I; and y € (0, 25-1) U [2%%2, 00). Then, it follows that

Wan(FE, )| < Cx 51,01 /0 VLI dy.
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