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NONPARAMETRIC ESTIMATION FOR A
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Abstract

In this paper we study nonparametric estimation problems for a class of piecewise-
deterministic Markov processes (PDMPs). Borovkov and Last (2008) proved a version
of Rice’s formula for PDMPs, which explains the relation between the stationary density
and the level crossing intensity. From a statistical point of view, their result suggests a
methodology for estimating the stationary density from observations of a sample path of
PDMPs. First, we introduce the local time related to the level crossings and construct
the local-time estimator for the stationary density, which is unbiased and uniformly
consistent. Secondly, we investigate other estimation problems for the jump intensity
and the conditional jump size distribution.
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1. Introduction

Let us consider a piecewise-deterministic Markov process (PDMP) driven by a drift coeffi-
cient 1, a jump intensity A, and a jump size distribution J. We suppose that the sample path
of the PDMP strictly increases continuously between each jump and decreases only by jumps.
Furthermore, the PDMP is assumed to be stationary and ergodic with stationary density f.
This type of PDMP includes well-known stochastic models, for instance, risk processes in
mathematical insurance, stress release processes in seismology, and many others. For general
information about the PDMP, we refer the reader to Davis (1993).

Our main purpose in this paper is to study the problems of nonparametric estimation of
these characteristic functions f, A, and J by observation of a sample path of the PDMP. One of
the motivations for this work comes from Borovkov and Last’s (2008) proof of the following
version of Rice’s formula:

v(x) = pu(x) f(x), x €eR.

Here v(x) is the continuous crossing intensity of the level x. Rice’s formula is classical in
stochastic analysis and mainly applied in engineering fields; see, e.g. Rice (1944) and Leadbetter
(1966). This theoretically important result suggests that the estimation of the stationary density
f(x) is associated with the number of crossings of level x. In a related work, the level crossing
method was developed to study the stationary distribution of queues; see Brill and Posner
1977).
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In the present paper we first introduce the local time, which is related to the number of
upcrossings, and construct the local-time estimator (LTE) for the stationary density. We note
that the LTE is familiar in the context of density estimation for stationary processes; see Bosq
(1998) and Bosq and Davydov (1999). Detailed studies on the LTE have been carried out in
the case of diffusion processes (see Kutoyants (1998), (2004) and van Zanten (2000)) since
the properties of the local time of diffusion processes are well known (see, e.g. Karatzas and
Shreve (1991)). Recently, Fujii and Nishiyama (2010) obtained some properties of the LTE of
the basic stress release process. The present study is a generalization of this work.

As a preliminary step, the stochastic integral representation of the local time of a PDMP is
presented. This formula is derived by noting the simple relation that the number of upcrossings
at level x is almost equal to that of the downcrossings for our considered PDMPs, where the
number of the downcrossings is given by the random counting measure. The stochastic integral
form plays an important role in studying the properties (e.g. uniform consistency) of the LTE. By
using the LTE, we also address estimation problems for the jump intensity and the conditional
jump size distribution of PDMPs.

2. Model and assumptions

Let us first introduce the model treated in this paper. The following notation is based on that
used in Borovkov and Last (2008). Consider a marked point process ® = {(T},, Z,)},eN On
[0, 00) with O < T71 < T» < ... and nonnegative random variables (marks) Z,. We define the
PDMP X; by

t Ny
Xo=Xo+ [ p)ds =Yz, re.T) 1)
0

n=1
where X is an initial random variable,
N, =#neN:T, <t}, t>0

(#A denotes the number of elements in a set A), and p is a continuous function on R satisfying
infyer p(x) > 0. We assume that, for any x € R, there exists a unique continuous function
gx(-): [0, 00) — R satisfying the integral equation

t
ax(0) = x +/ wlgx(s)ds, 120,
0

Therefore, between each jump, the PDMP (1) is represented by
X, =qx;, ¢ —T,) ont€[T,, Tyy1)forn >0,

where we set Ty = 0. We note that the drift function u(x) can always be assumed to be known,
since it is obtained by taking the right limit

li Xt+8—Xt 1i 1 1+ (X,_)d (X))
im ———— = lim - — = .
5—0 8 N A
This is a reason for the name ‘piecewise deterministic’.
Let us introduce some assumptions on the jump intensity and the jump size distribution for
PDMP (1). The occurrence of jumps is governed by the stochastic jump intensity A(X;), which
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is assumed to be measurable and locally bounded, and to satisfy

/OO A(gx (1)) dt = oo, x eR. 2)
0

For n > 0, the conditional distributions of 7,11 — T, given X7, are specified by

t

Pl —T,<t| X1,)=1 —exp{—/ Maxy, (5)) ds} P-a.s. 3)
0

So assumption (2) implies that the jump epochs 7, are all finite almost surely (a.s.). The
conditional distribution functions of the jump size are given by

P(Z, € A | X7,_) = J(X7,_, A) P-as.,n>1, )

where A is a measurable subset on [0, 00). We also suppose that J(x, {0}) = O forall x € R,
thatis, Z, # Oforalln > 1.
In general, the marked point process is characterized by a random counting measure given
by
P, A)=#neN|T, <t, Z, € A},

wheret > 0and A is ameasurable subset on [0, 00). By using this counting measure, PDMP (1)
can be rewritten as the stochastic integral

! { poo
X; = Xo +/ w(Xs_)ds — / / z®(ds, dz), tel0,T].
0 0 JO

We define F; to be the filtration generated by X. Then, from (3) and (4), we have

]E|:/ / h(s,z)CD(ds,dz):|=JE[/ / h(s,z)J(XS_,dz)k(Xs_)ds:| 5)
o Jo o Jo

for any predictable process A (s, z), and, furthermore, if the predictable process A (s, z) satisfies

t o0
E[/ / |h(s,z)lJ(Xs_,dz))L(Xs_)dsj| <00, t>0,
0 JO

then the process

t ]
f / h(s, 2){®(ds, dz) — J(X;—, dz2)A(X,-) ds}, t >0,
0 JO

becomes an F;-martingale; see Chapter 8 of Brémaud (1981) and Chapter 4 of Last and Brandt
(1995).

In the following, we assume that PDMP (1) is ergodic with invariant density f. Also,
PDMP (1) is assumed to be stationary, that is, the initial random variable X is governed by f.
We note that the condition

lim_igg(u(x) — A(x)m(x)) > 0 > limsup(u(x) — A(x)m(x)),

X—> 00

where

m(x):/ zJ (x, dz),
0
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is well known and reasonable for the ergodicity. We now further assume that

/ Ax) f(x)dx < oo. (6)
R

Precise sufficient conditions for these two assumptions are discussed in Appendix A of Borovkov
and Last (2008); see also Last (2004).

3. Local time of the PDMP

In this section we provide some auxiliary results for the local time A7 (x) of PDMP (1).

Definition 1. The local time A7 (x) of PDMP (1) is defined by
1
Ar(x) = —#{t: X, =x,0<tr<T}. 7
p(x)

The local time A7 (x) is regarded as the occupation density, since, for any Borel measurable
function g(x), we have

T )
/0 g(X,)dr = Z/{ g(X,) dr
n=1

T A NT, Ty AT)

ad t
= Z/ g(XTnl +/ M(Xs)ds) dr

n=1¢ -1 AT. Ty AT) Th—1

& 1
= Z/ g(x) dx

n=1 [XTn,IATyXTn/\T) ,bL(X)
=/g(x)AT(x)dx.

R

For all T > 0, the local time (7) is right continuous with a left limit in x and can be used as
the occupation density of its left limit process since Ar(x) = IN\T(x) for almost all x, where
A7 (x) is the local time for the left limit process X;_, defined similarly as in (7).

Note that the number of upcrossings at level x is almost equal to that of the downcrossings,
which can be represented by

T 00
/ f Lix<x,_<x+z) ©(dt, dz),
0 0

where 14 is the indicator function of the set A. Then the first jump overcounts for upcrossings
if X¢ > x. On the other hand, the last upcrossing cannot be counted by the jump if X7 > x;
see Figure 1 for an illustration. Hence, we provide the stochastic integral representation of the
local time A7 (x) as

T [e'e)
Ar(x) = 1ix7>x) —1{X0>x}+/0 /0 1 <x,_<x+z) (D(dt,dz)}. 3

;{
m(x)
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FIGURE 1: Relation between the upcrossing at level x and the jump.

4. Results

First, we consider the nonparametric estimation of the stationary density f of PDMP (1)
in the situation where the conditional intensity A(-) and the jump size distribution J (-, -) are
unknown. We denote the LTE f7(x) for the stationary density of PDMP (1) by

Jr(x) = . 9)

As mentioned in Bosq and Davydov (1999), the LTE f7(x) is an unbiased estimator of f(x),
ie. f(x) = E[f7(x)] for any T. Therefore, by (5) and (8), we obtain the relation

1 1 T o0
— E 1 o (e, d
T 1(x) [/0 /0 trxi-sx4) PO Z)]

1 o0
/ / L eyerie) (s dD)A() £ () dy. (10)
nx) JrJo

fx)

We now show the uniform consistency of LTE (9). For this proof, we recall the definition of
bracketing numbers of a seminormed space (W, || - ||). Given two functions £ and u, each of
which may or may not belong to W, the bracket [£, u] is the set of all functions ¥y € W with
£ < ¥ < u. An e-bracket is a bracket [£, u] such that ||£ — u|| < ¢. The bracketing number
Np (e, W, || -||) is the minimum number of e-brackets needed to cover W. For more information
of this method, we refer the reader to van der Vaart and Wellner (1996). In the following, we
always consider the limit 7 — oo.

Theorem 1. The LTE f7 is uniformly consistent, i.e.
sup | fR.(x) — f(x)| = 0.
xeR
Proof. For the proof, it is sufficient to show that

sup (X)) f2(x) — p(x) f(x)] = 0,
xXe
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since infycr w(x) > 0. We note that
() f7(x) — p(x) f ()]

1
< 7| 1ix;>x) — Lixg>0) |

1 [T [
+ ‘7 / / Tpex,_<xiz) J(Xo—, d)A(X ) df — p(x) f(x)
0 JO

1 (T [
+ ‘?/ / 1< x,_<x4o{P(dt, dz) — J(X;—, d2)A(X,_) dt} (11
0 0

and take the supremum over all x € R. The first term on the right-hand side of (11) obviously
converges to 0. In order to evaluate the other two terms, we introduce the class

‘7{ = {h(y, Z) = 1{x<y§x+z}, X € R}

By Theorem 2.7.5 of van der Vaart and Wellner (1996), for any ¢ > 0, the class J¢ satisfies
N(e) = Ny, #, |l - II) < oo, where the seminorm is given by

o0
il = /R /O h(y, 29 (v, dDA() £ () dy.
Then there exist N (¢)-brackets [, ux], k =1, ..., N(g), such that
o
& = /R [ 02 = 10 210 a5 ) dy <
0

For the second term in (11), it follows from (10) that, for any & € [Ij, ux],
1 T 00
o / / B(Xo—, T (X dDA(Xe ) df — () f ()
0o Jo
1 T [}
<L / [ uk (X, 27 (X, d)i(X, ) di
T Jo Jo

_ /R /O (v, 2)J (v, dD)A(Y) £ () dy.

Therefore, the ergodicity of X;_ leads to

1 T [e'e)
SUP{;/O /0 h(Xi—, 2)J (X;—, d2)A(X;—) dt —M(x)f(x)}

xeR

1 T e’}
< max {— f f ur (X, 20 (X, dD)M(X,_) dt
1<k<N& | T Jo Jo

_ /R /0 lk(y,z)J(y,dz)?»(y)f(y)dY}
L max { /R /0 e (v, 207 (v, dDAO) £ () dy

1<k<N(e)

_/R/O lk(y,z)J(y,dz)A(y)f(y)dy}
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By an analogous argument for the lower bound

xeR| T

1 T e’}
inf{— / / h(Xz—,Z)J(Xt—,dZ))»(Xt—)df—M(x)f(x)}
0 0
1 T e’}
> min {—f/ L(X,—, 2)J (X, dD)A(X,_) dt
1<k<N@& | T Jo Jo

—A/O uk(y,Z)J(y,dz))»()’)f()’)dy},

we obtain

P
— 0,

1 T 00
1 fo fo Leox, <xse) I (Xoes dDA(X,2) df — () £ (1)

sup
xeR

since the choice of ¢ is arbitrary.
The proof is completed by showing that

P
— 0,

sup

1 o0
L / / Lvex, <xie) (1, d2) — J(Xy—, d2)A(X,_) d1)
xeR 0 0

which can be done similarly. That is,

1 T [ee)
sup{; /0 /0 1{x<x,Sm}{cb(dr,dz)—uxt,dzmx,)dr}}

xeR

T e}
< max {i / / uk<Xz_,z){<b(dr,dz)—J(Xz_,dz)x(xt_mt}}
1<k<sN@&) | T Jo Jo
T 00
+ max {l/ / {uk(Xt,z)—lk(Xt,z)}J(X;,dz)/\(Xz)dt}
I<k<sN@© | T Jo Jo

P
— 0+ max g
1<k<N(e)

<e,

where the convergence of the martingale part is obtained by using Doob’s inequality (see, e.g.
Theorem 1.9.1 of Liptser and Shiryaev (1989)), i.e. for each k and n > 0,
> n)

] -

<Ttes[lng]
7—2// ur(y, 2)2J (v, d2)A(y) f(y) dy
n=Jr Jo

— 0,

/ f up(X;—, 2){®(dt, dz) — J (X, d2)A(X,_) dr)

since 0 < ug(-,-) < 1.

Based on the results of the LTE, we consider nonparametric estimation problems for the
jump intensity A(x) and the jump size distribution function J(x, y) of PDMP (1), where we
use the shortened notation J(x, y) for the conditional jump size distribution J (x, [0, y]). In
the following, we assume that the intensity function A(x) and the jump size distribution J (x, y)
are continuous on any compact interval on R and R x [0, 00), respectively.
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As an estimator for the jump intensity function A(x), we define
Ar(x)

fr(x)’

where f7(x) is the LTE for the stationary density and

Ar(x) = // ( — )@(dr dz). (12)

Here kernel K is a continuous function of bounded variation on I = [«, 8] which vanishes
outside / and has integral 1, and b7 is the bandwidth satisfying

Ar(x) =

br — 0 and Tb%—>oo as T — oo.

To prove the uniform consistency of )A\T (x), we need the following lemma.

Lemma 1. For any compact interval [yy, 2],

sup A7 (x) — A(x) f(x)| = 0.
x€[y1.y2]

Proof. With obvious notation, we write

/ / ( )J(X, ,d2)A(X,—)dt

_f f (Xt— ){q)(dt dZ) J(Xt_,dz))h(Xt—)dt}

=—UT+ VT

It then follows from Theorem 1 that

1U - Xi- = AMX,_)d
? T—_/ ( ) (X;-)dt
L / ; < )k(y)AT(y)dy
T T
7(y)
/bTK< - )k(y)f(y)dy—f—/ . K( b )A( )< —f(y)>dy

LN A(x) f(x) uniformly in x € [yy, 2],

since both A and f are uniformly continuous on any compact interval.

Next we show that Vr /T uniformly converges to 0 by checking the conditions in Theorem
3.2 of Nishiyama (2000). For condition [C2] of Nishiyama (2000), by the assumption that
Tb% — oo and (6), we have

<1v> ! /T 1K<X"_x>2,\(x )dt
T [y T2y b: br "

L1 (T
< — MX,_)dt
_Tb%T/O (X,

P
— 0,
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where L = sup, (4 g1 1K (x)| < 00. Analogously, condition [L2] of Nishiyama (2000),

T
/0 [Wil? 1, o M(X,2) dt = 0,
is easily obtained, where
- 1 1 th — X L
Wi= sup {=——K|—— | = —.
xela, I\ T br br Tbr
Finally, we check condition [PE] of Nishiyama (2000). For any ¢ > 0, choose some finite

points y; = xg < X| < --- < Xn(¢) = Y2 suchthatx; —x;_| < &2 with N(e) < (constant)s_z.
Then the entropy condition fol J91og N(¢)de < oo also holds. The proof is completed by

showing that
11 T X~ —u X, —v
sup max ————— sup K| —— ) - K|———
e>0 1<k=N(e) = (Tbr)* Jo u,ve[xg_1,xx] br br

= Op(1). 13)

2
MX;o)dt

Since the kernel function K has bounded variation on I = [«, B], the Lebesgue—Stieltjes
integral yields the representation

K@) — K(@) = /1 1:<y) dK (2).

Furthermore, the kernel function can be decomposed as K = K| — K3, where K| and K, are
nondecreasing functions having bounded variation on /. Therefore, we obtain

Xt— —Uu Xt— — v
K(2e— ) -k 22—
‘ < br ) ( br >‘
S/|1{z<(x,,—u)/bf}—1{z<(x,,—v)/bf}Id(Kl(Z)-Ier(Z))-
I

By Holder’s inequality, it follows that

Xt_—lxl Xt_—v
k(28 k(220
br br

< |K|TV/ [z < (X, —xi)/br) — Yz<(X——xp) /b7y | A(K1(2) + K2(2)),
I

2

sup
u,VE€[xg—1,x]

where | K |Ty means the total variation of K. Thus, we have

Xt_—l/i Xt_—v
k(28 (2=t
br br

Ar(x)
T

2
AM(X,_)dt

1 T
max — sup
1<sk<sN@ T Jo  uvel ;.

<Ky max /I /R L b <vmnpoby A0 T e (K1 (2) + Ko@)

1<k<N(e)

Ar(x
< K3y sup {x(x)ﬂ}sz.
xelyi+abr.,y2+Bbr] T

Hence, (13) holds since sup,{A7(z)/T} is stochastically bounded.
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As a direct consequence of this lemma and Theorem 1, we have the following result.

Theorem 2. For any ¢ > 0,
sup |7 (x) — A(x)| > 0,

xelg

where I, = {x: f(x) > &}.
Next, for the conditional jump size distribution J (x, y), we propose the estimator

A Br(x,y)
Jrix,y) = ——,
! Ar(x)

where A7 is given by (12) and

Br(x,y) = / / (Xt )(D(dt,dz).

Here the kernel function K and bandwidth by are selected similarly as for AT. Then the
following result holds.

Theorem 3. For any ¢ > 0,

sup | Jr(x,y) = J(x, y)| =0,
(x,y)€Hy xRy

where Hy, = {x: AM(x) f (x) > ¢} and R4 = [0, 00).

Proof. As with the case for the intensity estimation, we show that, for any compact interval

[y1, v21, i )
sup {Br(x,y) — J(x, y)A(x) f(x)} = O. (14)
(x,y)€ly1,2]xRy

We write

Br(x,y) = /f <Xt‘ )J(Xt L d2)A(X,_) dt
—// (X" ){Cb(dt dz) — J(X,_, d)A(X,_) dt}.

It follows, from the uniform continuity of A, f, and J, that the first term converges in probability
to J(x, y)A(x) f (x) uniformly on (x, ¥) € [y1, y2]1xR4. Asabove, we prove that the martingale
part converges to 0 in probability. Conditions [C2] and [L2] in Theorem 3.2 of Nishiyama (2000)
can be checked analogously. For condition [PE] of Nishiyama (2000), we use the following
partitioning. For any £ > 0, choose some finite point y; = xp < x| < -+ < Xn;(¢) = ¥2 such
that xp — xp—1 < &2 with Ni(e) < (constant)g_2 and, for the same ¢, choose 0 = z9 < z1 <
- < ZN,(e) = 00 such that
Z

sup/ ' J(y,dz) < &2,

yeRJz;
with N2(g) < (constant)e 2. Then the total number of partitions N (¢) for [y, y2] x Ry
satisfies N (¢) = Nj(g) x Na(g) < (constant)e ~*. Therefore, it holds that

1
/ V91og N (g)de < oo.
0
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Set Ay j = (xk—1, Xk] X (zj—1,zj]for 1 <k < Ni(¢) and 1 < j < Na(¢). We show that

/ / 1 K(X’_”> 1 K(Xf_v)2
sup m sup — ) - _
£>0 P 82 (TbT)2 w.E),(v.)EAL =51 br fe=n} br
X J(X¢—, dz)A(X;-) dt
= Op(1).
It is obvious that, for any (u, §), (v, n) € Ag j,
X—u xX—v
‘1{55} K<7> — 1<y K( by >‘
<Kx—u Kx—v i 1 K X —u
= by by {z<&} {z<n} by )
Note that
X,— —u\?
max — / / sup | jz=e) — liz=y) |2K(’—) J(X,—, d)M(X, ) dt
kj T £.n€lzj_1.z/] br
u€[xXg—1,xk]
A
< sup {A( yATW }Lzsz,
xely1+abr,y2+Bbr]
so, by taking account of (13), we have
[ () ()
sup m sup — ) - _
£>0 k/ 82 (TbT)2 w.8),(v.))EAL e=8) br te=n br
X J(Xi—, d2)M(X,-) dt
22 1 1 (T Xi— —u Xi— —v\|?
< supmax — —- sup K| — |- K|——— || 2(X;2)dt
e>0 ki € Tb U, VE[xf—1,xk] br br

X~ —u 2
—/ / sup | Lz<gy — liz<y) |2K<tb—>
&.nelzj-1.z5] T

UE[xg—1,xk]
X J(th, dZ))\.(th) dt}
= Op(1).

Hence, we obtain the uniform convergence (14). Together with Lemma 1, this completes the
proof.
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