Canad. J. Math. Vol. 64 (1), 2012 pp. 44-80
http://dx.doi.org/10.4153/CJM-2011-047-4
(© Canadian Mathematical Society 2011

Surfaces of Rotation with Constant Mean
Curvature in the Direction of a Unitary
Normal Vector Field in a Randers Space

T. M. M. Carvalho, H. N. Moreira, and K. Tenenblat

Abstract. 'We consider the Randers space (V", Fj,) obtained by perturbing the Euclidean metric by a
translation, F, = « + (3, where « is the Euclidean metric and 3 is a 1-form with norm 5,0 < b < 1.
We introduce the concept of a hypersurface with constant mean curvature in the direction of a unitary
normal vector field. We obtain the ordinary differential equation that characterizes the rotational
surfaces (V3, F,) of constant mean curvature (cmc) in the direction of a unitary normal vector field.
These equations reduce to the classical equation of the rotational cmc surfaces in Euclidean space, when
b = 0. It also reduces to the equation that characterizes the minimal rotational surfaces in (V3, Fy)
when H = 0, obtained by M. Souza and K. Tenenblat. Although the differential equation depends on
the choice of the normal direction, we show that both equations determine the same rotational surface,
up to a reflection. We also show that the round cylinders are cmc surfaces in the direction of the unitary
normal field. They are generated by the constant solution of the differential equation. By considering

the equation as a nonlinear dynamical system, we provide a qualitative analysis, for 0 < b < é Using
the concept of stability and considering the linearization around the single equilibrium point (the
constant solution), we verify that the solutions are locally asymptotically stable spirals. This is proved
by constructing a Lyapunov function for the dynamical system and by determining the basin of stability
of the equilibrium point. The surfaces of rotation generated by such solutions tend asymptotically to
one end of the cylinder.

Introduction

The concept of mean curvature for immersions in Finsler spaces was introduced by
Z. Shen [S1]] in 1998. This concept differs from the Riemannian case, since in Finsler
spaces the metric depends on the point of the manifold and on the direction in the
tangent space. Shen proved that the mean curvature form H,(p, W) for an immer-
sion p: M" — (]\71 m F), of a manifold in a Finsler space (M , F) always vanishes when
(p, W) is an element of the tangent bundle TM. In Riemannian geometry besides the
minimal hypersurfaces, one also studies nonzero constant mean curvature hypersur-
faces. But, in Finsler geometry, due to the fact that the mean curvature form always
vanishes on tangent directions, one cannot have nonzero constant mean curvature
form in all directions. However, the mean curvature form is linear (see [S1]]). There-
fore, if N is a unitary vector field normal to the submanifold, then the curvature
vector in any direction W is determined by its normal component W" and the mean
curvature on the normal direction, i.e., H,(p, W) = wN H,(p,N). Hence, once the
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mean curvature form is determined in the direction of a unitary normal vector field,
it is determined in any other direction W. Due to these observations, we decided
to study surfaces with constant mean curvature in the direction of a unitary normal
vector field. The purpose of this paper is to study such surfaces in the Randers space
obtained by perturbing the three-dimensional Euclidian space by a translation.

Namely we consider the Randers metric F = «+ 3, where « is the euclidian metric
and (3 is a 1-form with constant coefficients. This is a Minkowski metric, i.e., it does
not depend on the point. Three-dimensional spaces equipped with this metric are
Randers spaces and they will be denoted by (V*, F,). We will consider x € V? with
coordinates x', x?, x*, so that

Fy(x, ) = \/ S0 (V)% + by?,

0<b<landy= Z?:l)’i% e T,V3.

In this Randers space, the minimal surfaces of rotation (}H, = 0) and a Bernstein
type theorem for 0 < b < ? were already studied by M. Souza and K. Tenenblat
in [ST]] and by Souza, Spruck, and Tenenblat in [SST], see also [[Y]. Therefore, we
concentrate our studies in the case }{, # 0. The main objective of this paper is to
characterize the surfaces of rotation around the axis Ox;, with constant mean curva-
ture in the direction of the unitary normal vector fields in Randers spaces (V3, Fy).
Such immersions are characterized by two ordinary differential equations, one for
each normal vector field (due to the non-reversibility of the norm in Finsler spaces, in
general, the normal vectors are not necessarily parallel). We show that, although each
normal vector field gives origin to a distinct equation, they both generate the same
rotational surfaces in V3. This result is important in the sense that we can choose a
single differential equation (and a single normal vector field) to accomplish the study
of the possible solutions for the curves generating the rotational surfaces. We show
that the round cylinders are cmc surfaces in the direction of a unitary normal vector
field. They are generated by the constant solutions of the differential equation. We
consider the equation as a nonlinear dynamical system and we provide its qualita-
tive analysis, for 0 < b < ?, by introducing what we call the surface method. It
consists of using the implicit function theorem to study the behavior of the solutions
of the differential equation. It uses the relationship between the surface associated
to the equation and the curves that describe the behavior of the critical points and
the points of inflection of the solutions. Using the concept of stability and consid-
ering the linearization around the single equilibrium point (the constant solution),
we verify that the solutions are locally asymptotically stable spirals. This is proved by
constructing a Lyapunov function for the dynamical system.

1 Preliminaries

We follow the notation and terminology of [ST], and we will make use of the follow-
ing conventions: we will use Greek letters v, €, 7, 7 for indices running from 1 to n,
and Latin letters i, j, k, [ for indices running from 1 to n + 1. We will also use the
Einstein convention for repeated indices.
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Let M" be a C*° n-dimensional manifold and let (x, y) be a point of the tangent

bundle TM, x € M, y € T,M. We consider local coordinates (x/,...,x") on an
open subset U of M. As usual, % and dx' are the induced coordinate basis for T, M
and T;M and (x', y') are local coordinates on TM, where y = y' 82,-. A function

F: TM — [0, c0) is called a Finsler metric on M if F has the following properties:

(i) (Regularity) F € C* in TM\{0};

(ii) (Positive Homogeneity) F(x,ty) = tF(x, y), Vt > 0, (x, y) € TM;
(iii) (Strong Convexity) g = (gij(x, y)) = ( % [F?(x, y)]yi),j) is positive definite at

each point of TM\{0}.

The pair (M, F) is called a Finsler space. The strong convexity property is equivalent
to saying that the symmetric bilinear form g, on M is positive definite Vy € TM\{0},
where

1o,
(1.1) &(u,v) == E@[F (y + su+ tv)]|s=t—o-

Denote by V" the standard n-dimensional real vector space. A Minkowski space is
a vector space V" equipped with a Minkowski norm, i.e., a Finsler metric F(x, y) that
depends only on y € T, V". Minkowski spaces are the simplest Finsler manifolds. A
Randers metric on M is a Finsler structure F on TM given by

(1.2) F(x,y) = alx, y) + B(x, y),

where a(x, y) = /aij(x)y'y/, a;j are the components of the Riemannian metric, a'l
denotes the inverse matrix of a;; and 8 := zedx* is the 1-form whose norm b(x) =

\/a'l(x)zizj satisfies 0 < b < 1.

An interesting property of a Minkowski norm is that in general F(y) # F(—y).
When F(y) = F(—y) we say that the norm is reversible. It follows from expres-
sion (L.I) and from property (iii) that

10
s 500 =37l
& y) = F(y).

One can prove (see [S2]]) that if V**! is a vector space and F: TV — R is a Randers
metric given by F = « + 3, then there exists {¢;}, 1 < i < n+ 1, an orthonormal
frame in the metric «, such that F has the following normal form

F(x,y) = \/Zi;(y")z +b(x)y"™, Vx €V, and Vy = yle € T,V

where b(x) is the norm of the 1-form g given in (I.2).
If (M", F) is a Finsler space, then F induces a smooth volume form defined by

dup := opdx' A - Adx",

where

(x) = Vol(B")
TEY T Vol{(y) € TuM; F(x, ) < 1}
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B" is a unit ball in R” and Vol is the Euclidean volume. dpug is the volume element
of Busemann—Hausdorff, which owes its name to the fact that Busemann [B] proved
that if F is reversible, then the volume element is the Hausdorff measure of the metric

induced by F.

Let (]\7["7,?) be a Finsler space with local coordinates (&!,...,%") and let
©: M" — M"*! be an immersion. Then there is an induced Finsler metric on M,
defined by

F(x,y) = (¢ * F)(x,y) = F(¢(x), 0:(y)), V(x,y) € TM.

The concept of mean curvature in Finsler spaces was introduced by Z. Shen in [S1]]
and it is obtained by considering a variational volume problem as follows. Let
w: M" — (1\71”, F) be an immersion in a Finsler space and let ¢,: M" — (1\7[’”, F),
t € (—€, €) be a variation such that for all £, ¢, is an immersion, ¢y = p and ¢, = ¢
outside a compact set {2 C M. Then ¢, induces a family of Finsler metrics F; := ¢} *F
and X := a% * |~ is the variational vector field along . Let V (¢) := [, du,, then

V’(0) = / H,(X) dur,
M

where H, denotes the mean curvature of the immersion .

In [S1], Z. Shen showed that 3, (v) depends linearly on v and J{, vanishes on
@« (TM). Therefore, it follows that in Finsler spaces one cannot determine a mean
curvature form that is constant and it does not vanish for all (x, y) € TM. However,
a minimal immersion is defined as usual, i.e., the immersion ¢ is said to be minimal
when H, = 0.

The proof of the following result can be found in [S2]].

Proposition 1.1 ([S2]]) Let (V, F) be a Minkowski space. Given a hyperplane T C V
there exists, in each half space determined by Y, a single unitary vector N € V such that

T={weV:guN,w) =0}

N is called a normal vector to the hyperplane (.

From now on, we will consider immersed hypersurfaces o: M" — (V”Jr1 Fp),ina
special Randers space, where V is an (n+1)-dimensional real vector space, F, = a+f3,
where « is the Euclidian metric, and S is a 1-form with norm b € R, 0 < b < 1.
Without loss of generality we will consider 8 = bdx""!. Letx = (x°),e = 1,...,n,
be local coordinates of M" and p(x) = (goi(xe)) S \7,1' =1,...,n+1.

In local coordinates, the mean curvature form H,, is given by (see [S1]]),

1 0*F 0%l O*F 0l 0FY\
(14) Ho (%) = 02i0z] Ox°0x) | 03107 Ox | O FX
where
(1.5) F(x,2) = (1 — PATZM )5 Vdet A,
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A is the matrix whose components are given by

n+1

_ i i i &Pi
(1.6) (Ay;) = (;ZT%), 2=

and (A7) is the inverse of A.

Observe that whenever (V, F) is a Minkowski space, I?b does not depend on x,
consequently J also is independent of x. Therefore, the expression of the mean cur-
vature reduces to

2 2,
(1.7) ﬂ{v(W):l{ 75 ¢ }wi.
F L ozi0z) 0x€0xN

Since J{,, vanishes when applied to tangent vector fields, one cannot have constant
nonzero mean curvature. Due to this restriction we introduce the concept of constant
mean curvature (cmc) form in the direction of a unitary normal vector field. For such
a hypersurface H,(v) = v"c, where ¢ = H,(N) is constant and v" is in the normal
component of v. As we saw in Proposition [[1] at each point x € M, we have two
normal vectors, not necessarily parallel, one in each half space determined by the
hyperplane T, M.

Intuition leads us to suppose that if we have two distinct normal vectors, we should
obtain two distinct differential equations associated to the immersion. In fact, as we
will see later, considering rotational surfaces, for each normal vector field we have a
distinct differential equation. However, an important result will show that although
these differential equations are distinct, they determine the same rotational surface,
up to a reflection.

2 The Differential Equation for a Surface cmc in the Direction of a
Unitary Normal Vector Field in (V"' F,)

In this section we will deduce the differential equation for immersions in the space
(V"1 Fp) with constant mean curvature in a normal direction.
Let {e;} be an orthonormal basis of V"*! in the Euclidean metric, and let F;, be

given by
F(x,y) = \/Z?;l(yi)z +by™l 0<b<1, y= )’iaii-

Theorem 2.1 Letp: M" — (V" F,) be an immersion. Let (goi(xf)) be coordinate
functions of @. Then the immersion is cmc in the direction of a normal unitary vector
field N¢ if and only if the following differential equation is satisfied

@2.1)
2 2
L fnomong s 0 onoc onic
(1-B)C 4 0z 9z 2 070z, 0z 0z, 0z, 9z}
9*B Pl
2 i _ g — =
+(1-B) 82282%}8)68)&11\75 H=0, HeR, (==,
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where 0 < b < 1, N = N'e;, A is given by (L.G), and

. 0 i
(2.2) C=VdetA, B=0A"Z""2", 2= a‘i,
pe

Proof From (L5) we have that, F(x,z) = (1 — bzA”’zZ“zgﬂ)% Vdet A. Using the
notation introduced in (2.2)), we have

ntl

(2.3) Fz)=(1-B)C.

Taking the derivatives of " with respect to z{}, we obtain

95 _ it g C+(1-B)% =

0z} 2 oz) 0z}

(2.4) % @ ntl 3C

Taking now the derivatives of (2.4) with respect to z!, we have

2 2 s
(2.5) O0F =1 gy 9B OB
07.0z) 4 0z; dz)
L 2
- (n+1)(1—B)"% aBC+a—Ba—C+a—Ba—C]
2 07i0z), 0z} 0z 0zl 9z}
2
+(1-B)T a.c”
0710z

It follows from the expression of H given by (L.7) that

1 2 2, ] .
1035 % Ni—H=0.
Sjazéaz;’] axﬁaxn

Therefore, using (2.3 and (2.5]), we obtain the differential equation (2.1]). [ |

From now on, we will consider the dimension n = 2.

Theorem 2.2 Let : M> — (V3,F,) be an immersion in a Randers space under the
conditions of Theorem[2.1l Then, @ has cmc H in the direction of a normal unitary field
N¢ if and only if the following differential equation is satisfied

(2.6)
1 [(lez—(2E+C2)2)67C87C_E O’E
(C*-EXC C(C*—E) 0719z} 2 0zoz
3(2E—Cz)(8(? O0E OC aE) 3C  OE OFE
C2—E 0zt oz 0z 0zt 4(C? —E) 07 Oz

2

2E+C2\ 9?2 detAy 0*pf . .
( ) .e,} Y _Ni-H=0, YN=Ne¢, HEeR,
ZC 827]]822 63(7689(7”

https://doi.org/10.4153/CJM-2011-047-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-047-4

50 T. M. M. Carvalho, H. N. Moreira, and K. Tenenblat

where
3
(2.7) E=0) [(5)(2) - 24477 + (@) ()],
k=1

Cis given by @2), A = Au(2), and z = (2') are given by (LG).

Proof Considering n = 2 in Theorem[2.1] equation (2.1)) reduces to

1 Pl
€ i =
(2.8) T=BrcSi gegmNe —H=0.
where
(2.9)
, B OB 2B B B 2

gj;izéa—.‘l.c—iu—B)( 4 .c+a—.6—c.+a,6£)+(1—3)2 oc

40z o) 2 070z, 0z} 0z 07 9z 0210z

Moreover, the inverse matrix of A, is given by

3 i 3 i
(2.10) (A = b Y BB — il 45
detA \ — Z?:1 Ilzi Z?:l Z’izi
It follows from (2.2)), (2.7) and (2.10)) that

(2.11) B= —E.

We also have from (Z3) that F = (1 — B)iC.
We will now compute separately the components of the expression (2.9). Taking
both first and second order derivatives of B with respect to z', and using (Z.I1) we

obtain

o) o _ 1o 20
' dzi  C*0zi  COZ

and

(2.13)

0’B 11 2E o*C +ga£a£_g<acaE 8C8E) aZE]
dz19z) Sl oc dzioz  C?oz 0728 C

0zL 9z}, 0z} 0z 0z},07
The derivative of C with respect to z! is given by

9C _ 1.9C* 1 JdetA
dzi  2C 97z 2C 07

where we used (2.2) and (2.11)). Therefore, from (2.14]), we have that

(2.14)

(2.15)

=
0z)zi  C

o’C l{lazdetA oC oC
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Substituting and (2.13) into and observing from (2.17)) that (1—B)/C =
(C? — E)/C?, we have

C

0z, 82%
3(—C2+2E><8C8E oC BE)

- - -~ - . - + — n
2\ C’—E 0z, 9z}, 0z} 0z

95}7: (CZCZE) {SE(%) ac oC

3C O°E 3C  OE OE 5 0*C
_— > —i—.+(C +2E)———| .
2 9z)0z  4(C? —E) 0z 9z 07.0z)

It follows from (2.19) that

(2.16)

Gen — (C2 - E) { 12E? — (2E+C?)?0C 6C  3C O°E

”' ct C(C*—E) 020z, 2 0404

_;(ZE—C2>(3C 0E 0OC 8E)

-+ —
0z, 9z}, 0z} 0z

C?—E

N 3C  OE OE (2E+C?) &? detA}
4(C* —E) 0z pz) 2C 9zoz )

Substituting this expression into (2.8]), we obtain (2.6). This concludes the proof of
the theorem. u

Next we will compute the derivatives of C and E in terms of the zf} ’s for subsequent
use. We have from (2.2) and (L.8)) that

detA = Z(zlf)z(zé)2 — Zzlfzgzizé and C = VdetA.
kAl kAl

We can write the derivative of det A with respect to z! as follows:

OdetA 1
o7 2C [Z(éikéelzzlf(zé)z + 51-15622(211‘)22; — éik(édzlz‘zllzé + 562211‘21125))
€ k£l

k k.1 k kI
— Z 0i1(0a12{232, + 552212221)] .
k1

Hence the derivative of C with respect to z* reduces to

ac 1

(2.17) 372@ =C

il i 1 I I
Z(ziz2 —2521)(0a2y — de22;)-
I£i
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Therefore,
(2.18)
0> detA . ,
= = 3 {00 (001051(2h)? + 221020128) + 82 (8,2050(2) ) + 22481 8))
02! 0z o

— 6al0,p0:i2025 + 25 (8,00 2h + 8,00 12))]
— Salbpbiiiz + 2 (26,007 + z{(snz(sﬂ)]} .
Moreover, it follows from (2.7) that

3

aE 2 3 ¢- i 3 3 k_k

5 = 202 [ 2(— 17722 + i kZ(ne“sz;zg} ,
=1

where € = 1 + §,;, € = 1, 2. Taking the derivative with respect to 2717', we have

(2.19)
O’E
dz)ozi

=20 [5,»35,7;(4)?”2;5 + 22 (=162 + (—1)7"6;325)

3
. _1\etngs. Sk k (1Y 3] 4_€+7~3i
e € T
0 D (=) 852kt + G (1) T2 + 0 (— 1)V 6222
k=1

These expressions will be used in next section.

3 Rotational Surfaces with cmc in the Direction of a Unitary
Normal Vector Field in (V°, F,)

In this section we will determine the unitary vector fields, normal to an immersion
in the Randers space (V?, F;) and obtain two ordinary differential equations, which
describe rotational surfaces with constant mean curvature H in the direction of these
vector fields. It is well known from the classical theory of surfaces (corresponding to
b = 0) that such equations reduce to the ordinary differential equation that describes
the Delaunay surfaces (cylinder, sphere, onduloids and nodoids).

Let (V3, F,) be the Randers space with F, = o+ 3, where « is the Euclidian metric
perturbed by a translation 3 of norm b. Let ¢: M? — (V3 F;) be given by

(3.1) o(t,0) = (g(t) cosf,g(t)sind, t), teR,0 € [0,27],
where g(t) is a nonvanishing differentiable function. It follows from Proposition[LT}
that there exists a unique unitary normal vector N in each half space determined by

a plane tangent to M?, i.e.,

env(N,w) =0, VYwe TM.
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In order to obtain the normal vectors, it is sufficient to find the solutions N =
(N',N%, N?) of the following system,

gN(N7 Spt) = 07
(32) gN(N7 309) = Oa
av(N,N) =1,

where ¢, and ¢y denote the derivatives of the immersion (¢, ) with respect to t and
0 respectively.
From (L.3]), we have

en(N,v) = %F(N+ V)]0, Vv eV

Hence,
S N
(3.3) av(N,v) = ==+ 2%
3 i
\ 2o (N)?
Since F(N) = 1, it follows from (3.1) and (3.3) that
(3.4) N )_ng'c059+N2g’sin9+N3
' ST N (N (e
and
(3.5) (N, op) = N%gcosf — N'lgsinf

VINTZ+ (N2 + (NF)2
From (T.3)), we have
(3.6) gnv(N,N) = F*(N) = 1.

Proposition 3.1 The unit vectors normal to the tangent planes of M, in the Randers
metricin (V3 Fy), are given by

(3.7) Ne= ;(—fcos& —&sind, AR i ),
JI-Pr@)? -2

where £ = 1.

Proof We will solve the two first equations of (B.2). Using (B.4), (3.3) and the fact
that g(t) # 0, it follows that

N2 cos — N'sinf =0,
(3.8)

N'g’cos@ + N2g’sinf + N>(1 — b?) + b = 0.
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If ¢’ (¢) # 0 we have that

(3.9) NI:—C‘;Q(M(l—bZ)w) and N? =

sin 0
T

(N*(1 = b%) +b).

/

It follows from (3.6]) and (3.9) that

(3.10) N = VISR S
' (1—b2)/1 -0+ (g')?’

£ ==+l

Therefore N' and N? are determined by (3.9) and hence,

Gl N—-— 80 g oo S0
1—b2+(g")? 1—02+(g")?

When g’ = 0, it follows from (B.8)) that

(3.12) N — X cos 6 N — x sin 6 N — b Y= 41,

Vi-p? Vi-p? 1

Observe that we can choose the sign of N! and N2 in (3.12). Since we need dif-

ferentiable vector fields, we choose x = —&. This provides us the unit normal vector
fields given in (3.7). [ |

From now on, we will consider rotational surfaces with cmc H in the direction
of a unitary normal vector field N¢ in (V3,F;). We will prove that there exist two
ordinary differential equations, whose solutions characterize these surfaces.

Theorem 3.2 Consider the Randers space (V?, Fy). Let o: M* — V3 be an immer-
sion given by ¢(t,0) = (g(t) cosf,g(t)sinf, t) such that Vt, g(t) # 0. Then @ has
constant mean curvature H in the direction of the unitary normal vector field N, if and
only if g satisfies the following ordinary differential equation:

(3.13)
{—gg” [Wb(l +20+ (1 — sz)(g’)z) + 3b4(g’)2]

+wowy (1= 0%+ (1= 3b7)(g")°) } (—Ewp — bg'/w)
— Hg(1 — b)wi(w,)? =0, HER,

where
(3.14) E=41, wy=1+ (g')2 and wp,=1-b*+ (g’)z.

In order to prove Theorem[3.2] we will need the following lemma.
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Lemma 3.3 Let p: M? — (V3> F,) be an immersion given by

p(t,0) = (g(t) cosf,g(t)sinb, t) ,  g(t) #0Vr.

Then the following equalities hold:

(3.15) gzi i = \/A%%[—fg’ +Z],

(3.16) zazig;n = )\f%égl(gg” +wp),

(3.17) giNg = 217\/2;:6612,

(3.18) Zaiigi’l = 2b%gg’ 81,

(3.19) 328;8152,]7 8?;5; = 2b%g(6;32¢" — 6;1 cos B — d;y sin ),

where A, C and E are given by (L8), Z2) and @2.7), respectively, N', i = 1,2, 3, are
given by (B.10) and BI1), \ = sgn(g) and Z is given by

—by/wy, + &g’
(3.20) Z= %.
Proof By considering x; = t and x, = 6 in (2.2), we have
(3.21)
7l = 64012 + 61zt + 0132)) + 02 (0120 + 61n23 + 01323)
=61 (61g' (1) cos O + 0ing' (1) sin 0 + 6i3) + 6ea (—0ing(t) sin 6 + J;,g(t) cos ) .

Using the same notation, we will write the second order derivative of the immersion
as

0%l / .
(3.22) O O = (551(5,/2 + 6(2(5”1 )g (t)(—(gﬂ sin 6 + 6]'2 cos )

+ (6c10,18" (1) — 026,08(1)) (61 cos 0 + 65 sin §).
It follows from (3.21]) and (3.22)) that

2 .3

%
Ox<Ox™

From now on we will omit the parameter ¢ whenever there is no possibility of

ambiguity. It follows from (L.8), 22), 7)), (3.21) and (B:23)), that

(3.23) zf =0, and =0, Ve,n.

\2
(3.24) A:(”ég) ;) C=lglV1+(g"? E=bg".
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Using (2.17), it follows from (B.21) that Vi, 1 < i < 3,and € = 1, 2, we have

oC

A
oz \/1+(g)?

(3.25) { 5a1glg’ (8i1 cos O + 0;5 sin 0) + 03]

+ 552(1 + (g')z) (=68, sin @ + 6;, cos 9)} ,

where A\ = sgn(g).
We will rewrite the components of the normal vector field N¢ given by (3.7)) in the
following way,

(3.26) Ni = L(ﬂsﬂg cos 0 — i sinb + 6;32),

€ Wy

where w, and Z are given by (B.14) and (B20), respectively. Multiplying (3.25)
by (326) and adding in i, we conclude, using (3.14)), that is verified. Equa-
tion is obtained from (3.22)) and (3.29)), by adding in j and 7. It follows from
(27 that the derivatives of E are given by

E
(3.27) % = 2b2g((5€15,-3g — 020;1 sin 0 + 6.,0;; cos B).
Z€

Multiplying (327) by N, é and adding in i, we obtain equation (BI7). Substituting i
by j and e by 7 in the equation (327)), multiplying by (3:22)) and adding in j and 7,
we obtain equation (3.18)).

We observe that gives us the second order derivatives of E for any immer-
sion. Therefore, considering the immersion ¢(t, #) and using (3.21]), we obtain

O*E

(3.28) —
0710z,

= 207 [ 830,2(— 1) g~ sin 0 + 6 cos )
+ 0 (=175 65 + (—1)”"51‘32%)
3
+ 0 (Do (110 2kt
k=1

+ (—1)f+ﬁ5;71 [0/1(6218" cos O — dzg sin6)
+0j2(621¢" sin 0 + 58 cos 0)]

+ (—1)€+1g5,,g(—5j1 sinf + 5 cos 0)) } ,

where€ =1+ 9., =1,2.
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Multiplying (3.28)) by (3.22) and adding in ¢, i and j, we obtain

O’E 0%y
azé 627]] OxcOx"

=207 { 62 (—1)"715;36,5 + 6i3(—= 1) [ 8,2 (01 (828" c08 0 + 51 g sin )
+ 5j2(5€2g’ sin 0 + d.1¢ cos 9)) + (—1)”6g5;,,(—5j1 sin 6
+8j2c080)] }{ (612 + 6e21)g’ (1) (=01 sin 6 + 6 cos 6)
+ (6a10,18" (1) — 026,28(1)) (81 cos O + 65 sin 0) }
= 0;34b%gg’ — 6;12b*g cos O — 6;,2b%gsin O
= 2b%g(6;32¢" — 6;1 cos B — d;y sin ).
This proves (3.19) and concludes the proof of Lemma[3.3 [ |
Lemma 3.4 Letp: M> — (V3 F,) be an immersion as in Lemma[B3.3] Then

0*detA 0%l 2g
029z Ox<Ox' ‘= N

(3.29) [5(1 b1 —gg')

+E(g) (1 +b°) — 2bg" ],
where A and N, 2 are given by (3.24) and respectively.

Proof Equation (Z.I8) gives us the second order derivatives of det A with respect
to z.. We will compute separately each term of this expression. Before that, we note
that we do not need to compute the terms involving d;3, since they will be multi-

plied by zero when we consider the product %d:;JA 6%3% (see (3.23)). In the next

expressions R(d;3) will denote a term involving 5 i3

It follows from the expression of zi = gf given by (B.21)) that Vi, j, 1 <i,j <3,

(3.30) > 6ij(2)? = g2(8i10j1 cos® 0 + 6285 sin” 0) + Ry (33).
I#i

Moreover,

(3.31) Z 5,']'(25)2 = (g/)Z((Si](Sj] Sil’l2 0+ 6i25j2 cos’ 0) + ((5,‘1(5]'1 + 51'25]'2)

+ Ry(03),
(3.32) 2(5 12122 (5,15 5 cos? 6 — 0i20; 1 sin? 0) + 8i3(—4; j18inf@ +dj, cos6)]
I#i
+R3(5]‘3).
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Similarly,
(3.33) — > 0uzhzy = —gg'(—6:6j2 sin” 0 + 5201 cos® 0) + Ra(53),
I#i
(3.34) — " dijzlzh = —gg' sinfcos (5161 — Giadj2) + Rs(83).
I#i
Moreover,
(3.35)
> Sizizy = (g')* sinfcosO(didjn + 6adj1) +8'6i3(8j1 cos 0 + 6o sin 0) + Re(53).
I#i
Finally,
(3.36) — Z 5]»12525 = gz[(éildjz +0i261) sinf cos 0] + R7(6;3).
I#i
Therefore, it follows from equations (3.30)—(3.36) that,
(3.37)
0% det A
970z

= 561{ ot [82(51'151'1 cos® 0 + 0i20 1 sin® 6) + (0116j2 + 5i25j1)g2 sin # cos 0]
+ 57/2 [Zg(g/(5i15j2 cos’ 0 — 51’25]'1 sin’ 0) + (51'3(—(5]'1 sinf + (5]'2 cos 9))
— gg'sinf cos 0(6;10/1 — 6;202)
— gg'(—é,-léjz sin 6 + 0i201 cos? 9)] }
+ 552{ O {—gg' sin @ cos 0(0;16j1 — 612072)
+ Zgg/(*(sﬂ(sjz sin? @ + 0261 cos’ 0)
—glg' (6116 cos’ 6 — 8201 sin? 6)
+ 8i3(—0;y sin 0 + 65 cos 9)1]
+ 0 {—g' sinf cos 0[g' (81011 — 0:20j1) + 8i3(dj1 cos O + & sin 0)]
+ (5,-151-1(1 +(g')?sin?0) + 6,207 (1 + (g')? cos® ) )} } +R(3}5).

Multiplying equation (3.37)) by a‘?;—gi,, and Ng, given by (B3.22) and (B28]) respectively,
and adding in all the indices, we obtain (3.29). [ |

We will now use Lemmas[3.3]and[B.4]to prove Theorem

Proof of Theorem[3.2] For the proof, in view of equation (Z.6)), we will obtain the
following expressions:
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.. 0C 0C 82<,Dj i gg'b " / .

O 5 o] o™ = T b (88" €0’ = V)
20 40300

iy ZEOE 079 i V&L (e gg);

9zl 9z) OxOx1 <~ w1 — 1)

oC OE  oC 8E) ool

(i) (?437,;'*3284 Do ¢

= )\%[g'(wo +gg" + %) — bEy/w(1+¢" +wp)];
(1 = b?)\/Wy/Wo ’
O*E Pyl 2b%g

. i - - ©° 1 2 AV VAN 2 / .
) Dz 0zl Ox“Ox" T w1 —b?) [£(1+2(g")° — b*) —2bg"/wy
In fact, from (3.I5) and (3.1€)), we have that

/

&'+ 2)] [T batag” +mo)].

2p)
aC C P N | AESag

B R N

Therefore, a simple computation, using (3.20), gives us (i) (observe that \> = 1).
(ii) follows directly from the product of (B.I7) by (B.I8)), using (320)). (iii) follows
directly from the product of the equations (3.15), (B.18), (3.16) and (3.17). And
finally, to prove (iv) we multiply equation by N, given by (3.26).

A straightforward computation shows that the coefficients that appear in equa-
tion (B.13)) are given by the following equalities:

12E* — (2E+C?)?  Ag(8b* — 4b*wy — wg)

(3.39) C(C?2 —E) o /WoW, ’
(340) E = MVW@,
2 2
3 /2E — C? 3 /20 —wy
(1) (o) =305
(3.42) X _\Gym
4(C? —E) 4g./wy
2E + C? (2b* + wy)
4 -
(3.43) °C Ag N
1 1
(3.44)

C(C* —E) - 2/ wowp’

where A = @ = sgn(g), C and E are given by (3.24).
Substituting equalities (i)—(iv), equation (B29) and equations (B39)-(3.44) into
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(2.8), we obtain
e 1
- lglgrv/wows
{ A\g(8b* — 4b’wy — wj) [ gg'b
' Vwow? (
3¢ 2b%g
2 VM A b
37207 —wy ) 2b%g%g’
- E( Wy ) (1 — b2)\/wy\/Wo
(g (wo + gg"" + 1) — bE/wy(1+ g"" +wy)]
3w [ 4b'g’g’ '
N | N )
N ()\g(l +2b2+(g’)2)) 2g
2 (1~ b2)
160 = 1)1 — gg") + €(g2(1+ 1) — 2bg' /] }.

AR OIS D)

[E(1+2(¢") = b*) —2bg"y/ws]

Simplifying this expression, we obtain (B.I3). This concludes the proof of Theo-
rem[3.2] ]

It follows from Theorem [3.2] that we have two distinct differential equations, de-
pending on choice of £ in equation (3.13), i.e., depending on the normal vector field.
This is in contrast to the Euclidian case, b = 0, when we have just one equation.

4 Characterization of Rotational Surfaces with cmc in the Direction
of the Unitary Normal Vector Fields in (V°, F))

In this section we show that, in spite of finding two distinct differential equations that
characterize the surfaces of rotation with cmc in the direction of the unitary normal
vector fields in (V| F,), both equations determine the same rotational surface. This
allows us to choose only one equation to be analyzed. We also show, that the cylinder
is a cmc surface in the direction of a unitary normal vector field and that there are no
nonconstant linear solutions of the differential equation, for any b,0 < b < 1.

A particular case of equation (3.13)) is obtained by considering H = 0. This case
represents the minimal rotational surfaces in Randers spaces (V?, F,), and it was al-
ready studied by Souza and Tenenblat in [ST]]. In [SST], Souza, Spruck, and Tenen-
blat concluded that the equation that describes the minimal surfaces as a graph of
a function in (V3 F,) is elliptic for b < ? This same value of b appears also in
our work. Therefore, we will restrict the analysis of equation to the interval
0<b< é The Euclidean case is obtained taking b = 0 in equation (3.13)). In this
case, the solutions are curves that generate the Delaunay surfaces (see [DI]).
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One knows that in general, nonlinear ordinary differential equations cannot be
analytically solved. Equation (B.13)) is highly nonlinear. This entails enormous dif-
ficulties in the analysis of the possible solutions and mainly in the determination of
the interval of existence and uniqueness of the solutions. In view of these difficulties
we will use methods of qualitative analysis to determine the behavior of the solutions
forall0 < b < ? and H # 0. We will see that we only need to choose H > 0.

We can rewrite equation (3.13) as follows,

(4.1) {—g¢"’Q+PYA* — HgR =0,

where we used the notation

(4.2) P:=Py(g") = wowp[1 — b” + (1 — 36°)(g")’],
(4.3) Q= Qu(g") = wpl1+26% + (1 - 3b%)(¢')*] +3b*(¢")?,
(4.4) R:=Ry(g) =(1- bz)W?)Wf,

(4.5) AT = Af(g) = wy — bg' /W,

(4.6) A” = A, (g) = —wy, — bg'/we,

with wy and w; given by (3.14).

Remark 4.1 1t follows from the fact that wy and w;, are both positive Vb,0 < b <
? (see (B.14)), that:

(i) Py(g’) vanishes for é < b < 1, when g’ assumes the values

1—b?
(i) Py(g’) > 0 (resp. < 0) ifand only if |g’| < |r1(b)| (resp. |g’| > |r1(b)]).
(iii) Py(g’) > 0,¥b,0 < b < ¥ and Vg’

(iv) The polynomial Qy(g’) vanishes if é < b < 1, when g’ assumes the values

1 — b2 +3b* + /12b* — 12b° + 918
r2(b) \/ 35— 1

(v) Qp(g’) > 0 (resp. < 0) ifand only if |¢/| < |r2()| (resp. |g’| > |r2(B)]).
(vi) Qy(g") > 0,¥b,0 < b < ¥ and Vg'.

Remark 4.2 Ry(g’) > 0,Vb,0 < b < 1andVyg'.
Proposition 4.3 A, (g') <0 (resp. A;(g') > 0),Vb,0 < b < 1.

Proof If g’ > 0, it follows from (3.14) and (£.6) that A~ < 0. If g’ < 0, the proof
follows from the fact that (1 — b?)(1 + g’*) > 0,Vb,0 < b < 1. For A" the proof is
analogous. ]

https://doi.org/10.4153/CJM-2011-047-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-047-4

62 T. M. M. Carvalho, H. N. Moreira, and K. Tenenblat

For a fixed H # 0, consider the following differential equations given by (4.1))

(4.8) {—g¢""Q(g") +P(g")}A™(¢") — gHR(g') = 0,
(4.9) {—g¢"'Q(g") + P(g")}A™(g") — gHR(g') = 0.

The following proposition, whose proof is immediate, shows that both equations
define the same surface of rotation.

Proposition 4.4 A differentiable function h(t) = —g(t) is a solution of (438) if and
only if —h(t) is a solution of (£9).

The next proposition shows us that we can restrict the study of the equations (£.)
to the case H > 0. In fact, consider the two differential equations

(4.10) {—gg""Q(g") + P(g")}A™ (g") + gHR(g") = 0,
(4.11) {—g¢"'Q(g") + P(g")}A"(g") + gHR(g") = 0.

Then one can easily see that the following result holds.

Proposition 4.5 A differentiable function, h(t), t € I C R, is a solution of (A3)
(resp. (A9)) if and only if —h(—t) is a solution of (A1) (resp. ([EI0)).

In short, together Propositions[.4land (4.3l tell us that, although we have two equa-
tions describing the surfaces of rotation, in the space (V2 F,), with cmc H in the
direction of the normal unitary vector fields, both describe the same surface, inde-
pendently of the choice of the normal field and also of the sign of H. This result is
important for the fact that it allows us to choose just one equation to analyze. It is
also important for the fact that it would not be desirable, in the development of our
theory, that the choice of the normal field would affect the surface of rotation.

Due to this fact, from now on we will work only with equation (49) (it corre-
sponds to taking A* in equation (4.1))). Moreover we will consider g(¢) > 0, V¢ € R.

Lemma 4.6 For a fixed constant H > 0,

(4.12) (respectively g(t) = — ), VteR,

1 1
)= ——— _—
0= HVI -1

is a solution of (&3] (respectively [&.8))). Moreover, this is the unique constant solution

of (respectively (£3))).

The proof of Lemma [£.6] is trivial and shows that (£12)) is the unique constant

solution. We observe that this constant solution generates the cylinder of radius
1

HV1-02"

Remark 4.7 1f g(t) is a solution of (49), where H is a nonvanishing constant and
g(ty) # ﬁ, for some t; € R, then g'(#) and g’/ (#p) do not vanish simultane-
ously.
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The next lemma excludes any nonconstant linear solution for the equation (4.9),
whenever H is a nonvanishing constant. In the case H = 0, the linear solutions
generate minimal cones and they were obtained in [ST].

Lemma 4.8 Letd # 0 be a constant.
(i) g(t) = ri(b)t + d is a solution of [@9) with H constant if and only if H = 0,
where r1(b) is given by [@.7) and é <b< 1l
(ii) Let H be a nonvanishing constant. If g(t) = at + d is a solution of ([£9)), for all
teR, thena=0.

Proof If H = 0, it is enough to substitute ¢ and its derivatives into equation (4.9) to
verify that g is a solution of (4.9). Similarly, if g(#) = £r,(b)t + a is a solution, then
it follows from (4.9)), that H = 0. This proves (i). In order to prove (ii), we conclude
from equation (4.9)) that if H # 0, then a = 0. [ ]

In short, we proved that the cylinder has cmc in the direction of the normal vector
field N in (V, F,) and it is generated by the constant solution. Moreover, we excluded
all nonconstant linear solutions. Although we do not have an explicit nonconstant
solution of equation (4.1]), we can describe qualitative information on their solutions.
In the next section, we present a qualitative analysis of equation (4.9).

5 Qualitative Analysis

One knows that, for smooth functions f(x), the solution of the initial value problem
x=f(x), xeR", x(0)=x,

is defined at least in some neighborhood ¢t € (—¢, €) of t = 0. This, in the nonlinear
case, means that a local flux ¢, : R* — R" is defined by ¢, (xy) = x(, x0) in a similar
way to the linear case. One knows also that, it is not always possible to determine the
interval (—e¢, €) of existence and uniqueness of the solutions.

In this section, we consider equation (4.9) as a nonlinear dynamical system. We
use the concept of stability and through the linearization around the single equilib-
rium point (the constant solution), we verify that the solutions are, locally, asymp-
totically stable spirals.

Making the change of variables x(t) = g(t) and y(t) = %(t), we have that X =
G(t, X, b), where X = (x, y) € R? and G is of class C". We can rewrite equation (£.9)
in the form of an autonomous system of two equations of first order as

(5.1) =
v =op(x,y),

where §(t, X, b) = (y, ¢p(x, y)) and ¢y is given by

_ POIAY) — xR(y)H

(5.2) b(x, y) QA
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Moreover, the expressions P, Q, R and A, given by equations (4.2)—(4.3]), are written
now in the following form:

(53) P(y) = wowp[1 — 0> + (1 — 3b%)y7],
(5.4) Q(y) = wy[1 + 26> + (1 — 3b%)y*] + 3b*y?,
(5.5) R(y) = (1 = B)wiwg,

(5.6) A(y) = wy — by\/wy,

wo=1+y*andw, =1—b*+ y%

Observe that (5.I)) defines an autonomous nonlinear system of differential equa-
tions, whose equilibrium points (or fixed points) are determined by the solutions of
the system X = 0, where X = (%, y). That is, the equilibrium points are all the points
(x, ) of the form

(5.7) X, = (xo) — (Hvibz).
Yo 0

Observe that the equilibrium solution is exactly the generatrix of the cylinder defined
in Lemmal4.6l From now on, we will restrict the study of the solutions of (5.1)) to the

interval 0 < b < ? and we will consider only x > 0 and H > 0.

Hartman—Grobman’s theorem (see [H] and [WS]) tells us that, in a neighbor-
hood of a hyperbolic equilibrium point, the linearized system behaves as the linear
part of the linearization. In the case of the nonhyperbolic equilibrium points, the
eigenvalues of the linearization matrix are purely imaginary, and consequently the
trajectories are closed orbits around the equilibrium points and small perturbations
can transform a closed orbit in a spiral, stable or not.

Lemma 5.1 The partial derivatives of ¢y, with respect to x and y, at the point X, =
(ﬁ, 0), are given respectively by

B (1 _ b2)2H2
1+ 2b?

Hb(1 — b?)

(58) [¢b(x7y)]x|fo - 1+ 212 )

and  [¢p(x, Y))lx, = —

where ¢p(x, y) is given by (5.2).

Proof For the proof of this lemma, we take the derivatives of ¢, (x, ), with respect
to x and then with respect to y at the point Xy, and we use the fact that Py, =
Ry, = Qy,, =0.

It follows from (5.8]) that gle Jacobian matrix A associated to the linearization of
the system (5.0 at the point Xy = (ﬁ, 0) is given by

0 1
A= _Q=p’H* _ Hba-P) |-

1+2b2 1+2b2
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Therefore, the eigenvalues of A are given by

(1 —b)H(—b£iV7h? +4)
PEE .
2(1 + 2b2)

For0 < b < ?, the eigenvalues of A are distinct complex numbers whose real parts
are nonvanishing and negative. Thus, the following remark follows from Hartman—
Grobman theorem.

Remark 5.2 Forall b,0 < b < é the unique equilibrium point Xy of the sys-
tem (5.0) is hyperbolic and this equilibrium is locally asymptotically stable in the
sense that the orbits are spirals inward the equilibrium point. In this case, Xj is said
be a stable focus for 0 < b < é Therefore, for these values of b, all the solutions
tend to the equilibrium point, when the parameter ¢ tends to infinity. For b = 0, the
eigenvalues of A are complex numbers with vanishing real part, therefore the equi-
librium point is nonhyperbolic and it is denominated a center. In this case, the orbits
are closed (ellipses centered at the equilibrium point).

5.1 Surface Method

Due to the great difficulty in obtaining any information on the behavior of the solu-
tions of the nonlinear equation (4.9)), in order to accomplish the study of the fields of
directions, we introduce what we call surface method. This method consists in using
the implicit function theorem to study the behavior of the solutions of the differential
equation. It uses the existent relationship between the surface associated to the equa-
tion and the curves that describe the behavior of the critical points and the points of
inflection of the solutions. With this information, we determine the behavior of the
fields of direction in the phase plane. We remind once again that we are considering
0<b< ?
In coordinates x, y and z, equation (4.9) takes the following form,

(5.9) {—xzQ+ P}A — HxR = 0,

where H is a nonvanishing constant and the expressions of P, Q, R and A are given
by equations (53)—(5.6) respectively, by replacing ¢ by x, ¢’ by y and ¢’’ by z. Equa-
tion (5.9) defines implicitly a surface G(x, y, z) = 0 (see Figure[I]), where

(5.10) G = [—xzQ(y) + P(y)]A(y) — HxR(y).

On the left side of Figure[T} the surface G(x, y,z) = 0 is visualized with its two con-
nected components. On the right side of Figure[I] we can see its connected compo-
nent given by x > 0.

In the same way we can define the intersection of the planes y = 0 or z = 0 with
the surface G = 0. That is, the curves G(x,0,z) = 0 and G(x, y,0) = 0. We denote
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Figure 1: Surface G(x, y,z) = 0, with b = 0.3 and H = 1. Figure constructed using ACOGEO.

Fi(x,2) = G(x,0,z) and F,(x, y) := G(x, y,0). Thus,

(5.11) Fi(x,2) = {—xz[(1 — b*)(1 +2b*)] + (1 — b*)*}(1 — b*) — Hx(1 — b?)7,
(5.12)
Fy(x,y) = [wowb(l -+ - 3b2)y2)} (wp — by+/wp) — Hx(1 — bz)wo(wb)2

Proposition 5.3 G(x,y,z) = 0is a regular surface for all x > 0 (resp. x < 0).

Proof It follows from ( ), that aG = —xQA and, from equations (5.4) and (%.6)),
that QA > 0Vx > 0. We also have that
8G BQ } [ OP (“)A} 8R 0G

Therefore dG, 7 and BG do not vanish simultaneously for all x > 0. It follows that

G(x, y,z) = 0 is the inverse image of zero, that is a regular value of G for all x > 0
and hence G is a regular surface for all x > 0. The proof for x < 0 is analogous. M

We observe that G(x, y,z) = 0 is not defined for x = 0, because in this case we

would have PA = 0 and we know from (5.3) and (5.6) that P and A are positive
forall0 < b < ? From this fact and from Proposition we conclude that
the surface G has two connected components. In what follows, G(x, y,z) = 0 will
designate the connected component where x > 0, which is the one we are interested
in.

Let G: U C R?> — R be the function defined by (5.10) and let p = (xo, yo,20) =

(ﬁ,0,0) € U. We have that G, g—f, g—f, are continuous Vb,0 < b < é and
%| p = —H(1 — b?): # 0. Moreover G(p) = 0. Therefore, applying the Implicit
Function Theorem, there is an interval I and an open ball B C R?, centered at (0, 0),
such that G71(0) N (B x I) is the graph of a function W: B — I of class C2. This

allows us to express x as a function of (y, z) in U, as follows:

PA

(5.13) X = W(%Z) = ma
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.z

Figure 2: In this figure we can see the intersection between curves h(y) and f(z) on the surface
G(x, y,2).

where P = P(y), Q = Q(y), R = R(y), A = A(y), are given by equations (53)-(5.8)),
respectively. This expression will be useful in the next section.

Proposition 5.4 Consider py = (x9,20) = (ﬁ,O) and p; = (xo0,y0) =

1
(W,O) Then
OF, OF, OF, OF,
- 0, — 0, — 0, — 0
g pl#, % pl#, 6yp27é7 g p2#7

Vx # 0andVb,0 < b < 1.

Proof The proofis a straightforward computation that follows from equations (511
and (5.12). [ |

Let F;: U C R? — R be the function defined by (5.11) and let p; = (x0,2) =
(ﬁ,O) € U. The functions Fj, %1-,’ %, are continuous Vb,0 < b < ? and
Fi(p1) = 0. From Proposition[5.4} it follows that %| p 7 0. Therefore, applying the
Implicit Function Theorem, there is a rectangle I x ] centered at (xo,2o) such that
x = f(z), for a unique function f: J — I of class C' that satisfies Fl(f(z),z) =0.
That is, FI_I(O) N (J x I) is the graph of the function f.

Similarly, considering F,: V C R?* — R defined by and p, = (xg, yo) =
(ﬁ, 0) € V one can apply the Implicit Function Theorem to ensure the exis-
tence of a function h: K — I of class C! satisfying F, ( h(y), y) =0.

Observe that the curves f and h intersect at the point p; = p, (see Figure 2,
which is the equilibrium point of the system (5.1]) obtained in (5.7)).

The curves f(z) and h(y) can be obtained by considering F;(x,z) = 0 and
F,(x,y) = 0. Thus we get

B (1-10%
Cz(1+20) + (1 — )3 H

(5.14) f(2)
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and

PA wy — 3b%y?

. h = - =
(5:13) )= ru H(wp + by /wy)(wp)?

where w, = 1 — b* + 2.

Remark 5.5 Considering g(t) = x(¢) in Remark .71 we have that, for any given
initial condition, the solution x(#) of equation does not have inflexion points
such that x(¢t) = y(¢t) = 0. Therefore, we can say that, in the phase plane, f represents
a curve where the tangent fields to the trajectories are not defined (i.e., the tangent
fields are parallel to the axis Ox).

Figure 3: The figure on the left side shows the curve h(y) and the figure on the right side shows
the curve f(z).

The curves f(z) and h(y) are represented in Figure[3l with b = 0.3 and H = 1.
With respect to the curve h, we have the following properties.

Proposition 5.6 Let h(y) be a function defined by (5.15).

(i) There exists a unique yo such that h’(yy) = 0 and yo < 0.

(ii) ykrziloo h(y) = 0.

(iii) yo is the point of global maximum of h.

Proof (i) Taking the derivative of i with respect to y and equating to zero, we obtain

(5.16) () [96y* — (1+ 6b*)(wy)] = bl(w)? + 362 y*(wy) — 6b%y*],

where w, = 1—b*+y2. Taking squares on both sides of (5.16) we obtain the following
polynomial of degree 8:

(5.17) P(y) =a0+a2y2+a4y4+a6y6+a8y8,

https://doi.org/10.4153/CJM-2011-047-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-047-4

Surfaces of Rotation with Constant Mean Curvature 69

where
ag = —b*(1 —bH), a4 = (1 —b*)> (300 + 8K + 1),
a; = 3(1 — b*)*(1 + 5% +3b%), ag = (1 — b*)(3b> — 1)(6b* — 5% — 3),
ag = (1 —b*)(1 — 3b*)%

Since 1 — b > 0, it follows that, ag < 0,4, > 0, a4 > 0,Vb,0 < b < 1 and ag > 0.
Moreover, ag > 0,Vb,0 < b < é

Observe that P(y) = P(—y) and in both cases we have just one sign change among
the coefficients, thus, by the Descartes sign rules for polynomials, we have only one
positive root and only one negative root. We can show that the positive one is inad-
equate. In fact, assuming that we have a positive root r and using the fact that r > 0,

(30> — 1) < 0and (—1 + b?) < 0, we show that ¥b,0 < b < ?, the left-hand side
of (5.16) is negative and the right-hand side is positive. This is a contradiction. It
follows then, that the polynomial has a unique negative root. This concludes
the proof of (i).

PL = 0.

For the proof of (ii), we apply LHospital’s rule twice and verify that lirin i
y—+oo

In order to prove (iii), we observe that it follows from (5.5)) that, for both b and y
real, the denominator of does not vanish and consequently the curve (5.13]) is
continuous for any real value. Moreover, as a consequence of (i) and (ii), there is a
unique critical point of h which satisfies y; < 0 and h tends to zero when y — 4o0.
Therefore y, may be either a maximum or a minimum global point of h. From the
fact that h(y) > 0, Vb, y € R, we conclude that h(y,) is a global maximum point of
h(y). This concludes the proof of (iii). [ |

For ¢,(y,x) # 0, the system (5.0)) defines a vector field in the phase plane, whose
directions are tangent to the trajectories, pointing to the direction of time increasing.
Its directions are determined by Z—; = f = ﬁ, where x = % and y = %.

It follows from (5.2)) that, Vb,0 < b < é op(y,x) > 0ifand only if x < % and
¢p(y,x) < 0ifand only if x > %. Thus, taking into account these results, we will

analyze the behavior of the fields dx/dy in the phase plane.

Figure 4: Behavior of the directions fields in the phase space and the graph of the function h(y).

One can observe the following cases (see Figure[d)):
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(1) j—; = (O ifand only if y = 0 (tangent fields parallel to the y axis);

(ii) for g—; > 0 we have either y > 0 and x < % (region D) or y < 0 and x > %

(region A);
(iii) for g—; < 0 we have either y < 0 and x < % (region C) or y > 0 and x > %
(region B);
(iv) Z—; is not defined for x = % (see Remark[5.5]).
Based on this information and knowing that in the phase plane the trajectories be-
have asymptotically as stable spirals, we sketched, using the resources of Maple, the
phase portrait of the system (5.0)), as we can see in Figure[5l We used the initial con-
ditions x(0) = 1, y(0) = Owithb =0.3and H = 1.

campo de dracoss N NN N
TR N L L T T T e,
SOOI NN
AN N N N N e NN,
D B ENENENEN), N ety
/A8 AR
L4 NN N
/X8 N
e NN
R SRS
Y N I
L0 7 N e
I t o NN N
/ t 1 AN .
BERART NN N
RRRR YAN N
AR 1 } N N
5NN e / AN
L o o i R LN }
PR B B NN
R ISt AN = /
N NN TTTT]TTT] TT
Y 05 00 05 10
v ¥

Figure 5: The figure on the left side shows the direction fields in the phase space and the figure
on the right side shows a path in the phase space.

Observe that we are considering just the interval 0 < b < %, where the polyno-

mial Q does not have real roots. Since equation has continuous partial deriva-
tives, it follows from the Picard-Lindelof theorem, that given the initial conditions,
there exists a unique solution in the neighborhood of t = 0. The difficult problem is
to determine the extension of this neighborhood.

In what follows, we will prove some results that will provide information about
the behavior of the solutions of the differential equation (4.9]). When convenient, we
will look at the solutions of our differential equation as a graph and, we will refer
to equation in the variables g, g/, and g’’. Alternatively we will look at the
same solutions as a trajectory in the phase plane. We will then follow the notation
introduced in the previous section, considering ¢ = x, ¢’ = y, and ¢’/ = z, and refer

to equation (2.9).

Remark 5.7 From equation (5.9]) we have that x(zQA + HR) = PA. Since PA > 0,
Vbh,0 < b < ?, we have that zQA + HR # 0, Vx > 0. Thus, the solution of (5.9)) is

not defined for
HR

“on

https://doi.org/10.4153/CJM-2011-047-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-047-4

Surfaces of Rotation with Constant Mean Curvature 71

In particular, at the points where y vanishes, this expression is given by

(1-1):H
1+ 2b2

In the previous section, we saw that the intersection of the surface G(x, y,z) = 0
with the plane y = 0 is a curve in the coordinate plane z0x, denoted by f(z) and
given by (5.I4). Observe that y(r) = g’(¢), thus f(z) defines a curve on the sur-
face G(x, y,z) = 0 that contains all the critical points of any solution g(¢) of equa-

tion (4.9)).

Lemma 5.8 For any nonconstant solution g(t) of the differential equation (4.9)), there

do not exist t1,t, € R such that g(t1) = g(tz) and g'(t1) = ¢'(t,) = 0, Vb,0 < b <

V3

T-

Proof Suppose that for b, 0 < b < ?, there exists f; # t, € R such that g(#;) =

g(t) and ¢’ (t;) = ¢’'(f,) = 0. This implies the existence of a closed orbit in a neigh-

borhood of the equilibrium point (or equivalently that the equilibrium point is a cen-

ter), but this contradicts the fact that the equilibrium point is a focus (Remark[5.2)).
|

Observe that when b = 0, the equilibrium point is a center. This means that the
orbits are all closed in a neighborhood of the equilibrium point. In this case, the
solutions g are the curves whose rotation around the ¢ axis generate the Delaunay
surfaces [D].

The next two lemmas assure that, when t grows, the norm of the second derivative
decreases at the points where the first derivative vanishes (minimum and maximum
points). At these points, the solution g approaches the value ﬁ, Vb, 0 < b <

?. In other words, we will prove that the solution g behaves as in Figure[6] where
we used the initial conditions g(0) = 1,¢’(0) = 0,b=0.3and H = 1.

Before starting the next lemma we will rewrite equation (5.13)) in the variables g’
and g’’, i.e.,

PA

5.18 —W(g' ¢ = —
(5.18) g (g.8") QA T HR’

where P = P(g’), Q = Q(g’), R = R(g’) and A = A(g’) are given by equations (£.2)—
([£5), respectively.

Lemma 5.9 Let g(t) be a solution of equation (A9) with b # 0. The minimum

and maximum values of g, are respectively below and above the constant solution g =
1

V1-bv’H’
The proof follows directly from equation (.9, by considering g’ (fp) = 0.

Lemma 5.10 Letty and t) be such thatg'(ty) = ¢'(t;) = 0and g’ (o) > 0, ¢"'(#;) >
0 (resp. g''(t) < 0, ¢''(t1) < 0), i.e., tg and t; are points of local minimum (resp.
maximum). Then g(ty) < g(t1) (resp. g(to) > g(t1)) if and only if g"' (o) > ¢''(t1)
(resp. g’ (to) < g''(t1)). Moreover g(ty) = g(t1) = 0 if and only if b = 0.
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Proof Observe that, at the points where the derivative g’ vanishes, equation (5.18)) is
given by

(1-v%)

(5.19) g=fg" = ¢"(1+2b2) + (1 — B?)3H

It follows from Lemma [5.8] that g(#)) # g(t1), Vb,0 < b < ? Thus, assuming
that ¢’'(f9) > 0 and g"’(¢;) > 0, it follows from (5.I9) that g(t,) > g(t1) (resp.
g(to) < g(t1)) if and only if ¢"'(tp) < g''(t1) (resp. g"' (o) > g"'(#1)). Similarly,
one proves the case in which g’/(ty) < 0 and g’’(#;) < 0. Moreover, it follows from

Lemmal[5.8]that equality occurs if and only if b = 0. ]

Lemmas [5.9] and [5.10] mean that, when ¢ tends to infinity, local minimum and
maximum values of g approximate the equilibrium solution. Hence, any solution
approaches the equilibrium solution (see Figure[d)).

3
Lemma 5.11 Leta= — (1;?;)122 B and consider the function f(z) given by (5.14), with
0<b< 1. Then
(1) f is decreasing for all z > a;

0l 0 =
(iii) lim f(z) = £oo;
z—at

(iv) Z_l)irinoo f(z) =0.

Proof We will only prove (i); the other items are trivially verified. Taking the deriva-
tive of (5.14]) with respect to z we obtain

(b* — 1)(1 +2b%)
[2(1+2b2) + (1 — V)3 H]?

flz) =

It follows from the fact that the denominator of f’ is always positive and the nu-
merator is negative that f' < 0, Vb,0 < b < 1. Hence, f is a decreasing function.
|

Rotating the generatrix curve (Figure [6]) around the z = ¢t axis, we obtain the
corresponding surface of rotation, which is represented in Figure[7] where we used
b = 0.3, H = 1 and the initial conditions g(0) = 1, g’(0) = 0. Figures[@land[Zlwere
obtained by numerical methods.

6 Basin of Attraction

Next we will determine the existence of a region containing the equilibrium point of
the system (5.0)) in whose interior, a function of Liapunov to be defined, has strictly
negative derivative. This region is denominated the basin of asymptotic stability of the
equilibrium point.
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I O O O I A

:
;

Figure 6: A solution (t, g(t)) of the equa-  Figure 7: Surface of rotation cmc in the di-

tion (4] and the equilibrium solution. rection of the unitary normal vector field.
Let
P(y) R(y)H
(6.1) Sy) =577 B =
Yo am T ey

where P, Q, R and A are given by equations (5.3)—(5.8)) respectively. In this condition,
(1) can be rewriten in the following form

(6.2) x=y,

o S(y)

y =22 —By.
After the translation X = x — xp, Y = y, the above system is given in the new
coordinates by

. . S(Y)

6.3 X=Y d Y= — B(Y).
(6.3) , an Xtx (Y)

Remark 6.1 Consider the function

X 5(0) Y?
6.4 VX,Y:SOI( )+—X+—
(6.4) (X,Y) = S(0)In Xt o 5
Then
S(0)  S(0)
V(0,0)=0, Vy=— +=2 Vy=Y
(7 ) } X X+X() X0 9 Y )
S(0)
XX (X +x0)2 YY ) Xy

Thus, the Hessian matrix of V(X,Y) at (0, 0) is given by

SO
Hess V(0,0) = <(X’f6“0)2 1>

Hence, det Hess V(0,0) = =% > 0and V(X,Y) > 0.

T (X+x9)?
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Taking the derivative of (6.4) with respect to ¢, using (6.3)) and the fact that %)) =
3
=82 i1 — B(0), we obtain

1+2b%
o e (e ()
=% +xo{(X+xo)[B(0) — B(Y)] + [S(Y) — S(0)]}.

Next, we will prove a series of properties, which will be useful for us to conclude
the central objective of this section, that is to prove that there exists a region where
the function V (X, Y) is negative definite.

Lemma 6.2 v lirjIEl B(Y) = +o00, where B(Y) is given by (&.1).
—+oo

Proof In fact, simplifying the expression of B(Y'), we obtain
(6.6)

B(Y) = (1—=VH)H(1 +Y?)*(1 — b +Y?)?

[(1— B2 +Y2)7 — bY][(1+Y2)2 + b4(—2 +6Y2) + b2(1 — 2Y2 — 3Y4)]

It follows from Remark [£Iland from Proposition [4.3] that Q(y) > 0 and A(y) > 0,

Vb,0 < b < ? Therefore, we complete the proof observing that the denominator
of ([6.6) is positive and the numerator is a polynomial in Y of degree 16, while in the
denominator Y appears with powers of, at most degree 5. u

Lemma 6.3 The function

P(Y) (1+Y)(1—b*+Y)[1— b+ (1 —3b")Y?]
Q) (1 =0b>+Y?)[1+2b*+ (1 —3b2)Y?] + 3b*Y?

67)  S(Y)=

is positive Vb,0 < b < % Moreover, Y = 0 is the only critical point of S and it is a
global minimum.

Proof Proving that the function has a unique critical point is equivalent to showing
that the first derivative has a unique real root. We can rewrite (6.7) in the following
form:

€1Y6 + 62Y4 + €3Y2 + ey
EIY4 + EzYz +e3

wheree; =1 —3b%, e, =3b* — 80> +3,e5 = 4b* — 70> +3,es = (1 — V*)%, 8, = e,
2, = 6b* —2b? +2and & = (1 — b*)(1 + 2b%).
Taking the derivative of (&.8) with respect to Y, we obtain

6€1Y5 + 4€2Y3 + 2€3Y
E1Y4 + Ezyz +e;3
(€1Y6 + €2Y4 + €3Y2 + €4)(4E1Y3 + 2E2Y)
(e Y* +28,Y? + ) '

(6.9) S'(Y) =

https://doi.org/10.4153/CJM-2011-047-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-047-4

Surfaces of Rotation with Constant Mean Curvature 75

Therefore, one can see that S'(Y) = 0 if and only if
(6.10)
26%Y9 +4€1§2Y7 + [661@3 +2(€2@2 — 6163)]Y5 +4(€2?3 — 6164)Y3 + [2(63?3 *5264)]Y =0.

It follows from Remark[4.]] that the polynomial Q does not vanish for 0 < b < ?
Moreover, for such a b all the coefficients of Y in the expression are positive.
It follows that S’(Y) = 0 if and only if Y = 0. Consequently Y = 0 is the unique
critical point of S(Y'). In order to show that Y = 0 is a minimum point, it is sufficient
to observe that, the coefficients are all positive and Y appears with odd power, hence
S(Y) is decreasing for negative values of Y and increasing for positive values of Y.
Therefore, Y = 0is a global minimum for S(Y') and consequently, S(Y) > 0,VY € R.

|

Consider the derivative B’(Y) of the function B(Y) given by (6.6). We have that
R'(Y)HA(Y)Q(Y) — R(Y)H[A'(Y)Q(Y) + Q"(Y)A(Y)]

[A(Y)Q(Y)]?
Observe that B’ = 0 if and only if QAR'H = (QA’ + AQ’)RH, i.e.,

(6.11) B'(Y) =

(6.12) QAY [4wy, + 5wy] = (QA” + AQ ) wywy,

where prime indicates the derivative with respectto Y, wy = 1+Y2, w, = 1 —b*+Y?
and we used R given by (5.5). Using the notation

Z =142+ (1-3b")Y2,

we have that Q and A, given by (5.4) and (5.6)) respectively, reduce to Q = w,Z+3b*Y?
and A = wp, — bY(W},)%. Thus,

(6.13) QAY = (wypZ + 3b*)AY [4wy, + 5wp].
Moreover, we have

(6.14)
QA" + AQ' = 4YwZ — 3bY2(wy))2Z — 9 Y2 (wp)? — b(wy)2Z — 36°Y*(wy) "2

+2Y (1 — 36%)(wp)? + 6b*Ywy, — 26Y2(1 — 3b2)(wp)? + 6b°Y>.
Substituting ([6.13) and (€&.14) into (6&.12)), we obtain that B’ = 0 if and only if

(6.15) Y (wy)2 [D(Y)] = bJ(Y)],
where
(6.16) D(Y) = (9w + 5b*wy, — dwowy)Z + 27b*Y?

+15°Y% — 2(1 — 3b*)wowi — 6b*wowy, — 6b*Y 2wy,

(6.17)
J(Y) = —1+3b* — 2b° + (15b* — 39b* + 24b°)Y?

+ (6 +21b% — 15b* — 6b°)Y* + (8 — 3b* + 27b*)Y® + (3 — 9b*)Y?3.
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Lemma 6.4 The function K(Y) = Y(wb)%D(Y) is increasing for all Y € R and
0<b< ? Moreover, K(0) = 0 if and only if Y = 0.

Proof The expression of D given by (6.16]) can be written as
(6.18) D(Y) = dgY® +dsY* + d,Y? + d,

where d¢ = 3(1 — 3b%), dy = 30b* — 7b* + 9, d, = (1 — b?)(15b* + 118* + 4)
+ (5 —4b*)(1 +2b%) + 3b%, dy = (1 — b?)(3 + 14b* — 20b*). It is easy to verify that
alld;, i = 0,2,4,6 are positive, for 0 < b < ? Taking the derivative of K(Y) with
respect to Y, we obtain

Y2D(Y)

1
Wy )2

(6.19) K'(Y) = (wy):D(Y) + + ()2 [6dgY® + 4d,Y* + 2d,Y?).

Since the coefficients in (6.18)) are all positive for 0 < b < ? and the powers of Y
in (G.I8) are all even, we have from (6.19) that K’(Y) > 0. We also have from (&.15)
and from the positivity of D(Y) that K(Y) = 0 if and only if Y = 0. This tells us that

K(Y) is increasing forallY € RVb,0 < b < ? [ |

Lemma 6.5 Y = 0 is the unique critical point of the function J(Y) given by (6.17),
where 0 < b < é

Proof In fact, taking the derivative of (6.17) with respect to Y, we get the following
polynomial of degree 7 in Y,

(6.20) J'(Y) = 6(a; + 8b°)Y + 6(as + a3)Y> + 6(ay + 27b)Y° + 6asY”,
where a; = 50% — 13b%, a, = 4 — 10b%, a3 = 140> — 41°, a, = 8 — 3b? and
as = 4 — 12b%.

It is easy to prove that a;, i = 1,...,5 are all positive for 0 < b < ? Since

the powers of Y in (&.20) are all odd, we have J/(Y) > O0forY > 0and J/(Y) < 0
for Y < 0. Moreover, since the coefficients do not vanish simultaneously, it is clear
that J/(Y) = O if and only if Y = 0. Therefore, J(Y) is decreasing for Y < 0 and
increasing for Y > 0 and has Y = 0 as a critical point. Moreover, from the fact that
J(0) = —(1 — b*)?(1 + 2b?) < 0, we have that J(Y) has exactly two real roots. [ ]

Lemma 6.6 The function B(Y) given in (6.1)) has a single point of minimum Y, < 0.

Proof Again we will prove that the derivative of the function B’(Y) has only one
real root, which is negative. From (&.15) we have that B'(Y) = 0 if and only if
Y(wp)2[D(Y)] = b[J(Y)]. From Lemmas and [6.5] we infer that the graphs of
K(Y) and J(Y) are either as in Figure[8lor as in Figure[9 Suppose that K(Y) and J(Y)
have two distinct points Y; < 0 and Y, > 0 (as in Figure[8)) such that K(Y;) = J(Y})
and K(Y,) = J(Y3). Then B'(Y;) = B’(Y;). We will show that, actually, there exists
only one point Y; satisfying K(Y;) = J(Y;) (as in Figure[9).
It follows from (6.15) that:
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(i) B'(Y) < 0when K(Y) < bJ(Y), and this can only occur for Y < Y;.

(ii) B’(Y) > 0 when K(Y) > bJ(Y), and this can only occur for Y; <Y < V5.
(iii) B'(Y) < 0 when K(Y) < bJ(Y), and this can only occur for Y > Y,.
Thus, under these conditions the graph of B(Y') has the following behavior: B(Y) is
decreasing for Y < Yy, B(Y) is increasing for Y, < Y < Y, and B(Y) is decreasing
for Y > Y,. Itis a contradiction, because from Lemma[6.2l we have that

lim B(Y) = co.

Y—>+oo

Hence the function B(Y) is concave upward and has a unique real root given by Y,
which is negative (see Figure[9)). This completes the proof of this lemma. ]

Figure 8: False intersections between the Figure 9: True intersection between the
curves K and b]J. curves K and b]J.

Lemma 6.7 There exists a region A := {(X,Y) | X+x > 0,Y <Y < 0} in which
V(X,Y) < 0, where xy = ﬁ and Y is the unique point of the function B(Y) such
that B(Y) = B(0).

Proof Consider the expression given by (6.5),

Y
+ xp

(6.21) V(X,Y) = X {(X +x0)[B(0) — B(Y)] + S(Y) — S(0)}.

We have that X+lx0 > 0, when X + x5 > 0. In Lemma[6.3] we proved that S(Y) is
positive and Y = 0 is the global point of minimum of S(Y), i.e., S(Y) is a parabola
with vertex in (0, 11;—21’;2). Furthermore, we have from Lemma that B(Y) has a
global minimum point, which is negative. We also have from Proposition [6.2] that

v lilll B(Y) = +00. Therefore the function B(Y) is a parabola with concavity facing
—+oo

upward and vertex (Yl , B(Y; )) (remember that B(Y) is positive for all Y € R), then

3
there is a single point Y € R such that B(Y) = (lﬂ’;)hf H — B(0). It follows that, if
Y <Y < 0, then B(0) — B(Y) > 0. Hence, for Y < Y < 0 the expression (&.21]) is

negative, i.e., V(X,Y) < 0. [ |
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Lemma 6.8 There exists a region A == {(X,Y) | X +x¢ > %,

which V(X,Y) < 0.

0<Y < oo} in

Proof In order to prove this lemma, we will prove that, if X + xy > ;l/((?) , VY > 0,
then V(X,Y) < 0. Expression (€.21) tells us that if Y > 0, then

S(Y) — S(0)

Let Y > 0 be arbitrary. Observe that the derivatives S’(Y) and B(Y) are continuous

in (0,00) and B(Y) # 0, for 0 < b < ? It follows, from the mean value theorem,
that there is a number 0 < € < Y such that

S'&)  S(Y) - S(0)

6.23 — .
(6.23) B’(e)  B(Y)— B(0)
By hypothesis we have that X + x, > ;:g% VY > 0. In particular, for 0 < € < Y, we

have that X + xo > ;i% Hence, from (6.23]) we conclude that X + xy > ;g;:g((%)).
This is the condition given in (6.22) to have V(X,Y) < 0. This concludes the proof.

Note that for purposes of calculations, we considered the translation X = x — xy,
Y = y. In what follows we will go back to the original coordinates (x, y). Thus,

A={(xy) x>0 7y<y<0)and A:= {(x,y) | x > gig;,o <y < oo}
Using Lemmal63]and equations (6.9]) and (6.11]), we can infer the following infor-

mation on the function g,g )) , where the numerator and the denominator are poly-

nomials in y of degree 11 and 12 respectively.

SO _ Sy
B B

S'(y)
>0, Vy>0, 1l =
Y y300 B/(y)

It follows, from Lemmas [6.71and [6.8] and from equation (&21)), that V(x, y) < 0
(equality follows from the fact that V(x,0) = 0) forall ¥ < y < oo, where 7 =Y.
Hence, it follows from the Liapunov theorem [LSL]] that the equilibrium point (x,, 0)
is globally stable within the region

G={(x,y)) ER:0<x<c,7<y<0}

where ¢ and y, are arbitrary positive real numbers (this region is visualized in Fig-
ure[I0). In what follows we will show that, indeed, in this region it is globally asymp-
totically stable.

Theorem 6.9 The equilibrium point (xo,0) of the system (6.2)) is globally asymptoti-
cally stable within the region G.
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Figure 10: In this figure, we visualize the region G, that is the basin of attraction of the equilib-
1 — 0), where weused b = 0.3 and H = 1.

rium point (f
1—

Proof Let G be the set consisting of the interior points of G. Thus G contains the
solutions of the system (6.2). Let E = {(x,y) € G : V(x,y) = 0}. Note that we
can rewrite the set E in the following form, E = {(x,0) € G : x > 0}. Thus,
(x0,0) € E. This means that the trajectories contained in E are such that y(t) = 0,
vt € R. It follows from Lemma [4.6] that the unique solution satisfying y(t) = 0,
Vt € R is the constant solution x(t) = ﬁ = xp. By the definition of invariant
set (see [W])), we have that {(xo, 0)} is the bigger (because it is the unique) invariant
set contained in E. Therefore, by the Liapunov-La Salle Theorem (see [LSL]), all
solutions (x(t), y(t)) in G tend to {(x,0)} when ¢ tends to infinity, i.e., (xo,0) is
globally asymptotically stable in G. This proves the theorem. ]

We finally observe that in the set

G={(x,y) ER:0<x<¢,y<y <0}

S'(y)
B'(y)

U{(x,y)e]R{: <x§c,0<y<y2},

one has that V< 0. Moreover, V vanishes only when y = 0, because we are excluding
the other set of points where V vanishes, which belong to the boundary of G. This set
isgivenby A = {(x,y) : x = %, 0 < y < oo}. Thus, the equality E = {(x,0) €

G:V(x,y) =0} ={(x,0) € G:x > 0} holds.
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