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Abstract

We consider a system of N bosons in the mean-field scaling regime for a class of interactions including the repulsive
Coulomb potential. We derive an asymptotic expansion of the low-energy eigenstates and the corresponding
energies, which provides corrections to Bogoliubov theory to any order in 1/N.

1. Introduction

We consider a system of N interacting bosons in R?, d > 1, which are described by the N-body

Hamiltonian
N
Hy =) (<A +V (x))) + Ay > v (x5 —x;) (1.1)
j=1 1<i<j<N

with coupling parameter

Ay =
N._N—l,

corresponding to a mean-field (or Hartree) regime of weak and long-range interactions. The Hamiltonian
Hy acts on the Hilbert space of square-integrable, permutation-symmetric functions on R4V,

SN, = éé) 5. $=0*(rY).

sym

Our assumptions on the interaction v include the repulsive Coulomb potential (d = 3), and our conditions
on the external trap V! are satisfied, for example, by harmonic potentials. We study the spectrum! of
Hy,

(0) O _ ... (n)
&y <&y < <&y <.,
'We follow the convention of counting eigenvalues without multiplicity.

© The Author(s), 2021. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (http:/creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2021.22 Published online by Cambridge University Press


doi:10.1017/fms.2021.22
https://orcid.org/0000-0002-6854-1343
https://orcid.org/0000-0002-9166-5889
https://orcid.org/0000-0002-6781-0521
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1017/fms.2021.22
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for excitation energies of order 1 above the ground state, as well as the corresponding eigenfunctions.
Our main result is an asymptotic expansion of the eigenvalues of Hp, which, in the case where the
degeneracy does not change in the limit N — oo, reads

&V = New+E)” + ANE" + 23 EY + AQEY + - (1.2)

where the N-dependence is exclusively in the prefactors N and An. More precisely, we construct an
asymptotic expansion of the spectral projectors of Hp, which implies equation (1.2). For eigenvalues
whose degeneracy increases in the limit N — oo, we obtain a comparable result for the sum of those
eigenvalues that become degenerate in the limit.

Let us explain the different contributions in equation (1.2). It is well known (see, e.g., [65, 27, 34, 36,
39]) that for any fixed n € Ny, the eigenstates ‘I‘](\?) of Hy associated with %](\,") exhibit Bose—Einstein

condensation in the minimiser ¢ of the Hartree functional. As equation (1.1) describes a mean-field
regime, the leading order in equation (1.2) is given by

By = (W HN ) = (¢ Hy ™) + 00, (13
with
(®N Hno®V) =N (% (‘A Vv 9”2) ‘”> = New. 9

For corresponding results in more singular scaling limits, see [40, 37, 38, 54, 4,7, 52, 1] and [43, 41,
42, 66,22, 26,70, 16, 15, 23].

The error in equation (1.3) is caused by O(1) particles which are excited from the condensate. To
com . (n) . . . e s

pute their energy, one decomposes ‘PN into contributions from condensate and excitations, as was

first proposed in [36]. The excitations form a vector in a truncated Fock space over the orthogonal
complement of ¢, and the relation between ‘P](\;l) and the corresponding excitation vector is given by a
unitary map

N k
Ung: 9 5TV =P R e}, Py Un ¥y = x % (1.5)
k=0 sym

with the usual notation {¢}* := {¢ €D (b @)y = 0}. Hence,

£ = New + <UN,¢T§\7>, HSNUN,¢T5\7>>?SN : (1.6)
where
Hen = Un.g (Hy = New) Uy, : FV — FFV (1.7

describes the energy due to excitations from the condensate.

By construction, the excitation Hamiltonian H is explicitly N-dependent. To extract the contri-
butions to the energy to each order in A, we extend H< trivially to an operator H acting on the full
excitation Fock space JF, and expand it formally as

g
H=H0+Z/1§,Hj. (1.8)
j=1

The coefficients H; are N-independent operators on J,, which are explicitly given in terms of ¢ and
v (see Definitions 2.4 and 3.3). In particular, H; contains an even number of creation/annihilation
operators for j even, and an odd number for j odd.
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The leading order term H is the well-known Bogoliubov Hamiltonian, which was first proposed
by Bogoliubov in 1947 [9]. It is quadratic in the number of creation/annihilation operators and can
be diagonalised by Bogoliubov transformations. The spectrum of Hjy gives the O(1) contribution in
equation (1.2) — that is, for any v € Ny, there exists an eigenvalue Eé") of Hy such that

Jim, (57 = eu) = £ 19

with
(0) (1 (n)
E0 <E0 <"'<Eo < -

the eigenvalues of Hy. For bounded interactions v, this was shown in [65] for the homogeneous setting
and in [27] for the inhomogeneous case. Lewin, Nam, Serfaty and Solovej [36] proved equation (1.9)
for a larger class of models, including a class of unbounded interaction potentials as well as a variety
of one-particle operators. Moreover, related results on the torus were obtained in [44, 48]. All error
estimates proven in [65, 27, 36, 44] are at best of the order O (N‘l/z). We refer to [21, 55, 6, 5] for
similar results in more singular scaling limits.

In this paper, we derive the remaining terms in the expansion (1.2). To keep the notation simple,
we restrict — for the remainder of this introduction — to the (nondegenerate) ground state. Formally, the
coefficients in equation (1.2) can be determined by Rayleigh—Schrddinger perturbation theory in the
small parameter /111\52. Let us denote by x the (nondegenerate) normalised ground state of Hy, and by
Py and Qo the corresponding orthogonal projections on F, — that is,

Hoxo=E\"xo.  Po=|xo){xo|.  Qo=1-Fy. (1.10)
By equation (1.8), the first-order perturbation of H is
]HI:IH[O+/I]%VH1+O(/1N), (1.11)
and hence first-order perturbation theory yields (see, e.g., [63, Chapter 5])
&0~ New = E + 12, (x. Hixo)y +O(n) = EY +0(Ay). (1.12)
Here, the O (/1;\52) contribution vanishes by Wick’s rule because H; contains an odd number of cre-

ation/annihilation operators and x, is quasi-free. For the next order, second-order perturbation theory
for the Hamiltonian

1
H = Ho + A Hi + AvH + 0 (43)7) (1.13)
yields
Q
&% —New=E + Ay <X0, By +Hi—5—Hi | xo +o(,1§V), (1.14)
E,” —Ho F

and the higher orders are constructed similarly. In particular, all terms in the expansion corresponding
to half-integer powers of A, vanish.

In our main result, we make this formal argument rigorous by proving an asymptotic expansion for
the ground-state projector P of H. Recall that

1 | I |
=— ¢ ——dz, Py=— dz, 115
2mi S, T-H 0 27rij€z—Ho ¢ (1.15)

https://doi.org/10.1017/fms.2021.22 Published online by Cambridge University Press



https://doi.org/10.1017/fms.2021.22

4 Lea Bofimann et al.

for some closed contour y which encloses both %;\? )N ey and Eéo) and leaves the remaining spectra
of H and Hy outside. The existence of such a contour with length of order 1 is, for sufficiently large N,
guaranteed by equation (1.9). Using equation (1.8), we expand the resolvent of H around the resolvent of
Hy, which results in an expansion of P, and the trace against H recovers equations (1.12) and (1.14) (see
Theorem 2). Finally, we show that the error is subleading with respect to the order of the approximation.

In fact, we prove a more general statement, which can be understood as asymptotic expansion
of the ground state of Hy: for any operator A on $™ that is relatively bounded with respect to

Sy (=Aj + Ve (x;)), it holds that

(m) mp L N 48 (m) a2
Trgn Ay Py = Trg, Ay Bo+ ) A% Try, Al Pg+O(/1NZ ) (1.16)
=1

where Py denotes the projector onto the ground state of Hy, Axn) is the symmetrised version of A"

on Sf)N s Ax”) denotes the conjugation of Aﬁvm) with Uy o, and P is the {th order in the expansion of
the projector P. The full statement, which extends to excited states with energies of order 1 above the
ground state, is given in Theorem 1.

Our analysis is restricted to the mean-field regime. It is an open question whether a similar statement
holds true for interaction potentials that converge to a delta distribution as N — oo.

In the physics literature, higher-order corrections to the Lee-Huang—Yang formula for the ground-
state energy of a low-density Bose gas with short-range interactions were studied in the 1950s in [17,
18, 2, 3, 69], and a series expansion for the ground-state energy was conjectured in [64, 32]. We refer
to [13, 12, 68] for more recent contributions. However, to the best of our knowledge, the rigorous
derivation of higher-order corrections to the Bogoliubov energy in the mean-field scaling has not been
studied before. Other approaches to perturbations around Bogoliubov theory are based on the ideas
of renormalisation groups and constructive field theory, which is very different from our rather direct
approach. We refer to [19] for recent results and a review of the literature, which mostly treats more
singular scalings than the mean-field regime.

Another approach was proposed by Pizzo in [59, 60, 61], where he considers a Bose gas on a torus
in the mean-field regime. He constructs an expansion for the ground state and a fixed-point equation for
the ground-state energy, first for a simpler three-mode Bogoliubov Hamiltonian [59] and subsequently,
building on these results, for a Bogoliubov Hamiltonian [60] and the full Hamiltonian [61]. The main
result is norm convergence of the expansion to the ground state to arbitrary precision. This expansion is
based on a multiscale analysis in the number of excitations around a product state using Feshbach maps.
In contrast to our work, this is done in the N-particle space, whereas we make use of the N-dependent
unitary map Uy, to work in the excitation Fock space J, .

Finally, we remark that our work is inspired by [ 1], where an analogous expansion of the dynamics
generated by Hy was constructed. Related results for the mean-field dynamics in Fock space have
been obtained in [25, 24], and different approaches characterising the dynamics to any order in 1/N
are discussed in [57, 10]. We also note that there are many recent results on the derivation of the
Bogoliubov dynamics in the mean-field regime [30, 31, 35, 45], as well as in more singular scaling
limits [28, 8, 49, 29, 33, 50, 20, 14, 58].

Notation

o We denote by € an expression which may depend on constants fixed by the model — that is,
constants whose values depend on / and Hy, such as norms of the Hartree minimiser ¢, the gap
gu above the ground state of 7 and norms [|Uo |, (the operator norm) and ||V ||ys (the Hilbert—
Schmidt norm) of the Bogoliubov transformation diagonalising Hy. The notation €(n) indicates
that the constant may also depend on the number # of the corresponding eigenvalue of Hy, such as
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i
on an additional parameter a. Constants may vary from line to line.

o Eigenvalues are always counted without multiplicity — that is, the (discrete) spectrum of an operator
T is denoted as 1@ < () < (@ < ... where each eigenvalue +/) has some finite multiplicity
W) > 1.

o Wedenoteby j := (ji, ..., Jn) amulti-index and define | j| := j; +- - -+ j,. Moreover, we abbreviate

, its degeneracy 6(()") and the spectral gap above it. Finally, €(n, a) implies the dependence

x 0= (xy, . x0) dx® = dx;--- dxg (1.17)

for k > 1 and x; e R4,

2. Preliminaries
2.1. Assumptions
We make the following assumptions on the external potential V*' and the interaction v:

Assumption 1. Let V&' : RY — R be measurable, locally bounded and nonnegative, and let V¢ (x)
tend to infinity as |x| — oo, that is,

inf V*'(x) 500 as R — oo. 2.1
|x|>R

Assumption 1 implies that VX! must be a confining potential. It is, for example, satisfied by V' (x) =
wx? for w > 0. Let us introduce the abbreviation

T:9>D(T) > %,  T:i=-A+V™, (2.2)

We denote by
T/ =19 019T®l®-- 01

the operator acting as T on the jth coordinate.

Assumption 2. Let v : R?Y — R be measurable with v(—x) = v(x) and v # 0, and assume that there
exists a constant C > 0 such that, in the sense of operators on Q(=A) = H' (Rd),

V> <C(1-A). (2.3)

In addition, assume that v is of positive type — that is, that it has a nonnegative Fourier transform.

Assumption 2 is clearly satisfied by any bounded potential with positive Fourier transform. Moreover,
by Hardy’s inequality, it is fulfilled by the repulsive Coulomb potential in d = 3 dimensions.

Remark 2.1. (a) Note that inequality (2.3) implies that
2v(xi —x)| < T+ —x) P < C(-A1 —Ar+ 1) < C(T1 +Th + 1) 2.4)
in the sense of operators on Q(7} + T») C $2, because VXt > 0. In particular,
v+ e?. <€ (||V¢||2+ 1), 2.5)
(688 Iv(x = y)IPP® ), < €l (T +1)¢) 2.6)

for any normalised ¢ € Q(T'). Moreover, v being of positive type implies that

[, e ayalvx =000 > 0. @)
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(b) Assumptions | and 2 imply that |v|?> < eT? + C?¢~! + C for any & > 0, hence Hy is (for each N)
self-adjoint on its domain D (Z;V: ; Tj) by the Kato—Rellich theorem.

(c) Since VX' is measurable and locally bounded and tends to infinity, it is bounded below, and we
take its lower bound to be 0 only for convenience.

Next, we recall the Hartree energy functional, which is defined as
euld] = [ (1F00P + v lowP)ars § [vix-plowPlomParay 28
R4 R2d

for ¢ € Dy, with

Dy := {(/) € QT : gl = 1} c 9. (2.9)
Its infimum is denoted by
ey := inf Ey[g]. (2.10)
$€Dy

Under Assumptions | and 2, £y admits a unique, strictly positive minimiser ¢, which solves the
stationary Hartree equation:

Lemma 2.2. Let Assumptions | and 2 hold.

(a) There exists a unique (up to a phase) ¢ € Dy such that

Eule] = en,

and we choose ¢ strictly positive. The minimiser ¢ solves the stationary Hartree equation,

hp =0, (2.11)
in the sense of distributions, where
h:$>DT) — 9, heT+vs@® —upy, (2.12)
with Lagrange multiplier uy € R given by
U = <(,0, (T +v = ¢p2) go> . (2.13)

(b) The operator h is self-adjoint on its domain D(T) and its spectrum is purely discrete. The
minimiser ¢ of Ey is the unique ground state ¢ of h, and there exists a complete set of normalised
eigenfunctions {tp j}j>0 for h. The spectrum and eigenstates of h are denoted as

hoj=ePg;,  0=e@ <eW<... gi=0. (2.14)
In particular, the spectral gap gy above the ground state of h is positive:
gH = e — g0 =g 5 (2.15)
(c) Define K :  — 9 as the operator with kernel

K(x;y) ==v(x = y)o(x)e(y). (2.16)
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Then K is positive and Hilbert—Schmidt. Moreover,

h+qKq qKq
= > 2.17
A gKq h+qKq >gp>00nH . &H. ( )

for . = {@}* and where q denotes the orthogonal projection onto §, —that is,

p=le) el q:=1g-p. (2.18)

Proof. For part (a), note first that Eg > 0 on Dy, hence there exists a sequence {¢,}, C Dy such
that En[¢n] — en. Moreover, (¢, Td,) < C, because D (|¢nl|*, |¢n|?) = 0 by inequality (2.7),
where D(f,g) := %/de dxdy f(x)v(x — y)g(y). Since T has a compact resolvent by Assumption 1,
De :={y € QT) : |yl £ 1,{y,Ty) < C} is compact [62, Theorems XIII.16 and XII1.64], and
there exists a subsequence such that ¢,, — ¢ € D¢ strongly in §. For o := |¢|*> and 0, = |¢n|%,
llo * vll < C by the bound (2.5) and [ p, — [ p, hence

lim D(on, 0n) 22 lim D(0n = 0, 0) + D(0, 0) = D(0, 0)- (2.19)

Since D¢ is weakly compact in both H'! (Rd) and the L2-space with norm ||zp||%/ = f Ve |2, we find,
passing again to a subsequence, that lim inf,, e (¢n, Tdn) = (¢, T¢) by weak lower semicontinuity of
both norms. With this, part (a) can be shown as in [40, Lemmas A.1-4]. We denote the unique strictly
positive minimiser by ¢.

Part (b) is a consequence of the estimate (2.5) and Assumption 1, by Kato—Rellich and [62, Theorems
XIII.16 and XIII.64]. Finally, the first part of (c) is implied by the bound (2.6), and the second part
follows since K > 0 by inequality (2.7) and & > gy on &, by part (b). O

In summary, Assumptions | and 2 provide all the necessary properties of the effective one-body
operator A, in particular the existence of a finite spectral gap above the ground state. In addition, we
require the Hartree functional to be a valid description for the N-body energy as N — oo. Put differently,
we assume that N-body states with an energy of order 1 above the ground state exhibit complete Bose—
Einstein condensation in the Hartree minimiser ¢. This is implied by the following statement:

Assumption 3. Assume that there exist constants C; > 0 and 0 < C, < 1, as well as a function
&: N — R{ with

1
1\}im N73g(N) < Cy,
such that

Hy —Ney 2 Cy Y hj—&(N) (2.20)

N
J=1
in the sense of operators on D(Hy ).

We do not know how to prove inequality (2.20) under our generic Assumptions | and 2. However, it is
known to be true for the examples we have in mind: any bounded and positive definite interaction potential
v satisfies Assumption 3 with optimal rate e(N) = O(1) [27, Lemma 1 and Remark 2]. Moreover, the
repulsive three-dimensional Coulomb potential fulfils Assumption 3 with (N) = O (N'/?) [36, Lemma
3.1].

2.2. Excitation Fock space and excitation Hamiltonian

In this section, we review the excitation map Uy, from definition (1.5), which was introduced in [36]
and maps an N-body wave function to the corresponding excitation vector. Recall that any ¥ € Sjgm
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can be decomposed into condensate and excitations as

N k
Y= Z ‘p®(N—k) Qs /\/(k)’ X(k) c ® 5J_, (2.21)
k=0 sym

with ®, the symmetric tensor product, which is for ¢, € $¢ and y;, € $H? defined as

(W ®s Up) (X1, .oy Xqrp) =

1 2.22
—_— Z Wa(Xa(1)s -oos X (@)W (X (at1)s - o> Xor(ath) ) (2.22)
Valbl(a+D)! 55,
with S,4p the set of all permutations of a + b elements. The sequence
N
= <k>) 2.23
xan = (¥ 9) 223)

of k-particle excitations forms a vector in the truncated excitation Fock space over &), ,

N k LS k
TN =P Q9. c T =P X5 (2.24)

k=0 sym k=0 sym
and vectors in F, are denoted as
¢ = (¢<°>,¢“>,...,¢(’<>,...), ¢<N=(¢(°>,¢<‘>,...,¢(N>). (2.25)
We consider the decomposition of J, into the subspaces
F =FN o7V, (2.26)

and in the following all direct sums are understood with respect to this decomposition. The creation and
annihilation operators on J, are

*) k
(aT(f)gb) (Xl,---,xk)_TZ 1) oKD (1, o X1 Xt e ) (2.27)
=

for k > 1 and
(a()$) P (x1, oooxp) = Vi +1 / dxf ()¢ " (xq, ..., x, x) (2.28)
for k > 0, where f € $, and ¢ € F,. They can be expressed in terms of the operator-valued distributions
i
ay and ay,

d(n)= [arwal.  a()= [ 67w, (2.29)
which satisfy the canonical commutation relations

[ax, y] 6(x—y), [ax,ay] = [al,a;] =0. (2.30)
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We denote the second quantisation in 7, of an m-body operator 7™ by
ar, (1)

=00 @00 > LSS

k>0 1<ji<-<jm<m+k

1
= Z <l//i1 ® - @Y, , Ty, ® - ®'/’jm>
Honim]
xa' (yy)-a’ (i) a(y;,)a (W, (2.31)

for any orthonormal basis {y f}jzl of $, . Equivalently,
dr, (1) = dr, (¢®"7" ") = dr (¢* T gem), (2.32)

where dI" denotes the usual second quantisation in the Fock space over the full space . Finally, the
number operator on ¥, is given by

N, :=dl (1) =dl, (q), N, ) ® = kg™ forp € F,. (2.33)
An N-body state ¥ is mapped onto its corresponding excitation vector y . by
Un.y: 9" - TN, ¥ Unoo¥ = xons (2.34)

which is unitary and acts as

a(p)N 7

N
Uy ¥ = ®j
i ?‘?q («/(N—j)!

by [36, Proposition 4.2]. Note that the product state ¢®" is mapped to the vacuum of CFfN ,

Y| for ¥ e §V (2.35)

Un,o ¢®" = (1,0,0,...,0) = |Q). (2.36)

For f,g € $,, equation (2.35) yields the substitution rules

Un.ga' (p)a(p)Uy , = N =Ny, (2.37a)
Un.pa' (fa(@)Uy , =a' (f)YN =N, (2.37b)
Un.pa' (9)a(g)Uy , = VN = Nia(g), (2.37¢)
Un.pa'(f)a(@)Uy. , =a'(f)a(g) (2.37d)

as identities on F fN . As explained in the introduction, conjugating Hy with Uy, extracts the contri-
bution to the energy which is due to excitations from the condensate.

Definition 2.3. Define
HSN = UN#,(HN - NeH)UI*V,w (238)

as an operator on ?fN . The eigenvalues E"” of H<y relate to the eigenvalues %,E]") of Hy as

E™ =% —New, neN. (2.39)
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As a consequence of the substitution rules (2.37), H<y can be expressed as

N—NL
Hoy =Ko+ K;

N-1
N-NOW-N.-1) J(N-NOWN N, -1
+K2\/( ( L )+\/( 1)( 1 )K;
N-1 N-1
VN=XN; VN-N, 1
K K
+(3 NoT TTNDT )ty

where we used the shorthand notation

Ko ::/dxaihxax,

K, 2=/dx1 deKl(xeZ)ajclaxz,

Ky := %/dxl dszz(xl,xz)aLaiz,

K; :=/dx(S)Kg(Jq,xz;x3)alla§2ax3

Ky = %/dx(4)K4(x1,x2;x3,x4)aLa;zax3ax4,
with

Ki:9 — 9., K| :=¢qKq,
K> €9H ®9., Ko (x1,x2) := (q192K) (x1, x2),
K3y:9 — 9. ®9,,

Y = (K3p) (x1,x2) = q1q2W(x1, x2) o(x1) (q2¢0) (x2),
K;:9.09 — 9.1,

b (Ki) (1) = g / Qr (62) W (x1,.22) (g1 o) (61, 5),

Ki 9,99 > 9,99,
W= (Kapr) (x1,x2) := qrqaW(x1, x2) (q1q2¢) (x1,X2).

(2.40)

(2.41a)
(2.41b)
(2.41¢)
(2.41d)

(2.41e)

(2.42a)
(2.42b)

(2.42¢)

(2.42d)

(2.42¢)

Here, K(x1, x;) is defined as in definition (2.16), K is the operator with kernel K (x1,x;) and W is the

multiplication operator on $, ® £, defined by

W) = v —22) = (v @) () = (v 6?) () + (0o = 7).

(2.43)

The notation is understood such that the projections g1, g2 act on the respective functions on their right.
For example, the function K3y € $, ® 9, is obtained from ¢ € §, by taking the tensor product of
qy¥ and ¢, acting on it with the multiplication operator W and finally projecting the resulting function
onto the subspace ; ® 9, . Note that gy = for ¢ € §,, hence the projection ¢ in front of ¢ is not
necessary here, but it allows us to extend K3 to a map on the full space §. An analogous observation
applies to K, K;" and Kj4. An explicit formula for H.y was first derived in [36, Section 4], and we

rewrote it in a way that is more convenient for our analysis (see Appendix A).

Finally, we recall the Bogoliubov Hamiltonian Hy and introduce some notation:
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Definition 2.4. The Bogoliubov Hamiltonian H for the model (1.1) is defined as
Hp =Ko+ K| +K, + K;, (2.44)

with K; as in definition (2.41). The eigenvalues of Hy are denoted as

Eéo) < Eél) <-oe < Eé") <eee (2.45)
with associated eigenspaces
€ = {¢ €F,  Hod = E(")¢} 5 = dim €. (2.46)
The spectral gap of Hy above Eén) is defined as
g =BV —E", neN, (2.47)
and the projections onto (S(()") and its orthogonal complement are given by
By = 1ge, QY =1y, —E(". (2.48)

We denote normalised elements of (i(()") as ,\/(()").

3. Results
3.1. Main results

Our goal is a perturbative expansion of the spectral projectors of Hcny = Uy, ,(Hn — NeH)U}*V’ "
around the spectral projectors of Hy. For our analysis, it is crucial that the low-energy eigenvalues of
H<n converge to the corresponding eigenvalues of Hy, and the same holds true (in a suitable sense)
for the respective eigenstates. This was proven in [65, 27, 36], and we collect the rigorous results in
Lemma 4.8. If different eigenvalues of Hy — Ney converge to the same limiting eigenvalue of Hy as
N — oo, we consider the sum of all corresponding spectral projections of Hy :

Definition 3.1. Define

(= {v €No: lim (%}VV) - NeH) = E(g'”} 3.1
and
€y = P ey, (3.2)
yveln
with
Y = {¥esh,  HvY =50}, 6y =dimE (3.3)
sym - AN £ = O s N = N - .

The corresponding orthogonal projections are denoted by

Pg\;l) = ]l@;\y;). (3.4)

By [36], the set t"”, which collects all eigenvalues of Hy — Ney that converge to the eigenvalue
Eé") of Hy, is of the form {¢, ..., £+ j} for some £, j > 0. Moreover, 1 < |L(">| < 6(()"), where the second
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(n)
N

inequality is strict if at least one of the eigenvalues gz(\/V) is degenerate. The space €, is the direct sum

of all eigenspaces of Hy associated with eigenvalues with label v € (M hence Dyl 61(\}') = 6(()").

We consider expectation values with respect to P}(\;’> for a natural class of m-body operators, namely
for all operators that are relatively bounded with respect to Z;.": 1 Tj. We use the following notation:

Definition 3.2. For m € N, let A’ be some operator acting on $™. We denote the corresponding
symmetrised operator on $ by

-1
(m ._ (N (m)
An = (m) 2 A (3.5)
lﬁj] <"'<jn1 <N
where AE:"),m is the operator acting as A™ on the variables x 15 -+-» X}, and as identity on all other

variables. Further, we define the corresponding operator Ax") on J as
A = Un AU @0 (3.6)
N - N,y N.,o . .

We construct an asymptotic expansion of PI(\;’), in the sense that

.....

The coeflicients P;") in the expansion of the projector are defined as follows:

Definition 3.3. Define

28 if £ =0,
4
(n) ._ (n) (n) (n) (n)
B == > 0 H, 00 Hy, O H,, 0", if € > 1, 3.7
v=1jeN” geny*!
VI=C k)=

with P(()") as in Definition 2.4. Here, we have abbreviated

~p{" k=0,
(n)
oy = %

— 2 k>0 (3.8)
-

and
H; =Ks+ K;, (3.9a)
Hy = —(N, — DK — (K2 (:Nl - %) +h.c.) + K, (3.95)
Hajy = cj_i (Kg(m _ )it +h.c.) , (3.9¢)
J
Hy,; := Z djy (Ko(Ny —1)” +hc.) (3.9d)
v=0
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for j > 2, with K; as in definition (2.41). The coefficients c¢; and d; , are given as

el =1, (3.10a)
‘- l)(u )(mi).--(u/’—é)
0 ._ ( 2 2 2 . (0) -
c; = 7 , cji=c (G =D, (3.10b)
24
diy =y el (j2v20). (3.10¢)
£=0

Our main result is the following:

Theorem 1. Let Assumptions 1, 2 and 3 be satisfied and let a € Ny. Let m € N and let A"™ be a
self-adjoint operator on ™ such that

4]

5,"5 Z (Tj+ 1)y fory €D ZT, . @3.11)
= $

m J=1

Then, for sufficiently large N, there exists a constant €(n, m, a) such that

4 o¢ ax
Trgn AY P = > A5 Trg ALY | < €(n,m,a)ay (3.12)

=0

In particular, Theorem | proves the validity of Bogoliubov theory up to an error of order O (N ‘1) -
that is,

Tegn AV PY = Trg, ACVBY + 0 (An), (3.13)

which improves previously known error estimates of order O (/1%2).

The coefficients TrgLAg\',")Pén) in formula (3.12) are not necessarily N-independent, because A]((,")
arises from conjugating an operator Ag\;”) on the N-body Hilbert space with the N-dependent unitary
map Uy . Unless AU™ is an operator acting only on $” (such as, e.g., A\ = g), this conjugation yields
factors VN — N comparable to equation (2.40). Hence, to extract the N-independent contributions in
each order, one needs to expand A(m) in /11/ 2 up to the order of the approximation. Equivalently, one
derives in this way an expansion of the reduced m-particle density matrices of Pg\;l). For example, the
one-particle reduced density matrix

’yfnlzj = Trng—l PI(\;l)

admits the asymptotic expansion
a

DI o

=0

Trg [vin < C(n,a) Ay, (3.14)

where the coefficients y(") € L($9) are independent of N and can be retrieved as already described. For

example, the first correction to the leading order 7(”) (()") lo) (p| is given by

Vi (59) = o) Trg, alB{” + (N Trg, a. P a1s)
+Try, ala P - o(x)¢(y)Trs, By N, '
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(see also [11, Theorem 2] for the dynamical counterpart of this statement). For the ground state of a
homogeneous Bose gas on the torus, a corresponding result was recently shown in [51], using different
methods. Note that in this case, the first line in equation (3.15) vanishes by translation invariance.?

Theorem | yields an asymptotic expansion of the projector P onto the subspace & of the
excitation Fock space, which is defined as

¢ =(PE”, € ={po0:¢eTN Hovp=E"g|
ye(n)
(see Definition 3.10). The following statement is proven in Section 5.3.2:

Corollary 3.4. Let a € Ny. Under Assumptions 1, 2 and 3, there exists a constant €(n, a) such that

a
¢
P - a5l
=0

a+l
Try, <C(n,a)dy (3.16)

for sufficiently large N.
By means of Bogoliubov transformations, the operators PE,") can be brought into a more explicit
form. For example, the first-order correction for the ground state (n = 0) is given by

(0) _ py* (0) 7y * (0)
B0 = 0y, (07,0105, ) (U 1Dy, ) [@) (8| + e (3.17)

where Uy, is the Bogoliubov transformation diagonalising Hy such that X(()O) = U*VO |Q). As the action
of Uy, on creation/annihilation operators is known (see equation (4.15)), it follows that UVOHlU;O |Q)
is a superposition of one- and three-particle states. Moreover,

si”
0) v 1 ¢ £.m) | 7y
Uy, 000y, = > > =0 s ) (| 05 (3.18)
>0 m=1 E() - EO
where { X((f’m)} «, denotes a basis of the eigenspace (Séf) of Hy and can be written as
1<m<g,

(e _ e (@' E0)" (@' €D))"  (a" (€)™
o Y el At N

for suitable &; € $,, k € Ny and (vo, ..., vk) € N’(;“ depending on ¢ and m (see Lemma 4.7¢). Since
(¢,m)
0

contribute to equation (3.17), and applying U*VO to the result yields an explicit formula for PEO). The
general case (n > 0, £ > 1) can be treated analogously.

Q) (3.19)

UW@EO)U’{?O is particle-number preserving, only the basis elements y with one and three particles

In our second main result, we derive from Theorem | an expansion of the low-energy spectrum of
Hy with N-independent coefficients:

Theorem 2. Let n € Ny. Under Assumptions 1, 2 and 3, it holds for any a € Ny and sufficiently large

N that
1 M) NG |
50 Z on €N _NeH_Z/lNE[” < C(n,a)Ay) (3.20)
0 velm £=0
2[n this case, one computes )71(01) - _Zkioyi l©) (@] + Tizo 7I2c lox) (x|, where ¢r = €% ¢ = @o, yi =

-1/2 -1
ay (1 - oz,%) and ay = v (k) (k2 +v(k) +Vk* + ZkQV(k)) , where v denotes the Fourier transform of v.

https://doi.org/10.1017/fms.2021.22 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.22

Forum of Mathematics, Sigma 15

for some constant €(n, a) and for 1™, (51(\‘,’) , %;VV) and 6é") as in Definitions 2.4 and 3. 1. The coefficients
are given as

£ . Mgy oM (n)
E" = 5<"> Z > Z Tr%P)” H,,0%..-H,, 0% H,, 3.21)
v=1 jeN” mgNV 1
lj1=2¢ |m|=v-1

for (O),(?:’ ) as in Definition 3.3, and where
k(m):=1+|{p:m, =0} e{l,....,v-1} (3.22)

is the number of operators P(()") within the trace.

All half-integer powers of A vanish by parity. Equivalently, this can be understood as a consequence
of Wick’s rule (Lemma 4.6) and the fact that the eigenstates of Hy are given explicitly as Bogoliubov
transformations of states with fixed particle number (Lemma 4.7c). Moreover, note that the contribution
to definition (3.21) from each v decomposes into products of «(m) inner products.

Theorem 2 recovers the expressions from perturbation theory as discussed in the introduction. In
particular, for any n € Ny such that 6, (m — (which applies, e.g., to the ground state), %(") is a
nondegenerate eigenvalue of Hy, and the estimate (3.20) reduces to

a
BN = New+ y A EM +0(157). (3.23)
=0

In this case, the first two coefficients in the estimate (3.20) simplify to

()
Q
(n) <X(()n)7H X(n)> Xon)7H1+H1X(()n) ’ (3.24q)
EO —Hy
() ()
() _ Z 3 < m g % 9 Cm
E n H/Z n va/\/()
v=l jeN” ()_HO Eé)_HO
ljl=4
~E" () B ——2——H " ). (3.24b)
e -

Remark 3.5. Theorem | holds for any fixed n € Ny, a € Ny and m € N for sufficiently large N, with an

error €(n, m, a) that is not uniform in n, m or a. In particular, €(n, m, a) depends on ’Eén) , hence the

statement is nontrivial only for eigenvalues of Hy of order 1 above the ground-state energy.
Moreover, €(n, m, a) grows rapidly in the order a of the approximation. In the special case where
v € L™ (R9), our estimates imply that

€(n,m,a) < (€(n,m)(a + 1))(a+6)2,

and the bound is certainly worse in the general case (see Remark 3.15). We do not expect this estimate
to be optimal, especially as Borel summability was proven for a comparable perturbative expansion
of the mean-field dynamics on Fock space for bounded interactions [25]. Also in that setting, the
available estimates for unbounded potentials are worse and, in particular, insufficient to conclude Borel
summability [24].
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Remark 3.6. As explained in Section 2.1, Assumptions 1, 2 and 3 are satisfied, for example, by bounded
positive definite potentials and by the repulsive Coulomb potential in d = 3. These assumptions ensure
that Bogoliubov theory is valid for our model — that is, that all assumptions in [36] are satisfied. In that
work, it is shown that Hj approximates H to leading order for any self-adjoint T that is bounded from
below, and for interaction potentials

—c1(ThM+Th+c) <vixi—x) <c3(T1+T+1), O0<cy <1, ¢3,c3>0

[36, (A1)], such that there exists a unique nondegenerate minimiser for the Hartree functional and such
that the operators K| and K, from definitions (2.42) (K3 as operator $* — $) are Hilbert—Schmidt [36,
(A2)]. Moreover, it is required that

N
Hy — Ney > CZhj+O(N)
=

for some 0 < ¢ < 1 [36, (A3s)]. Our analysis, which can be understood as a perturbative expansion of
H around the leading order Hy, relies on the result proven in [36]: we need E 0) » Eén) (for sufficiently

large N) to find a suitable contour y™ enclosing Eé") as well as all E®) with v € (", and we

require that y ™ — Xé") strongly in the norm induced by the quadratic form of Hy to conclude that
<X("), Nl,\/(”)> is bounded uniformly in N (see Lemma 4.8).

In contrast to the generic setting from [36], we choose T = —A + V! and consider a positive definite
interaction v satisfying the stronger bound (2.3), which implies [34, (A1-A2)] (see Lemma 2.2). In
particular, the bound (2.3) is crucial to bounding K3 by powers of N, and K4 in terms of dI', (h)!/?
and powers of N, . Moreover, Assumption 3 is stronger than [36, (A3s)] since we require an error of at
most O (N 1/ 3) to control arbitrary moments of N, with respect to y ", as explained later.

Our analysis generalises to certain interactions v which are not of positive type, and to a class of
confining potentials V! that do not diverge at infinity. More precisely, we can cover all potentials v and
VXt such that all assumptions in [36] and Assumption 3 are satisfied. For example, it is shown in [36,
Section 3.2] that a trapped two-dimensional gas with repulsive Coulomb interactions and V*' diverging
sufficiently fast at infinity,

N
Hy :Z(—Aj+Vexl (xj-))_/lN Zln|xi_xj|, d=2,
j=1

i<j

satisfies [36, (A1-A3s)] as well as Assumption 3 [36, Lemma 3.7], although v(x) = —In|x]| is not of
positive type. Moreover, it is explained in [36, Section 3.2] that bosonic atoms below a critical binding
number ¢., which are described by the rescaled Hamiltonian

N 1 ) 1
Han=>-4-—|+ay Y ——, 1<te(1,2), d=3
=) SR

meet all criteria, including our Assumption 3. Other viable choices for T are the Laplace operator on a
bounded subset of R? with Dirichlet, Neumann or periodic boundary conditions, or relativistic kinetic
terms.

Finally, we construct an asymptotic expansion of the N-body eigenstates ‘P](\;’) of Hy that correspond
to nondegenerate eigenvalues of Hy:

Theorem 3. Let a € Ny and let Assumptions 1, 2 and 3 be satisfied. Assume that n € Ny such that
6(()") =1 and let ‘-I‘I(\;l) € (51(\7). Then for a suitable choice of the phase of X(()n), there exists a constant
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€ (n, a) such that

a X ) asl
Py - DA Dt N R ey <C(na)dy (3.25)
=0 k=0 §N
for sufficiently large N, where
X Z @, )75,”3 > 1), (3.26a)
T Z Z PP (£ 1), (3.26b)
v=1 jeN”
lil=¢
and with
1 n) ~(n
@ = 1, dop—-1 = O, a2y = —5 Z @ aj, <X§3),X§4)> (3266‘)
JeNg
J1,J2<2n
lj1=2n
forn > 1.

Theorem 3 is an immediate consequence of a much more general statement: if a rank 1 projector
admits an asymptotic expansion in a small parameter €, this implies an asymptotic expansion of the
corresponding wave function. Since we could not find any proof of this seemingly obvious assertion, we
prove it for a generic perturbative setting in Appendix B. By parity, the parameters @, vanish for ¢ odd,
which can be seen analogously to the vanishing of the half-integer powers of A1) in Theorem 2. Note that

the estimate (3.25) also holds with X(") replaced by ;\7{(’") times an overall factor a(®) = DIy /li,/zag.

Remark 3.7. Recall that each Bogoliubov eigenstate ,\/(()") can be expressed as a Bogoliubov transfor-
mation U% of a wave function with fixed particle number m,, € Ny (see Lemma 4.7c). Consequently,

Xé") can be written as U*\}O acting on a superposition of wave functions with ¢ < m,, + 3¢ particles,

with p + € + m,, even. To see this, note that Uvo(@,(c")U*{?O is particle-number preserving, and Uy, H jU*VO
has even (resp., odd) parity for j even (resp., odd) and contains at most j + 2 creation operators. Hence,
the maximum number of creation operators in definition (3.260) is contributed by v = 1, namely by
the term containing exclusively operators H; and exactly one operator Py (i.e., v=1¢, j = (1,1,...,1)
and k = (1,1, ..., 1,0) in definition (3.7)). Such initial data are used for a perturbative expansion of the
dynamics of the Bose gas in the mean-field limitin [11].

Remark 3.8. For any given ¢ € N, expression (3.26b) can be simplified further, since many terms
vanish by parity and most of the remaining terms can be grouped into summands which differ only by
a prefactor (compare equations (3.28)); for example,

B = (B + PR " = (09" H, + OV E O Hy ) x . (3.27)

The approximating wave functions in Theorem 3 are constructed via the eigenvalue equation

2o A4 2P(") x™ = x™ (see Appendix B). Alternatively, one can (formally) derive simpler formulas

(n)

for both )y, and the coefficients Et(;") from Theorem 2 by an analogous construction for the eigenvalue
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equation Hy "™ = E y (™ A formal computation yields

7 = W oM. oMy, L0
Z > o w0 H;, O H,, x{", (3.284)

]v 1
v=l jeN”
lil=t
20
E =3 3 (" 1,00 H, 0 H), 0 E, x("), (3.28b)
v=1 jeN”
lj1=2¢

where H; = H; for j odd and H; = H; - E( ) for j even. Here, ,\/ is given in terms of the
coefficients E t(,") , Which are determined 1terat1vely. For the first few orders, one easily verifies that the
equations (3.28) coincide with the expressions from Theorems 3 and 2 for 68") =1.

3.2. Strategy of proof

In the remainder of this section, we explain the proof of Theorems | and 2. We begin with extending
H<n to the full excitation Fock space J, in the following way:

Definition 3.9. We extend H<y (see Definition 2.3) from f}'fN to the full Fock space J, as
H:=Hy ®EY, (3.29)

where
ECV = EO - (EV - EO), (3.30)

with E(" the eigenvalues of H<y (see again Definition 2.3). Consequently, the low-energy spectrum of
H consists of the eigenvalues

ECD <EO <D oo c M < (3.31)

Note that we could have extended H < to &, in many ways. To motivate the choice of definition (3.29),
recall that our aim is to expand the spectral projectors of H around the corresponding spectral projectors
of Hy, which we do by expressing them as contour integrals over the resolvent of H and subsequently
expanding (z — H)~' around (z — Hy)~". Let us first consider the case where the eigenvalues £ and
E((]" of H and Hj, respectively, are nondegenerate. In view of equation (1.15), we require an O(1)
contour y™ that encloses both E(™ and Eé") and leaves the remaining spectrum of H outside. The
choice H = H<p @ ¢, for ¢ a finite distance away from any point in the spectrum of H <, ensures that H
has precisely one (infinitely degenerate) additional eigenvalue ¢ compared to H< . Since the spectrum
of H<y is bounded from below by E?, we place ¢ at a finite distance below E(?| for simplicity such
that the spectral gaps below and above E©) have the same size.

IfE (()"> is degenerate, the expansion must be done carefully, because we cannot exclude the possibility
that nondegenerate eigenvalues of H become degenerate in the limit N — co. By [36], every low-energy
eigenvalue of H converges to an eigenvalue of Hy (see Lemma 4.82), but the situation may occur that an
eigenvalue E é") of Hy is, for instance, twice degenerate, and there exist (for any finite N) two eigenvalues
E)  E(m) of H such that

lim EM™) = E(") = lim E™),

N >0 N >0

In this case, it makes sense to expand the sum of the corresponding projectors around P("), which

becomes apparent when recalling equation (1.15): since each closed curve of order 1 around E((] ") must
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enclose both poles E ") and E") of (z —H)~', the contour integral gives precisely the sum of the two
spectral projections. This motivates the following definition:

Definition 3.10. For any n € Ny, we define the path

y = {E(()") +g™Mei <1 e [0, 2n)} cc, (3.32)
where
o™ = L min {gé”‘”, g(()")} (3.33)
for g(()") as in definition (2.47). For n € Ny, define
. 1 1 ) . o)
PV = — dz, QYW =14, -P (3.34)
2ri Sy, z - H
and
¢ .=pWg, = @ € cFN o0, (3.35)
veln)

with (") as in definition (3.1) and where €™ denotes the eigenspace of H at £ 0,
EW .= {q)eao:qbe&"fN,Hqu}:E(")q)}, (3.36)
with dimension (51(\‘,’) as in definition (3.3). We denote normalised elements of € as
X" = x" ®0. (3.37)
For n = —1, we define P(~! as the projector onto the eigenspace of H associated with E (1,
¢V ={0@p:pecTN, POV i=1e0. (3.38)

Next, we expand H in powers of /1%2. The N-dependence in H has two sources: first, H is defined as

the direct sum of H<y on F=V and a conveniently chosen constant on 35" ; second, the operators in
H<n come with N-dependent prefactors. To deal with the first point, we write H on F, as

H=H<+H, (3.39)

with

K,

N, -1
H< := -7 )k
K°+( N—l) v N1

VIV -NOW - N - DI, h.c.)

[N-N.],
+ K?’T +h.c. +N_1K4, (3.40a)
N, -1 1
H> ZZOGB(E(_I)—KO—(I_ NL_I)KI_N—IKLl)7 (3.40b)

where [-]; denotes the positive part. Note that Ky, K; and K4 conserve the particle number, so the
restriction to S"iN in definition (3.400) makes sense. The first term H*< is defined on the full space &, .
To obtain H<, we add to H the missing contributions to K, K; and K4 on the sectors SfiN , and subtract
them again in H”. Finally, we expand the square roots from H< in a Taylor series (see [11, Appendix C]
for a proof).
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Lemma 3.11. Let a € Ny and c;j) and dg ; as in definition (3.10).

(a) Define the operator RS) on F | via the identity

V[N_Ni]+ .

= ¢ ,ati=(3)
- ZZC[ANZ(NJ_—I) + A7 R,
£=0
=(3) _
Then [Ra ,Nl] =0and

|‘I§$)¢Ha < pa+l ”(NJ_ + 1)a+1¢“§L

forg e F,.
(b) Define the operator Iﬁﬁf) on F | through

VIN-N)N-N, -D], ¢
N-1

=0  j=0

Then [1’@‘(12), Nl] =0and
H]ﬁg)‘b“g_ <(a+ 1)24a+1 ||(NJ_ + 1)61+1¢“?L

for¢ e F,.

With this, we can expand H< in powers of A2

N
Proposition 3.12. Let a € Ny. In the sense of operators on F , it holds that

A a+l
H = Y A5H;+1y R,
with H; as in Definitions 2.4 and 3.3. The remainders are given as
), 3
Ro =Ry~ + 43Ky,
Ry =RV + Ky

and

[N - NJ_]+

0N
RV =
0 N-1

K

1 —~
+h.c.) £ 13, ((sz((f) +h.c.) (N, - 1)K1) ,
_ 1 _
RO = —(N, - DK + (KZR(()Z) +h.c.) + % (K3Rg3> +h.c.) ,
1€ BT -1 )
sz = K3Rj—l +/112\1K2Rj +h.C.,
_~ 1 ~

Rojat = KoRY + AL KR\ + hc.

for j =1, with I@;z) and @;3) Jrom Lemma 3.11.
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The next step is to expand P around P(()"), using the fact that

n 1 1
P = —
2mi Y Z = Ho

dz (3.47)

because y™ from definition (3.32) encloses E(()"). In view of the definition (3.34) of P, we first
expand (z — H)~" around (z — Ho)~! and integrate the resulting expressions along y"".

Lemma 3.13. Let a € Ny and z € o(H) N o(Hy), where o denotes the resolvent set. Then

1 1 &t ast ] 1 1
= A4 T +47 ——S + H> , 3.48
z-H Z—HO; nyTe@+dy z—H< a(2) z-H< z-H (3.48)
where
‘ 1 1 1
T = H; H; ~H; , 3.49
(@) ZZV Nz-Hy 7z-Ho ~z-Hy (349)
v=1 jeN
lil=¢
N 1

S = R, ————T,- . 3.50
a(2) VZ:;) VZ—H() a-v(2) ( )

Here, the notation is understood such that To(z) = 1.

The proof of Lemma 3.13 is postponed to Section 5.1.1. Essentially, one uses the identities
1 1
H< =Ho+/112VR(), R() =H1 +/112\,R1,
which follow from Proposition 3.12, to conclude that
1 1 N /ﬁ 1 R 1
—_H< = _ N, _m< 0
z-H< z 1H0 1 z—H z—Ho (3.51)
= +A2 H +0(An),
z—Hpy Nz —Hy 1Z—HO (An)

(a+1)/2
/IN

and iterating this procedure up to order O ( ) concludes the proof.

The next step is to integrate equation (3.48) along the contour y™ as in equation (3.47). The
first term in equation (3.48) gives an integral over products of alternately (z — Hy)~! and H ;. After

decomposing 1 = ]P’(()") + Q(()")

in each resolvent, we note that the term with exclusively Q(()”) vanishes
because the integrand is, by construction, holomorphic in the interior of y"). The remaining terms, all

of which contain at least one projection Pé"), can be simplified using the residue theorem. Note that
IP(()") /(z=Hp) = IP’(()")/ (z - Eé")), hence the number of operators ]P’(()") determines the order of the pole
atz = Eé").

The second term in equation (3.48) is of the same structure as the first one but starts with (z — H<)71

instead of (z—Hj)~". For later convenience, we decompose the first identity as 1 = P +Q) . Moreover,
in case of Q" we resolve all remaining identities as 1 = P(()") + Q(()") and note that the contribution
with Q) and exclusively Qén) vanishes, as the integrand is holomorphic.

Finally, in the last term of equation (3.48) we decompose both identities as 1 = P 4+ Q(") and
observe that PUVH> = 0 because P projects onto a subset of 3"fN , where H” equals zero. This leaves
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only the term with twice Q" , which vanishes upon integration. In summary, we obtain the following
formula for P

Proposition 3.14. Let a € Ny, n € Ny and y™ as in definition (3.32). Then

4 ¢ a+l
P = N B+ 4y (B8 (@) +BY (0)) (3.52)
=0

for ]P’é(,n) as in Definition 3.3 and where

a a—-v (n)
o Hj - H d 3.53
((1) ZZ Z 2ﬂ1,¢‘(n)Z—H< Z_HO ]IZ_H() ]mZ—HO Z ( )
v=0 m=1 jeN"
ljl=a-v
and
a a-v m )
() 1 Q
By @=> > > — R,
o - —
v=0m=1 jeN" £=0e{0,1}m+! 27 Jyow z—H=
ek (3.54)
(n) (n) (n)
X ]Ikl : ]Ikz GH I[km“ dZ
z—Hy JIZ_H() ]mZ_HO s
with
P(()n)’ k = 0’
= (3.55)
", k=1

To derive the coefficients Et()")

1 H 1
Trg, HP™ = —Trg, }f dz = —Trg, 7{ de
2 ym z—H 2mi ym z—H

()
) (), 1 - Eg

—sWE™W 4 20 g, 3.56
0 0 2mi 0 }g(m T-H ¢ (3.56)

of the energy expansion in Theorem 2, we observe that

then expand (z—H)~! as in Lemma 3.13 and use the residue theorem to evaluate the resulting expressions.
It remains to show that the difference

4y
Try, Ay B™ = 3" 43 Try, AV PLY
=0

/l(a+2)/2

is of order 4 . We prove this in four steps.

Step 1. First, recall that all low-energy eigenstates of Hy exhibit condensation in ¢, hence the leading-
order contribution to Trgn Alm) P](\;') is determined by the condensate. To take this into account, we
define the auxiliary operator

Al = AT M@0, () = (A (3.57)

where we have already subtracted the leading order — that is,
Tegn AP = Trg, AUVPOD = 607 (A) M 4 Trg AP, (3.58)
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Our goal is to conclude from Proposition 3.14 that
(m) > (m) p() a2
Try, ALVPM = 3 A5 Trg, ALY +0 (/1N2 ) ; (3.59)
£=0

that is, we must show that the error terms in equation (3.52) are of the right order. Given equation (3.59),
the statement of the theorem can be inferred as follows: by the definition of Ar(em) , equation (3.59) implies
that

4 ¢ 4 ¢ a2
Tra, ALVPM = 3 2% Trg, ALY = ()™ " 4% Trg By + 0 (/1 N ) : (3.60)
=0 =0

Due to Proposition 3.14 and the fact that Tr, P = Trg, IP(()") = 68") by definition, one can show that
A asl
5" = Trg, PO = 60" + 3" A3 Try Py + 0 (/1N2 ) (3.61)
=1

for any a € N, which implies that Trg IP’E;") = Oforany ¢ > 1. Alternatively, this can be inferred directly
from the definition of PE,") . Hence, equation (3.60) yields

N £ m n a2
Trg, ATVP™ = Trg AP 4500 (A) ) = Z AL Trg AP 4 0 (ANZ ) . (3.62)
=0

It remains to prove the two estimates (3.59) and (3.61). To deal with both problems simultaneously, let
us consider

red ’

Ac {A(”” 11}.

Step 2. First we show that A satisfies an estimate of the form
[Allz, < ENT(INL+ Dlly, + [Hodlls, ) - (3.63)
For A = 1, this holds trivially with @ = 0; for A = Ar(gg), we prove the bound (3.63) with @ = —%

(Lemma 5.4). Let us explain the main idea of the proof for the simplest case m = 1. First, we use Uy ,
to reduce the problem to an estimate on $” and insert identities 1 = p; + ¢; (see definition (2.18)),

|

forany ¢ € F fN @ 0. For the first term, one observes that

(1)
Ared ¢

. [(P1ap1 = + (014" pr +he.) + 14 g U,*V,SO(/)HW (3.64)

pia{"pi = () = —qi(a)", (3.65)

hence every contribution to equation (3.64) contains at least one projection g onto the orthogonal
complement of the condensate wave function. This gives a prefactor N~!/2 because

1
Nig

(3.66)

% _1 R _1
sl = oo, =
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To control the action of AV on Uy <p¢, note that AV is relatively bounded by /4 by assumption, and,

forany Y € Sﬁsym,

N
||hll//N||?5N =N Z <‘//N’hjhj¢’N>5N

J=1

SN DL (uw hhen g = N7 IEoun Iy (3.67)

1<j,t<N

by permutation symmetry of ¢/ and as & > 0. The full argument is given in Section 5.2.2.

Step 3. Proposition 3.14 implies that
) _ N 48 (n _ 4t (n) (n)
Trg, AP™) — 3 A2 Try, AR = 2, (Tr%ABP (a) + Tr, ABY (a)), (3.68)
£=0

with Bg’) and B as defined in equations (3.53) and (3.54). Let us sketch the estimate of the remainders
for the leading order @ = 0 and the simplest case of a nondegenerate eigenvalue of Hy (and thus H). In

this case,
(n)
(n) L 1 Q (n)
Trg, ]B 0) = T Ty, 7{/(") - 200 T RoP, Adz, (3.69a)
0
(n)
(n) 1 P 1
Trg, AB," (0 —T R Adz, 3.69b
I, 0) =~ Sﬂfng—E(w 0o T A% (3.69b)

both of which contain at least one rank 1 projection. By construction, the circumference of ¥ and
its distance to £ and Eé”) are of order 1. Hence, after interchanging trace and integral, it remains to

control
(n) (n)
(n) At Q" o\l H Ay® Q H (n) 3.70
‘<X -H= 0% ?J__ o z—H= op 0% i’ (3.70a)
1
™ R A <")> < H | la Roy ™ 3.70b
KX Ro g AX S Xy, Aoy Rox ., ( )

for z € ¥, To estimate these expressions, recall that Ry is constructed out of the operators K j from
definition (2.41) and the Taylor remainders in Lemma 3.11. By inequalities (2.5) and (2.6), K; to K3
are bounded by powers of (N, + 1). Concerning K4, note that it can be written as

Ky = dl, (v) +dT, (V*tp2®]l+]l®v*(p2+]l®]l<go,v*tp2(p>). 3.71)

Whereas the second term can be controlled by powers of (N, + 1), this is not true for dT", (v), since v
may be unbounded. However, due to the estimate (2.3), it can be bounded in terms of K(l)/ 2 and (NL+1)
(Lemma 5.2). In summary, we find (see Lemma 5.3) that

<G (||(Nl F 1)y

v+ 1 E”

||Ro)((”) ) < €(n), 3.72)

L

because H(NL +1) ZHOX(")

<C ”(N L+ 1)% X(()") H and because finite moments of N, with respect to

X(() ") are bounded uniformly in N (Lemma 4.7d). Analogously, the estimate (3.63) yields
(3.70a) < €(n)N, (3.73)
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with @ = —1/2 for A = Ar(erg) and @ = 0 for A = 1. Moreover,

1
(3.700) < EN | (NL + 1) ———Rox "

< EN HRO,\/(")
Z — o

y (3.74)

I

The last inequality, which is proven in Lemma 5.5, follows essentially from the observation that N, <
CUy, (]HIO — Eéo) + 1) U*\}O, for Uy, the Bogoliubov transformation diagonalising Hy (Lemma 4.7¢),
because one can control the action of Uy, on the number operator (Lemma 4.4) sufficiently well. As

opposed to the estimate (3.70a), we do not a priori know this to be of order N¢, since we do not have
sufficient control of (N, + 1)? y " for b > 1/2 and of Ro x ", which contains a contribution Ky y .

Step 4. To prove a uniform bound for Trg, (N + 1)PP™ forany b > 1, we make use of the a priori bound

Trg, (N, + P < €(n),

1 (3.75)
Trg, (NL + 1)PP" < €(b,n)N3Trg (N, + 1P~ 1™

(Lemma 4.8¢) to close a bootstrap argument. Let us explain the strategy for the simplest case b = 2
and a nondegenerate eigenvalue E(()"). First, we expand P(") one step around P(()") — that is, we apply
equation (3.68) to A = (N + 1)? for a = 0. Since Trg, (N + I)QIP’(()") is bounded uniformly in N, it
remains to show that the error terms corresponding to expressions (3.70a) and (3.700) are bounded.
Whereas expression (3.70a) is clearly bounded uniformly in N, we make use of the foregoing a priori
bound to estimate expression (3.700). The positive powers of N arising from this can be compensated
for by the prefactor /l}f in equation (3.68) — which, however, requires some manipulations since we do
not yet have a sufficient bound for K, y . This cancellation is precisely the point where the restriction
g(N) < CN 3 in Assumption 3 enters. The full argument is given in Lemma 5.6. Note that for the d-
dimensional torus, a uniform bound for Trg (N + 1)® was shown in [44, Corollary 3.2] by a different
argument.

Finally, the estimate Trg KﬁP(") < € follows from a similar bootstrap argument, using the a priori
bound

Ky <€ ((Nl + 13T (RN + 1) + (N, + 1)4) (3.76)

together with Assumption 3 and the previous estimate of Trg (N, + 1)PP(),

Remark 3.15. For interactions v € L™ (Rd), step 4 is not necessary. In this case, Assumption 3 holds
with e(N) = O(1) [27, Lemma 1], hence the a priori bound (3.75) is already uniform in N (see
Lemma 4.8¢), and moreover, K4 is bounded by powers of N .

The latter also explains why the estimate of the growth of €(n, m, a) in a is better than for generic
v (Remark 3.5): since all operators H; and R; from the expansion of H< are bounded by powers of
N, (and not by Hy), each commuting with a resolvent (z — Ho)~! cancels one of these powers as in the
estimate (3.74). Consequently, the final power of N, acting on y ™ and ,\/(()") is less than in the generic
case, where this effect is cancelled by Hj hitting the resolvent. Since conjugating powers of N, with
Bogoliubov transformations is the main source for the growth in a (see Lemma 4.4), this leads to a
better estimate.

4. Bogoliubov theory

In this section, we summarise some known results concerning the Bogoliubov Hamiltonian Hy and its
connection to the N-body Hamiltonian Hp . As preparation, recall that

alF(NL) = FIN, - Dal, axF(NL) = FON, + D)ay 4.1

for any function F'. Moreover, normal ordered expressions can be bounded in terms of N :
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Lemma 4.1. Let n,p > 0 and let f : $¥ — §" be a bounded operator with (Schwartz) kernel
f(x™;y®P)and ¢ € F,. Then

4.2)

H/ @) 4y (x5 P) al a0y, 6

No+m) g

4

<N fllgr_gn
‘:‘ﬂ 518l

A proof is given in [11, Lemma 5.1]. In the following, we will always assume that Assumptions 1, 2
and 3 are satisfied.

4.1. Bogoliubov transformations

We begin by briefly recalling the concept of Bogoliubov transformations, mainly following [67, 11].
Let us consider

F=f@fg=f@§=(§)e5le5b 43)

where J : 9, — 91, (Jf)(x) = f(x), denotes complex conjugation, and define the generalised creation
and annihilation operators A(F) and AT(F) as

A(F)=a(f)+a'(g),  A(F)=A(F)=a'(f)+a(g) (4.4)

forJ = (9 é) An operator Von $, & $, such that F +— A(VF) has the same properties as F — A(F),

that is,
AT(VF) = A(VIF),  [A(VF),AT(VF)] = [A(F1).AT(F)], 4.5)

is called a (bosonic) Bogoliubov map.

Definition 4.2. A bounded operator V: $, & H, — H. ® 9. is a Bogoliubov map if

V8V = 8§ = V8V, avg=", (4.6)
10 .
for 8 = (0 B l)' Equivalently, V has the block form
uv
v = (V ﬁ) s U’ V : 55J_ - 5J_7 (47)

where U and V satisfy the relations
U'U=1+V'V, UU'=1+VV, VU=UV, UV'=VU. 4.8)
We denote the set of Bogoliubov maps on $, @ $, as
B(HL) ={Vel(HL®H.)|VisaBogoliubov map}. 4.9)

The adjoint and inverse of V € B($, ) with block form (4.7) are given as

. (U V" 1 e [UT V7
V= (‘_/* ﬁ*)’ V7 =8V'8 = (—V* T ) . (4.10)
Under certain conditions, Bogoliubov maps can be unitarily implemented on F, (see, e.g., [67, Theorem

9.5]):
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Lemma 4.3. Let V € B(9, ). Then there exists a unitary transformation Uy : F, — F, such that
UyA(F)Uy, = A(VF) (4.11)
forall F € , ® 9, if and only if
IVIlzs(s,) = Tre, (VV) < oo (4.12)

(Shale-Stinespring condition). In this case, V is called (unitarily) implementable. We refer to the unitary
implementation of a Bogoliubov map as Bogoliubov transformation.

If V is Hilbert—Schmidt, the map V +— Uy is a group homomorphism, which in particular implies that
Uy = (Uy) ' = U3, (4.13)

Writing U, V as integral operators with (Schwartz) kernels U(x; y) and V(x; y), that is,

(Uf)(X)=/U(x;y)f(y)dy, (Vf)(X)=/V(x;y)f(y)dy (4.14)

for any f € §,, we can express the transformation rule (4.11) as

UvaxU*v=/dyU(y;x)ay+/dyV(y;x)ai,
(4.15)
UvaIU’{?=/dyV(y;x)ay+/dyU(y;x)a;.

In particular, powers of N, conjugated with Uy can be bound as follows (see [11, Lemma 4.4] for a
proof):

Lemma 4.4. Let V € B(9, ) be unitarily implementable and denote by Uv the corresponding Bogoli-
ubov transformation on F, . Then it holds for any b € N that

Uy(N, + DPU3, < ChpP (N, +1)P
in the sense of operators on ¥ |, where

Cy =2Vl + U, +1 (4.16)

Uuv .
forV = (V ﬁ) and with |||, = Il 2 g,y and ||llgs == -l ascs,)-

Finally, we recall the notion of quasi-free states:

Definition 4.5. A normalised state ¢ € JF, is called a quasi-free (pure) state if there exists some
V € B(H.) such that

¢ =Uy|Q). 4.17)

Alternatively, quasi-free states can be defined via Wick’s rule (e.g. [46, Theorem 1.6]):

Lemma 4.6. Let ¢ € F, be normalised. Then ¢ is quasi-free if and only if

(9. N@)5 < o0 (4.18)
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and

<¢,a”(f1)---a”(fzn4)¢>? =0, (4.19)

> 1 <¢’ a* (fojn)a* (foop) ¢>? (4.19b)

gePy, j=1 *

(8. a*(f)-+a* ()9

I

for at e {aT, a}, neNand fi, ..., fon € .. Here, Py, denotes the set of pairings
Py, :={0 €Sy, : 0(2a—-1) <min{o(2a),c(2a +1)} Ya € {1,2,...,2n}}, (4.20)

where Sy, denotes the symmetric group on the set {1,2,...,2n}.

4.2. Properties of H and H

Since Hj is a quadratic Hamiltonian, it can be diagonalised by Bogoliubov transformations, which
makes it possible to compute its spectrum:

Lemma 4.7.

(a) There exists a unitarily implementable Bogoliubov map

_(Uy Vo
Vo = (VO 50) € B(5,)

such that the corresponding Bogoliubov transformation Uy, : I, — J, diagonalises Hy — that
is, there exists a self-adjoint operator D > 0 on §, such that

UVOHOU’\}O =dI", (D) + inf o (Hy). 4.21)
The spectrum of D is purely discrete, and we denote its eigenvalues as
0<d? <dV<...<adV <.... (4.22)

In particular, D admits a complete set of normalised eigenfunctions, denoted as {f j }j>0.

(b) The spectrum of Hy is purely discrete, and the ground-state energy of Hy is negative. For any
n € N, there exists some k € Ny and some tuple (vg, ..., vy) € N'g“ such that

E® = EO +vod® +v1dD 44 vd®), (4.23)

Further, g™ > 0, for ¢ as in definition (3.33).
(¢c) The ground state of Hy is unique and given by

x = Uy Q). (4.24)

For each n € N, there exists a basis { X(()n,m)} of (Eé") such that

1<m<s{™

i Yo (gt Vi i vk
(nm) _ 1 (@'(60)) " (@'(¢D) " (a'(&0)) 19)) (4.25)

o TR T

for some k € Ny and some tuple (vy, ..., vi) € Ng” depending on m.
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(d) Let b € Ny and let ,\/("’m) € G(g”) be given by equation (4.25). Then

0
<X(()”””), (N, + l)b/\/(()""")>rfi < (Ch(1+vo+---+v)” < (€(n)b)?, (4.26)
and
v, +1eeg e < (€D @.27)
(e) In the sense of operators on F |, it holds that
No+1< QU (NL+ 1)Uy, <€ (Ho ~E + 1) . (4.28)

All statements of Lemma 4.7 are well known and are proven for various models in, for example, [67,
47, 36, 53, 56]. In the following, we summarise a proof for our model:

~ — -1
Proof. Part (a). Let us abbreviate K := gKq for K as in definition (2.16). By Lemma 2.2, K (h + K)
is Hilbert—-Schmidt on §, , since

—\ -1
(h+K) | < i 1Kl (4.29)

op

< IKllus

Hf@+ky1%

o=
=

as K >0and i > gy > 0 on %, . Moreover, G := (h + E)_ K (h + E)_ is Hilbert-Schmidt on &,

since
_ \-1)\2 _ 12
Te(G*G) = Tr (K(h+K) ) < K(h+1<) , (4.30)
HS
—~ -1 -
and [|G|lop, = ‘Ké (h+K) K:|| < 1because
op
~ K
I
K3 (h+K) Kt < < ®_q 4.31)

gn+K gH+”k'

op
where we use the fact that the inverse is operator monotone and that x — x(gy +x)~! is increasing.
Hence, by [53, Theorems 1 and 2], there exists a unitarily implementable Vy € B($,) such that

. o~ ([h+K K . (D 0
VoAVo = Vo ( K h+ E) 0= (0 JDJ) 4.32)
for some self-adjoint operator D > 0 on §, , and
Uy, HoUy, = dI' (D) +inf o (Hy), (4.33)

where Uy, denotes the unitary implementation of Vy on J, . Finally, one can show as in Step 6 in the
proof of [36, Theorem A.1] that D has purely discrete spectrum.

Parts (b) and (c). By [36, Theorem A.1(iii-iv)], o (Hp) = ogisc (Hp) and inf o (Hp) < 0. Since D > 0,
|Q) is the unique ground state of dI'; (D) with eigenvalue 0, hence U*VO |Q) is the unique ground state
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of Hy with eigenvalue EO(O) = inf o (Hp) by equation (4.21). By part (a), there is a complete set of
normalised eigenstates {fj}j>0 for D, hence

dr () = > dVa’ (&) a (¢)). (4.34)
j=0

Consequently, all eigenstates of dI";, (D) can be written as

(a¥ (&))" (a® (&)™
Vvo! Vvi!

for some k € Ny, and all eigenvalues of dI", (D) are of the form

|Q) (4.35)

for some k € Ny and (v, ..., Vi) € N’g”. Finally, equations (4.25) and (4.23) follow from equa-
tion (4.21).

Part (d). For ,\/(()"’m) as in equation (4.25), we compute by Lemma 4.4 that

(. o0 )

_ po @ @) @e)” I
_H(N”D ORI
feN)”  (atE* P
<pvct v, 4t @) @@ o 3
’ vo! Vi! 7,

where Cv,, denotes the constant from Lemma 4.4 for V = V. This proves the estimate (4.26), because

b (a¥ (&))" (a¥ (&)™

(NL+1) Noosi o |€2)
+ vo ¥ Vi
SR 2 CALC ) AL 72) NP (4.38)
Vo! Vk!

)
and the bound (4.27) follows from the decomposition P(()") = Zfrf:l | ,\/(()"’m)> < ,\/(()"’m) |

Part (e). This follows from parts (a) and (c) and by Lemma 4.4, since

(oo £)),

L

Uv, o, Z dPa’ (fj) a (fj) UVO¢>
F

70 3

> gl <¢, U’;‘,ONLUW¢> (4.39)

g,

O

Next, we recall that for excitation energies of order 1, the eigenvalues of H < converge to eigenvalues
of Hp as N — oo. Statements of this kind have been proven in [65, 27, 36, 44].
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Lemma 4.8.

(a) Foranyv € Ny and E) as in Definition 2.3, there exists some n € N such that

lim E® = E"™. (4.40)
N >0

(b) In the sense of operators on inN ,
N, +1 < (S(HSN +N%). (4.41)

(c) Let x'™ € €™ forn € Ny. Then
(X o+ nx™) <€), 4.42)

and

(D) < € NS (X, L+ )P ) (4.43)

forb e Ngandany 0 < € < b. If e(N) = O(1) in Assumption 3, one obtains the improved bound
b
(™, 0+ 1)b)(<">>? < (€ +3%)". (4.44)

Proof. Part (a). By Lemma 2.2 and Assumption 3, all assumptions (A1), (A2) and (A3s) in [36] are
satisfied, hence part (a) follows from [36, Theorem 2.2(ii)].

Part (b). By Assumption 3, there exist constants C; > 0 and 0 < C, < 1 such that, for sufficiently large
N’

Hy — New > C>dl, (h) - C{N¥ (4.45)

in the sense of operators on $” . Since ¢ is the unique ground state of / with eigenvalue 0, it follows that

dro(h) = > W’ ( )= eVa" (¢;)al(p;) = guNs (4.46)
Jj=0 Jjz1
on HV, where 0 < eW <@ <.t Consequently, it holds for ¢ € EFfN that

($.N.) o

(Ui 0. N 9)
1
Ca28n

IA

<¢, (HsN + CIN%) ¢>§fN . (4.47)

Part (c). By Lemma 2.2 and Assumption 3, [36, Theorem 2.2(iv)] implies that there exists some

)(é") € (E(g") such that, up to a subsequence,

(n) X(()n)

=0,  lim <(X<"> X! ) Hy (XW— X(()"))>? -0, (4.48)

1i )
X F, N—oo

N —c0
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hence, by Lemma 4.7¢,

<x<"), (N, + l)x(">>§

(- a) (o= 1) (-4,
(n) (H _gO 1) (n)>
+(€<,\/0 S\Ho—Ey" +1) x, -

+2QZ|X(") - ,\/(()")

(Fo - B + 1)

F, i

(n) (0)
<G (B -E +1)
for sufficiently large N. Further, part (b) implies that

<x("), (N, + 1)b+1X(")>§

= <(Ni +1)F (N + DN, + 1)%X(")>

1

<N
5tJ_

<€ <(NL 120, (HSN +N%) (N, + 1)%)((")}

F<N
“:FL

< (S <(NL + l)b/\/(n)$ (HSN + N%) X(Snlzf>3;5N

+(€“(NJ_+1)%X(") “[HsN,(NLJrl)%]X(n)

FN FiN
1 b n n

<G (|Eé") +NE438) (0, oV 1Py )>a
by Lemma 5.2b and since y" € €. Iterating over b concludes the proof.
5. Proofs
In the remainder of the paper, we abbreviate

g, = M- g, =), e,y =lllop,  Trg, =Tr.
We will always assume that Assumptions 1, 2 and 3 are satisfied.
5.1. Asymptotic expansion of P
5.1.1. Proof of Lemma 3.13
Recall that H = H< + H”, by equation (3.39), hence
1 1 1 1 1 1
=——— (z-H+H") = + H> :
z-H z-H< z-H z-H< z-H< z-H

Next, we prove by induction over a € Ny that

a

1 1

o ast ] 1
_= AT +17 —— R, ——T,- S
Z—H< Z_HO; N ¢(z2) N Z_H<;) VZ_HO a—v(2)
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where

14
1
T =§HV—TQ_V . To(z) = 1. 53
¢(2) 2, TRy (2) 0(2) (5.3)

Base case. Proposition 3.12 implies that

1
H*< = Hy + A3, Ro, (5.4)
hence

Lo ! HE +48 Ry | —
—H< z-H<\ N H,
1 1 1 1

A2 R .
Z—Ho ‘NZ-H< °Z-H,

(5.5)

Induction step. Assume equation (5.2) holds for a — 1 € N. Since
Yo vil Yo vil vi2
H = ) AZH; + 4,0 Ry = D A3 H; + 4 Hypt + 43 Rya, (5.6)
Jj=0 Jj=0
it follows that

1
Ry, =H,41 +/112VRV+1’ 5.7
hence we conclude with equation (5.5) and by the induction hypothesis that

1 1 a-1 ¢
_ = A2
z—H< Z—Ho = N

PR T i 1
+ /113, Z—H< ;) (Hv+1 +/112\,Rv+1) mTa—v—l (2)

Te(2)

1 a-l , “ 1 a—1 1

— 2 2

= Z — Hp ;}ANTZ(Z) +/1NZ _H, ZOHVH Z _HOTafvfl(Z)
=| =

1 a-1

1
Z Hy 4 _—HTa—v—l (2)
v=0 2 0

axl 1

+Ay P

R
OZ—HO

a+l
2 1

a-1
1
+ /lN Z Rv+1 —Ta—v—l (Z)
z - H= v=0 <= HO

L AE
= — N (2
2= Ho 7=

atl ] 1

a—1
1
+Ay R Ta+ ) Ryyi———T4or-

N . _H< OZ_H() a ;} v+1Z_H0 a-v-1(2)

1 o arl ] 4 1
T Z—Hp Z’liszf(Z) +Ay P Z Rvaa—v(Z)7 (5.8)
=0

v=0
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which concludes the induction. Finally, we rewrite T, (z) as

a
1
Ta(d) = ), B =g Ta- (2

J1=1
Z": = 1 1
= Hjy —Hj ——=Ta-(ji+j) (2)
peipm e Ho Ta-Ho
=y > H ! To(z) (5.9)
- L le_HO jVZ_HO 0 P .
v=lje
ll=a
which concludes the proof. O

5.1.2. Proof of Proposition 3.14
Let n € Ny. The expansion of the resolvent from Lemma 3.13 yields

a l a a-v
n (n) $ | % (n) n
PO =B+ X AR > A Y 3 B+ (5.10)
=1 v=1 jeN” v=0 m=1 jeN™
lil=t ljl=a—v
where
1 1 1 1 1
AW = H, H; CH; dz, 5.11
J 27i Sy z—Ho 7'z —Hy R-Hy Yz-Hy ¢ G-
) 1 1 1 1 1
B .= — R H; < H; dz, 5.12
J 27ri}£y<n>z—H< Yz-Hy 'z-Hy Imz —Hy ¢ 12
1 1 1
cm .= — - W dz. (5.13)

2mi y() z—H< z—H

Computation of AJ(."). We decompose 1 = ]P’(()”) + Qén) in each term in definition (5.11) and sort

according to the number of projections Q(()"), which takes the values k = 0, ..., v + 1. This yields

v+l
n l l n n n
A=Y Y e B @R B @R, B, ()
k=0 me{0,1}*+! Y ( —Eén))
|m |=k
v+1
NG
A (5.14)
k=0

where we abbreviate
5 (n) (n) Q"
0. (z) =P, O" =0 5.15
§ () = 2 (=g (5.15)
Observe first that the contributions with exclusively P(") (k = v +1) or exclusively QO") (k = 0) vanish:
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in case of only p™,

~ 1 1
Ay} =5 }{Hﬂdz PyVH; By By VH, B =0, (5.16)
" o)
0

and in case of only Q(()"), the integrand is holomorphic in the area enclosed by y"”), hence Af}i)l ;=0

For 1 < k < v, the integrand in A;{"ﬁ has a pole of order v+ 1 — k at z = Eé"), hence the residue
theorem implies that

~ 1 dark - ~
A li oW ()H;, -0 (2)H,; O . 5.17
k»] me{()z;}yﬂ ( — k) ] g}n) dZ ( my (Z) J1 m,, (Z) ]v My, 41 (Z)) ( )
|mi:k

Let us consider the case where m; = 1for j =1,...,kand m; = Ofor j = k+1,...,v + 1. By the
Leibniz rule and since

0@ e = (-1)"m O, (5.18)
0
with (O),(C") and @é") as in definition (3.8), that is,
Q(")
o =-p", o= ., (5.19)
=]
we obtain for this case
1 dv_k = (n) =(n) () M o)
e, 2 (S
1 (V - k) ( am (n)
= H; .-
AY Z m (2) n Ji
(v—k)! et m dz 1 =E™
|m|=v-k
dm (n) (Mg pn)
) dzmk ) H; Py Hjy,, Py Hj, By
_ (n) (n) (n) (n) (n)
- Z ©m1+lH ©m +]H @ Hjy,, - Oo va@)o
meNg
|m|=v—k
=- > OH;, 00 H,; 00" H,,, O H,,05". (5.20)
m eNK
|m|=v

The other contributions to A,(C"; are related to equation (5.20) through permutations, hence

T _ (n) g o
AM=- > OWH, 0L H; 0

My+1
m ENkX{O}kaH
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and consequently

v
(n) _ A _ (n) (n) (n)
Ajn - ZAkr,lj -~ Z Omnl Hj, "'®n:lijy©n:lv+l' (5.22)
k=1 meN(\)H—l
|m|=v

Computation of BJ(."). Decomposing the first identity in definition (5.12) as 1 = P + Q™ we note
that the term with P yields B;D") . For the term with Q" we decompose in each resolvent of Hy the

identity as 1 = P(()") + Q(()"). Note that the term containing exclusively Q""" and Q(()") vanishes, since the
integrand has no poles in the area enclosed by y".

Computation of C"”, Recall that P(") projects onto a subspace of 75V @ 0, hence
PWH> = H*P™ = 0. (5.23)

Consequently, decomposing both identities in C" yields

o — L Q™ . Q™

dz =0, 5.24
2 Sy 2 —HS z-H 629

since the integrand is holomorphic in the area enclosed by y™.

5.2. Auxiliary estimates

5.2.1. Preliminaries
In this section, we collect some preliminary estimates. First, we provide bounds for second-quantised
m-body operators; subsequently, we estimate K;, H; and R; as well as commutators of N, with H<y

and H.
Lemma 5.1. Letm € N and let O™ be an operator on ™. Assume that there exist constants ci,cy > 0
such that
2
2 mn )
om H <c T; +c . 5.25
Jou],,. < e 2T el (5.25)
J sm
forany y € D (Z;":l Tj) and with T as in definition (2.2).
(@) Lety € ™. Then
2
2 m
o H <2c h; +2¢3 W12 s 5.26
Joeu,,, <2e: | +2ea ol (5.26)
J= 5m
where c3 = Ccym? + 3.
(b) Let k > mand ¢ € 3551‘},,”. Then
2 2
m m k
Zlhjw < Zlhjlﬁ . (5.27)
J= 51\' J= 351‘
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(¢) Let k > m. Then it follows for gy, € $X, that

sym

2 2

m k 2 26‘ m k
Z 0( : im¥k S( ) ,i Zhﬂﬁk +2c3 ||l//k||f5k . (5.28)

1<ji<<jm<k $k J=1 $*

Proof. Part (a) follows since h; = Tj + (v * ¢?) (x;) — un and by inequality (2.5), because

2
2 m m
lomull, < e[ 2omw] |2 (v () - ) | +e2lul
Jj=1 Hm Jj=1 Hm
m 2
< 2er || > hyu +(261(§m2+cz) 113 (5.29)
=1

For part (b), the permutation symmetry of ¢ leads to the estimate

Dihpl| = m g +m(m = 1) @, hihag) g

S:)k

_m k hih, m(m—l) hih

_EZ v, lﬂ m Z <¢, i €¢>5k
=1 1<j,0<k

+J
m

<t 2 Whihah)g (5.30)

1<j,b<k

since m < k and & > 0. For part (c), we obtain with parts (a) and (b)

2

k
2 2c1m
)OET.).,ka " Z hii|  +2c3 IIMJkIng, (5.31)
j:1 5"'
which proves the claim since
2 2
I1<ji<<jm<k $k 1<ji1<<jm<

In the next lemma, we collect bounds for the operators K; to K4 from definition (2.41):

Lemma 5.2, Let ¢ € F,.

https://doi.org/10.1017/fms.2021.22 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.22

38 Lea Bofimann et al.

(a) ForK!" e {K], Kj},

IKigll < C[(NL+ Dl (5.32a)
“K§*>¢H < GIN, + Dl (5.32b)
[570] < € Jov+ g, (5.320)
Kl < @(l\(NL+1)2¢||+ K; (NL+1)3¢') (5.32d)
< 6 (N + D]+ [Eov, + Dig]). (5.32¢)
(b) Let £ > 0. Then

I[Eens N+ D] @l|pen < 3N+ DY gen (5.33a)

fL iy
|[Ho, N+ 1)Y] o|| < 3°¢€||(NL+ 1)/ ]| (5.33b)

Proof. Part (a). Since || K||g_,g < [[K|lgs < € by the estimate (2.6), and as inequalities (2.3) and (2.5)
imply that

<€ 5.34
o = [yl (5.34)

1K llgy < IvCer = x2)p0edo)llg; + (v = ¢2) g tew )
for any ¢ € $,, the bounds for K, K;*) and Ké*) follow from Lemma 4.1. Finally, note that
Ky =dl, (v) —dT, (1?1) , (5.35)
where K denotes the multiplication operator on $, ® $, corresponding to
Ky(x1,x2) = (v x <p2) (x1) + (v x 902) (x2) = (@.v = %) . (5.36)

As before, the bound (2.5) and Lemma 4.1 imply that ”dl“i (f(:) ¢H <€ H(NL + 1)2¢H . Moreover,
(W vy =) P e < € (I3, + s ) g +[lv + 6% = |, 10113 )
| k
< G(Ilwllfbk * <¢u Z hjt//> ) (5.37)
J= Hk

fory e Sk by inequalities (2.4) and (2.5); hence it follows from Lemmas 4.1 and 5.1c that

2

Il el? < D1 DT v (- xp) o®

k>0||1<i<j<k
=/ ok

o e R Ly
k>0

1
<C||RZNL+D)ig

2
Fove+ 1)2¢||2) : (5.38)
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1
where we used the fact that dI", (k) = Ko. Moreover, Kj < 1+Ko = 1 + Hp - K; — K; - K implies

| 2 2
KN+ g < o+ DOV, + 1)

+ |<(Nl + 13K (N, + 1)%¢>)
+2 )((Nl + 134, (N, + 1)%¢>‘

< e[+t o+ 17l

2
where we used the fact that ’<¢, Kj¢>| <C H(Nl + 1)%¢H for j = 1,2 by the estimate (2.6).

Part (b). Since [Ko, N, | = [K;, N, ] = [K4, N, ] =0, equation (2.40) implies that

[Hen, N2+ D] = [Ko, N+ D] gov, + v, [KS (NL+ D]
+[Ks, N+ D gn, + 2, [ N+ DY,

—‘[IX,__JI\M]* For N > 2,

VIN-N)WN-N.-D]s

where g, = o] and gy, :=
lex. #llrm < 20gllzsn . (B Bllyen <3N+ D2 (Igllgen

By equation (4.1), we find that
(Ko N2+ D] = =Ko (N2 +3)" = (N + 1)),
and analogously for K, K3 and K’g Since it holds for a, k > 0 and ¢ > 1 that
(k+a)¢ — k¢ < calk+a)™" < ca(k+1)°7,
we conclude with part (a) that

||[K2, (Ni + 1)[] gNL¢H3~fN S (S H((NJ‘ =+ 3)€+1 — (NL + 1)[7+1) gj\fl¢

<3E||(NL+ DY g

<N
5tJ_

<N »
S:L

[l [Ks, (N1 + 1] N, Bl gem < 3¢g

% '
N+l) N_L+1)"¢

(Nl+1

FN
< 3UC|NL+ D) | e .

and similarly for K3 and K. The proof for Hy works analogously.

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

]

Next, we observe that the operators H; and R ; can be bounded in terms of N, and Hp, which follows

immediately from Lemma 5.2a:
Lemma5.3. Letp € F, and b > 0.
(a) Forany j € N, it holds that
IV, + 1)"5; 4]
<6+ ) ([ + ||+ [+ DPEN, + 13 g

)
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(b) Further,
H(Nl + 1)bRg’)¢H < €(b) (H(NL + 1)b+%¢H

O R

||(NJ_ + ])bR0¢” < €(b) (H(NJ' + 1)h+%¢“ +/112l\l ”(NJ_ + 1)b+2¢||

1
+ A2 [[(ONL+ DPHy N, + 1) 3¢

)

[N, + 1)PRy g < €(b) (H(NL + P2+ a2,

+ o+ PEOL + D))

and for any j € Ny,

[(NL+ DPR; ¢ < €(b, ) (”(NL + 1)b+#¢H Ay

+ ||(J\fl + )PHy (N, + 1)%¢||) .

(m)
5.2.2. Bound for Ar::l

In this section, we show that Ar(:;) as in definition (3.57) is bounded in terms of Hy and N, .

(N + 1) g

N+ )P g

(5.47a)

(5.47b)

(5.47¢)

(5.48)

Lemma 5.4. For A" satisfying the bound (3.11) and the corresponding operator AZZ) as in defini-

tion (3.57), it holds that

Proof. In the following, we abbreviate

47| < ComNE IO + Dl + [Eopl)

YN = U;,,(p(b.
Decomposing 1 = pj,---pj,. + (1 = pj ---pj,) and observing that
(m)

p,jl ...pijjl ..... ]mp,ll ...pjm = <A>(m)le ...pjm

yields

Ag?¢” <)@ 3 (= pyepi)

1<ji<<jm<N

HN
Ny~1 (m
+(n) DA (l=pjpi) N
1<ji<-<jm<N oN
Nyl (m)
+(n) >0 (=pipi) AY PPN
1<ji<<jm<N
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To estimate the contributions in inequality (5.51), observe first that

HA(m)‘pébm

|5m <G (5.52)

by Lemma 5.1a, because h¢ = 0. Further, it was shown in [10, Lemma 3.2] that

1
lgr-acpnligy < (NC+2NC (6, N0 ) pon ) < N7R2E N+ )Pg (5.53)

| <N
?L

for ¢ € {1, ..., N}, because % < 1 as operator on S'EN . Hence, by the permutation symmetry of ¢,
it holds that

(5.51a) < €||(1 = pr--pm)¥n llgy

m
m
<€), (f) g1--qepest-pmn lign
=1

<€mN v, + 1)%¢| o (5.54)
For expression (5.510), Lemma 5.1a implies
(:510) < |4l (0= prpuun]
< €| (1= prpmyn|  + 1= prpmtnllgn
Jj=1 5N

m

<em || Y | +8 o nie] |, (5.55)
=i FsN
=

sbN

since h; = q;hjq;and q;(1 — py---py) = g ;. For the first term, Lemma 5.1b yields

m N
Dohion| =T D hiwn| < €N (IEogllgzn + [N+ Dgllgzn ). (5:56)
j=1 $ Jj=1

N
because hp = 0 implies that Ko = dI"y (h) = Uy, WKOUN,(/J and, by Lemma 5.2a,

Hodll5, = [[Kopll - € |[(NL+ Dl - (5.57)

https://doi.org/10.1017/fms.2021.22 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.22

42 Lea Bofimann et al.

Finally, for m < N,

((jfl) (5.51(.‘))2

-..pm) (1 —_— pjl -..pjm)

o Ppm) (L= Ppest---Devm)

: (5.58a)

=™ <lﬁN,p1"'PmA§T)"m(1 - Pi
1<ji<<jm<N
(m)
XAjT...,ijn I’imlﬁN>5N
= () 22 (7 (s preeepmAl™ L (1= po
£=0
X A;,Tl) _____ ramP el Peam¥ N >5N
m—1
N N- (m) m 2
< (0 ) e faim e i
=0
+ () (3 <tﬁN,p1 A (L= prepu) (1= Paer++ Pam)
X Afnnj.)l ..... 2um+1"'P2mWN>5N
2. 12
<€m ()N (||¢||§EN v+ 1ty ,ﬂ)

where we use the facts that

N (S N N 2(N_;1n) N2 -1
() 2, ")) = m2™ () = < €m) (5,)"N™ (5.59)
£=0 (m)
and
<¢N,p1~-pmA§f'f).,m(1 =1 pm) (1= P+ pam) AT, zmpm+1"'p2mlﬂN>$N
= <(1 — Pt P2 UN P P AL A Dt pam
X(1=pir-pm)¥n)gn
<lam  peml” et 2
= 1,...m% G Il( —Pl'”Pm)l//N||55N
1 1 2
< C(m) (NZ (N_+1)2¢ 3~<N) (5.60)
as in estimate (5.54). ]
5.2.3. Resolvent estimates
Lemma 5.5. Let
( (n) ~(n)
1™ e {125, Qf"}
and z € y™.,
(a) It holds that
1™
< C(n), (5.61a)
2= Hollg (s,
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and for sufficiently large N,
1
z—H<

< C(n).

L(F1)

(b) Let b > 0. Then

(n)
H(Nl )P | < Snb) OV + P9

(n)
H(N¢+1)bHO s < C(n,b) [N+ 1))
z —Hp

Proof. By definition (3.33) of g™ it follows that

inf |z—A] = min {|Z - E(()"> ,
2oy
/lEO'(H())

|Z _ Eo(n—1)| ’ ‘z _ Eén+l)

}= g,

43

(5.61b)

(5.62a)

(5.62b)

(5.63)

which implies the first part of (a), and the second part follows with Lemma 4.8a. For part (b), recall that

there exists a Bogoliubov transformation Uy, diagonalising Hy (Lemma 4.7a), hence

1

U, (N, + DU, Ho| =0, —

UVO UVO NL:| =0.

As a consequence, Lemma 4.7¢e implies that

k
U, (N, + D!y, < 6% (Hg - B + 1),
hence
™ ™ m 2 2
U* N, +1)°U <@? (H - +’ —E(O)+1|)
=g Ov (N )? Vo T Hy T H [Ho — z| + |z — E;
< €(n)*,

because |z - Eéo) + 1‘ < |E(()")
to the estimate

IR,

H(Nl + 1)”U’{70Uv0 U’{,(}Uvong

T
< €(b) ”(NL + (N, + )P 1UVO U;OUW

(n)
= QZ(b)”(NL+ 1)Uv0 I[ Uy, (N + HP Uy, ¢

— Hp
< €(n,b) |(NL+ 1)~ 1Uvoctll
<E(n.b) [N+ 1) g

The second statement of (b) is a consequence of the triangle inequality, since

1™
z—Hy z—Hy’

Ho
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5.2.4. Bounds for moments of N, and K, with respect to P
In this section, we show that moments of N, with respect to both y and K4y are bounded
uniformly in N.

Lemma 5.6. Let x™ € €™ and b > 0. Then

(a)
(X, N+ )P x ™) < €, ), (5.68)
(b)
H(Nl + PR ™| < €(n, b). (5.69)
Proof. Part (a). Proposition 3.14 with a = 0 implies that
Tr (P<"> (NL + 1)h+‘)
—Tr (IP(()")(NL + 1)1’*1) (5.70a)
1 1 Q™ (m) b
2 n +1
+1 Tr(zm fym - H<R0P N+ 1) dz (5.70b)
0
1 P 1
12 T — R N+ )P dz] . 5.70
+ r(mém_w o N+ D) z) (5.700)

5
For the first term, note that (5.70a) < €(n,b) by Lemma 4.7d. Denoting by { ,\/(()" ™) } , some

orthonormal basis of (E(()") and interchanging trace and integral by Fubini’s theorem, we estimate the
second term as

| (5.700)|

(n)

1
< /lf\,g(”) sup

2|, JFox|
Z ey(")

Z H(NJ- " 1)b+l

< N“2G(n, b) (5.71)

E(”)

by Lemmas 4.7d, 5.5a, 5.3b and 5.2b and since Hy X(" m = Eén) ,\/(()"’m). Similarly, we find for the last

term
| (5.700)|
s
< /ll%vg(") sup ! x Ro (N +1)bHy (e
zeym | 12— EO0 | &
m=1
ye
s |
< E(n)N"2 Z < xR ——— (N, + )P X<"vm>> (5.72a)
m=1 <= HO
sam
1
+C(n)N! Z < ¥ Ky ——— (N, + )P X<"»m>> (5.72b)
z—Hp

m=1
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(n) 1
for { y (=™ }ff:] some orthonormal basis of € ") and for Ry = R(()l) +43, K4 as defined in Proposition 3.12.
In expression (5.72a), we obtain the bound

‘< (n,m) (N, +1)b+1 1H R(I)X(n m)>

1
<o+t x<"'">||”<N +DE é”x("’")

< €(n,0) [N+ DE x| (||(NL 1) |

+N‘7

(N + I)Tx“’””)”) (5.73)

by Lemmas 5.5b and 5.3b. Since

H(Nl + 1)¥X<"’m>|| <G b+ONE||ov, + 1)’7’)((""")” (5.74)
for all £ € Ny by Lemma 4.8c, it follows that
2
(5.724) < €(n, b) H(Nl +1)% XW")H . (5.75)

Since [Ky4, N, ] =0, the sum in expression (5.72b) can be estimated as

1
‘<X(n,m)’ K4—(Nl + 1)b+1X(n,m)>
- H()

5 n,m -5 1 n,m

< [Jvs+ 0% x| a6, + 1) —— v+ Py
Z—HQ

— oo

< NiG(n, b) H(NL + 1)} XW")HZ (5.76a)

Ho(N, + 1)

X(n’m)

<o st

1
v+ 12
-

X(ﬂm)

+C&(n,b) ”(NL + 1)'7’X<n,m)“ ”(NL + )% !
T

X(n,m)

(5.76b)
where we use Lemmas 5.2a and 5.5b, the bound (5.74) and the fact that

Ho(N, +1)7

1
—Hp

<[ovs e+ ¢

[HO, (N, + 1)¥] :

N, +1)7

+z]

< €(n,b) (||(Nl+ 1)¥¢“+

) (5.77)
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by Lemma 5.2b. To control expression (5.765), we prove by induction that

+ 1
N+ 1) 32 (N )P
- HO

1
Z—Ho

H(Nl +1)>3 (N, + )P g

(5.78)

(H*

b |-
< G(n,b) H(Nl + 1)z¢||

for all k € Ny. The base case k = 0 is obvious. Now assume that inequality (5.78) holds for some
k € Ny. Then

e \ by 1
<€ b |ov + g <(NL+1)2¢,(NL+1)2+1m

1

N+1b+1
0w

H(Nl +1)>3

(%)kﬂ

o+ 1
X (N, + )72 (N, + 1>”“¢>
Z— H()

_(%)k+l

L
< €(n,b) “(:Nl + 1)7¢”

1 (%)k+l
—— N+ D" (5.79)
Z _HO

_b _Hk+2
742

X|[(NL+1)

by Lemma 5.5b. Now choose k in inequality (5.78) such that 25+ > b + 2; then -2 + 2¥*1 > 1 and
consequently

b | Hk+l
-3+2

1
(N 1b+l
Z—Ho( L+

6

H(NL +1)

b+2k+2

S@(n,b)H(Nl+l) T ¢

€
< C(n, b)NT (N +1)% ym|IF (5.80)
by Lemma 5.5b and inequality (5.74). In summary,
2
Tr (P<"> (N, + 1)b+1) < G(n,b) H(Nl + 1)?)((""">H . (5.81)
Finally, we prove the lemma via the following bootstrap argument:
(1) Lemma 4.8c implies that
b nm) S () 2
H(Nl + 1)}y H <C(n) — Tr (P NN, +1) ) < 6(n). (5.82)
(2) By step (1),
5.81
H(Nl + 1)X<"’m>|| <GC(n) =2 T (P v+ 1)3) < G(n). (5.83)
(b) Bystep (b —1),
b (nm) 6-81) (n) b+
H(m N VO ” < C(n,b) =2 Tr (P N, +1) ) <C(n,b). (5.84)
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Part (b). Define
K, =Ky

goN @ 0.
By Lemma 5.2a and Assumption 3, there exists a constant ¢ such that

IOV, + DP9
= IOV + D e
< ([N + DP9 + (Ve + 1726, d0 ()N, +1)7*20) o

¢ (II(NL 1))

+ (N + 1P (H5N+CN%)(NL+1)”+2¢> )

:}*SN

<G (Né [N, + D)+

1

)2
+‘(¢ (N + DPPHo v (N + 1)P+2¢) 2) : (5.85)

foN
In particular, this implies that

H(Nl + PRy ™ < C(n,b)N? (5.86)

- H(Nl + PR ¢ ™

by part (a) and Lemma 5.2b. To improve this a priori bound, we apply a similar argument to the
bootstrapping in part (a). As in equation (5.70),

Tr (JP(")(?Nl + 1)2”K§) —Tr (PW (N, +1)? (K;)Z)

= Tr (P(()”) (NL + 1)2b(K;)2) (5.874)
1 1 Q(n) (n) 2b (r—\2
2
+1 Tr(zm fgw Z—Eén)Z_H<ROPO (NL+ D)7 (K,) dz (5.87b)
1 P 1
/IZT — Ry—— (N, + D (K})* dz] . 5.87
. r(Zm}{qu—H< e (N P (5.870)

Since [KZ, N l] = 0, Lemma 5.2a implies for the first term that

s
587a)= ) “Kél(m 1)< €(n,b). (5.88)
m=1
In expression (5.875b), this leads — for z € " and X(" ) (Eé") —to

(n)
_1 - n,m - - Q n,m
N2 <K4(Nl + 122y ) RN+ 1) Z—Z _H<R0X(() >>
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1

(n) (n) 2
< Q R X(n,m) H< Q R, X(n,m)>
Z

Q(n) (n,m)
R —H< 0X0 ’ 7 —H< 0X0

1
X| Nt _H< 0X¢

+

< €(n,b)N73, (5.89)

where we use Lemmas 5.2a and 5.2b for the left-hand side and equation (5.85) for the right-hand side
of the inner product in the first line, as well as Lemmas 5.5a and 5.3b. Finally, for expression (5.87¢),
equation (5.86) and Lemma 5.2a imply that

1
N3 <X<"’m>, Ro——(N_ + 1)2b(K4)2X("””)>
- Ho
1
< N [lov+ P | ”K4 Rox "™
Z— H()
1
<C(n,H)NF|[(NL+1)2 (R(()l) +/1;VK;) X ™™ < €(n, b)N~3 (5.90)
by definition (3.46a) of Ry and by part (a). In summary, we find
s 5
TR (N, + DPEG = ) H(Nl + 1)”K4X‘"’”‘)H < €(n,b). O
m=1
5.3. Proof of the main results
In the following, we consider
ae a1l
for j € Ny. By Lemma 5.4, A satisfies
lAgll < EN (I(NL + Dgll + IHogll) (5.91)
for
1 (m)
-5 ifA=A
a=1{12" red * (5.92)
0 ifA=1.

5.3.1. Proof of Theorem 1
Recall that by Proposition 3.14,

4 ¢ asl
TraP™) = 3" A3 TeaR(" + 47 (TrABY (a) + TrABY (a))
=0

where
B (n) ()

P 1 1 1
- H; H; d
ZZ Z 2ﬂ1_7§<n>z—1[-]1< Yz-Hy M'z-Hy ~™z-Hp ¢

v=0 m=1 jeN™"
https://doi.org/10.1017/fms.2021.22 Published onlijéy-Cormbridge University Press



https://doi.org/10.1017/fms.2021.22

Forum of Mathematics, Sigma 49

and

(n)
BY (a)
a a-v I[(n) ]I(")

o 1 Q(n) k K+l
:ZZ Z Z Z 7 " —Z_H<RV—Z_HOHJ-]---HJ-M—Z_HOdz

v=0m=1 jeN" (=0 fe{0, 1m+1
jl=a—v |k|=t

. () _ p(n) (n) _ ~(n)
with [ =P and I = Q.

Estimates for BED”) (a).
()
Let { "0} 521 denote an orthonormal basis of €™ such that Hy ) = E(0 y(%.0) Consequently,

5"
P = Z L xmOY (x 0], and interchanging trace and contour integral by Fubini’s theorem yields

)TrAB(n)(a)‘ <@iuZ 2 Z}fw

v=0m=1 jeN" (=1
ljl=a-v

z—E("f)

x dz. (5.93)

1 1
) R~ H.H: —— A0
<X ’ VZ_HO J1 JmZ_HO /\/

Lemmas 5.3a and 5.5b lead to the estimate

(n)

I
1)PH;
H(NJ_+ ) HJZ_H0¢

< G(b, ) “(:Nl + 1)”+%+1¢H (5.94)

for 1™ ¢ { P("> Q(")}, hence

1 1 1
(n.6) R H: CH Ay 0
‘<X s VZ_HO JIZ_HO ]mZ_HO /\/

1 1
(n, f)“ H Ry (00
| ' z—Ho my_Hy 'z -Hp X
1 1
<EN®|H —H; R, x "
< G(na)N® (N, + D3R, X“%”“H < G(m,a)N® (5.95)

1
by Lemmas 5.4, 5.3b and 5.6. Here we use the facts that Ry = R((]l) + A,{JKAL and R; = Ril) + Ky, and
apply Lemmas 5.2a and 5.6. In summary, this yields

(TrABj;’) (a)| < N°C(n, a). (5.96)
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Estimates for B(”) (a).
By the deﬁmtlon of B(") it follows that

)TrAB<Q”>(a)|s¢(n)za:§ D i 3

v=0m=1 jeN™ {=0fe{0,1}m!
ll=a-v |k |=t

oW I 1

sup |TrA R, g, Ry, _Em | 5.97
ZEyEL) z-H<"Vz-Hy "z-Hy "z-Hy 97

Each term contains at least one projector ]P(()") —that is, there exists some o~ € {1,...,m + 1} such that

(n) _
= 0. Decomposing P;" el ‘ 0

() [ (a0 0%
xo ><,\/0 H |f0rabasis {,\/0 ’“} lof(io asin Lemma4.7c,
/[:

we obtain
(n) (n) (n)
TrA Q(n) I ) sz kim+1
z—H< Vz-Hy "'z-Hp z-Hpy
sy o™ 7 (n)
ki L ko1 (n,u)
< €(n) ; R T B g B Xo (5.984)
H]((n) }I](cn) I]((n) ( :
x |[A— 2 L1 (5.98b)

z-Hy Mz-Hy z-Hy 7770

Using estimate (5.94) in combination with Lemmas 5.3 and 5.2b, we find for expression (5.98a)

(n) (n)
Q(n) ]Ikl H. 11ka—l (n,p)
- H< VZ—HO Jl"'Z_HO Hj, - 1Xo
V20 + 1+t o
< €(n,a) ||(NJ_ +1) e (()" “)” (5.99)
analogously to before, and for expression (5.980)
(n) (n) (n)
]Ikm+1 ]Ikm I[ko-+-1 (n,u)
A . X H
Z_H() ]mZ_HO Z_HO Jo A
o+l tim+2(m-o)
< NG(n, a) H(NL T Hj,)(g"’”>(|
o+ +tim+2(m-o+1) n
< N%C(n, a) H(m T g »mH (5.100)
since H X(" = é") X(()" *#)_Combining both estimates yields, with Lemma 4.7d,
)TrAlea(Q’” (a)| < €(n,a)N®. (5.101)
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5.3.2. Proof of Corollary 3.4
For any bounded operator A € £(J ), Proposition 3.14 implies that

N £ n atl n n
TeaP™ - ) 45 AP < 1 (|TrAB§,>(a)|+|TrAB(Q)(a)|), (5.102)
=0
and one infers from the previous section that
|TrAB§,"> (a)| + |TrAB<Q"> (a)| < [|4llop €(n, a). (5.103)
Consequently,
4 ) O b (n) at
Tr[P™) = 3 AP = sup  [TrAP™ - " A3 TrAP”| < 4,7 €(n,a). O
£=0 fmfmaft £=0
op=

5.3.3. Proof of Theorem 2
; oo
Let us abbreviate fyw = 37 P - Note first that

’ H 4
> Sy EY = THP™ = Tr 7{ dz="Tr f —de
mz—H ym z—H

veln Y
(n)
’ 7 — E
= E{VTP™ + Tr 7{ 2 dz. (5.104)
ym  z—H
Since TrP" = 6(()") and
(n) (n)
’ Z —_ E ’ ’ Q
75 0 dz=p" 7{ 1dz +}§ L (z-E{")dz=0, (5.105)
ym z—Hp Y ym z—Ho
this implies by Lemma 3.13 that
’ 1 1 z— E(”)

_—H; ——H; —% g 5.106a
wz—Hy "z-Hy 7 z-Hp ( )

=
an A 4TV ’ 1 1 1 z—E(n)
4 Trj{ R H, - H, 0 dz. (5.106b
N Z—:‘)Z—:l .Zm ym z—H< Vz-Hy "z-Hy '™ z-Hp ( )
v=0m=1 jeN
l=av

For z € ™, it holds that |z - Eé")

< €; hence the proof of Theorem 1 for A = 1 yields

a+l

| (5.1060)] < A7 €(n,a). (5.107)

Moreover, all half-integer powers of A in expression (5.106a) vanish by parity: define the unitary map
Up:F—>TF,  Upa' (HUp=d'(=f) ==a'(/), (5.108)

for any f € §. Clearly, Up preserves F, and acts on the operator-valued distributions al. and ay
as Upa,Up = —a; and UpayUp = —a,. By definition (3.9), H; contains an even number of

https://doi.org/10.1017/fms.2021.22 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.22

52 Lea Bofimann et al.

creation/annihilation operators for j even and an odd number for j odd, hence

. 1 1
UpH;Up = (-1)'H;, U = , 5.109
pH;Up = (-1)'Hj P, VP T TH, ( )
because U pngp = Hg for any ¢ € R. Consequently,
Ti 1 H H ! Trlu ! H H ! u
T PR . — =TT [ PR  —
z—Hp /1 ]VZ—H() PZ—H() I ]VZ—HO P
1
= (-1)'T Hj, --Hj, —— 5.110
=1 1rz—]HIo /1 7z —Hy ( )
for any j such that | j| = €. This yields
a 20
THP™ = 50V ESY + >0 L > B +0 (/15(,”) (5.111)
=1 v=1
with
’ 2
B := Z j{ T [ —L H;, ! - Hj, (z - EY) dz. (5.112)
sV jENV )/(”) Z_HO p Z_HO Jv
lil=2¢
For v = 1, one computes
! d
B = 7{ TeP{ Hyp —— == Tre (" Hae. (5.113)
’ y z-E,

(()") and order the summands according to the

For v > 2, we decompose each identity as 1 = P(()") +Q

number k of projections Q((J"), which yields
v=2
B = BB, (5.114)
k=1
with
(n) - (n) (n) (n)
E6’,v,v—1 - Z TrPO Hj1©1 Ol Hj, (5.115)
JeN”
lf1=2¢

for (O)f: ) as in Definition 3.3, and

B = 3 | f) TR B0 B B
jeaw | Sy P
lil=2¢

y dz
(n) v—k
(z - Eo )

N 7{ oL [Hj]@gm...Hik_l@gn)H_vp(m,..pé")va
) ‘ p

(5.116a)

Jk= 0
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d
R (5.116b)
=)
for k < v — 2. Here, we abbreviate
(n)
5w _ W
" (z-Hy™

and the notation [-], indicates the sum of all possibilities to distribute the operators P(()") over the slots
between the operators H;. By cyclicity of the trace,

> ey |1, 001, 0 R, P<">...Pg">va]p

Jk+1% 0
jeNY
{i|:2€
k= _
-y vv T [@@Hh...@§n>H,kpén>ijH...p(()mH,V]p, 5.117)
j ENY
fi|=25

which can be seen by observing that the first line is a sum of (";l) terms while the sum in the second
Y =7 (",;1) addends. Next we note that for any f which is holomorphic in the interior of
v | the residue theorem implies that

line has (

! dz | ", dz
( )f(Z) —k = k-1 %( )f (Z)ﬁ (5.118)
y (z—Eé")) y (Z_Eén))
Since
d" ~ n ~(n
dz—m©§ V= ("m0, (5.119)
it follows that
d -~ _
> petl [@fn)Hn OV H,, By BV HY,
jen P
ljl=2¢
=-v Y Oy [H; 00 O B, BB, PV Hy, | (5.120)
jenr p
lil=2¢

because by the product rule, the first line is a sum of (Z) = V(Zj) terms. Integrating by parts yields

(n
Ef,v,k
=N L w8 E. 5. 50, ™. py dz
_Z; P e B e B B 2 Py
jenr - P (Z_E(m)
lil=2¢ 0
UL o [, 5m =(n) () _p(n)
= > V_k?{(n)TrIP’O |, 8" -1, 0y, PV PV H, |
je Y p
ljl=2¢
d
X (5.121)

s(_‘z _ E(n) vk
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Consequently, the residue theorem and equation (5.119) lead to

(n)
E{’,v,k
L oo o B (n) . pln)
- TP [H o"...0"H,,,, P H-]
Z =Kl dgkT jenFo Py Hy, plz=E(
Jie
(=) (n) (n) (n) () pn)
= Z ? Z TrPO [HJI(O)m Omk+l ]k+1]p0 .PO HjV]p
Jen” meNk
b1=2¢ |m|:v—(l)<—1
= N ) > TR [ 00 0 E, By B )va]p. (5.122)
- )
{,‘T:zz |$|€1§ 1

Recall that the subscript ‘p’ indicates the sum over all possibilities to distribute Py. In particular, this
implies that all empty slots are subsequently filled up with the tuple (@f,:’]), cees (O),(,fk) ) without permuting

the positions of the Of,:’l ). Using the notation (O)(()") = —P(()") , one can equivalently write

v—1
(n)
Z Ef,v,k
k=1
v—1

=2 0 X

JEV k=1 ment
jl=2¢ lm|=v-1

=), X

JEN” meNy-!
1=2¢ i |=v-1

1 (n) (n) (n) )
— iR} [H,, 08 -, O H,,, 0f" - ©O"va]p

Jk+1

( (n) (n)
TﬂP’On)Hj] (O)n:’1 ...vafl(O)n:LV_lva, (5.123)

1
k(m)

where we denote by x(m)—1 the number of operators (O)(()") . Finally, in case of a nondegenerate eigenvalue
Eé"), some terms vanish by parity, which leads to the simplified equations (3.24). O

Appendix A. Excitation Hamiltonian
For h and ey as in Lemma 2.2 and
Wrx) = vix =) = (vee?) () = (v 6?) () + (0o = 670,
(as in definition (2.43)), it follows that
N
Hy =New+ Y hj+dy Do W(xx)). (A1)
j=1 1<i<j<N
We denote by {¢, }n>0, @0 = ¢, an eigenbasis for i and abbreviate

o = {@m> hon) (A.2)
Winpq = / dx dy@m (x)n (Y)W (x, y)@p(x)@q () (A3)
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and a& = aﬁ(cpm). Since h,,9 = ho, = 0 and h,,,,, = 0 for m # n, it follows that
Hy = Ney + Z hmna an+— Z Wmnpqa Ta,,aq
m,n>0 m,n,p,q =0

/IN R
= Ney + Z hmmajﬂam + TWooooa(')a(')aoao

m>0

(/11\/ Z W()()()mao Saoam + h.C.)

m>0

AN
+ - ( Z Wmonoajnaganao +h.c. ) + ( Z Wmnooa (10(10 +h.c.

m,n>0 m,n>0

AN
+ > (W()mnoaga;lanao + WmOOna:rnagaoan)

m,n>0

+ | An Z Wmnpoajnal;apao+h.c.

m,n,p>0

D Wanpgahalapay. (A4)
m,n,p,q>0

/1N

As Woooo = Wooom = Wimono = 0, Womno = (@m, K1¢n)g, Wimnoo = (om ® ¢n, K2)g> and Winnpo =
((pm ® ¢on, K3 p> 620 equation (2.40) follows from equation (A.4) by the substitution rules (2.37).

Appendix B. Asymptotic expansion of the wave function

Theorem 4. Let $ be a Hilbert space, let y € © with || x|| = 1 and define P := |x) {x|. Assume that
P admits an asymptotic expansion in the small parameter € > 0 — that is, there exists a family of
g-independent operators {P¢} ey, such that for any a € Ny,

a

P-> &P

£=0

Trs, < C(a)e™! (B.1)

Jfor some constant C(a) > 0 and sufficiently small e. Moreover, assume that there exists some normalised
Xo € 9 such that Py = |xo0) (xol- Then for a suitable choice of the phase of xo, there exists for any
a € Ny a constant C(a) > 0 such that

- Z ey, | < Cla)e®™, (B.2)
where
£
Ye = Zaj;g_j €>1), (B.3a)
j:O
Ye = Z > PPy (£21) (B.3b)
v=1 jeN”
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and

1 — -
ap =1, ap = -5 Z ajaj, <Xj3’)(j4> ¢ =1). (B.3¢)
Jeng
Ji,j2<t

Before proving Theorem 4, let us first formally derive definition (B.3). Inserting the estimate (B.1)
and the ansatz

x=> (B.4)

20

into the equation Py = y yields formally

oo £ o
Z Z & Prxek = ) e xe, (B.5)
£=0 k=0 £=0
hence
¢
xe—Poxe = Z Prxe-k (B.6)
k=1
and consequently
¢
Xe =) Pixek +acxo (B.7)
k=1

forany ¢ > 0 and ay € C, a9 = 1. By induction over £ € Ny, one easily verifies that y, can equivalently
be written as definition (B.3«), with Y, given by definition (B.3)), without any further restriction on the
parameters .. It remains to derive definition (B.3c¢) for the (so far free) parameters ;. To this end, we
observe that formally

o l
P=1o) (el =D& > b ekl (B.3)
=0 k=0
which motivates the definition
¢
Py i= 3 ) Ceil - (B.9)
k=0

By definition (B.3a), this can equivalently be expressed as

¢k -k
Py = Z Z @i | Xk-i) Xe—k-ml| = Z @i @ ) (Xl (B.10)
k=0 i=0 m=0 jENg
lil=t

Formally, it is clear that P}Vf are the coefficients in the expansion of P, and our goal will be to rigorously
establish the equality P‘g’f = P¢. By the bound (B.1) and since Trg Po = 1, it follows that

a
1:TrsjPz1+Zs€Tr5Pg+O(a“+l), (B.11)

t=1
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hence Trg P, = 0 for any ¢ > 1. Therefore, we choose the free parameters @, such that Tr35P(‘in = 0 for
any £ > 0, which implies that

ar+@=— > @@, (VX)) =0, (B.12)
JeNg
Jisj2<t
ll=¢
and choosing a, real results in definition (B.3c¢). Next, we prove an auxiliary lemma:

Lemma B.1. Under the assumptions of Theorem 4, it holds for any € € Ny that

¢
Pr=>" PP ;. (B.13)
=0
Proof. By assumption, it holds for any a € Ny that
a
P= Zs‘P(; + &R, (B.14)

=0

for some R, € £($) with [|Ry|l,, < C(a). Since P* = P, this implies that

a a t
Zs[Pg + &R, = Za" (Z PmPg_m) +e9 R, (B.15)

=0 =0 m=0
with
N a (-1 a
R, = Z PP prasi—c + Z &% (RuPi + PrRa) + € 'RuR,,. (B.16)
=0 m=0 k=0

a l
Z et | P, - Z PuPeom|ll <e™'|R.-Ru| <C(a)e*, (B.17)
=0 m=0 op op
and equation (B.13) follows by induction over a € N. m
Proof of Theorem 4

We prove Theorem 4 in two steps: first, we show that the operators P;’f from definition (B.9), which are
constructed from the ansatz (B.3) for the functions y,, equal the coefficients P, in the expansion (B.1)
of P; second, we estimate the difference between the truncated power series with coefficients y, and
the function y.

Claim 1. Under the assumptions of Theorem 4, it holds for any € € Ny that

P =, (B.18)

Proof. We prove equation (B.18) by induction over £ € No. By Lemma B.1 and since TrgP| = 0, we
conclude that Trg PoP; = 0 and consequently a1 = 0. Hence, x1 = 1 = Pi1xo, and definition (B.9) and
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Lemma B.1 imply that P‘l”’f = P;. Now assume equation (B.18) for some ¢ € N. Then, by equation (B.7),

¢
Py =37 1) Cresiil + Lxesn) xol
k=0
+1 C+1—-j
—Z Z L) (xesi—k—j| Pj +Z(W+1 k+ Pevi—i) Lxx) (xol
=1 k=0
+2ap41 Po + P[+1P0
£+1
= ZPm _iPj +Z(P€+1 K+ aer1-k) Lxk) (ol
=1
+2(t5+1P0+P5+1P0. (B.19)

By the induction hypothesis and Lemma B. 1,

l+1 £+1
> P Pi+PraPo= ) PP = Pra, (B.20)
j=1 Jj=0
hence
¢
P}y = Py + Z(P[+1 k +aer1-k) k) (vol + 241 Po. (B.21)
=1

By construction, Trg,P}”f = Trg P, = 0 for any £ > 1. Consequently, taking the trace of equation (B.21)

yields
1 &
@1 = =5 Z 0> (Pes1—k + Qer1-1) Xk) » (B.22)
k=1
which implies that
‘ ¢
Pyl = Peay + (1= Po) D" (Proii + es1-x) Lyi) Crol (B.23)
k=1
Finally,
PoP}l, = PoPest,  PJL (1= Po) = Peyi(1 = Po) (B.24)

and, since both P,,; and P}f’fl are self-adjoint, the first equality implies that P}ffl Py = Py Py. Adding
this to the second equality in equation (B.24) concludes the proof of Claim 1. O

Claim 2. Under the assumptions of Theorem 4, it holds for any a € Ny that

a

= el

=0

< C(a)e™!. (B.25)

Proof. By the bound (B.1), all operators P, are bounded uniformly in €. Recall that for any normalised
f,8 €%, itholds that || f — gllg < 1/\/§Tr5| LAY = 1g) (gl | for a suitably chosen relative phase. By

construction, the phase of all y, is determined by the phase of (. Hence, setting n. , := ”Z?=0 gl /\((z”_I
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Claim 1 implies for a suitable choice of the phase of y( that

a a a
1 -n
- x| < 5T [P DT ) Qral [+ | ——=2
(=0 § V2 £20 k=0 &.a
g P 36+ 5SS el sl
< —Trg |P - e P+ llxellg || xa+j-cl
9
V2 £=0 V2 j=1
1- n?ﬂ;,a 1- Ng.a
+
21’12‘9 a Ng,a
< C(a)e™! (B.26)

by the bound (B.1) and definition (B.3). In addition, we use the fact that

a a a
n;?a =Trg Z e ye Z e yil = Trg Z gPr|+& Roy =1+""R, 4, (B.27)
=0 k=0 =0
with
a ¢ )
Rea= . > &/ Trg e} (Xasje|,  |Re.al < Cla) (B.28)
=0 j=1

L. . 1-n2 ,
for some constant C(a), which implies that | n;l =

<C(a)e®!'. o

1-
< C(a)e®t!, as well as |ﬂ
Ng,a
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