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1. Introduction

In this paper we suppose that the function s(x) is integrable in the Lebesgue
sense for every finite interval of x ^ 0. If

lim \ f(x)d.
A->tx> JO

exists, we say that the integral

/•»
f(x)dx

Jo
exists.

The function s(x) is said to be summable by the Laplace method (L, y)
to s for some y > — 1 if

- rs{u)u>e-^du
i)J0

( 1 ) " v " ~ v " r (y+ i ) .

exists for all y > 0 and l i m ^ ^ LM(y) = J.
Let (j)(u) and i/f(w) be defined and continuous for u ^ 0, positive for w > 0

and bounded in each finite interval [0, R], R > 0. If

(2) g{y) = ^ s{yu)4>(u)du
Jo

exists for y > 0 and l i m ^ ^ g(y) = s, we say that s(u) is summable (<£) to s.
Suppose that s(u) is bounded in every finite interval of u 2; 0. Then from Theorem
6 in [1] a sufficient condition for the regularity of (4>) is

(3) f°V(«)du = !•
Jo

If we assume that, for each A > 0,

(4) lim'
u-̂ oo ty/(
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exists and is not zero, 

and 

(6) r\±(m\\Ju<a0t 

J! I du \(/>(2.u)/ | 
then, by partial integration, a necessary and sufficient condition for the convergence 
of (2) is that 

( 7 ) j\(u)i(u)du 
should converge. 

We shall prove 
THEOREM 1. Suppose that s(u) is summable {L, y) (y > —1) and bounded in 

every finite interval of u ^ 0, and that, in addition to (3), (4), (5) and (6), the func­
tions (}>(u) and \l/(u) satisfy the conditions 

(8) V " ' " r I f I dx e 1,(0, oo), 
J! | ax \y/(ux)/ I 

^ ( A u ) 

/or (̂ ̂  > 0 fAew 

- [ V e ' ^ ^ J d a = f°°L(a«)#x)dx, 
Mo J o r(y+i)J 0 

wAere L(x) and* #(w) are defined by (1) a«a* (2) and further g(u) is summable (L, y) 
to s. 

By taking 

r(a)JX0+l ) ( l+ i i )r + ' + 1 ' 

<K«) = « ' + 2 , 

summability ((/>) reduces to summability (Ct, a, /?) defined by taking in (2) 

(10) g(y) = n« + P + D / + 1 (X ^s(u) d u 

and Theorem 1 reduces to 

THEOREM 2. Let a > 0, j? > —1, y > —1. Suppose that s(u) is summable 
(L, y) to s and bounded in every finite interval of u ^ 0, and that 
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s(u)
du

converges. Then

dx,
Jo (x + coY+l> + ir(a)r(p+i) Jo

w/zere L(x) and g(u) are defined by (I) and (10), and further g(u) is summable (L, y)

to s.

Summability (C(, a, 0) has been considered by Kuttner [3] and (Ct, 1, /?+1)
by me [4].

2. A lemma

LEMMA. Let s(u) = Ofor 0 ^ u ^ 1, bounded in every finite interval ofu^tO,
and summable (L, y) to s for some y > — 1, Then, for every fixed co > 0,

1 f°

?o zero as B -^ co uniformly in 0 < w gj 1.
This lemma has been proved in [2].

PROOF OF THEOREM 1. Let

Sl(u) = s(u), s2(u) = 0 for 0 S u ^ 1,

s^u) = 0, S2(u) = s(u) f° r w > 1>

and let ^ t(x) and Mi(x) be the ((/>) and (L, y) transformations of st(u) and let
g2{x) and M2(x) be those of J 2 (« ) .

By Fubini's theorem, since st(u) is bounded,

Ml(cox)(l)(x)dx = ^ " rx~y~xcj>(x) ruye-""axsl(u
r(y + l)J0 Jo

1 r
i)J0r(y+l)J0 ô

- u'e "/m sl{ux)4>{x)dxdu
' • )• ' 0 J 0

/•CO

J o " 6
,-y-i /•»
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Let A > 1, and write

I* M2(cox)<j)(x)dx = ~( M2(x)<j>(xl(o)dx
Jo (oj0

x-y-l4>{xl<o)[ " uye-"lxs2(u)dudx
J I

f mx-y-i<
+ l)fl)Jo

uye-ulxs2(u)dudx

Since s(u) is summable (L, y) and (<f>) is regular,

lim I2 = 0.

By changing the variable,

h =

1 r>A

l)Jl

By Lemma 1,
lim J t = 0.

B-»oo

We have, by changing the variable,

j 2 = A y<o 7 * f ^ - ' - ^ ( A x ) f°° u7e-"IAaxs2(u)dudx.
r(y + l) J 1 M J^B l

Hence, for any fixed co > 0, >4 > 1, all sufficiently large 5 , and 1/̂ 4 g x ^ 1,
we have, by Lemma 1,

. T 0 0 ,. . 1
< £.^ uye-ulA<axs2(u)du

J ABx

It follows from (3) that

\J2\ <EA\ 4>{Ax)dx
J IIA

/•oo
< e I (p(x)dx

Jo

= £
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for A > 1 and all sufficiently large B. Therefore

lim J2 = 0.

Hence
2

B-KX)

I M 2{(ax)4>{x)dx = l im( / 1 + / 2 + /3)
Jo B-XJO

' f 4>(x) [ uye-u"°s2(xu)dudx + I2

m -y- i /•» rA

(12) = lim — uye~"la> s2(xu)<j>(x)dx du + 1 2
B-*ao r(y+l)j0 J0

'* r 0 0 -ui<oCA

— v — 1 /• oo(7) I *
^^ 1 y —ufto ( \ J

r(y+l)Jo"e

s2(xu)</>(x)dx du + / 2 .
J A

x
J A

By an obvious change of variable, the inner integral of the second integral is

H = - \Xs2{x)<t>{xlu)dx.
uJAu1 Au

Let

for / ^ 1. Then, since (7) converges, G(t) -> 0 as t -* oo. By partial integration,

Hence

where K is independent of A as well as M. From (8) and (9) and dominated con-
vergence, the second term of (12) tends to 0 as A -» oo. Now let A -> oo. We get

(13) f

The theorem follows from (11) and (13).
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