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Abstract

Let P € F»[z] be such that P(0) =1 and degree (P) > 1. Nicolas et al. [‘On the parity of additive
representation functions’, J. Number Theory 73 (1998), 292-317] proved that there exists a unique subset
A = A(P) of N such that },.o p(A, n)z" = P(z) mod 2, where p(A, n) is the number of partitions of n
with parts in A. Let m be an odd positive integer and let y(A, .) be the characteristic function of the
set A. Finding the elements of the set A of the form 2¥m, k > 0, is closely related to the 2-adic integer
S (A, m) = (A, m) + 2¢(A, 2m) + 4y (A, 4m) + --- = 317, 2%v(A, 2¥m), which has been shown to be an
algebraic number. Let G,, be the minimal polynomial of S (A, m). In precedent works there were treated
the case P irreducible of odd prime order p. In this setting, taking p = 1 + ef, where f is the order of 2
modulo p, explicit determinations of the coefficients of G,, have been made for ¢ = 2 and 3. In this paper,
we treat the case ¢ = 4 and use the cyclotomic numbers to make explicit G,,.
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1. Introduction

Let N and Q denote the sets of the integers and the rational numbers, respectively.
For A = {a; < a, < ---} anonempty subset of positive integers and for n € N, p(A, n)
denotes the number of partitions of z into parts from (A; that is, the number of solutions
of the diophantine equation

a|x; +arxp +---=n

in nonnegative integers xj, xo,....
We set p(A,0) =1 and let F4 denote the generating series of p(A, n), which is
known to equal the following product:

Fﬂ(z):ﬂl_lza.
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The set A is called an even partition set if the sequence (p(A, n)),>o is even from a
certain point on.

Let N be a positive integer and let IF; be the field with two elements. In [10], Nicolas
et al. proved that there exist 2V~! even partition sets A such that p(A, N) is odd and
p(A,n) is even for all n > N + 1. More precisely, for each of these sets there exists a
unique polynomial P(z) = P#(z) € F,[z] of degree N satisfying

F #(z) = P(z) mod 2. (1.1)

We shall also denote the set A by A(P). As an example, take P(z) = 1 + z7; then
A(P) =1{q,2q,4q, ...}, since

1
q:
1+7 _| | T mod 2.

Let A be an even partition set and let m be an odd positive integer. To get a complete
description of the elements of the set A of the form 2*m, it is convenient to consider
the 2-adic integer S (A, m) defined by

S (A, m) = (A, m) + (A, 2m) + 4(A, 4m) + - = 3" 2R A2 m),  (12)
k=0

where y(A, d) is the characteristic function of the set A,

1 ifdeA,
0 otherwise.

XA, d) = {

In [2] (see also [1]), it is proved that S (A, m) is an algebraic number. Moreover, if P
and Q are two polynomials of F,[z], we have (cf. [2, Section 3.2])

S(AWPQ),m) = S(AP), m) + S (A(Q), m),
which implies that
S(AP), m) = x(AP), m) + 2x(AP*), 2m) + 4 (AP*), 4m) + - - -
= 2V (A(P), m) + 2 (AP), 2m) + 22 (A(P), 4m) + - - -

This means that
APYY=2"- AP) :={2'n, n € AP)).

This formula follows easily from (1.1).
Let p be an odd prime and let f be the order of 2 modulo p; that is, f is the smallest
positive integer such that 2/ = 1 mod p. Hence, one can write

p=1+ef,

where e is a positive integer. Let P(z) € F,[z] be irreducible of order p (see [9,
Definition 3.2]); that is, p is the smallest positive integer such that P(z) divides 1 + z”
in F[z]. Let G,, denote the minimal polynomial of the algebraic number S (A, m),
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where A = A(P) is the even partition set satisfying (1.1). In [1] (see also [3]), using
Gauss sums, the polynomial G,, was obtained explicitly for the case e = 2. The case
e = 3 was treated in [5], where the authors made explicit the polynomial G,, by using
the number of points of the elliptic curve x> + ay® = 1 modulo p. In the present paper,
we shall give explicitly the polynomial G,, in the case e = 4. For that, we will use
cyclotomic numbers and the Gaussian periods.

In this paper, we first recall some properties of G,,. Thereafter, we give some
background on cyclotomic numbers and Gaussian periods. Finally, we shall give our
main result.

2. Properties of the polynomial G,,

Throughout this paper, we assume that p is an odd prime and g is a primitive root
mod p. Let f be the order of 2 modulo p and write p = 1 + ef, where e is a positive
integer. Then the cyclotomic classes of degree e and conductor p are given by

C® = (g™ modp, j=0,....f—1}, i=0,...,e~1.

Such classes are defined as parts of (Z/pZ)*; however, by extension, they are also
considered as parts of N. Moreover, we can extend the definition of the Cl(.g) to all
values of i € Z by

(@) _ ~(8)
Ci - Ci mod e”
Forie{0,1,2,...,e — 1}, we denote by w;(n) the arithmetic function which counts the

number of distinct prime divisors of n belonging to ng); that is,

wi(n) = Z 1. @2.1)

q prime, g|n
qECig)
Let Py be the set of odd positive integers defined by
mePye gedim,p)=1 and wo(m)=0. (2.2)

Letg,(2)=(1-2")/(1-2)=1+z+---+ z"~! be the cyclotomic polynomial over
F, of index p. Using the elementary theory of finite fields, ¢, factors in F, into e
irreducible polynomials Py, P, ..., P., each of degree f and of order p. For all ¢,
1 <€ <e,let Ap = A(Py) be the even partition set obtained from (1.1).

A necessary condition (see [4, Theorem 1]) for an integer n to be in Ay is that

n=2%mp°,

where k is a nonnegative integer, ¢ € {0, 1} and m € $y. From now on, we consider m
to be in Py and let
0 =0o(m) (2.3)

be the unique integer in {0, 1,...,e — 1} such that m € ng).
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Forall £, 1 < € < e, let S (A, m) be the 2-adic integer given by (1.2) and let M,, be
the monic polynomial whose roots are the S (A, m):

Mu(y) = (0 = S(ALm)(y = S (HAz,m)) - - (y = S (A, m)).

Let i denote, as customary, the Mobius function and denote by m the squarefree kernel
of m; that is, m is the product of the distinct primes dividing m. Let R,,(y) be the
polynomial with integer coefficients defined by the resultant,

e—1 f-1 )
Rm(y) = V€Sz(¢p(z), my + Z @y Z(2fg(r5-h) mod ¢) mod p),
=0  j=0
where, forall 1,0 <h<e-1,
a=am= > . (24)
dfimdeC®

In [1], it is proved that
Ru() =m" ' [ Jo = S, m)Y,
=1

which means that |
Mu(y) = %(Rm@))”f € Qly].

Let G,, be the minimal polynomial of the algebraic number S (A,, m). In fact, M,, is
a multiple of the polynomial G,, and the S (A, m) could be conjugates.
Let ¢ be a pth root of unity and define the periods n; by

m= ) (" Q€L 2.5)

uECf.g)

Since for all i € Z, 1, = n;, one can consider the 7; to be indexed with Z/eZ. Here,

10,71, - - - » Ne—1 are the so-called Gaussian periods of degree e in the algebraic number
fields Q(¢); they are known to be Galois conjugates and the period polynomial
Fe() =G =n0)y—m1) (¥ = Ne-1) (2.6)

is their common minimal polynomial over Q. One can also note (see [12]) that Q(1)
is the unique subfield of Q({) of degree e over Q and the set {ng,7n1,...,7.-1} is an
integral basis of Q(1).

Forie{0,1,...,e— 1}, we define 6; = 6;(m) as follows:

e—

0= ) pNs—htis 2.7
W

1l
o
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where a;, has been defined in (2.4) and 6 = §(m) in (2.3). In [1, formula (3.32)], it is
shown that for all £, 0 < € < e — 1, there exists some i, € {0, 1,...,e — 1} such that

mS (Ae,m) = —6;,.

Moreover, it turns out that
1
Mu(y) = %(my +00)(my + 61) - - - (my + 0,_1). (2.8)

On the other hand, also in [1, page 188], it is shown that the elements of the form
2% pm of the sets A, are given by the 2-adic expansion of the roots of the polynomial
R, (—py — €f), where € = 1 if m = 1, else € = 0. More precisely,

1
v = SA, pm)(y = S (A, pm)) -+ (y — S (A, pm)) = mMm(—py —€f).
In the cases e =2 (see [1] or [3]) and e = 3 (see [5]), it turns out that M,, = G,,.
Moreover, we have the following explicit formulas:

e =2[1, formula (4.5)]:
1 - (-1
Gl(y)=y2—y+¥

and, for m > 3,
—1)/2wi-2
Gnly) = 3* - ()m—z” 2.9)

e =315, Theorems 7 and 11]:

L -1
G =y -y —fy+ ]%
and, for m > 3,
§P”z 1%
Gn) =y = £ v+ o (2.10)
with u = u(m) = 2 3(wi+w2)/2)-1 44
1
gDl if wy — wy is even,

v=v(m)= 3V3
8
where L and M are the unique integers satisfying 4p = L> + 27M?, L = 1 mod 3 and
(L +9M)/(L - 9M) = (¢)?D/3 mod p.

(=)@ D25 30 if wy — wy s odd,

3. Some results on cyclotomic numbers and Gaussian periods

Let p be an odd prime and let e and f be positive integers such that p = 1 + ef. Let
g be a primitive root modulo p. Gauss introduced (see [6]) the cyclotomic numbers of
order e given by

(i e =#lu € Z/pZ)',ueC®and 1 +ueC¥), 0<ij<e—1.
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For i, j € Z, define (i, j). by
(i, ))e = (imod e, j mod e),.

We start by listing some properties of the cyclotomic numbers (see [12]). For all

i,jE€EZ,
.. (s De if fis even,
(l’ J)e = . 1 . 1 . .
(j+5e.i+3ze), if fisodd,
(i’ ])e = (_i’ .] - i)e’
e—1
Dk = f =i, 3.1)
k=0
and

e—1
Dtk e = £~ b0
k=0

where ¢ is Kronecker’s delta and s := s(f) = 0 or e/2 according as f is even or odd.

Let no, 71, .. ., n.-1 be the Gaussian periods of degree e as defined in (2.5) and let F,
(cf. (2.6)) be their common minimal polynomial. It is well known that determining the
coeflicients of the polynomial F, is intimately connected to the cyclotomic numbers
of order e. Here is a property that characterizes Gaussian periods and cyclotomic
numbers (see [6, formula (7)]):

e—1

Niflisk = Z(k, M) eMNisn + fOrs. (3.2)
=0

In the sequel, we need the following lemma.

Lemma 3.1, For i, j, k € Z, let ©; jx be the quantity defined by

e—1
Ok = Z nNenesifes jNe+k-
=0
Then
e—1
PFOesdiis = £2+ p ) (k)i = h, j =R, if f is even,
O jk = py (3.3)
PfoksSjois = +p Z(k, he(i—h,j—h+%e). if fisodd.
h=0
Proor. For k, k' € Z, we define A, and Q- as follows:
e=1
A = Z NiMi+k (3.4)
i=0
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and
e—1
Qe = Z NiNiskMi+k - (3.5)
i=0
Hence (cf. [6, formula (20)]),
Ay = pors — f (3.6)
and (cf. [12, formula (15)])
=+ (kK)ep if f is even,
Qip = {_fz + (kK + %e)ep if f is odd. G-7)

In view of the fact that 7y = 174 mod ¢, it is clear that for all u € Z, Z;‘:If‘l NifickNick =

S0 Nilli+kiek - Consequently,

e—1

Qpp = Z NiMi—iivk -k = Qi —k- (3.8)
i=0

Forv,k, k' € Z, let E, x and H, ; ; be the quantities defined by

e—1
E ;= Z Nisvisles
i=0

e—1

H,p = Z NisvNisk Mtk -
i=0

Arguing as in (3.8),
Ev,k = Ak—v
and

Hypp = Qs

Using (3.2),

e—1 e—1
Ok = Z Nevilles j(Z(k, Meneen + f (5k,s)
=0 =0

e—1
= Z(k, neHp;; + forsEi;
20

8 3

1
= > (K, 1) Qi pjp + forsAji.
=0

Thus, to obtain (3.3), one just uses (3.7), (3.6) and (3.1). O
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4. Computation of the polynomial G,,(y) in the case e = 4

Let p be an odd prime, let f be the order of 2 modulo p and write p = 1 + ef, where
e is a positive integer. Let Py, P, ..., P, be all irreducible polynomials of order p and
degree f over F,. Forall £, 1 < ¢ < e, let A, be the even partition set satisfying (1.1)
and S (Ap, m) be the 2-adic integer defined by (1.2). Recall that G,, (cf. Section 2)
denotes the minimal polynomial of S(A,,m). As will be seen, one of the key tools
to get our main result is the classical theory of cyclotomy. In particular, one can wish
to look at a special application of this theory with the intention of finding explicit
formulas of the polynomial G,,(y) for different values of e. Indeed, from (2.5)—(2.7)
and (2.8), it is clear that

G1(y) = (~1)°Fo(~).

For m > 3, as was already mentioned in (2.9) and (2.10), a formula was found for
the polynomial G,,(y) in the cases e = 2 and ¢ = 3. In what follows, we assume that
the prime p is such that ¢ = 4 (for example, p = 113,281,353,577,593,617,1033,...)
and construct the polynomial G,,(y). For that, we use cyclotomic numbers of order 4
and Gaussian periods.

Hence, by using the formula of F,4(y) obtained by Gauss (see [8]),

Gi(y) =y -y = 13Bp-3)y* — LlQa-3)p+ 11y + 5 [p* — (4a* - 8a + 6)p + 1],
where a is the unique integer such that
p=d®+4b*, a=1mod4.

The last conditions determine a uniquely, and b up to sign. Note that the ambiguity of
the sign b is solved in [7, Theorem 2] by

-0t = 4 od
g 2 OO P

Let g be a primitive root modulo p and recall that
@/pz)y =cPuc?Puc¥ uct,

where the ng) are the cyclotomic classes of degree 4 and conductor p. By observing
that the class Cég) contains all the 4th-power residues and that f = (p — 1)/4 is the

order of 2 modulo p, one can conclude that 2 belongs to Cf)g), which leads to the fact
that 2 is square modulo p. Since 2 is a quadratic residue of primes of the form 1 + 8k
and 7 + 8k, it follows that f must be even.

For a positive integer n and any integer r, let us define

=Y (Z)(—l)k. 4.1

k=0
k=r mod 4

Then we can state the following result.
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LemME 4.1. For n fixed, the sequence (J(n, r))y»q is periodic with period 4. Moreover,
J(n,r) = 272! cos(r’zf + n%) +(=1)y2m2, 4.2)

Proor. The statement follows from the formula (see [11, page 41])

55 ()-8t eolir-)

applied for ¢ = 4. O
Before giving the formula of G,,, we need the following result.

CorOLLARY 4.2. Let P be the set defined by (2.2), let m > 3 be an element of Py and
assume that m has the following complete factorization:

Mm=q11912" " q1,0,921922 " 42.0,93,1932 " * * §3,03> 4.3)

where, for i, 1 <i <3, w; = wi(m) is the integer defined by (2.1) and gq; j € Cl(,g). Let ay,
be the integer given by (2.4). Then, for all h, 0 < h < 3,

A
@ = (=1)ip + ycos(—” N hf), (4.4)
4 2
with
A= A(m) = wy — w3, 4.5)
y = ,y(m) — 2((w|+u)3+2w2)/2)—1 (46)
and
p = p(m) = 2" k(wy), 4.7)
where

1 ifw =0,
0 otherwise.

K(wy) = {

Proor. First let us suppose that w; # 0, wy # 0 and w3 # 0. From (2.4), (4.3) and (4.1),

wq w2 w3
o= (M) e () e ()
=0 N/ 2 =0 13
i1+2ip+3i3=h mod 4

= DD (“.“) UGG (“,’2)1@3, it + 20z~ ). 48)
i1=0 N7z 2
Denote the inner sum in (4.8) by K (i1, w,, w3, h). Then

3 W)

K(iy, wr, w3, h) = § E (—l)iz(?;)f(w&h +2i — h)
r=0 i»=0
izzrzmod 4

3
= Z J(ws, (w3, iy +2r — h).
r=0
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Using (4.2) and after simplifications,

K(iy, w02, 03,) = 27292 cos{ iy = 1) + a2, (4.9)
Since X
W]
i [ @1 .
ap = (—1)"(. )K(t swr, w3, h) = ) K(r,wr, w3, h)J (w1, 1),
J ”Z:;J i 1, W2, W3 ; 2, W3 1
arguing as above and using (4.9),

3

ay = 2(@r2ertes)/2)=2 ; cos((r - h);—r + ag%) cos(rg + w; ;—T)

By transforming the cosine product in the sum, we get (4.4). This proves Lemma 4.2
when wjwrws # 0. Now, when wjwrws = 0, by following exactly the same arguments
as above with suitable modifications, we obtain (4.4). O

THeOREM 4.3. Let m > 3 be an element of Py and let G, (y) be the minimal polynomial
of S (Ayg,m). Let A, p and 7y be the quantities, respectively, defined by (4.5), (4.7) and
(4.6). Then

1
Gu(y) = %(m“y4 +mPvyy? + mvsy + va),
with

v, = —(2p° +v*)p, (4.10)

e (=DW2*12py2pa  if A is even,
3TVEDUD24p92 pb  if Ais odd,

_PPPR0? =) + pbPyt if dis even, )
PO =D + LpaPyt if dis odd, :

where the integers a and b are given by

(4.11)

p=a*+4b*>, a=1mod4 and gP V4= Zib mod p.

Moreover, S (A, m),S (Ay, m), S (Asz,m) and S (Ay, m) are the roots of the polynomial
G (y).

Proor. Recall that M,,(y) is the polynomial of Q[y] whose roots are S(A;,m),
S(Ay, m), S (Az,m) and S (Ay, m). We claim that G,,(y) = M,,(y). For that, let o
be the automorphism of Q(779) over Q given by o (1;) = 17;+1. Then o maps 6, onto 6,
6, onto 65, 6, onto #3 and 65 onto 6y, which means that the 6; (0 < i < 3) are conjugates.
Furthermore, to prove that M,,(y) is the minimal polynomial of S (A,, m), it suffices to
prove that the 6; (0 < i < 3) are distinct. For that, first note that 6, # 6, since otherwise
o(6p) = 6y, which is impossible because of the fact that 6y ¢ Q. Now suppose that
6y = 6,. Using the fact that 79, 171, 7, and 73 are linearly independent, it follows that
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ap = a; and @ = a3, which is impossible (this can be easily seen by observing the
formula giving ay, (cf. (2.4))). Finally, the equality 8y = 65 is also impossible, since,
by applying o, we obtain 6y = 6.

We denote by o, 1 < k < 4, the elementary symmetric polynomials in four variables
of degree k. Now, using (2.8), we can write

3
1 1
Gn) = — [ [my+ 69 = —(my* + mv1y® + mPvay? + mvsy + va),
m i=0 m

with
vk = 0 (6o, 01,62,63); 1<k<4 (4.13)
and (cf. (2.7))
3
9,’ = Z ApNs—h+is 0 < i < 3 (414)
h=0

Computation of v;: from (4.13) and (4.14),

Since 1s—_p+i = Ns—h+i mod 4» it follows that for a fixed A, Z?:o No—hei = Z?:o n;. On the
other hand from (2.4), Zizo ap = Y qm, 1(d). Hence,

v = (;‘ #(d))(g m)=o.

since the first sum vanishes for m # 1.
Computation of v,: using (4.14) and (4.4), expanding in (4.13) and by grouping the

product of the form 7;7;4,
2
vy = Z Vi,
k=0

where the A; are defined by (3.4), Vo= —2p> — 9%, Vi =4p> and V, = -V, - V| =
—2p” + y*. Hence, by using (3.6), we get (4.10).
Computation of v3: the same calculation as in v, gives

3
V3 = Z UiQox + UQ 2,
=0

where the Qg are defined by (3.5) and Uy, U;, Uy, U3, U are quantities depending
solely upon the «@;, which can be simplified by (4.4) to find that

Un = (-DY22py* if Ais even,
7o if 1is odd,
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—(=DY22py>  if Ais even,

(=DHWD24py? if s odd,

—(=1)Y22py* if Adis even,

0 if A is odd,

—(=D)Y22py? if 1is even,

—(=D)*D24py? if Ais odd,
U< (=D)Y24py? if s even,

—10 if Ais odd.

U,
U,

Us

Hence, (4.11) follows from (3.7) and the fact that for f even (cf. [6] and [7]),

(1,3)4 =(2,3)4 =(1,2)s,  (1,1)4 =(0,3)q,
(2,2)4=1(0,2)4, (3,3)4=(0,1)4,
16(0,0) 4 =p—11—-6a, 16(0,1)4=p—-3+2a+8b, 16(0,2);=p—-3+2a,
16(0,3) s =p—-3+2a-8b, 16(1,2)4=p+1-2a.

Computation of v4: doing as above, the calculation yields

2 3
V4 = Z Z Ujx®g jx + VOi 23,

=0 k=

where the U and V are quantities depending solely upon the a;,, which, with the use
of (4.4), can be written as follows:

Uno = ot —p>y? if Ais even,
00 =% — p2y? + 1y* if Ais odd,
Uoy = —4p* + 20>y
Un s = 4p* if A is even,
027 4p* —y* if Ais odd,
Uos = —4p" + 207",
6p* —2p%y* +y* if Ais even,
Uit = \6p* = 2092 = 14 if A is odd
0" = 2p°y" = 3y* if Ais odd,
Uia = —12p" = 2097,
U = 12p* = 2y* if Ais even,
L3 7 120* +9*  if Ais odd,
Uss = 3p* + p*y? if Ais even,
22730t + p2y? + 294 if Ais odd,
Upz = —12p* = 2p%y°,
_[6p* +2p%y* +y*  if Ais even,
T 60" + 207 — 1yt if Ais odd.
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Hence, from (3.3),
(=§p = 3b% - 3a)pp*y?
+ (%p + %bz + %az)pp4 + pb*y* if A is even,
V4 =
—§p — 36 = 3™y + 3 + 307 + §aP)pp’
+(5p - 3b* + Fa>)py* if A is odd,
which, by using the fact that p = a® + 4b?, gives (4.12). O

Remark 4.4. To show the irreducibility over Q of the polynomial M,,(y), one also
could simply use Eisenstein’s criterion, since in

m4Mm(y) = m4y4 + m3vly3 + mzvzy2 + mvsy + v4 € Z[y]
all of the coefficients except m* are divisible by the prime p, but v4 is not divisible
by p°.
Example p = 113. In this case e =4, f =28 and we can take g = 3. The four
irreducible polynomials over [F,[z] of order 113 are
P )=+ 442 2 e M e B T S AP,
P =+ 20+ 2+ 0+ + B+ M+ 0+ P B B A
P =+ + 2+ 20+ 2+ 4+ P e M e B e M e B P P+,
O T o e . B I e g L B L B E B LR
+720+ 2+ 2+ P+ 2+ P+ L

For £, 1 < ¢ <3, let A, = A(P;) be the set defined by (1.1). Since p = a* + 4b?,
a = 1 mod 4, where the sign of b is chosen so that g?~/% = a/2b mod p, we find that

a=-7and b = 4.
[ ) m:l
Gn(») yt =33 =42y + 120y — 64

4,8,...,2%98 2999
2,4,8,32...,29% .
8,32,...,2%6 .
1,2,4,8,16...,2%98 299

The elements of the form 2¥m of A,
The elements of the form 2¥m of A,
The elements of the form 2¥m of Aj;

The elements of the form 2¥m of A,

e m=11

Gﬂ’l (,Y)

e (14641y% — 13673)% + 1808)

The elements of the form 2¥m of A;

44,176, 1408, ...,297 . 11,298 . 11,
2999 . 11,...

The elements of the form 2¢m of A,

11,22,176,352,...,29% . 11,...

The elements of the form 2¥m of Aj;

44,88,352,704,...,296 . 11,...

The elements of the form 2¥m of A,

11,44,88,704, 1408, ...,2%7 . 11,
2119 .11,...
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m=165=3-5-11

Gu(y) e (741200 625y* — 12305 700y* + 28 928)

The elements of the form 2%m of A; | 1320, 2640, 10560, ...,2%°7 . 165,298 . 165, ...

The elements of the form 2¥m of A, | 330, 1320, 2640, 5280, ...,2%7 . 165,
2998 . 165,29 . 165, ...

The elements of the form 2¥m of A; | 1320, 5280, ...,2%%% . 165, ...

The elements of the form 2%m of A, | 330, 660, 10560, ...,2°¢ . 165, ...
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