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The isomorphism semigroup of a group

lan Maurice Kirkwood

The isomorphism semigroup SG of a group G 1is the set of all

isomorphic mappings between subgroups of & . The main work done in this
thesis has been to investigate what happens when two groups have isomorphic

isomorphism semigroups.

Let G and H be groups such that SG and SH are isomorphic.

Then it follows readily that ¢ and H are lattice isomorphic. Hence,
some results on lattice isomorphism can be used; in particular, those of

Baer [1].

Suppose, in particular, G 1is a periodic abelian group, and H is a
group. Rottlaender [2] showed that even if G and H are lattice
isomorphic, they need not be isomorphic. However, what happens in the case

when S, and S

are isomorphic?
G i p

THEOREM 1. If G <s a periodic group, and H is a group such that

54 and Sy are isomorphic, then G and H are isomorphic.

Let G be a periodic group and let H be a group such that G and
H are lattice isomorphic. According to Theorem 1, we cannot deduce that

SG and SH are isomorphic. (If they were, then we could also deduce that

G and H were necessarily isomorphic, contrary to Rottlaender's result
[2].) A class of pairs of groups, G and H , are provided along these

lines; that is, ¢ and H are lattice isomorphic, but SG

not isomorphic. This construction turns out to be a generalization of

and SH are
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Rottlaender's result [2].

How does this generalize to non-periodic groups? According to Baer
[7, Theorem 13.1], if G 1is an abelian group with a pair of independent
elements, and H 1is a group which is lattice isomorphic with G , then G
and H are isomorphic. Consequently, the only case that needed to be
investigated was when (G was of torsionfree rank 1 (that is, G is not
periodic, but no pair of torsionfree elements are independent). A further
restriction placed on G 1in the thesis was to make G a splitting group

(that is, G can be written as the direct product of a periodic and a

torsionfree group).

THEOREM 2. Let G be a splitting abelian group of torsionfree rank
1, such that G = G x F(G) , where F(G) 1s the subgroup of periodic
elements of G ; and let H be a group. Then Sq and Sy are
isomorphic if and only if the following conditions are satisfied:
(i) F(G) and F(H) are isomorphic;

(i1) H is an abelian group of torsionfree rank 1 ;

(1ii) there is a multiplicative automorphism ¢ on @ , the

rationals, such that

A: ¢ induces a multiplicative automorphism on Z , the

integers,
B: there is a non-identity element 91 of Gl , an

element hl of H , and a subgroup Hy of H such
that for any rational number r , gi’ exists in G1
if and only if hf’p exists in Hl \

C: if x tis the order of some element of F(G) , and
m, n are integers, then m = n (mod x) <if and only
if mp = np (mod x) ,

D: if x 1s the order of each of a pair of independent
elements in F(G) , and if m 1is an integer, then

mp = m (mod x)

A consequence of Theorem 2 is the following:
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THEOREM 3. Let G be a locally cyclic, torsionfree group, and let
H be a group. Then the following statements are equivalent:

() 54 and Sy are isomorphic;

(i1) G and H are lattice isomorphic;

(ii1) H is a torsionfree, locally cyelic group, and there is a
permutation wl on the set of primes such that for some
non-identity element g of G , and some element h of
H , there are rational numbers r, s such that gr
exists in G if and only if h° exists in H (where
r=p " and s = (pwl)'m ) for every prime p and every

integer m .

Theorem 3 provides a fairly simple criterion for determining when two
torsionfree abelian groups have isomorphic isomorphism semigroups, and when

they are lattice isomorphic.

Some algebraic structure of the isomorphism semigroup was also briefly
covered. In particular, Green's relations were discussed and

characterized.
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