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On the Digits of Sumsets
Christian Mauduit, Joél Rivat, and Andras Sarkozy

Abstract. Let A and B be large subsets of {1, ..., N}. We study the number of pairs (a,b) € AxB
such that the sum of binary digits of a + b is fixed.

1 Introduction

Throughout this paper we will use the following notation: N, Ny, R, and C denote the
set of positive integers, non-negative integers, real numbers, and complex numbers,
respectively, and || x | denotes the distance from x to the nearest integer. We will denote
the sum of digits of an integer n > 0 written in base g by s¢(n) and will write s, (n) =
s(n).

There are more than 40 papers in which arithmetic properties of sumsets of “dense”
sets of positive integers have been studied (most of these papers appeared in the last
40 years). A list of these papers is presented in [2]. In particular, in [16] the first and
third authors studied the arithmetic structure of the set

(LD Ur(N):{n: neN, n<N, sg(n)zrmodm}
(for fixed g, r, m and large N), and they showed that these sets contain “many” sums

a+bwithae A, be B, where A, B are “dense” subsets of {1,..., N}.

Theorem A IfgeN,g>2,meN, (mg-1)=1LreZand A,Bc{l,...,N},
then we have

‘{(a,b) e AxB, sg(a+b)=rmod m}‘ - % £2yN’\(|AHB\)1/2,

where L = A(g, m) and 'y = y(g, m) are defined by

1 sin(7/2m 2
log 300T/2m) (_ p=rigm - E

) 2logg °8 sin(m/2mg)

-1

Soiif (JA||B[)¥/2 > N%, then the set of the numbers s;(a + b) meets every residue
class modulo m, and if (|A||B[)/2N~* — +oco, then the numbers sg(a + b) are well
distributed modulo m.
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The study of the arithmetic structure of the set (1.1) was relatively easy, since this
set is “dense”; i.e., for fixed g, r, m, it contains a positive proportion of the integers up
to N. Thus the first and third authors wrote in [17]:

Since the integers characterized by a simple digit property have a very specific
structure and they can be studied very efficiently by the generating function
principle, one expects that it can be proved that much “thinner” sets of this type
all have a nice arithmetic structure. The most natural way to construct “thin”
sets of this type is to consider the sets

(12) Vi={n:neN, n<N, sg(n) =k}
where ke N,0< k< (g-1)((logN)/(logg) +1).

Indeed, we showed in [17] that for every k we have
Vi < N(log N)™/2,

so that these sets are much thinner than the set in (1.1). Motivated by this considera-
tion, our goal in [17] was to study the arithmetic structure of the sets Vi in (1.2). We
succeeded in proving some results similar to the ones proved in the easier situation
studied in [16]. However, as we wrote in [17] (here we change the notation slightly):

...one would like to prove the V analogue of our result Theorem A. Unfortu-
nately, we have not been able to prove such a theorem...

Thus, in particular, we have not been able to prove the following conjecture:

Conjecture 1.1 Ife >0, N > No(¢), A,B c {1,2,...,N} and |A|,|B| > ¢N, then
there are integers a, b such that a € A, b € B and

sgla+b)=[(g-1v/2],
where v =v(N) € Nis defined by g" < N < g"*' - 1.

The set of the integers n such that

| g-1|logn
()= [2 [logg”

can be generated by an infinite automaton (or an infinite substitution of constant
length ¢) on the alphabet {0,..., g — 1} (see [10] for a precise definition of infinite
automata and infinite substitutions). Fouvry and Mauduit [6] described the statistical
properties of this set, and the goal of this paper is to study more deeply the statistical
properties in order to be able to understand how it intersects sumsets.

The paper [17] appeared in 1997, and no advance has been made towards this con-
jecture since then. However, many papers have been published on integers character-
ized by digit properties [3-6,8,9,11-15,19]. In some of these papers (mostly in [6,8,12])
there are new ideas, methods, and results that can be used for attacking Conjecture
L1. Indeed, by adapting, extending, and combining these ideas, we have been able
to prove the conjecture. In order to shorten the discussion here we will restrict our-
selves to the g = 2 special case. (The case g > 2 could be handled similarly; however,
there are certain technical difficulties; thus, we expect that the proof would be much
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longer.) In this paper our goal is to present the proof of the following slightly more
general form of the g = 2 case of the conjecture.

Theorem 1.2  Forany L > 0 and ¢ > 0 there is a number Ny = No(L, €) such that if
NeN, N> Ny, keN,

log N
- 2log2
A,Bc{l,2,...,N},

< L(logN)Y/*,

(13) ‘ p

log2

1/2
. ) , we have

then, writing p = (

log4y 2|43

“{(a,b):aefl,bG'B,S(cH'b):k}‘_( (log N)!/2

s
N

* (log N)72 exp((p &) (loglog N)'72)

(1B,

Note that if v is defined as in Conjecture 1.1 (with g = 2), then we have Zlﬁngz =
7 +0(1) so that (1.3) holds with [ v/2] in place of k. It follows from Theorem 1.2 that

if

s )1/2 N

(MIIB)Y > ( exp((p - ) (loglog N)'/?)’

log4
then there are a € A, b € B with
(1.4) s(a+b)=|v/2],
and, indeed (applying Theorem 1.2 with $ in place of ) it also follows that the number
of solutions of (1.4) in a and b is about as large as expected:
log4) 12 |A||B]

(log )12

In Section 6 we will also present an estimate from the opposite side.

[{(a,b):ae A, beB, s(a+b) =k} = (1+0(1))(

T

2 Structure of the Proof of the Theorem

We will use the circle method. Define the positive integer v by

(2.1) 2" 1 <2N < 2.
Now define V; by
(2.2) {n:n<2" -1, s(n) =k}

for a € R, write

(2.3) F(a)= > e(na), G(a)= ) e(aa), H(a)= > e(ba),

neVy acA beB

and consider the integral

(2.4) ]= f://zz G(a)H(a)F(~a)da.
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Then
(2.5) J= f e((a+b-n)a)da
1/2 acA befB nevk
= X = 21
a+b—n=0 acA, beB

acA, beB, neVy s(a+b)=k
=|{(a,b): ac A, beB, s(a+b)=k}|.

Thus, it suffices to estimate the integral J. In order to do this we will first estimate
F(a) defined in (2.3) for “large” |« in Section 3. Next we will estimate it for “small”
|| in Section 4; finally, we will complete the proof of the theorem by using these
estimates in Section 5.

3 Estimate of F(«) for Large |«f

The study of the trigonometric product H}-’;& |sin n2/ 7| for (d, a,v) € Nx N2 plays an
important role in many works concerning the sum of digits function. For example the
main results from [7] and [18] are based on the fact that this trigonometric product is
uniformly bounded by (1/3/2)"~. Results from [12,16,17] are based on upper bounds
uniform in a of the kind e~¢"/1°84 with ¢ > 0, and those from [11] on the upper bound
on average
V3
0«;11 0<Z];V| sin ﬂz]i‘ ( 2 ) Jlog(3/2)/log2 "

The situation becomes much more complicated when the rational number a/d is re-
placed by a real number «. In Lemma 3.4 we give an explicit upper bound for the
trigonometric product

v=1 , v=1 .
[1|cosm(6 +27a)| =27 [T|1+e(6 +27a)|
=0 j=0

with (6, a) € R? depending on | 6] and on the first non zero digit in the dyadic ex-
pansion of the real number « and in Lemma 3.6 we give a L estimate for this trigono-
metric product.

Lemma 3.1 For (0, a) € R* we have

(€AY 16 +al®+]6+2a]* > 0],
(3.2) |1+e(9+0c)’ ~|1+e(9+20c)‘ < 4e72lel’
with

(3.3) ¢ = */20.

Remark  Taking a = —30/5 we observe that (3.1) is optimal and (3.3) is also optimal
(compare Taylor expansions in (3.2) when o = -36/5).

Proof We want to determine the minimum mg of & ~ ||0 + a|* + | + 2« when
o runs over R. By symmetry and periodicity we can assume that 0 < 6 <1/2. Put ¢ =
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O+aand g(t) = |[¢]*+]2t - 6]*. We have mg = g(to) for some to € [~1/2,1/2]. Since
mg < g(6/2) = 6% /4, we can assume that both to € [-6/2,0/2] and |2t, - 0] < 6/2.
For t € [-1/2, (26 —1)/4] we have -3/2 < 2t — 0 < ~1/2, thus g(t) = t* + (2t - 6 +1)?,
so that in this interval g(t) > g(2(6 -1)/5) = (1-0)?/5. For t € [ (20 —1) /4, 0/2] we
have g(t) = t* + (2t — )2, so that in that interval g(¢) > g(26/5) = 6?/5. Observing
that 6% < (1 - 0)2, we conclude that the minimum is reached for ¢, = 26/5 and get
equation (3.1).
For x € [-1/2,1/2], we have
mx? ntxt mx? mixt xS 22
0<cos(mx) <1- + <1- + - <e 2.
2 24 2 8 48

Observing that |1 + e(u)| = 2 cos(7 ||u||), we deduce from the inequality above that

"2
L+e(6+a)|-[1+e(6 +2a)| < 4e T (0+alslo+2al®)

and applying (3.1), we get (3.2). ]
Lemma 3.2 For (0,a) € R%, veN, and c defined by (3.3), we have

(3.4) 27 vf11|1+ e(0 +27a)| < e IO O=2172D) ¢ el g=elOly,

j=0
Proof Notice that v — 2 ||v/2| is an even integer 2v' with 2v' < v < 2v" + 1. Hence,

27 ﬁl|1+e(6+21a)| < Vﬁl|1+e(9+22j(x)||1+e(9+22j“oc)‘
j=0 j=0

and applying Lemma 3.1 with « replaced by 27« for j = 0,...,v' -1, we get the result.

|
Lemma 3.3 For0<6) <3, acR, veN, and c defined by (3.3), we have
(3.5) H\ (6 +2/a)|dO < /7 e/t e <
3.5 2’Vf [Mi1+e(6+2«a <Vmet ——.
(61260 j=0 VA%
Proof By (3.4) it is enough to observe that
f e—cHOszde _ 26—59(2)\1 /1/2 e—c(Bz—Gg)vde
16]1>6 8 ’
and writing 6 = 0, + t, we have
[1/2 e_c(ez_e(z))vde < f+°° e_c(t2+290t)vdt < f+°° e_ctzvdt _ ﬁ
00 ~Jo ~Jo 2\/cv’
which gives (3.5). [ |

Lemma 3.4 Letv €N, (6,a) € R? such that |6| < ; and 27" < |af < 2. For
v > v and c defined by (3.3), we have

v-1 .
(3.6) 27 MM N+e(6+2a) < HGHe‘CHeHZV +2"" +exp( -0 (0)\/v =),

j=0
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where a(0) = \/—%(logZ) log( sinz(|6] + i))

Proof Ifv,; =1, ie. || =1/2 then for j = 0 we observe that
%|1+e(9+ %)| =|sin76| <7 6|

and for1 < j < v —1we have J |1 +e(0+ 2joc)| = 1[1+e(0)] < e~eler’ (using (3.2)
with a = 0), and we obtain that (3.6) is satisfied. Therefore, we can assume that v; > 2.

By periodicity, we can assume that —1/2 < & < 1/2. Then if =1/2 < «a < 0, observing
that |1 +e(0+ Zfa)| = |1 +e(-0-2/a)|, we can replace (6, a) by (-6, -a), so that
we can assume that 0 < a < 1/2. We can write

a=)Y a2’

L

1
—_

witha; =---=4a,,_1=0,4a, =1and a; € {0,1} fori > v; + L

In the word ay - - 4,41, let us consider the length ¢; of the largest subword of the
shape 01- - - 1. This means that ¢, is the greatest element of {2, ..., v — v + 3} with the
property that there exist an integer j, with 0 < v; -2 < jo < v+1-#¢; < v—1such that
ajo41=0and ajo4p =+ = aj ¢, = 1 (taking jo = v; — 2 and £; = 2 show that the set of
such ¢;’s is not empty). Under these conditions we have

et =] 30 5 25 e

i>jo+2 i>jo+2 i>jo+€1+1

For [ 0] < ; we have

1.
E:

+

|6 +27°a - 1] < 6] + |27 a- 3] <[0] +274 <L+ 1=

thus, observing that the sinus is increasing over [0, 77/2] we obtain for |[0] < §:
3 |1 +e(0+ 2j°oc)| =sin7m HO + 200~ %H <sinn( 0] +27).

ing (3.4) to the products for 0 < j < jo and for jo < j < v —1, we get

Applying (3.4) to the products f J < jo and for jo < j g
v—1 .

(3.7) 27 TI[1+e(0 +27a)| <sinn( 0] +27%) ecl2eelfIP (1)
j=0

In the special case where a,, = dy,+1 = --- = dy41 = 1, we have jo = v; — 2 and
¢ = v — v + 3 and we get (3.6). From now on we can assume that there exists
ie{vi+1,...,v+1} such that a; = 0. In the word a;---a,41, let us consider the
length £, of the largest subword of the shape 10 - - - 0. That means that £, is the greatest
elementof {2, ..., v—v;+2} with the property that there exist jo € {v;—1,...,v+1-£y}

such that aj,,; =land aj 42 = -+ = aj ¢, = 0. Then
joo, 1| = ~jo—i jo—i _ ~=&o
[2*a-3]= ¥ a2tT< ¥ 2=2
i2j0+€o+1 iZjo+€o+1

and as above we obtain for 6] < ;:

v—1 .
(3.8) 27 T [1+e(0+27a)| <sinm( 6] + 27%) ecl2e=elfI* (=D
j=0
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Let £ = €+ &1. Since max(£o, £1) > £/2, combining (3.7) and (3.8), we get for 6] < 1:

v-1 . 2
(3.9) 27V T [1+e(6 +27a)| <sinn( 0] +274%) e/2eclOV 0D,
j=0

In the word a,,_; - - - ay41, we observe that each subword of length ¢ contains the sub-
word 10. Since there is no subword 0--- 0 of length > €, there need be a 1 in the first
¢y positions, and then there need be a 0 in the next ¢; positions. This implies that
the number « of integers j € {0,...,v — 1} such that (aj;1,aj2) = (1,0) is at least
the number of disjoint intervals of € integers in [v; — 1, v + 1] and therefore satisfies
k> | (v - +3)/£]. For such j we have

Pa-if- ¥ ais

i>j+3

1
4 b
so that picking only those js in the product as above, we get for 0] < }

A j . L K , L (v-v)/e
27" TI[1+e(0+2a)| < (sinn(]0] +1))" < (sinn(|6] + 1)) .

j=0

In order to combine this bound with (3.9) we first observe that the right-hand side of
(3.9) is estimated by | 6]|e=1¢I" + 27¢/2, and this implies

v—1 . 2 V=1
27 T+ e(6+ 2'a)] << [0+ min(272, (sin(6] + 1) ).
j=0

The term 27¢/2 is decreasing with ¢, while for |0 < : wehave 0 <sin7(]|0] + 1) <1
so that the other term is increasing with . The minimum of these two bounds can be
estimated by a uniform bound in € by taking the worst possible value of ¢ (where the
two bounds involving € are equal):

"y
TIOgZ = (v-v)logsinz(]0] + i),
and finally we get (3.6). ]

Lemma 3.5 For c defined by (33),0 < 6 < 1, 1 < vy < v, 27" < |af <2, we
have

2
_ ,—cOgv

v—1 .
9-v ng [TN+e(0+2/a)|dd < 1—e™n” F 0,2 + 0, exp(—a(@o)\/v__vl)'
v

(<60 j=0

Proof Applying (3.6), it is enough to observe that o(8) > ¢(6,) for |0 < 6, and
integrate. u

Lemma 3.6 Forl<v,<vand2™™ < |al <2'"", we have

1/2 v—1 A
27" f [T[1+e(0+27a)|df «

1/2 j=0

+(1°§v)l/zexp(—(l°§2+0( loiv))\/v_—vl)‘

==
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Proof Without loss of generality we can assume that v > 30/c, where ¢ is defined by
(3.3). We combine Lemmas 3.3 and 3.5, and take

log(1+/cv)
VT

which is admissible, since for 30 < cv, we have

log(1++/30)\V2
0< 60 < (T) < e
For this choice of 8, we have
e—cf)gv 1— e—cf)gv 1 1

= = < -
\ Vv cv cv+.\/cv v

and we observe that

a(0y) = \/—%(logz) log(sin(Z + O(y/v'logv))) = 10%2 +O0(y/vtlogv),

so that 2" «< exp(-0d(8o)./v — v1), and we get the expected estimate. [ |

Remark  The term % is optimal apart from the implied constant. Indeed, taking
a =1/2, we have

1/2 v-1 , 1/2 - 2
27 f [T[1+e(0+2a)|df = [ |sin 76| [cos m6|" " dO = —.
- -1/2 v

1/2 j=0
We are now ready to estimate |F ()| for large |«].

Lemma 3.7 ForvieN,v; <v,and 2™ < |a| < 2!, we have

(310) ()] < N( L+ (") exp(~( %2 + (/")) vv=m)).

Proof Clearly, we have

F(a)= ) e(na)= Y e(na)

neVy 0<n<2’-1
s(n)=k

2"-1 1/2
= ;;) e(na) [1/2 e((s(n)-k)6)do

- [1/2zile(na+(5(”))9)6(—k6)d9,

1/2 n=0

so that
1/2,2"-1 1/2, v-1 :
|F(0c)|§f |Ze(na+(s(n))0)|d0:/ | TL(1+e(6 + 2/a))|de.
1721 =0 -1/21j=0

Applying Lemma 3.6 and using (2.1), we get (3.10). ]
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Estimate of F(«) for Small |«|

We will need the following lemma.

Lemma 4.1 Assume that the function b:N — R satisfies the conditions
(4.1) %y+b(y) e NforeveryyeN

and
(4.2) there is a K > 1 such that for every y € N we have |b(u)| < Ku'/4,
and define the set €, by

logn logn
ey ={mmet s = 3 20) wo( | 22]) ).

Write
@3) n= (10%4)1/2.
Then we have
Ey(x) =& n[l,x]| = ’7(10;;)1/2 * OK( loj;x)

uniformly for x > 2.

Proof This is the g = 2 special case of [6, Theorem L.1].

603

Lemma 4.2 IfL, N, and k are defined as in the theorem, v, Vi and y are defined by

(2.1), (2.2) and (4.3), then we have

(4.4) Vi(x) =[Vin [Lx][ =1

x N
o .
(log x)/2 " L( logN)
uniformly for2 < x <2V - 1.

Proof Ifx < %, then (4.4) holds trivially, thus we may restrict ourselves to

<x<2"-1(< 4N)

logN
(where the last inequality follows from (2.1)). Define the integer v, by
(4.5) 2" < N <2t
logN

and define the function b:N — R in the following way. Let

(4.6) b(y):k—%y ifueN, v<u<v

and
L f dd,

(4.7) b([/l)={2 orpe ifueNand y ¢ [v2,v].
1 for u even,
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For this function b, condition (4.1) holds trivially. Equation (4.2) also holds trivially
for p ¢ [v,, v] for any fixed K and large enough N, while if

(48) VoS U<,

then by (2.1), (4.5), and (4.8) we have

<2 <2¥ <2V < 4N,

2logN
whence
logN loglog N log N
(4.9) 08T 08087 | O(l)<vpspu<v< R Oo(1).
log2 log2 2

It follows from (1.3), (2.1), (4.6), (4.8), and (4.9) that for N large enough, we have

b)) = | k- Su] <]k LogN) 1 1ogN

_Elogz 2 log2 —H
< L(logN)Y* + LloglogN 0o(1)
2 log2

< (L+1)(logN)Y*,

so that (4.2) holds with K = L +1 and the function b defined by (4.6) and (4.7). Thus,
by Lemma 4.1, we have

X X
@O B = nge g+ O iggz)

(for2 < x <2%).

x x
= 0
n(logx)l/z ’ L(logx)

logn
log2

Assume now that 2”2 < n < 2”. Then writing y = [ J, clearlywehave v, <y <v;

thus, by (4.6) we have

1 I
o[B8 oo 2

whence

(4.11) k:i“ﬁi'ﬂ%([iﬁi’ﬂ) (for 2 < n < 2%).

It follows from (4.11) and the definitions of Vj and &, that

Ven[22,2Y 1] = &, n[2",2" —1].
Thus, for 2"2 < x < 2¥ — 1, we have

Vi(x) - Vi(27) = Ey(x) - Eo(2"),
whence, by (4.5), (4.10), and the definitions of Vi and &,

Vi) = o) + e (2") - By (2") = g S 4 0u(10 ) +0G™)

N N
=1 (log);)l/2 i OL( lon) " O( logN) B ﬂ(log);)l/z " OL( logN)' "
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Lemma 4.3 Write
1 2'-1

(4.12) ¢(a) = WW > e(na).

Then, using the same assumptions and notations as in Lemma 4.2, we have

(413) [F(a) = ¢(@)] = Ou( oo (N o] +1))

N
logN
uniformly for all a.

Proof By partial summation, we write

2V-1

Fla)= Y e(na)= Y ( Vi(n) - Vi(n 1)) e(na)

neVy n=1

= Z:_:l Vk(n)(e(n(x) —e((n+ l)oc)) + V(2" - 1) e( (2" - 1)“).
Then by Lemma 4.2, we get

2V-2

F(a) = Z:Z(ﬂ(logtl)l/z + OL( IOI;N))(e(noc) —e((n+1)a))

2V -1 N )
+ (’7(1og(zv 557 * O ( lOgN)) e((2 -1)a) +0(1),

so that, reversing the partial summation we obtain

n-1

F(a)=1 Z( (logn)l/z (log(n —1))1/2

) e(na)

+OL(101;N(2,: 2|1—e(oc)| +1)) +0(1).

Thus,

1
(414) Fla)=n Z( (logn)Y/2 O( (log n)3/2)) e(na)

+OL(IOZ;N(N|04|+1)),

where we used (2.1) and |1 - e(«)| < 27| «]|. A little computation shows that we have

2"-1 2¥-1

(4.15) nz:; (logn) 2 e(na) = 7(logN)1/2 Z e(na) + O( logN)’
2"-1 1 N
(419 2 togny = fogmyn)
Equation (4.13) follows from (4.12), (4.14), (4.15), and (4.16). |
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5 Completion of the Estimate of the Integral ]
We will prove the following lemma.

Lemma 5.1 Under the assumptions in the theorem and using the notation above, we
have

D [F(@) - ¢(e)] = On(

t )
(log N)Y2 exp((p - 5)(loglog N)¥/2)

uniformly for all a.

Proof Define 1 by
L (logN)'/
Nexp((p - §)(loglogN)!/2)”
Assume first that |a| < 7. Then if N is large enough in terms of L and ¢, then it
follows from (4.13) in Lemma 4.3 that

N
logN

N
= O f ,
L( (log N )2 exp((p - g)(loglogN)l/Z)) (for [a < 7)

so that now (5.1) holds whenever |« < 7.
Assume now that

N
log N

[F(a) = ¢(@)] = O (i (N [ +1)) < 01 (- (NT+1))

(5.2) la| > .

Clearly, we have

(5.3) |[F(a) - ¢(a)| < [F(a)] + | (a)].

First, we will estimate |F(«)| by using Lemma 3.7. Define the positive integer v as in
Lemma 3.7:

(5.4) 27 < e < 2'7,

Then by (2.1), (5.2), and (5.4) we have
2" =2".2"">2N - 1|a| > N7t

whence, by the definition of 7,

log(NT1) 1 (1 € .
- = ——[ =loglogN - (p - =) (loglog N )"/?
. log2 log2\ 2 08708 (p 3)(0g ogN)
_ loglog N € 12
_ng(l—z(p—g)(loglogN) )
It follows that
(loglog N)'/? p-3 1
- 1- 0
v (2log2)1/2 (loglogN)l/2+ (loglogN)

https://doi.org/10.4153/CJM-2016-007-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-007-2

On the Digits of Sumsets 607

and

(5.5) (10%2 + o(l)) V= > ((b§2)1/2 + o(l)) ( (loglog N)Y2 + 0(1)) =

(p + 0(1))(loglog N)'/2.
By (2.1), (5.4), and (5.5) we get from Lemma 3.7 that
L, (loglog N)'/?
logN  (logN)V2
< N
(log N)Y/2 exp((p - 5)(loglog N)'/2)”

Moreover, by (4.12), (5.2), and the inequality 1 — e(a)| > 4 |a| we have

(5.6) |F(a)| < N( exp(—(p+o(l))(loglogN)l/z))

1 1-e((2" -Da)
(5.7) |(/)(0()| = rl(logN)l/z‘ 1—6(0() ‘
1 1 1

= TogN)2 Ja] = (logN)172 ?

 Nexp((p - £)(loglogN)"/?)
- log N '

By (5.3), (5.6), and (5.7) it follows that (5.1) also holds in the case (5.2). [ |

Now we are ready to complete the proof of the theorem. The integral J in (2.4) can
be rewritten in the form

(5.8) J=N+]2

where

1/2 1/2
]1:[1/ZG(oc)H(oc)¢(—oc)doc, 12:/_1/2 G(a)H(a)(F(-a) - ¢(-a))da

Here we clearly have

(5.9) Ji= f > e(aa) > e(b(x) N)I/Z Z e(-na)da

1/2 gen beB

Z[ ((a+b-n)a)da

(IOgN)l/z acA beB n=1

n n
= 1= lA[B],
(log N)1/2 ZA bezfg (log N)/2

and by Lemma 5.1 we have

N " G(a)H(a)) da

2| < OL( (10gN)1/2 exp((p - ;)(loglogN)l/z)) [1/2
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If N is large enough in terms of L and ¢, then by using the Cauchy-Schwarz inequality

we get that
(5.10)
N 1/2 R 1/2 5 12
< G da [ ()} d
12l (logN)l/Zexp((p—s)(loglogN)l/Z)([1/2| ()l da —1/2| (o) “)
N 1/2

i (log N)2 exp((p - ¢) (loglog N)'/2) (MAIIBI) ™.

By (2.5), (5.8), (5.9), and (5.10) we have
. - n -
“{(a,b) cacA, beB, s(a+b)=k}| - quﬂ‘ -
N
(log N)'/>exp((p — ¢)(loglog N)'/?)
which completes the proof of the theorem. ]

=Rl =l < (B,

6 Estimates From the Opposite Side

One might like to know how far Theorem 1.2 could be improved upon. In other words,
what can be said from the opposite side? In this direction we will show the following
theorem.

Theorem 6.1 For N € N, N — oo there are sets

6.1) A, Bc{0,1,2,...,N}
such that
_ Rl - 4 1/2
(6.2) |A|=|B| = Nexp(—(logz)l/2 (logN)/“loglog N + O(l))

and
llogN
2 log2

H(a,b): acA, beB,s(a+b)<

1 C
- log N)"/*loglog N
+((log2)1/2 loglogN)(og )" loglog }‘

<|A||B|exp( -2(loglog N)* + O(loglog N))

(where C is a positive absolute constant large enough).

It can easily be deduced from this theorem that for these sets A, B, except for “very
few” sums a + b with a € A, b € B, the sum of digits of the sums a + b is much greater

than expected. For any ¢ > 0 and large N, there are much less than (llf;‘ﬁ)‘c pairs (a, b)
with
1logN 1 C 1
+b)< - + - log N)?loglog N.
s(a+b) 2 log2 ( (log2)/2 loglogN) (log N)loglog
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Proof Write

log N 4
(63) V= {log? - W(lOgN)l/z IOgIOgNJ,
4
(6.4) Y= [W(logN)l/zloglogN—lJ,
and let

A={m-2*+(2¥-1): 0<m<2"'},
B={n-2#:0<n<2""}.

Then by (6.3) and (6.4), it follows from
(6.5) a=m-2!+(2¥-1)eA, b=n-2"eB
that we have
0<a+b<2V2F 4 (2F 1) +2"7 12K =20 4 (2# 1)

< 2Tz 1 4 pO((ogN) P loglog) %N +o(N)<N

for N large enough, so that both (6.1) and A + B c {1,2,..., N} hold. Moreover, we
have

(6.6) |A| = |B|=2""",

whence (6.2) follows from (6.3).
It also follows from (6.5) that

(6.7) a+b=(m+n)-2*+(2%-1),
whence, by the g-additive property of the sum of digits function, we have

(6.8) s(a+b)=s((m+n)-2*+(2¢-1))=s((m+n)-2¢)+s(2¥ -1)

=s(m+n)+s(l...1)=s(m+n)+pu (withO<m+n<2").
We will call an integer 0 < ¢ < 2" “bad” if

s(t) 2 g ~ (log v)v'/2,

and denote the set of these bad integers ¢ by 7. Indeed, if a sum a + b with a, b of form
(6.5) is such that m + n = t is a “bad” number, then by (6.7) and (6.8) we have

s(a+b)=s(t)+pu> (g— (logv)vl/z) + i,
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while by (6.3) and (6.4), we have

1/2 N2
Yy tlogN 2008N) T 00y AUBN) Ty g -3

—+u>
2 TH=5 log2  (log2)'/2 (log2)/2
1/2
= 1logN + 2(logN) loglog N -3,
2log2  (log2)Y/?
log N 4(log2)'/?

logv < log Tog 5 +log(l (log 21082) Tog N2 loglogN) =loglog N + O(1),

(logN)l/2 4(log2)"/? 1/2 (logN)1 /2

(10g2)1/2 (1— (log )17 loglogN) (log2) 2 + O(loglogN).

Thus,

l 1/2 (1 g )1/21 1 N o) l N 1/2
(logv)v < (loga)iz 08losN + ((logN)™%),

llogN . (logN)'/?
2log2  (log2)'/?
so that s(a + b) is “large” for such a pair (a, b):

1log N N ( 1 - C

2 log2 (log2)Y/2  loglog N
where C is a positive absolute constant large enough. Thus, if a + b is a “good” sum,
i.e., the opposite of (6.9) holds, then

(6.10) m+n=t

satisfies s(t) < 5 — (log v)¥2, so that t € {0,1,...,2" —1} \ T. The number of these
t'sis 2V —|T|, and if such a t is fixed, and m, n (with 0 < m, n < 2"7!) satisfy (6.10),
then m, n, and thus also a, b (with a € A, b € B) unique determine each other. Thus,
the number of solutions of both (6.10) in (m, n) and (6.7) in (a, b) is at most

loglog N + O((log N)"/?),

s(a+b)>

(6.9) s(a+b)> - ) (log N)Y?loglog N

min(A[,[B[) = |A| = B[ = V/|A[[B].

Thus, the number of “good” pairs (a,b) for which the opposite of inequality (6.9)
holds is at most the product of the number of such #’s multiplied by the upper bound

(6.11) H(a,b) aed beB, s(a+b)< i8N
2 log2
1 C
- log N)"?loglog N
+((logz)l/2 loglogN)(Og )" loglog }‘

< VIAIBI2" - [T)).

It remains to give a lower bound for |T]. In order to do this we need two lemmas.

Lemma 6.2 Let X, ..., X, be independent random variables such that P(X; =1) =
2andP(X;=0) =3 for j=1,...,v. Then for any t > 0, we have

P([X;+--+ X, - 2| > t) <2exp(-2£*/v).

https://doi.org/10.4153/CJM-2016-007-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-007-2

On the Digits of Sumsets 611

Proof 'This is a special case of the so called “Chernoff bounds”; i.e., apply [1, Corol-
lary A.1.2] to the random variables 1 - 2Xj,...,1-2X, with a = 2¢. [ |

Lemma 6.3 ForveNand&, >0 wehave
card{0<n<2", [s(n) - 2| > E,/v} <2 exp(-2£2).

Proof Apply Lemma 6.2 with t = £,1/v. [

Using Lemma 6.3 (with log v in place of £,,), we get that
(6.12) |T7| = HOS t<2%, s(t) > ;—(logv)\/;H

s(t)

>[{0<t<2"}-|{0<t<2",

y

3| > (ogv)v/vy|
> 2" = 2" exp(-2(log v)?).

It follows from (6.6), (6.11), and (6.12) that

11
(a,b): ae A, beB,s(a+b) <= ogN
2 log2

1 C
- log N)"/*loglog N
+((log2)1/2 loglogN)(Og )" loglog

< VIJA|IB| 2" exp(-2(log v)?)
<|A||B|exp( -2(loglog N)* + O(loglog N)) [ |

We have seen that there are large subsets A, B € {1,2,..., N} with the property
that

(6.13) s(a+b) = | 7] (: l;ﬁggl;jj)

has much less solutions than expected. But how large can be A, B so that (6.13) has
no solution at all? It is trivial that there are A, B with |A||B| > N such that (6.13)
has no solution. On the other hand, we have not been able to answer the following
question.

Problem 6.4 Aretheresets A, B € {1,2,..., N} such that|A|B|N — oo and (6.13)
has no solution?
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