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Abstract

If {X, : 1= n <} are independent, identically distributed random variables having E(X,) =
0 and Var(X,)=1, the most elementary form of the central limit theorem implies that
P(n’55" =z,)— 0 as n > =, where S, = 2;_, X,, for all sequences {z,:1=n <=} for which
z, — =. The probability P(n!S, = z,) is called a “'large deviation probability”, and the rate at
which it converges to 0 has been the subject of much study. The objective of the present article is
to complement earlier results by describing its asymptotic behavior when n ¥z, — ® as n — =, in
the case of absolutely continuous random variables having moment-generating functions.

Subject classification (Amer. Math. Soc. (MOS) 1970): primary 60F10, secondary 60F15.

Keywords: large deviations, asymptotic expansions, moment-generating functions, laws of large
numbers.

0. Introduction

If {X,:1=n <=} is a sequence of independent, identically distributed
(iid) random variables having the standard normal distribution, and {z,: 1<
n < »} is a sequence of positive numbers such that z, > > as n - =, an
elementary large deviation result asserts that

P(n3S, = z,) = Qm) iz exp{ — 12 2{1 + O(z.%)}

where S, = 2i_, Xi. A proof can be found on p. 175 of Feller (1968).
Theorems extending the above assertion to non-normal random vari-
ables divide basically into two classes: (1) where the tail of the common
distribution function is asymptotic to x = for some a >0 as x - %; and (2)
where the underlying random variables have a moment-generating function
(mgf) ¢(¢) existing in a nondegenerate interval. Major results belonging to
class (1) are those appearing in Heyde (1968), Rohatgi (1973), and on pp.
255-258 of Ibragimov and Linnik (1971). As a rule, these results show that
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P(B.'S. = z,) = nP(X, = B.z.){1 + 0(1)} as n — >, where the B,’s are nor-
malizing factors. The main theorem of the present article falls into class (2).

Throughout the remainder of the paper, we deal only with random
variables normalized so that E(X,)=0 and Var(X,;)=1.

The first general result of class (2) was obtained by Cramér (1938), who
worked with z,’s such that n~*z, — 0 as n — %, as improved by Petrov (1954).
In the same article, Cramér established a large deviation result for “‘strongly
non-lattice” random variables when z, = cn? for some constant ¢ >0. This
result was later extended by Bahadur and Ranga Rao (1960) to random
variables of all types.

The objective of the present article is to derive an asymptotic representa-
tion of the probability P(n"*S, = z,) when the z,’s tend to ® faster than n?.
The proof, based on methods due to Bahadur and Ranga Rao (1960), requires
that certain moments of an ‘“‘associated’” distribution must be uniformly
bounded. Furthermore, the faster z, goes to %, the higher is the order of those
moments that must be bounded. To insure this degree of increasingly
normal-like behavior, we require that the underlying mgf exist on the whole
real line, and we extend a theorem of Baum, Katz, and Read (1962) to show
that this requirement is necessary.

1. Preliminaries

We consider a sequence {X,:1=n <=} of iid absolutely continuous
random variables having E(X;)=0, Var(X,)=1, and mgf ()=
E(exptX,) <o for all positive values of . For a sequence {z,:1 = n < o} of
real numbers such that n~?z, > ©wasn — oo, we have for S, = 2¢_, X, that

P(niS,=z,)= P( > Ynk;0>
k=1

where Y. =n"*X, — n 'z, The distribution function (df) of Y, is given by
Gu(y)=P(Yu=y)= F(niy +n'z,),

where F(x)= P(X, = x) is the df of X,. Denoting the density function of X,
by f(x)= F'(x), we see that the density function of Y., is

gu(y)= Gu(y)=nif(nty + nz,).
The mgf of Y.. can be expressed as
Yo (t) = E (exptYu)=e " ' (n%).

We define for each h, 0 = h <, an “‘associated”” random variable Y,.(h) by
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its df

dGu(y)={e" [ (h }}dG(y).
The mgf of Y (h) is

S HR) _ (St oy
(L1 i) = Bl b e

We further set S, = 7_, Y. and then
G.(y)=P(S. =y).

A change of variable and an integration by parts yield the following lemma:

(1.2) Lemma. For every h =0,
P(n?S, =z z,)=e "¢ "(n ‘2h)hf e ™ {G.(y)— G.(0)}dy.
0

Using the fact that S,(h) has mgf
- T — _ n3t+nth)" .
Ba(0)= [ )= { 2O
and defining
(1.3) Q)= ' ()b (1),
we obtain the next lemma:

(1.4) Lemma. E(S.(h))=n*Q(n*h)-z,
and

Var(S.(h))= Q'(n*h).

Using the next lemma, we choose a particular sequence {h,:1=n <}
of h’s. For notational ease, we write A =lim,..C, =B to indicate that
A =liminf,.. C, =limsup,..C, = B.

(1.5) Lemma. If

(1.52) lim Q () = oo
and
(1.5b) there exist numbers o1 and o3 such that

0<oi=0Q'(t)sSoi<w

for all sufficiently large t, then, for every sufficiently large n, there exists a
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solution h = h,, to the equation E(S,(h)) =0,

(1.5¢) 0<ol=s _l—i__[—T-i_h;IZ"§O'§<0°
and
(1.5d) 0<ol= limdi=oi<m,

where G%= Q'(n"*h,).

ProoF. In view of Lemma 1.4, E(S.(h))=0 if and only if Q(n*h)=
n"*z,. By condition (1.5a) and the continuity of Q, there must exist for each n
an h, with Q(n *h,)= nz,. Therefore

(1.6) . =n*Q(n7z,)

as Q is one-to-one since Q’(t)>0 for all ¢, being the variance of a
nondegenerate random variable. Condition (1.5a) now implies that h,—w as
n—» because n !z, —»». Furthermore

2, = (n732,)'Q7'(n"1z,),

so that, by L’Hopital’s Rule for subsequences {n, :1 = k <o},

Il(im Zihy = lim u'Q ()= lim{Q’(Q (w )}
e o koo
where w, = ni'z,. Assertion (1.5c) follows. From (1.5c) and the fact that
n~tz,—w, assertion (1.5d) follows.

The next step in the analysis requires an asymptotic expansion of the
distribution function G,(y)= P(S, =y) that appears in the statement of
Lemma 1.2. The Cramér asymptotic expansion below is discussed in more
detail on pp. 1224-1227 of Book (1972) in a slightly more general form. A
complete proof is available in Chap. 4 of Book (1970).

(1.7) Cramér’s Asymptotic Expansion. If { X, :1=k <o, 1=n<®»} is a
triangular array of random variables such that

(1.7a) X,,,: -+, X.. are independent for each n;

(1.7b) E(X.«)=0 for all k and n;

(1.7¢) ;.. Var(Xu)=1 for all n;

(1.7d) E( X ™) = B < for all k and n and some m = 3;

(1.7¢) each X, has absolutely continuous distribution F,(x);

(1.7f) each density fu(x)= F.(x) has finite total variation v..; and

(1L7g) if Q.={k:1=k=n v.=E@n)(3202")}, where p..=
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n "TNSR Bk, then every sequence {n, : 1= r = o} of positive inte-
gers contains a subsequence {n, : 1 = p <} such that either
(A) lim,_...(log n,) ' card(£2,,) = * or
(B) lim,_..(n,’ pf'{::) logn,) ' 2, an.,,v;:“ =%
then, if F.(x)=P(Zi- X =Xx),

m-—3
(1.7h) Fx)=®x)+ 2, n7" py_sa(x)e ™+ Rpn(x),
ji=1

where ®(x)= 2m)* [*. e “"du, | Rpa(x)| < M*n' "2 p%m=3 for M* inde-
pendent of n and x, and ps;_, .(x) is a polynomial of degree 3j — 1 in x, further
explicit details about which can be found in Book (1970) and in Corollary
(1.13) below.

In order to apply Cramér’s asymptotic expansion (1.7) to our situation,

we define _
Xnk = &;l Ynk(hn)y

where E(Y.w(h,))=0 and G2=3;., Var(Yu(h,)) because the Y. (h.)s,
1 = k = n, are iid for each n. It follows immediately that conditions (1.7a),
(1.7b), and (1.7c) hold. Our objective in the next several lemmas will be to
specify situations in which the remaining conditions of (1.7) hold. We first
recall from calculus the following fact, which can be proved using mathemati-
cal induction:

(1.8) LemMa. If f(x) and g{(x) are n-times differentiable and y = f(x)g(x),
then d"y/dx" = 2o (D) f*“(x)g " ¥(x).

Applying Lemma 1.8 to the mgf ¢ (t) of Y. = Y, (h,), taking note of
(1.1), (1.3), and (1.6), and setting t = 0, we obtain

(1.9) Lemma. E(Y73)=n""?G"Y(n*h,),
where m (8@ 6"
aw=5(7) - (50) Ga
The next three lemmas follow immediately.
(1.10) LemMmA. If m =4 is an even positive integer, then
Bome = E(X2) = n ™25 G™(n"th,).
(1.11) LEMMA. ppp = ™' 27, B = @2"G™(n"*h,).
(1.12) Lemma. If conditions (1.5a) and (1.5b) hold, together with

(1.12a) for an even positive integer m = 4, there exist numbers vy, and vy,
(depending on m) such that
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0<y=EG™) =y, <

for all sufficiently large t,

then

(1.12b) 0< 03"y = M pry = 07"y <.

The following corollary presents the Cramér asymptotic expansion in the
form we will use.

(1.13) CoroLLARY. If {Xu:1=k =n,1=n <} is a triangular array of
random variables satisfying the conditions of Cramér’s Asymptotic Expansion
(1.7), as well as (1.12b), then expansion (1.7h) holds with

(1.13a) IRy (x)| < Mn ™72

where M is independent of n and x,
(1.13b) Pai-1n(x)= eXZ/ZP;n(_q))

is a polynomial of degree 3j — 1 in x, where
(1.13¢) Pu= @)= 3 (— 1y e ®"0(x),
q=1

where the c,,’s are uniformly bounded for all sufficiently large n, the bound
depending only on m, o, and vy,, and

S

(1.13d) P,(it) = 2 Con(itY 21 = e f e™dP,(— ®).

(The proofs of these facts can be found in Chapter 4 of Book (1970)).
Finally the following lemma isolates the most crucial step of the proof of
the main theorem:

(1.14) LeMMA. If m Z 4 is an even integer and {z,:1= n <} is a sequence
of positive numbers such that n*z, -, n™" %z, remains bounded away
from 0, and n™™ %z, >0 as n -, and

B.(n)=BX(n)+O(z:™
for

m—4 2
Bi(n)= 3 nr S (= ntz )y m @tz D (1) e
j=0 q=1

p=0

L L2(g +p)}!
27"(q + p)!
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where, for notational purposes, we define

0 . 12 L, Cp)

then B, (n)=1+O0(n"""2?z,) as n >,

Proor. We first note that O(z7 ™) = O(n"""*?z,). Next

m-a

2
Bim)=1+ 3, §,<— &2'Y? i ® (nHh, Y 7K (m)

p=

where the numbers

3  ap {2!g+2!!
Kmn(m)‘qz:l( 1)) cqin2q+p(q+p)!

are bounded in absolute value by K,(m ), a number depending on m but not
on n (since the ¢,,’s are uniformly bounded in n), p, or j. Therefore

m—4 2
IBA(n)— 1= Ko(m) S S &7(nthyh 7.
p=1j=0
In view of (1.5¢) and (1.5d), we can replace K,(m) by a constant K,(m) which
differs only slightly and write, for sufficiently large n,

|IBXn)—1|= K,(m)mj zi (ntz. Yz,

p=1 j=0
Defining

—1 P2
. (n2z,yz.”
0.(j, P)= PRGRCEI

we have only to show that 6, (j, p) remains bounded under the assumption that
n~™?z, is bounded away from 0 as n—o. But m —5=zm —3-2p for
p=1, and j =2p, so that

(n% m—2p-3 - (né)m—s

0.0p) = (n72z, )7 = niz,

= {n“"'_“)/zz,. }—1 ,

which remains bounded as n—< under the assumptions.

2. The main theorem

We have the following theorem on the probabilities of very large
deviations of sums of iid random variables:
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(2.1) TueoreM. If {X, :1= n <} is a sequence of iid absolutely continuous
random variables having E(X,)=0, Var(X,)=1, F(x)= P(X,=x), f(x)=
F'(x), (1) = E(exptX,), and Q(t) = ¢'(t)/ ¢ (t) and satisfying the properties:

(2.1a) ¢(t)<oo forall t>0;
(2.1b) for all sufficiently large real numbers s, the functions

esu

f )= 5o fw)

have uniformly bounded total variations v, 0<v,=S v, = v*<x;

(1.52) \ lim Q(t) = %;

t—o

(1.5b) there exist numbers o and o3 such that
0<oi=Q'(1)Soi<w

for all sufficiently large t;

and

(1.12a) for an even positive integer m = 4, there exist numbers y, and vy
(depending on m) such that

0<y=EG™MU)E vy <

for all sufficiently large t, where

m (m—j)
G)= 3 (’;‘)(—w‘o%t)—il"’ O

- . -1
and {z,:1=n <=} is a sequence of positive numbers such that n 2z,— =,
n=" "z, remains bounded away from 0, and n="" ">z, — O as n — =, then

P(nS,=z2,)=02n) iz

X exp{—n"z,Q "'(n"*z,) + n log $(Q~'(n2.)) + b}
x{1+O0(n"""z,)}

where S, = 2Z¢_, X\, and

b, = —log{niz;'Q '(n*2,)VO'(Q (n%z,))}

is such that
-2 < log(o;'o}) = Timb, <log (o;'g}) <.

Proor. In Lemma (1.2), we take h = h, and define
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b= h"f e {G.(y)— G.(0)} dy.

We first obtain a Cramér asymptotic expansion of the form (1.7h), where
(1.13a) holds, of G.(y)=P(Zi-, Y =y)=P(Zi_, X = ya.') where X, =
G.' Y. We proceed to verify the conditions of (1.7). Conditions (1.7a), (1.7b),
and (1.7¢) hold because of Lemma (1.5) and conditions (1.5a) and (1.5b)
above. Condition (1.7d) is satisfied because of Lemma (1.9) and condition
(1.12a) above and (1.5d). Conditions (1.7¢) and (1.7f) follow from (2.1b) and
the fact that Y,. has density

yexpin “h,(nty + niz,

&ni (y) =n d>(n‘§hn) )} f(n%y + n’ézn)

so that v, = n?v*%, where v?* is the total variation of the function f,(u)=
{e™/d(s)}if(u). Here s =n *h,—x as n—>x according to (1.5c). Finally,
condition (1.7g) follows from Lemma (1.12) and the fact that v, does not
depend on k so that, for each n, {k : 1 = k = n}is either Q, or ;. Therefore,
setting y = x&,, we have the asymptotic expansion

_ m—3
G.(y) = ®(y5.")+ 2 n?Pu(— ®)+ Rpn(yd.'
j=1

= Hun(y.')+ Ron(y5."),

where, in expression (1.13c) for P,.( — ®), x is replaced by ya ;' and by (1.13a),
R, (yG:)| = Mn ™22 We can write

L. =I%+ O(n*(mﬂ)lz),
where

B=h [ e Ho 37 - o O)dy.
4]

Using (1.13d), we can find the ““characteristic function” of H,..(y& "), which is

m-—3
Ymn (16,) = . n72P,(itG,) exp (- 11°G?).
j=0
We define
faly)=e™  for yz0
=0 for y <0.

Then g.(t) = [Z. e™f.(y)dy = (h. — it)"" so by integration by parts and Parse-
val’s formula
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Qr)h 0% = Qm)th, f Gn (1) Yon (15, ) dit

m 3
=Q2n)*? f +”{ n"’zl’j,.(it&,,)exp(—%tzé'f.)}dt

e f <1+ hn&n)‘ {mz "’zl’,"(is)}dfb(s),

applying a change of variables s = tg,. Now

<1+ h’;) = 3 (= s/ + (5/haGa)"was)

where |w,(s)| is bounded in n and s. Therefore

m—4

m-3 Ed
emihli=57' 3 3 f (= is/h@,) n 7" Pyis)dB(s)

e 23 f T8/ )" wa(s)n 7 Po(is)d B(s)

=g :23 ni"? ’Z‘ (- h,.&,l)"f_i (is) Py (is)d ®(s)

+ O™

341

by (1.13d) and the fact that ® has finite moments of all orders. We now look at

pos = [ (s Pulis)a(s).

From (1.13d), we have that

(is) Pulis) = 3 conlis)o /"

Since odd moments of the standard normal distribution vanish, namely
[Z.s*P7'd ®(s) = 0, it follows that u,; = 0 whenever j + r is odd. Recalling that

m is even, we can change variables as follows:

m-—3

Qaphdi=6." 2 n” Y (- k), + O™
j=0 r+j=2p
m=4 2
6’; i n*(Zp-r)/Z(_ h"&")ﬂﬂ*hi + O(h :'l‘—m)
p=0 j=0

where r+j =2p (since the terms vanish otherwise), and summing over
0=r+j=2m -7 and 0=p =m —~4. Multiplying through by z.h;', we

obtain in view of (1.5c¢) that
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m 2
Qa)zlt =6.'z.h; 2 nr 2(— Nz (G 2 Y Ty, + O (205

=0

~

from which it follows that

m—4 2
@iz, = 672k 3 TS (= ) PG 2 )
p=0 j=0

+0(z7™+ O0(n™ " %z,).

From (1.13d) and a knowledge of the even moments of the standard normal
distribution, we find that

1
Mopj; = (= l)pm

2p! for j =0
' . _2g+p)! ,
= qgl(—l)" ”Cq,-,.#,g@—fp%! for 1=j=2p.

It follows from this and Lemma (1.2) that
P(n8S, 2 2,) = Q) H(huG2) e 4" (1) (B (n) + O(n " 2,)

where B, (n) is as in Lemma (1.14). The proof is completed by applying
Lemmas (1.14) and (1.5) and expression (1.6).

Some comments on the conditions before we close this section: condition
(2.1b) plays a role akin to that of Cramér’s Condition (C) for asymptotic
expansions of distribution functions. For example, see pages 81 and 84 of
Cramér’s (1970) monograph or page 1020 of Bahadur and Ranga Rao’s (1960)
article.

Condition (1.5a) guarantees that the random variable X, is not a.s.
bounded. If it were, then P(n‘5$" Z z,) would be identically zero for all
sufficiently large n. If P(X,=c)=1, then c¢(t)=c[ixe*dF(x)z
f=xe™dF(x)= ¢'(t), so that Q(t)=¢'(t)/Pp(1)=c.

Conditions (1.12a) and (1.5b), where Q'(t) = G®(t), are moment condi-
tions which serve to keep the tail probabilities of the same exponential order
as normal tail probabilities. While it may be possible to relax these slightly, it
seems that they form the normal analogue to the conditions in Heyde (1968),
Ibragimov and Linnik (1971), and Rohatgi (1973) on the tail behavior of the
underlying distribution function.

In Section 4 below, we will show that condition (2.1a) is necessary.

Finally, we show quickly that all conditions of Theorem 2.1 are satisfied
by the normal distribution and that the assertion of the theorem reduces to
the displayed equation at the beginning of Section 0. If ¢ (¢) = exp{3t?}, then
Q(t)=1t and Q’(¢) = 1 so that conditions (2.1a), (1.5a), and (1.5b) hold with
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oi=o03=1. Furthermore, a tedious computation shows that G(t) is
constant for all ¢ and equal to E(X7) so that (1.12a) holds with y, = v, =
E(XT). Finally, condition (2.1b) is satisfied, because

fo(u)=@m)texp{—i(s + u)?}

sothatv, = v* = V/2/m. In the conclusion of Theorem 2.1 we have b, = 0 and
the other terms simplify as desired.

3. A version of the Erdios—-Rényi law

If ¢(x) is a continuous function of a real variable which increases
monotonically to « as x — », we will be interested in the almost sure behavior
of

. (NK)= | max (K§(K)}HSni = S.)

for various forms of K (depending on N) as N-—>o, where S, is the nth
partial sum of a sequence of random variables. Erdés and Rényi (1970)
opened up the study of random variables of the form X, (N, K) by showing
what happens in the case ¢ (x)= x. Some other aspects of the problem are
discussed in the expository article Book (1976).

Before proceeding to the theorem itself, we derive from Theorem (2.1)
some estimates of tail probabilities needed for the proof.

(3.1) CoroLLARY. In the situation of Theorem (2.1), if ¢ is such that
x 'Y (x)—> o, x*"(x) is bounded away from 0, and x> " (x)—0 as x —> o,
then for every A >0,
o:'otexp{— (X226 (n)(1+]6, )} = 2027A Y (n)PEP{n 1S, = A V¢ (n)}
=3oi'ozexp{—(A*/202) ¢ (n)(1~16. )}
where 6,—® as n— .
Proor. In the conclusion of Theorem (2.1), we define
w, = n?z,Q '(n¥z,) - nlog $(Q'(nz.))

and we note that

u.Q(u,) —log ¢(u,.)} _2L (u,)
Q*(u,) Q*(u,)

where u, = Q '(n"%z,)—>~ as n—, and L(t)=1Q(t)— log ¢(t). Because
L'(t) = tQ'(t)—>x as t >, it follows from the fact that L (0) = 0 that L (t)—>

Gz 'w. = 2{
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as t—o. An application of L’Hdpital’s Rule then shows that the limiting
behavior of 2L (u.)/Q*(u.) to be the same as that of {Q'(u,)} ', from which it
follows that

o’ =lim@GzY) 'w, 20’

Therefore, for n sufficiently large,
2Yo— 0= w. =3z 0P +]0%)
where 6% —0 as n — . The desired string of inequalities now follows from
the conclusion of Theorem (2.1), upon setting z, = AV (n).
We now have the following extension of the Erdés—Rényi law of large

numbers, the proof of which closely parallels that of the main theorem
(Theorem 2.2) of Book (1975).

(3.2) TueoreM. If {X,:1=n <} is a sequence of iid random variables
satisfying the conditions of Theorem (2.1), and Y (x) is a function of a real
variable having the properties
(3.2a) (x) increases monotonically and continuously to » as x —;
(3.2b) Y(x)¢Y(x +1)—1 as x >=; and
(3.2¢) x'Y(x)—> o, x* ™P(x) is bounded away from 0 and

x ™Y (x)—0 as x —0,
then, for every A >0,

limsup 2, (N, [¢ '2A%cllogN)D=A  as.
N—ox
and

liminf 3, (N,{[¢7'"QrallogN)Dz A  as.

where (y] is the greatest integer not exceeding y.

If X, has the standard normal distribution, then oi=o0%=1, and
condition (1.12a) holds for all values of m. It follows that

lim 3, (N, [¢7'2APlog N)]) = A a.s.
N—sx
whenever x '¢(x)—>® as x —> .

4. The necessity of the existence of the mgf for all t >0

For a sequence of iid random variables having partial sums {S,:1=n <
«}, Baum, Katz, and Read (1962) proved that, if there are numbers A >0,
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C>0, and 0<p <1 such that P(n"%S, ZAVn)= Cp" for all sufficiently
large n, then there must exist a number B, 0 < B <, such that ¢(t)=
E(exptX,) <= for 0 =t < B. Their result was improved and sharpened by
Petrov and Shirokova (1973).

It follows from Corollary (3.1) above that, under our conditions,
P{n7:S, = AV y(n)} = Cp*™ for all sufficiently large n. In this section, we
show that condition (2.1a) is necessary for this latter bound to hold and
therefore for the main theorem. In particular, using Petrov and Shirokova’s
methods, we have:

(4.1) THeoreM. If {X,:1=k < x} is a sequence of iid random variables
with partial sums S, = 2 _, X., g(n) is a monotonically increasing function of n
such that n™'g(n)—>= as n —>x, and there exist numbers C >0 and 0 <p <1
with

P{n7iS, = Vg(n)} = Cp*™
for all sufficiently large n, then the mgf ¢ (t) = E(exp tX )<= for all t >0.

ProoF. We first choose A >0 so that P(X, = — A)>1(1+ p), and we set
6 = max (A, 1). Then

P{S, =6V ng(n)}= P{X, =20V ng(n)}P{S...= —8Vng(n)}.
But
P{S...2 -~ 8Vng(n)}= P{ kr:]l [Xez - 0Vng(n)(n-—- 1)"]}

2{P(Xiz -0} za(1+p)"

since Vng(n)(n—1)"'z1 for large n. Therefore

P{X,Z20Vng(n)}=Cp*™{i(1+p)}'"
=C{2p (1+p) P =Cp*™
where B =2p (1+p) ' <1,since {3(1+ p)}F™™"*' < 1. Setting « = (20B) ', we
have that
P{X, =220V ng(n)} = C exp{—20aVng(n)Vg(n)/n}.

Now fix an arbitrarily large x >0 and denote by n, the largest integer such
that 20 Vn,g(n,)=x. Then set N, to be the smallest integer such that
x =260V N,g(N,). Then for large x,
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P(X:zx)=P{X, =220V ng(n)}

=Cexp { —26a V N,g(N,) \/I%i%:).) \/g(nx)/nx}

= Cexp{—axVg(n)/n}

Now, via an integration by parts, this implies that

%

e"dF(x)= —P(X,Z x)e"

b(t)= f 1 + ’fi e*P(X, = x)dx

= th e @Velnm gy < o0

—x

for all ¢ >0 since t — Vg(n,)/n, <0 for sufficiently large x.

.

REFERENCES

R. R. Bahadur and R. Ranga Rao (1960), ‘On deviations of the sample mean’, Ann. Math. Statist.
31, 1015-1027.

L. E. Baum, M. Katz, and R. R. Read (1962), ‘Exponential convergence rates for the law of large
numbers’, Trans. Amer. Math. Soc. 102, 187-199.

S. A. Book (1970), Large deviations for order statistics and weighted sums (Ph.D. Dissertation,
University of Oregon).

S. A. Book (1972), ‘Large deviation probabilities for weighted sums’, Ann. Math. Statist, 43,
1221-1234,

S. A. Book (1975), ‘A version of the Erdos-Rényi law of large numbers for independent random
variables’, Bull. Inst. Math. Acad. Sinica 3, 199-211.

S. A. Book (1976), ‘Large deviation probabilities and the Erdés~Rényi law of large numbers’,
Canadian J. Statist. 4, 185-209.

H. Cramér (1938), ‘Sur un nouveau théoreme-limite de la théorie des probabilités, Actualités
Scientifiques et Industrielles 736 (Hermann, Paris 5-23).

H. Cramér (1970), Random Variables and Probability Distributions, (3rd ed.), (Cambridge Univ.
Press).

P. Erdos and A. Rényi (1970), ‘On a new law of large numbers, J. Analyse Math. 23, 103-111.

W. Feller (1968), An Introduction to Probability Theory and Its Applications, 1 (3rd ed.), (Wiley,
New York).

C. C. Heyde (1968), ‘On large deviation probabilities in the case of attraction to a non-normal
stable law’, Sankhya Ser. A. 30, 253-258.

I. A. Ibragimov and Yu. V. Linnik (1971), Independent and Stationary Sequences of Random
Variables (Wolters-Noordhoff, Groningen).

V. V. Petrov (1954), ‘Generalization of a limit theorem of Cramér’, Uspekhi Mathem. Nauk.
(N.S.) 9, 195-202.

https://doi.org/10.1017/5144678870002108X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870002108X

[16] Probabilities of very large deviations 347

V. V. Petrov and I. V. Shirokova (1973), ‘On exponential rates of convergence in the law of large
numbers’, Vestnik Leningrad. Univ. 2, 155-157.

V. K. Rohatgi (1973), ‘On large deviation probabilities for sums of random variables which are
attracted to the normal law’, Comm. Statist. 2, 525-533.

Department of Mathematics,
California State College,
Dominguez Hills, California 90747.

https://doi.org/10.1017/5144678870002108X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870002108X

