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Abstract We introduce a new class of generalised quadratic forms over totally real number fields, which
is rich enough to capture the arithmetic of arbitrary systems of quadrics over the rational numbers. We
explore this connection through a version of the Hardy—Littlewood circle method over number fields.
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1. Introduction

The study of quadratic forms over number fields is a rich and highly developed area of
mathematics. Let K be a number field of degree d > 2 over Q, and let

Q(Xy,....Xn) = Z i i XiX;

1<i,5<n

be a nonsingular quadratic form, with symmetric coefficients ¢; ; € 0. For given N € ok,
it is very natural to ask about the solubility of

Q(xl,...,xn) = N,

with z1,...,2, € 0. If n > 4, a number field version of the Hardy—Littlewood circle
method is capable of establishing the Hasse principle for these equations. When n > 5,
this follows from work of Skinner [13], and for n =4 it is carried out by Helfrich in a 2015
PhD thesis [8].

In this paper, we shall introduce the notion of a generalised quadratic form over K and
ask about the Hasse principle in this new setting. We shall always assume that K/Q is
a Galois extension of degree d that is totally real. (Our methods can handle arbitrary
number fields, but doing so causes extra notational complexity and gives no new insight
into the arithmetic of generalised quadratic forms.) We may now make the following
definition.

Definition 1.1. Let n > 2. A generalised quadratic form is given by

F(Xy,. Xn)= Y Y e XTX],
1<, 5<n 7,7 €Gal(K/Q)

for symmetric coeflicients ¢; j r - =¢j i+, € 0k.

We will be interested in the set of (x1,...,z,) € 0% for which
F(zy,...,xy) =N,

for given N € o, in which case z] should be interpreted as the conjugate of x; under
7 € Gal(K/Q). Definition 1.1 encompasses standard integral quadratic forms over ox and
forms defined using norms and traces. For example, let Trg g x : K — K be the partial
trace, defined via Trg /g g (u) =y u” for any subset H C Gal(K/Q). Then, a natural
generalisation of the question about representing elements of ox as a sum of squares is
to ask about the existence of x € 0% such that

TrK/@,H(ﬁ)+"'+TTK/Q,H($$L) =N, (1.1)

for given N € 0 and a given subset H C Gal(K/Q).

The coefficients of a generalised quadratic form F(Xq,...,X,) form a dn x dn matrix
M = (¢i j,r,7')(i,r)x (j,7)- In the generic setting, we might expect this matrix to have full
rank, but there are many cases of interest where the rank is much smaller. For example,
standard quadratic forms produce a coefficient matrix M, which after reordering rows and
columns, contains a n X n block matrix in the upper left corner and has zeros everywhere
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else. Our methods break down in the completely generic situation, and so our interest in
this paper lies at the opposite end of the spectrum, in which the rank of M is not much
bigger than n.

Let W: (K ®gR)™ — R be a smooth weight function, whose precise construction is
deferred until §4. Our main results will comprise of asymptotic formulae for sums of the
shape

Nw(F,N;P)= 3 W(x/P),
X€o0y
F(x)=N
as P — oo for given N € ok and suitable generalised quadratic forms F. When N =0, we
shall simply write Ny (F; P) = Ny (F,0; P).

1.1. Homogeneous setting

Of particular interest is the case N =0, which we now assume. For standard quadratic
forms Q € 0k [X1,...,X,], studying nontrivial zeros of @ over ok is equivalent to studying
K-rational points on the smooth quadric X C IF’"K71 cut out by @ = 0. This, in turn, can be
accessed via the Weil restriction (or restriction of scalars). The Weil restriction Rg /X is
an algebraic variety whose set of Q-points is canonically in bijection with the K-rational
points of X. In the setting where Q € 0x[X1,...,X,] is a nonsingular quadratic form, the
Weil restriction R /gX is a smooth complete intersection of d quadrics in ]P)é”_l, all of
which are defined over Q. However, the set of complete intersections that arise in this way
is a very limited subset of the family of all smooth codimension d complete intersections
of quadrics over Q in Pé"il. Our first result shows that, after Weil restriction, the space
of generalised quadratic forms is rich enough to capture the arithmetic over Q of arbitrary
codimension d complete intersections of quadrics in ]P’(g[ ~! provided that d | M.

Let F(X3,...,X,) be a generalised quadratic form, and let wy, ...,wq be a Z-basis for 0.
Any element x € 0% can be written x =wju; + - +wquy for (uy,...,uq) € 74" Taking
the Weil restriction corresponds to writing down a set of quadratic forms @1,...,Qq4 €
Z[Uy,...,Uy], in dn variables such that

F(Xla"'aXn): Z wiQi(Ula"'aUd)' (12)

1<i<d

We henceforth call {Q,...,Qq} the descended system. We shall prove the following result
in §2.

Theorem 1.2. Let K/Q be a Galois extension of degree d. Then there is a bijection
between the space of generalised quadratic forms in n variables over K and systems of d
rational quadratic forms in dn variables.

It is interesting to note that this theorem is valid for any fixed degree d Galois extension
K/Q. It follows from the bijection in Theorem 1.2 that the question of o x-solubility for a
generalised quadratic form is equivalent to the question of Z-solubility for the descended
system. It presents an intriguing challenge to gain insight into smooth codimension d
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complete intersections of quadrics in ng ~1 over Q by working with generalised quadratic
forms.

It follows from work of Birch [1] that the usual Hardy-Littlewood asymptotic formula
holds for systems of quadrics over Q, provided that M > B+ 2d(d+ 1), where B is the
affine dimension of the ‘Birch singular locus’ of the descended system. (Note that one
can take B < d—1 when the descended system is a smooth complete intersection.)
Breakthrough work of Rydin Myerson [11] handles smooth codimension d complete
intersections of quadrics in ]P’gf ~! when M > 9d. The latter result is particularly significant
since it allows one to handle arbitrary generalised quadratic forms over K in n > 9
variables, provided that the descended system defines a smooth complete intersection
of codimension d.

Our main results will concern a special class of generalised quadratic forms, in which
only one nontrivial automorphism appears and in which the conjugated variables separate
completely from the unconjugated variables. These examples are chosen to represent a
first step on the way to a fuller understanding of generalised quadratic forms, and yet
exhibit enough features that make them untreatable by other methods. In the light of
Theorem 1.2, a complete understanding of generalised quadratic forms must lie rather
deep.

Let Q €0k [X1,...,X,] and R € 0k [X7,...,X,] be quadratic forms in n and m variables,
respectively, for 1 <m < n. The generalised quadratic forms we shall treat take the shape

F(Xy,...,.Xn) =Q(Xy,....X,)+ R(XT,....X ), (1.3)

for a fixed nontrivial automorphism 7 € Gal(K/Q). Let pi,...,pa be the d distinct
embeddings of K into R, where we recall that K is totally real. For each 1 <1< d,
we define [ through the relation

PLT = Pl (1.4)

Suppose that A is the n x n symmetric matrix defining @ and that B is the nxn
symmetric matrix given by the condition that its upper left m x m submatrix defines R,
with all other entries equal to 0. For any 1 < < d, we shall write A®) and B® for the

[-th embeddings of A and B, respectively. We make the following key hypotheses about
A and B.

Assumption 1. Assume that the descended system

Q1(Uy,...,Ug) = =Qq(Uy,...,Uy) =0

has codimension d in P4"~!. Furthermore, assume that det A # 0 and that the upper left
m x m submatrix of B is nonsingular.

Our first result deals with the special case m = 1.

Theorem 1.3. Let K/Q be a totally real Galois extension of degree d > 2. Suppose
that m = 1 and that Assumption 1 holds. Assume that det(A" +tBU)) is a constant
polynomial in t, for each 1 <1< d, where I, is defined via Equation (1.4). Let n > 6 and
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assume that the descended system has nonsingular points everywhere locally. Then there
exist constants ¢ >0 and A >0 such that

Nw(F’P) = CP(n—Q)d +O(P(n_2)d_A),

The implied constants in our work are always allowed to depend on K and F. The
generalised quadratic form 2X; Xs 4+ a(X7)? +Q(Xs,...,X,) meets the hypotheses of the
theorem, for example, where Q € o k[Xs,...,X,] is a nonsingular quadratic form and
a € 0k is nonzero.

We are also able to prove an asymptotic formula for Ny (F';P) for arbitrary m > 1,
provided we make additional assumptions about the matrices A and B.

Assumption 2. For all 1 <1< d, assume that rank(A(l) +tB(lT)) >n—1,forallteR,
where [, is defined via Equation (1.4).

Assumption 3. For all 1 <[ < d, assume that det(A(l) —|—tB(lT)) has degree at least
m— 1, viewed as a polynomial in t.

When m =1 and det(A(l) —|—tB(lT)) has degree exactly 0 in Assumption 3, we see that
Assumption 2 is implied by Assumption 1 since then rank(A® +tB¢r)) = rank(AW) =n.
For general m > 1, Assumption 2 is similar to one that is commonly made in the study of
pairs of quadratic forms. Indeed, suppose one is given two matrices A, B € My, x, (L) over
an algebraically closed field L of characteristic not equal to 2, with associated quadratic
forms Q4 and Qp. It follows from Reid’s thesis [10, Prop. 2.1] that the rank of any
element in the pencil NA+ B, with (A u) # (0,0), is never smaller than n— 1, provided
the intersection @4 = @p = 0 is nonsingular as a projective variety and of the expected
dimension. In our situation, by contrast, we only look at the pencil A® +¢tB(+) since the
matrix B(~) has rank m by construction. (We shall relate this situation to the properties
of an appropriate singular locus in Lemma 5.1 below.)

We are now ready to reveal our main result in the homogeneous setting.

Theorem 1.4. Let K/Q be a totally real Galois extension of degree d = 2. Suppose that
Assumptions 1-3 hold and that n > 3m+4—4m/d. Assume that the descended system
has nonsingular points everywhere locally. Then there exist constants ¢ >0 and A >0
such that

Ny (F; P) = cP=2d L O(p(n=2d=24),

On taking m = 1, we note that this result subsumes Theorem 1.3 when n > 7. If one
makes further assumptions on @, one can do even better. Suppose, for example, that the
last m —m variables split off from @ so that

Q(Xla cee 7Xn) = Ql(le' . aXm) +Q2(Xm+17- .. ;Xn)7

for quadratic forms @1 and @2 over ox. Then it seems likely that a classical version of
the circle method can be employed. On summing trivially over the first m-variables of
the associated exponential sums, one would be left with handling an exponential sum in
n —m variables involving Q5. If @2 has rank at least 5, then Skinner’s treatment over
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number fields [13] would yield the necessary saving. This ought to allow n > m+5 in the
statement of Theorem 1.4 if Q(0,...,0, Xy,41,...,Xn) has rank at least 5.

1.2. Inhomogeneous setting

We now assume that N € 0x is nonzero. Then we may write N = w1 Ny + -+ wqNg,
where Ny,...,Ng € Z are not all zero. We shall henceforth call {Q; — Ny,...,Q4— Ny}
the shifted descended system, where Q1,...,Qq are obtained from F via Equation (1.2),
continuing to call {Q1,...,Q4} the associated descended system.

Our next result demonstrates that sharper results are available if N #0 and @, R are
both diagonal. Suppose that

F(le--an):a1X12+"'+anX721+Zbi<XzT>27 (15>
i=1
for 1 <m < n and nonzero ay,...,an,b1,...,bm € 0, and where 7 € Gal(K/Q) is a fixed
nontrivial automorphism. Taking m =n and a; =b; =1 for 1 <i < n, we are led to an
instance of the partial trace problem in Equation (1.1) with H = {id,7}. We will prove
the following result.

Theorem 1.5. Let K/Q be a totally real Galois extension of degree d > 2. Assume that
N € og is nonzero and that n > m+4. Suppose that the descended system has codimension
d and a nonsingular real point and that the shifted descended system has nonsingular
points over Zy for every prime p. Then there exist constants ¢ >0 and A >0 such that

Nw(F,N7P> = CP(TL—Q)d -l—O(P(n_Q)d_A).

The implied constant in this result is allowed to depend on N, in addition to K and F. In
order to illustrate our result, take the quadratic number field K = Q(v/2) in Equation (1.5)
and assume that aq,...,a,,b1,...,b,, € Z are all nonzero. Then it follows from Theorem
1.5 that our work treats the shifted descended system

Z(aieri)uerQZ(aieri)var Z a;i(u? 4+ 202) = Ny,
i=1 i=1 i=m+1
2) (ai—b)uv;+2 Y asu; = Ny,
i=1 i=m+1

when n > m+4 and Nyi,Ns € Z are not both zero.

1.3. Some words on the proof

Let F(Xi,...,X,) be a generalised quadratic form defined over ox, and let N € ok.
Our analysis of Ny (F,N;P) relies on a Fourier-analytic interpretation of the indicator
function

1, if a=0,
5K(a):{0, if @ € ox\ {0} (16)
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Browning and Vishe [2, Thm 1.2] have extended to arbitrary number fields the smooth
o-function technology of Duke-Friedlander-Iwaniec [4], as later refined by Heath-Brown
[5]. This will underpin the work in this paper, affording us the opportunity to extract
nontrivial savings, in the spirit of Kloosterman’s method, in the proof of Theorem 1.5.
We will be led to an expression for Ny (F,N; P) in Equation (4.6), involving an infinite
sum over nonzero integral ideals b. The next stage is to apply Poisson summation, but
an obstacle arises from the fact that it is no longer possible to break into residue classes
modulo b for generalised quadratic forms F. Instead, we shall break into residue classes
modulo a larger ideal @b, which is the least common multiple of the ideals b7 , 48 T ranges
over the automorphisms that actually occur in F. Poisson summation then leads to the
analysis of certain exponential sums Sy(N;m) and oscillatory integrals Iy(N;m), which
are indexed by b C ok and suitable vectors m € K™. While the treatment of Sp(N;m) is
relatively standard, the main challenge is to understand I, (V;m). When F is a standard
quadratic form, these integrals factorise into a product of d oscillatory integrals, one for
each of the d real embeddings of K. This reduces the problem to looking at oscillatory
integrals over R™. For generic generalised quadratic forms, it seems very difficult to obtain
the kind of cancellation one needs for the method to go through for the relevant oscillatory
integrals over R?".

We now summarise the contents of the paper. In §2, we shall prove Theorem 1.2 by
spelling out the connection between generalised quadratic forms over K and descended
systems over Q. In §3, we collect together some useful facts from algebraic number theory.
The rest of the paper will be concerned with estimating the size of the counting function
Nw (F,N;P), as P — co. In order to facilitate future investigation, we shall present most
of the arguments for arbitrary generalised quadratic forms in §4. Next, in §5 we shall
specialise to the case (1.3) and N =0, in order to deduce Theorems 1.3 and 1.4. Finally,
§6 will deal with Theorem 1.5, which pertains to the diagonal generalised quadratic form
(1.5) and N #0.

2. Generalised quadratic forms and the descended system

In this section, we shall prove Theorem 1.2, by making explicit the correspondence
between generalised quadratic forms F and the descended system of d quadratic forms
over Q in dn variables. Let K/Q be a degree d Galois number field, which (in this
section only) need not be totally real. Assume that we are given a set of coefficients
(¢i j,r,+) of a generalised quadratic form, with ¢; ; -~ =¢; ;. - for all 1 <4,j <n and
7,7 € Gal(K/Q). We can write each coefficient ¢; ; - € K with respect to the basis
{wi,...,wa} as ¢ jr.r = 22:1 cz(-fcj{ﬂﬂwk. We proceed to compute the descended system

explicitly by writing X; = Zzzl Uk, iwg, for 1 <i < n. Then

F(Xq,....X,) = Z Z Z CEZ),T,T'WkUl,inTUm,jW;;-

1<, j<n 7,7/ €Gal(K/Q) 1<l,m,k<d

Let {p1,...,p4} be a dual basis of {wi,...,wq} with respect to the trace so that
(Trg/q(piw;))i,; is the identity matrix and any o € K can be written in the form
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a= ZZ:1 Trg g(apy)wp. Thus, F(Xy,...,X,) is equal to

d
Yowr Y Y UilUniTrkge | e Y Sl e,
p=1

1<4,j<n 1<l,m<d 1<k<d r, 7 €Gal(K/Q)

and we arrive at our descended system (1.2), with

Qp(g): Z Z Bp,l,i,m,le,iUm,jv

1<4,5<n 1<, m<d

for rational coefficients

— (k) T 7
Bp.tim,i = Trr0 | pp g E Cirj 7 WKW W,
1<k<d r, 7/ €Gal(K/Q)

=Y Y Y L Trkelppeneer,).

1<k<d T, 7/ €Gal(K/Q)

By construction, the coefficients B, 4, m,; satisty By 1,i,m,; = Bp,m,j,1,i, for all L <p,l,m < d
(k) )

and 1 <4,j < n. Moreover, they depend linearly on the given set of coefficients (c; -

(k)

Now, the space of all tuples (c;7,

O
LI T, T T T T

all symmetric rational tuples (B,.1.i.m.;) is naturally parametrised by Qz@(@n+1)d e
define the map

) of rational numbers satisfying the symmetry

relation ¢ can be parametrised by Q%d"(d"ﬂ)d. Similarly, the space of

(I):Q%dn(dn+1)dH@%dn(d'rH»l)d’ (C(k) )= (Bputiiim.g)-

4,5,7, 7’

We claim that this map is an injective linear map. This implies that there is a bijection
between generalised quadratic forms in n variables and systems of d rational quadratic
forms in nd variables, as claimed in Theorem 1.2.

To check the claim, we assume that 8, m,; =0 for all 1 <p,i,m <d and 1 <4,j < n.
By the nondegeneracy of the trace as a bilinear form, we deduce that

Z ci7j7777/wfw;; =0, 1<i,j<n, 1<lm<d.
7,7 €Gal(K/Q)

Note that the matrix (w]) 1<i<q¢ is of maximal rank, and hence we obtain
T€Gal(K/Q)

S e =0, 1<ij<n, 7€Gal(K/Q), 1<m<d.
' €Gal(K/Q)

Applying the same argument again, we finally obtain

Cijrr =0, 1<i,j<n, 7,7 € Gal(K/Q),

and hence c(k) ,=0forall 1 <k<d.

4I, T, T
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3. Recap from algebraic number theory

In this section, we collect together some of the facts about algebraic number fields that
are important in our work. As usual, K/Q is a totally real Galois extension of degree d.
We shall henceforth write 0 = 0 for its ring of integers. In §3.1 and §3.2, we recall some
facts about ideals and discuss the construction of primitive characters modulo ideals,
respectively. The need to deal with generalised quadratic forms naturally leads to two
basic objects that can be associated to a given integral ideal b in K, both of which depend
on the particular generalised quadratic form we are working with and will be introduced
in §3.3.

3.1. Properties of ideals

For any fractional ideal a in K, one defines the dual ideal
a={aec K:Trg/g(ax) € Z for all x € a}.

In particular, ¢ = a= 97!, where 9 = {a € K : a6 C o} denotes the different ideal of K
and is itself an integral ideal. One notes that 6 = 0~!. Furthermore, we have a C b if and
only if b C a. An additional integral ideal featuring in our work is the denominator ideal

ay,={a€o:aye€o},

associated to any v € K. Recall that Na = |o/a| is the ideal norm of any integral ideal
a. One important property of the ideal norm is that Na™ = Na for any 7 € Gal(K/Q).
(This follows from the isomorphism o/a — 0/a” given by o+ «7.) Furthermore, we have
Na € a for any integral ideal a.

We will write (a,b) = a+b for the greatest common divisor of two integral ideals a,b C o.
When these ideals are coprime, meaning that a+ b = o0, we shall adopt the abuse of
notation (a,b) = 1. We close this section by recording the following basic result.

Lemma 3.1. Let € >0, and let b,c be integral ideals. Then

i) there exists a € b such that ord,(«) = ordy (b) for every prime ideal p | ¢;
p p

(ii) there exists o € b and an unramified prime ideal p coprime to b7 for all T €

Gal(K/Q), with Np < (Nb)<, such that () = bp.

Proof. Part (i) is [2, Lemma 2.2(i)] and part (ii) follows from an obvious modification to
the proof of [2, Lemma 2.2(ii)]. O

We shall also require a version of the Chinese remainder theorem, as in [12, Lemma 3].

Lemma 3.2. Suppose that a,a;,as are integral ideals such that a = ajas, with a; and as
coprime. Let aq,a € 0 satisfy ord,(aq) = ordy(ai) and ord,(as) = ordy(az), for allp|a.
Then

o/a={aip+asf:BE€0/ay, p€o/as}.
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3.2. Construction of primitive characters

Let 1(-) = exp(2miTrgq(-)) be a character on K. The following result gives a way to
construct primitive characters o/b — C.

Lemma 3.3. Let oo(-) =9(y-): K = C, for any v € K, and let b C o be an integral ideal.
Then oo is a nontrivial primitive additive character modulo b if and only if a, = be for
some ¢ |0 such that (0/e,b) = 1.

Proof. We begin by showing that o¢ is an additive character modulo b if and only if
bd C a,,. But oy is an additive character modulo b if and only if o¢(z+ 2) = og(x) for all
x € 0 and z € b. But this happens if and only if vz € 6 for all z € b, which is if and only
if b0 C a,. This establishes the claim.

Now, suppose that bd C a.,, which means that a., | bd. Thus, there is an integral ideal h
such that bd = a,h. We wish to show that oq is primitive if and only if b | @ with (h,b) = 1.
To do so, we note that op is primitive if and only if a, { 6,0 for all by | b with by # b.
Indeed, if a, | b10 for some proper divisor by | b, then vz € 6 for every z € by, which would
mean that og is a character modulo b;. Suppose that og is primitive, and suppose that
there is a prime ideal p | b such that p | b. Writing b’ = hp~! and b’ = bp~!, it follows
that b’0 = a, ', whence a, | b’d, which is a contradiction. Thus, b is coprime to b and we
must have § | 9. Suppose now that bd = a,h for some b | ? such that (h,b) =1. We wish
to deduce that oq is primitive, for which we suppose for a contradiction that there exists
a proper divisor by | b such that a, | b19. Writing b = b;b, and recalling that bd = a4b,
we deduce that h = (a5 'b19)by, whence by | b, which is impossible since (h,b) = 1.

Finally we note that o is a trivial character if and only if v € 6, which is equivalent to
ay 2 0. This is clearly impossible for any primitive character oy modulo a proper ideal
b C o since (0/e,b) =1 if a, = be. O

We proceed to define a particularly convenient additive character modulo b. Associated
to any nonzero integral ideal b is the subset F(b) C K given by

3 prime ideal p; with Np; < Nb s.t.
)9 k. (i). (o) = bop,
§(b) = e <K (ii). ge€piNZ with ((g), b70) =1V 7 € Gal(K/Q)
(iii). Jel0s.t. (0/e,b) =1 and a,/, = be
Note that condition (i) implies that « € bd and condition (ii) implies that p; {670 for

any 7 € Gal(K/Q). We may now record a variant of [2, Lemma 2.3], which shows that
F(b) # 0 for any choice of b.

Lemma 3.4. Let b C o be a nonzero ideal. Then there exists v € §(b) such that (~-)
defines a nontrivial primitive additive character modulo b.

Proof. We consider the integral ideal ¢ = bd. Observe that 97 =0 for all 7 € Gal(K/Q)
since » = 6! and the trace is invariant under the action of the Galois group. Taking ¢ = 1
in Lemma 3.1(ii), we can find « € ¢ and a prime ideal p; coprime to ¢ = b70, for every
7 € Gal(K/Q), with Np; < Nb and such that () = cp;. It follows from Lemma 3.1(i)
that there exists v € p; such that ((v),c7) =1 for any 7 € Gal(K/Q). But this implies
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that g = Ng/q(v) is coprime to ¢7, for any 7 € Gal(K/Q), with g € p;. We will show that
¢ = a, with v = g/a, after which an application of Lemma 3.3 with ¢ =0 will complete
the proof. To check the claim we note that

Bea, &v8€0s(g98) C(a) e (o) =bdp; | (gf) = Sbd

since p; | (g) and bd is coprime with (g). O

3.3. The G-invariant ideal and an important Z-module

Let F be a generalised quadratic form, as in Definition 1.1. Let G = Gp C Gal(K/Q)
be the subset of automorphisms 7 € Gal(K/Q) that actually appear in F. Note that
G ={id} if and only if F is a standard quadratic form. For any integral ideal b, we define
the G-invariant ideal to be

“o= ()b . (3.1)

TEG

This is the least common multiple of the ideals b™ ' for T € G.
Next, associated to our generalised quadratic form F is a generalised bilinear form

B(X17"'7X71;Y17"'7}/’n) = Z Z Ci,j,T,T’XzTYjT,- (32)
1<4,j<n 7,7’ €Gal(K/Q)

This defines a map K" x K™ — K, with
B(x;u+v)=B(x;u)+B(x;v) and B(u+viy) = B(wy)+ B(viy),

for any vectors x,y,u,v € K™. (However, this fails to be a bilinear form on K" since
B(Ax;y), B(x;A\y) and AB(x;y) needn’t be equal for A € K.)
For any ideal b C o, let

H={h€o":F(a+h)=F(a) mod b for all a€o"}.

This is an additive group, and it is clear that €b" C 4 C 0™, where &b is the G-invariant
ideal defined in Equation (3.1). By testing the hypothesis with a = 0 mod ©b, we have
F(h) =0 mod b for any h € 7%, Hence,

s ={he€o":2B(ajh)ebforalaco™}. (3.3)

We claim that 773 has the structure of a finitely generated Z-module. To see this, let e;
be the ith unit vector, for 1 <4 < n. Observe that (Nb)w;e; € 4 for all 1 <i<n and
1 < j < d. Hence, the image of 4, under the isomorphism 0" = Z"¢ is a lattice of full
rank and, thus, finitely generated as a Z-module.

The set %, will emerge naturally in our analysis of certain key exponential sums, and
it will be important to have an estimate for its index in 0™. In the special case (1.3), it will
be easier to calculate ¢, directly, but for now we content ourselves with proving a general
bound. In the following lemma, we consider the coefficient matrix (c; j r,7/)(i,r)x(j,~) of
a generalised quadratic form as a nd X nd matrix.
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Lemma 3.5. There is a constant C1 > 0, depending only on F, such that for all b we
have

|0n/%‘ <O (N b)rank(ci’jjﬁ/).

Moreover, there is an integral ideal 91 such that one can take C1 =1 for all ideals b with
(b,01) =1.

Proof. Let A = rank(c; j 7 +)(,7)x(j,=)- Let -7 C{1,...,n} x Gal(K/Q) be a subset of
indices such that the vectors (c; j r,+)(j ), (i,7) € &, are linearly independent and [.7|

is maximal. Then, for any (k,0) € {1,...,n} x Gal(K/Q) there are numbers a;kf) (for
(i,7) € &) such that

_ (k,0)
Ck,j o7 = Ay "Cig,r,7's

(i,7)eS

for all 1 <j<nand 7 € Gal(K/Q). Let « € 0 such that ozaz(-’k;g) €o for all (4,7) € ¥ and
(k,o) €{1,...,n} x Gal(K/Q). Now, set

H={heo": Y > ¢ joh] €(@)bV(ir) €S

1<j<n 7 €Gal(K/Q)

Observe that J¢ C 7. Moreover, if b and («) are coprime, then the ideal (a)) may be
omitted in the definition of J7.
Finally, we observe that there is an injection

0" A — (ofab)®, b= [ > S cijerh]

1<j<n 7/ €Gal(K/Q) (i,r)es

Hence, 0" /5| < (N(ab))?, which suffices since ¢ C 7. O

We now wish to provide an alternative upper bound involving #7; under a suitable
assumption on the generalised quadratic form.

Definition 3.6. We say that F(X7,...,X,) is admissible if there exist vectors
Vi,...,vp € K"

such that B(v;;h) =0 for all 1 <¢ < n if and only if h=0.

In this language, a standard quadratic form is admissible if and only if it is nonsingular.
We may now prove the following result.

Lemma 3.7. Assume that F is admissible. Then there exists a constant Co >0, depending
only on F, such that

(NGb)n

G n <
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Moreover, there exists an integral ideal o such that one can take Co =1 for all ideals b
with (6702) =1.

We can use this result to get information about the index of 7, in 0™ via the identity
o™/ A5 || 44/ 6" | = [0 /76" = (N o)™, (34)

Lemma 3.7 is of the expected magnitude, which we can see by considering the case of
the standard diagonal quadratic form F(X) = >"", ¢; X7, for example, with nonzero
C1y.--,Cn € 0. In this case, G = {id} and “b=b. It therefore follows that |74 /¢b"| < 1
since 54, = (2¢1)"tb x -+ x (2¢,) 7 1b.

Proof of Lemma 3.7. Let vq,...,v, be a set of vectors as in Definition 3.6. By scaling
these vectors with a rational integer, we may assume that v; € o™ for all 1 <i < n. We
define the auxiliary set

M, ={heo":2B(v;; h) b, V1 <i<nl,
and observe that 7, C %A”; . Next, consider the map
©: o — On, h— (QB(Vz,h))lgzgn;

which is injective by the definition of admissibility in Definition 3.6. Let I' be the image
of 0™ under the map ¢. Then ¢ induces an isomorphism

o" /4, =T /(b NT).

Note that ' only depends on B(X;Y') and vectors vi,...,v, and hence can be taken to
be independent of the ideal b. As in Equation (3.4), we therefore obtain

lo"/%0"| _ (N%b)" < (N%p)"
on/ | T/ AT)[ ST (N

where Cr is a constant only depending on I'. Moreover, there is an ideal 9 such that
IT/(6™NT)| = (Nb)™ whenever (92,b) = 1. This completes the proof of the lemma. O

|4,/56"| < |6/%0" | =

4. Enter the circle method

Our primary tool in this paper is a number field version of the Hardy-Littlewood circle
method to interpret the function dx in Equation (1.6). Let K be a totally real Galois
extension of QQ of degree d. Let @Q > 1, and let o € 0. Then we shall use the version worked
out by Browning and Vishe [2, Thm. 1.2]. This states that there exists a positive constant
co=1+04(Q~4), for any A >0 and an infinitely differentiable function & : (0,00) x R — R
such that

Nb |NK/Q(Q)|)
Ox () (, , (4.1)
de (0) ;COJ(H%b Q Q!

where Nb = |0/b| denotes the norm of the ideal b and the notation ZZ(modb) means
that the sum is taken over primitive additive characters modulo b. Furthermore, we have
h(z,y) < 27! and h(z,y) # 0 only if z < max{1,2|y|}.
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We fix some notation before proceeding further. Let Dy be the discriminant of K
and note that D > 0 since K is totally real. Let p1,...,pq : K < R be the distinct real
embeddings of K, and let V = K ®gR = R?. There is a canonical embedding K < V given
by a+— (p1(a),...,pa(c)). We identify K with its image in V. If v = (vy,...,v4) € V, then
we extend the norm and trace on K to get functions Nm(v) : V — R and Tr(v) : V — R,
with

HM&

Hvl, Tr(v

We extend the absolute value on R to give a norm on V via |v| = max;<<q|vi|, which
we extend to V™ in the obvious way.

Let N € 0 and let F(Xy,...,X,) be a generalised quadratic form defined over o. Our
central concern is with the asymptotic behaviour of the sum

Nw (F,N;P)= Z W (x/P),
F(x):N

as P — oo, for W € #,7(V), where #,F(V) is the class of smooth weight functions
described in [2, §2.2]. Our goal in this section is to lay some groundwork that will be
useful for Theorems 1.3—1.5 but which applies to arbitrary generalised quadratic forms.

First, in §4.1 we shall discuss the link between the descended system associated to F' and
the ‘embedded system’ that arises from looking at all of the different real embeddings
of F. In §4.2, we shall construct the weight function W that features in our counting
function Ny (F,N;P). In §4.3, we shall combine Equation (4.1) with Poisson summation
in order to arrive at a preliminary expression for Ny (F,N; P) in Lemma 4.1. In §4.4, we
make some preliminary investigations into exponential sums and similarly for exponential
integrals in §4.5. In §4.6, we shall discuss the main term that comes from the trivial
character after Poisson summation is applied. Finally, in §4.7 we shall make some initial
observations concerning the contribution from the nontrivial characters.

4.1. The embedded system

Let F(X;,...,X,) be a generalised quadratic form, and let {w1,...,wq} be a Z-basis for o.
We have seen in Equation (1.2) how there is a descended system {Q1,...,Qq} of quadratic
forms, that is associated to F' via

F‘()(l7 cee ;Xn) = Z wiQi(Ul, ce ,Ud),
1<i<d
with variables U; = (U, ...,Up,) for 1 <1< d.

We will need to be able to relate the descended system to the embedded system, which
amounts to how F(x) embeds in V for given x € K. We extend F : K" — K to get
a map V"™ — V, through the identification of K with V. Associated to x is the vector
(xM, . x@), with x®) € R™ for 1 <1< d. Let 1 € {1,...,d}. To any 7 € Gal(K/Q) may
be associated a unique integer I, € {1,...,d} such that Equation (1.4) holds. Then we
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define
FOGO )= S Y a0
1<, j<n 1,7 €Gal(K/Q)
where cz(?T - =pi(ci ;) € R. With this notation, we have

p(F(x)) = FO(xV,... x®).

Thus, p(F(x)) is a real quadratic form in the dn variables x™M ... x(@. We call
{FW . FD} the embedded system. In particular, it is clear that Ny g(F(x)) =
Nm(F(x)) and

Tr(vF(x)) = Y up(F(x)), (4.3)

1<I<d

for any v = (v1,...,v4) € V and x € V", identities that we shall often make use of in our
analysis of the exponential integrals in §4.5.

Note that if F' is a standard quadratic form, then p;(F(x)) = F® (x()) for 1 <1< d. One
positive effect of this is that the relevant oscillatory integrals factorise into a product of d
integrals, one for each embedding. The situation is much more complicated for generalised
quadratic forms since there is usually no such factorisation.

Let A = (w](»z))lgingd, where wy) = pi(w;). Then (det A)? = Dg. Moreover, on recalling
that x =wiu; +--- +wquy, we have

~w| : |, (4.4)

x(d) uy

where W is the dn x dn block matrix

w%l)ln wél)In w((il)In
(2) (2) (2)

W w I, wy I, wy Iy (4.5)
wid)In wéd)ln wc(ld)In

Switching appropriate rows and columns takes W to Diag(A,...,A), whence detW =
(det A)™ = D?(/ ?_In particular, it follows that

FOxM | x @Dy = Z wgl)Qi(ul...7ud),

1<i<d

for any 1 <! < d, under the transformation (4.4).

4.2. Construction of the weight W

We assume that the descended system is of codimension d and has a nonsingular real
point. This means that there exists £ = (&;,...,€,) € R such that Jo, .. 0,(£) has rank

,,,,,
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d, where

is the associated d x dn Jacobian matrix. Define the smooth weight function

() e VA=) 2] < 1,
w(x) =
0 if |z| > 1,

and let § > 0 be a small parameter. In this paper, we shall work with the weight function
W V™ — Ry, which is given by

W(x) =w(6™ W™ 'x—g]),

where x is identified with (x(M),...,x(#), and where W is the matrix in Equation (4.5). It is
clear that W is infinitely differentiable and that it is supported on the region [W~1x — €| <
8. Ultimately, we will want to work with a value of § that is sufficiently small but which
still satisfies 1 <« ¢ < 1 for an absolute implied constant.

4.3. Poisson summation
Tt follows from Equation (4.1) that

Nb [Ng/(F(x)—N)| :
—5HY S Y et - MW/ P g ) ()

b o (modb)xco™

for any @ > 1. Here, the constant cq satisfies cg = 14+04(Q4), for any A > 0.
Furthermore, we have h(z,y) < #~! for all y and h(z,y) # 0 only if x < max{1,2|y|}.

In our work, we will take Q = P and we henceforth follow the convention that the
implied constant in any estimate involving W is allowed to depend implicitly on the
parameters that enter into its definition of #;,(V) in [2, §2.2]. Likewise, the integer N
and the number field K are considered fixed once and for all so that all implied constants
are allowed to depend implicitly on N and K. In view of the fact that h(x,y) # 0 only if
r < max(1,2|y), it is clear that the sum over b is restricted to Nb < Q% = P9.

If F were a standard quadratic form over o, we would proceed by breaking the sum over
x into residue classes modulo b before executing an application of Poisson summation.
This would ultimately lead to an expression of the form [2, Thm. 5.1]. For generalised
quadratic forms F) this route is not directly accessible, since for given a,h € 0™ and any
primitive character ¢ modulo b, one may have o(F'(a+h)) # o(F(a)) even when h € b™.
In this way, we see that a special role will be played by the set .7 that was introduced
in §3.3.
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Lemma 4.1. We have

c Pn 2)d .
NW(Fanp) £ n/2 Z Z Sb Nm)lb(N/PQ Pm)7
K NbK P4 ) cGp"

where the sum over b is over nonzero integral ideals and

Sevim)= 30 Y o(F(a)~ N)v(m.a)

o (modb)a(mod©b)
Nb
rufesk) = [ Won (NP —1)] ) (—kex) d
Proof. Our approach is based on breaking the x-sum in Equation (4.6) into residue
classes modulo “b. Since Q = P and “b" C 44, it follows that this sum equals

S olF@-N) ¥ W(ecray i g DT 2,

pd’ p2d
ac(o/Gb)n xeGp"

for any primitive character ¢ modulo b. We apply the multidimensional Poisson
summation formula (cf. [2, §5]). Recalling that K is totally real, we find that the inner
x-sum is equal to

1 Nb |Nm(F(x)—N)|
ey 2 ) [ s (5 IR 4 xgax

—n

where we recall that 6\6 =Gp "1 is the dual of Cb. Putting everything together in
Equation (4.6), we have therefore established that

Nw (F,N;P) = n/z = D > (N0 S (Nim)Iy(m),
P Nb<<PdeGb

with Sp(IV;m) as in the statement of the lemma and

- Nb |Nm(F(x)—N)|
Iy(m) = ’ W(x/P)h (P‘“PQd ¥ (—m.x)dx.
V!L
A simple change of variables yields I (m) = P%I,(N/P?; Pm), as required. O

4.4. The exponential sum

We proceed by discussing Sp(N;m) in Lemma 4.1, for m € Gb'". Let v=g/acFb) be
as in Lemma 3.4. Then we have

Y rol@= Y w(ax)
o (mod b) ac(o/b)*
for any z € o. It follows that

Se(Nim)= Y w(=yaN) Y ¢(yaF(x)+mx). (4.7)

a€(o/b)* x (mod Gb)
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Our work hinges upon the following upper bound for this sum.
Lemma 4.2. We have

|S6(V;m)| < [(0/0)"[| 75 /0" |"/?|o /0|2,
where G, is given by Equation (3.3).

Proof. For fixed a € (0/b)*, we have
2

Z P(yaF(x)+ m.x)

x (mod G b)

= Y > ¢(a(F(u+h) - F(u))+m.h)

h (mod ©b) u(mod Gb)

>

h (mod &b)

> ¥(2vaB(uh))

u (mod &b)

in the notation of Equation (3.2). We observe that the function u+ ¢¥(2yaB(u;h)) is a
character modulo ©b", and it is the trivial character precisely when

2vaB(u;h) €071, Yu e (0/%)".

We rewrite 7 in the form v = g/« with (a) = bop; for some prime ideal p; and g €p1 NZ
with the property that ((g),09b) = 1. Thus, the above condition is equivalent to the
condition

2gaB(u;h) € (@)™t = bpy, Vu e (0/%b)".
Since a € (0/b)*, g € p; and ((g),09b) = 1, this is equivalent to saying that
2B(w;h) €b,  Yue (o/%b)".
Finally, since this condition on u is invariant modulo “b", this is equivalent to the

condition 2B(u;h) € b, for all u € 0™, which is equivalent to specifying that h € J#,,
by Equation (3.3). The statement of the lemma now follows. O

Corollary 4.3. Assume that F is admissible in the sense of Definition 3.6. Let b be an
integral ideal, and let m € K. Then Sy(N;m) < (Nb)!="/2(NGp)".

Proof. This follows from combining Lemmas 3.7 and 4.2. 0

It is straightforward to show that Sp(N;m) vanishes unless m satisfies additional
constraints, as demonstrated in the following result.

Lemma 4.4. We have Sp(N;m) =0 unless mh € 9~ for all h € 4.

Proof. Returning to the definition of Sp(N;m) in Lemma 4.1 and noting that Gp"
4, C o™, we may write

Se(N;m) = Z* Z o(—N) Z o(F(a))y(m.a)y(m.h).

o (modb)acon /5 hest, /Co"
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However, orthogonality of characters gives

S mb) = uﬁ,/% | ifmhed ! Vhes/",
et /Cbn otherwise.
Since we automatically have m.h € 9~ for any m € Gb and h € ©b", the statement of
the lemma follows. O

We shall also need to establish a multiplicativity property for the exponential sums.
This is achieved in the following result.

Lemma 4.5. Let b be a nonzero integral ideal, and suppose that b = byby for integral
—n
ideals by1,by such that gcd(N by, Nbs) = 1. Then, for any N €0 and any m € b , we have

Se(N;m) = Sp, (Nbs N; (N by)m)Sp, (Nb; N; (N by )m).

Proof. According to Lemma 3.4, there exists v = g/« € F(b) such that 1(v-) is a primitive
character modulo b. Then, Equation (4.7) implies that

Z Y(—vyaN) Z Y (vaF(x)+m.x).

a€(o/b)* x (mod Gb)

Let us write N b; =b; for i = 1,2. The assumption gcd(by,bz) =1 implies that (9by,%by) =1
Moreover, we have by € by, by € by and

((b1),b2) = ((b2),b1) =1. (4.8)

According to Lemma 3.1(i), we find elements A,z € 0 such that ord,(\) = ord,(b;) and
ordy, (1) = ordy (bs) for all p | “b;%bsy. It follows from the Chinese remainder theorem, in
the form Lemma 3.2, that we can write a = pub+ Ac for b(mod by ) and ¢(mod by). Likewise,
we claim that we can write x = byb +b;c, for b(mod “b;) and ¢ (mod €by). To prove the
claim it suffices to show that there is an isomorphism 0/%b; x 0/%by — 0/%b, given by
(u,v) — bou+byv. This map is clearly well defined since b; € Gpy and by € by. Moreover,
injectivity follows from the coprimality conditions ((b2),“b1) = ((b1),%b2) = 1, which are
a direct consequence of Equation (4.8). The claim follows, since the cardinalities are the
same, by the Chinese remainder theorem.
In summary, on observing that by € Gby and by € Eby, it follows that

Se(Nsm) = > (—y(ub+Ac)N)
be(o/b1)"
c€(o/b2)”

x> Y (y(pb+Ac)F(beb+bic) + m.(beb+bic))

b (mod €b;)
¢ (mod €by)

ST w(—ubN) > 9 (yub3bF(b) + bym.b)

be(o/by)* b(modGbl)
Z PY(—yAeN) Z ¥ (YAbcF (c) +bim.c).
cE(o/ba)* c(modGby)
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We claim that 1 (ypub3-) defines a primitive character modulo by. For this, we note that

B Eayup o ubsB €06 (gubsf) C () & b0 | (ubiby ) (gp7 H)(5)

since by € by and g € py. Now, (g) is coprime to b10 and (ubs) is coprime to by. Thus, it
follows that

B E€ayuz < B Ebie,

where ¢ =0/(0,ub3b;*). Clearly, ¢ | 9. We claim that (9/e,b;) = 1. To see this, note that
/¢ is equal to the common divisor (9,ub3b;*). Now, u is coprime to by and so is by.
Hence, the common divisor of these ideals most be coprime to the ideal by, as claimed.
Thus, Lemma 3.3 establishes the claim that 1 (yub3-) is a primitive character modulo b;.
It follows that

> w(=mbN) > (yub3bF(b)+bym.b) = Sp, (Nbs N;(Nbz)m),
b€E(0/b1)* b (modFby)

where N by is the multiplicative inverse of N by modulo by. Similarly,
—2
Z Y(—yAeN) Z ¥ (YAbIeF (c) +bim.c) = Sp,(Nb; N;(Nby)m),
c€(o/ba)* c(mod G by)

from which the lemma follows. ]

Corollary 4.6. Let b be a nonzero integral ideal, and suppose that b = b1by for integral
ideals by,by such that gcd(N by, Nby) =1. Then Sp(N;0) = Ss, (N;0)S,(NV;0).

Proof. On making an obvious change of variables to the a-sum and the x-sum in Equation
(4.7), we note that Sp(c2N;0) = Sp(N;0) for any ¢ € Z which is coprime to b. The
statement now follows from an application of Lemma 4.5. O

4.5. The exponential integral

In this section, we discuss the exponential integral Iy (¢; k) that appears in Lemma 4.1 for
given t € V and k € V™. It will be convenient to set

Nb
0< p= ﬁ < 1,
with which notation we have
(k)= [ W(x)h(p,|Nm(F(x)—1t)]) ¢ (—k.x)dx.

vn

We now bring into play the work in [2, §6]. It follows from an application of Fourier
inversion, as in [2, Eq. (6.3)], that there exists a function p,(v) : V' — C such that

(0 = [ p 00— K (v, (4.9)
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where
K(vk) = W (x)y (vF(x) — k.x)dx. (4.10)
V’n

In our analysis, it will be useful to have the notion of a height function on V.
Accordingly, we define : V — R>; via

d
$(v) = [ [ max{1,ful},
=1

for v = (v1,...,v4) € V. In the closing stages of our argument, we will need to estimate
integrals involving powers of $(v) over various regions in V. First, it follows from [2,
Lemma 5.3] that

/ Hv)*dvl fa<-—1 (4.11)
%

We can use this to deduce two further bounds that will play important roles.
For any A > 1 and € > 0, we claim that

/ Hv)*dv < A°TIFEifa < 1. (4.12)
{veV:n(v)=A}

If o < —1, then we can clearly assume that ¢ < —a—1. But then the conditions of
integration imply that ($(v)/A)~*"17¢ > 1, whence

/ H(0)7dv < Ao+1+e / H0) " Sdv < Ao+
{veV:in(v)>A} 1%
by Equation (4.11).

Next, for any B > 1 and € > 0, we claim that

/ Hv)*dv < BOTE if o> 1. (4.13)
{veV:iH(v)<B}

To see this, we note that (B/H(v))**1*¢ > 1, under the conditions of the integral, if
a > —1. But then

/ 90)"d < B [ () e < Bt
{veV:H(v)<B} 1%

by Equation (4.11).
Returning to the function p,(v) in Equation (4.9), the following result summarises its
key properties and is extracted from [2, Lemmas 6.3 and 6.4].

Lemma 4.7. For any € > 0, we have p,(v) < P*, for any v € V.. Moreover, for any € >0
and A > 1, we have

po(v) < ™t (07 PP (0) )
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Recall here that p > 0. The next result is a straightforward consequence of the previous
result, once combined with Equation (4.9) and the bound

| K (v,k)| < W(x)dx < 1,
Vﬂ.

which follows from the fact that W is compactly supported.
Corollary 4.8. Let e >0. Lett €V andk € V™. Then

Iy(t;k) <4 P° / |K (v,k)|dv+ P~4,
4

for any A > 1, where

Pd+e
02/:%:{1;6V:ﬁ(ﬂ)< - }

It is interesting to pause and reflect on the corresponding situation for cubic forms G
over a number field K that was considered in [2], recalling that we are assuming K to be
totally real in our setting. In [2], crucial use was made of the fact that the integral over
x factors as

T [ wOO)e (060 ) kO xO ) ax

1<i<d/R"

since Tr(vG(x)) = 27:1 OGO (xM), where GV = p;(G) is a cubic form over R. We have
chosen our main example Equation (1.3) in order that a similar property holds. Such
a factorisation is not necessarily enjoyed for arbitrary generalised quadratic forms F,
however, and it seems very difficult to analyse the integrals K (v,k) in generic situations.
Define
2(xM L xW)= 3" PO D, x@), (4.14)
1<i<d

for fixed v € V, where F() is the quadratic form (4.2). Thus, 2 is a quadratic form over

R in dn variables. Let us write, temporarily, x = (x(1,...,x(¥) and k = (k,... k(¥).
Then, in the light of Equation (4.3), we may write

K(vk) = i W(x)e(2(x) - k.x) dx. (4.15)

A general study of these exponential integrals has been carried out by Heath-Brown and
Pierce [6, Lemma 3.1]. Assuming that the support of W is contained in [—1,1]%", we may
appeal to their work, which we record here for the convenience of the reader.

Lemma 4.9. Let 2 € R[Xy,...,X,,] be a quadratic form with coefficients of maximum
modulus || 2|| and eigenvalues p,...,pm. Let X € R™, and suppose that w: R™ — R is
any smooth weight function supported on [—1,1]™. Then

/m w(u)e(Z2(u) —Au)du <, ﬁmin {17 |p¢|71/2} '

Furthermore, if |A| > 4]|2)||, then the integral is Oy A(|A|=4) for any A > 1.
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We will apply this result with A = k and with the real quadratic form in Equation
(4.14). Note that || 2| < |v|. Next, define

F(v) = det Z oMWY

1<i<d

where M) is the dn x dn matrix associated to F(). The function .Z(v) is a real form
of degree dn in the variables vy,...,v4. The following estimate is a direct consequence of
Lemma 4.9.

Corollary 4.10. Assume |k| > |v|. Then K(v,k) <4 |k|=#, for any A > 1. Moreover,
K(v,k) < min{1,|.Z (v)|~*/?} for any k e V™.

Unfortunately, it appears difficult to extract anything useful from the second bound,
unless the generalised quadratic form is assumed to have extra structure.

4.6. Contribution from the trivial character

In this section, we study the overall contribution from the vector m = 0 in the expression
for Ny (F,N;P) in Lemma 4.1. This contribution is

P(n72)d

M(P) = > (Nb) "8y (N;0) Iy (N/P%0)+Oa(P~4)

n/2
DK 0#bCo
Nb< P?
in the notation of that result.
It will ease notation if we put t = N/P? € R. Assuming that the descended system has
codimension d, we begin by analysing the exponential integral Iy(¢;0), writing

Io(t:0) = | W(x)h(p,|Nm(F(x) - 1)) dx =/ f(w)h(p,[Nm(v)])dv, (4.16)
v 1%
where p=Nb/P¢ and

0 = [y W

F(x)—t=v
where, by an abuse of notation, dx is the surface measure obtained by eliminating
d variables from the equation F(x)—t = v. We shall think of f(y) as a function of

y = (y1,...,94) on R, in which ¢ is fixed and bounded absolutely. The following result
summarises its main properties.

Lemma 4.11. Assume that the descended system has codimension d. There exist positive
constants C,Cy,C1, ... such that the function f:R* — R is a smooth weight function that
is supported on [—C,C)% and satisfies

Hirttia
3%1 ... 83/3‘1
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for anyy € [-C,C)* and any iy,...,iq > 0. The constants C,Cy,C4, ... depend only on the
coefficients of F' and the parameter ¢ in the definition of W.

Proof. In the course of the proof, it will be convenient to write s = (s1,...,84), u =
(ug,...,uq), E=(&4,...,&,) and t = (t1,...,tq). Recall the definition of the weight function
W in §4.2 for a suitable fixed £ € R%*. Making the change of variables in Equation (4.4),
we see that a

fly)=Dyg""? w6 u—€))dy, (4.17)

ueRdn
Qi(u)—7m=w;

where 7= A7t and w = A~ ly. It will clearly suffice to prove the properties recorded in

the lemma for the integral on the right-hand side, f(w) say, regarded as a function of w.
Making the change of variables s = u— &, we have

For= [ w7 sds.
Ql(ﬁlé)_"'l:wl

It is now clear that f(w) =0 unless w € [~C,C]¢ for suitable C' > 0.
Next, we recall that Jg, ... g, (§) has rank d. We may assume without loss of generality
that
0
det  =o—Qi(&) 0.

6Uj1 1<i,5<d

Let ¢ : R — R be given by
§'_> (Q1(§+§) _7(1)781,27-"781,77,’"'7Qd(§+§) _T(d)78d,2>"'78d,n) .

The implicit function theorem implies that there exist open subsets W',WW C R with
0 € W’ and ¢(0) € W such that ¢ : W — W is a bijection and has differentiable inverse
@~ on W. It is now clear that we wish to choose J > 0 small enough to ensure that s € W’
whenever [s| < 4.

We may now conclude that

Flw) = / g (5 (511, 250) )
s'eR4(m—1)

where 8’ = (s1,2,.-.,51,n,--+:58d,2,---,Sd,n), and $1,1,52,1,...,5¢,1 are implicitly given by s’
and w, and

1o~ = det (6((,01)m+1_n>
dw; 1<4,j<d

1

(51,1,v---,5d,n)

is the associated Jacobian. Since ¢! is smooth, this implies that f(w) is infinitely
differentiable and that its partial derivatives satisfy the bound claimed in the lemma. O
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Now, it follows from Corollary 4.8 that for t = N/P? € R, and ¢ fixed as in the corollary,
we have

d+2¢
Nb

Iy (£;0) <«

Furthermore, in view of Lemma 4.11, it follows from Equation (4.16) and [2, Lemma 4.1]
that

A
To(#0) = /D £(0) + O <<if}) ) ,

for any A > 0, where

FO) = [ Wx)dx
FO(x)=t,

if x = (x1,...,X4). According to Equation (4.17), we have f(0) = Dl_("/2aoo (t), where

Coolt) = w(6~ [u—€|)du (4.18)

uecR" >
Qi(u)=m
is the usual singular integral for the descended system. In particular, arguing as in
Davenport and Lewis [3, §6], a standard argument ensures that oo (t) > 0 since £ is
a nonsingular real point on the descended system. B
We summarise our preliminary treatment of the main term in the following result.

Lemma 4.12. Let € > 0. Then, for any A > 1, we have

A
S Y (NOBTS(0) (rfOO(N/P?HoA((l;S) ))

K 0#£bCo
Nb< P4

+04(P~4),

(n—2)d
Py =L

where 0o (N/P?) > 0 is given by Equation (4.18).

In order to proceed further, it is clear that one requires a good enough upper bound for
Se(IV;0) in order to show that the error term is satisfactory and the sum over b can be
extended to infinity. Such a bound is available for admissible F, thanks to Corollary 4.3.
Although we omit details, one can use it to prove that

2
M(P) = T pin-t ST (N, (6:0) + 0[P,
K 0#£bCo

for any admissible F' such that n > 5. In the setting of Theorems 1.4 and 1.5, we
shall produce better bounds for Sy(N;0) which allow such a deduction under milder
hypotheses.
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We close this section with a formal analysis of the singular series
S(N)= Y (N) "Sy(N:0),
(0)#bCo

ignoring issues of convergence. This is summarised in the following result.

Lemma 4.13. Assume that S(N) is absolutely convergent. Then

H lim p~ %~ 1)#{x € (o/p'o)": F(x) = N(modpl)}.

{— 00

We have G(N) > 0 if the shifted descended system has a nonsingular p-adic solution for
every prime p.

Proof. We may write

:iz NEp) ™S, (N;0) = is
k=1

k=1 bCo
Nb=k

say. It follows from Corollary 4.6 that S(k1ks) = S(k1)S(k2) if k1,ke are coprime integers.

Hence,
N)=][> 50"

p j=0
Since K is Galois, we may assume that p admits a factorisation (p) = (p1---p,)¢, with
Np; =---=Np, =p . Let £>0, and let I, denote the set of integral ideals b = p]fl phr
with 0 < k; < fe for 1 <i < r. Then the union of I, over £ > 0 exactly matches the set of
integral ideals whose norm is a power of p. Hence,
S(N)=]] lim > (N“b)~"Ss(N;0).

£— 00
P bel,

It follows from Equation (4.7) that
S p—aN) Y p(aRx)
a€c(o/b)* x (mod € b)

NGb n
T pldn Z Y(—yaN) Z ¥ (yaF(x)),

ac(o/b)* x (mod pfo)

on extending the inner sum to a sum over elements of (0/p‘0)™. Hence, on rearranging,
we obtain

Z(N%*”&(N;O):p;n S E).

bel, x (mod p?o)

where

Ep)=Y_ Y v(aFx)-N)).

bel,ac(o/b)*
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We claim that 9(ya-) runs over all characters modulo p’, as a runs over (0/b)* and b
runs over Iy. On one hand, since a € (0/b)*, each character 9 (ya-) is a primitive character
modulo b. Since b = pFt---pFr for ky,..., k. < le and p® = (p1---p,)’, we conclude that
each such character induces a character modulo p’. In order to complete the proof of
the claim, it remains to show that we get all p‘® characters modulo p’ this way. But the
number of characters is precisely

ZNbH(l—) 3 pf et )H(1_>

bel, p|b bel, p\b
“T1 [+ X (1)
1<i<r 1<k<le
/d
=P

as required.
We may now conclude from orthogonality of characters that

od : — 4
p if F(x) =N (modp®),
0 otherwise,

from which the first part of the lemma follows. The second part is standard. Using
Equation (1.2), the solubility of F(x)— N in o/p‘o can be reduced to the solubility
of a shifted descended system Q;(uy,...,uq) — N; modulo primes powers, for 1 <14 < d,
where we have written N =wi Ny + -+ 4+ wgNy. Arguing as in work of Birch [1, Lemma
7.1], for example, the existence of nonsingular p-adic zeros of this system is enough to
deduce that &(N) > 0. The details of this will not be repeated here. O

4.7. Contribution from the nontrivial characters

In this section, we make some initial steps in the treatment of the contribution from
the nonzero vectors m in the asymptotic formula for Ny (F,N;P) in Lemma 4.1. This
contribution is

< P"UE(N; P),

where
= > > (N)"Se(N;m)||Te(N/P% Pm)|. (4.19)
0#£bC m
Nb<<1f?dlo7é €

The primary task is to establish conditions under which there is an absolute constant
A > 0 such that E(N;P)=O(P~4).

We now place ourselves in the context of the generalised quadratic forms (1.3) and
make some initial steps that will be common to Theorems 1.3-1.5. It will be convenient
to consider the overall contribution from b such that Nb and N“b are constrained to lie
in dyadic intervals. Note that Nb < P% and N&b < (Nb)? since #G = 2. Accordingly, we
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let XY be parameters such that
I<XKY<X? X< Pl (4.20)

We then write E(N;P;X,Y) for the overall contribution to E(N; P) from nonzero ideals
b C o for which

X<Nb<2X and Y <N% <2V.

We denote by Z(X,Y) the set of all such ideals. On summing over dyadic intervals for
X,Y satisfying Equation (4.20), it will suffice to establish the existence of A > 0 such
that

E(N;P;X,Y)=0(P™%), (4.21)

for any X,Y satisfying Equation (4.20).
It follows from Corollary 4.8 that

Iy(N/P?; Pm) < 4 PE/ | K (u, Pm)|du+ P4,
4

for any A > 1, where K (u,Pm) is given by Equation (4.10) and

- {ueV:fJ(u) < P;?}. (4.22)

Hence, Equation (4.19) yields

E(N;P;X)Y) <4 P~A4PY ™ Y- > |SB(N;m)|/ | K (u, Pm)|du,
0EB(X,Y) 0 tmedh" u
(4.23)

for any A > 1, where #(X,Y) is the set of nonzero ideals b C o for which X < Nb < 2X
and Y <N < 2Y.

5. Homogeneous case: proof of Theorems 1.3 and 1.4

We begin by proving a general result about rank drop in pencils of quadratic forms
in situations where one of the matrices has much smaller rank. It parallels the basic
fact in Reid’s thesis [10, Prop. 2.1] about rank drop in pencils 11 A+ 1o B, for suitable
n X n matrices A, B, and shows how Assumption 2 can be deduced from an appropriate
hypothesis about the shape of the associated singular locus.

Lemma 5.1. Let L be an algebraically closed field of characteristic not equal to 2, and let
m < n. Consider two matrices A,B € My xn(L) such that B has only nonzero entries in
the upper left m x m submatriz, which we also assume to be nonsingular. Let det(A) # 0.
Assume that all singular points of the intersection of the two quadratic forms associated
to A and B have the shape (0,x") with X" = (y41,...,2n), and that the intersection has
codimension 2. Then we have

rank(A+AB)>n—-1, VAelL.
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Proof. Assume that there is some \ € L with
rank(A+AB) < n—2.

Let Vo € A™ be the affine subspace given by the kernel of A+ AB. Then dimVj > 2.
Let P(Vp) =V Cc P" 1 and let Qg C P"~! be the quadric given by the matrix B. Then
dimV > 1 and dim@Qp = n — 2 as projective varieties. We deduce that the intersection
V' N@p is nonempty. Consider a point x = (x’,x”) € L™\ {0} in the affine cone of VNQ@ g,
where x’ € L™ and x” € L™ ™. Then we deduce that

0=x'"(A+AB)x = x'Ax + M\x'Bx = x' Ax.

We deduce that x lies on the quadric given by A and as it is in the kernel of A+ AB, it
is a singular point of the intersection @4 NQp. We claim that x’ # 0, that is, x is not of
the shape (0,x”). Assume for a moment that x = (0,x”). Note that

0=(A+AB)(0,x") = A(0,x").

This is a contradiction to A being nonsingular. Hence, we found a singular point of the
intersection Q4 N@Qp which is not of the form (0,x”). O

The main aim of this section is to carry out the proof of Theorems 1.3 and 1.4, which
corresponds to taking N =0 and

F(Xq,...,Xn)=Q(Xq,...,.Xn)+ R(XT,..., X ),

as in Equation (1.3). Suppose that A is the n x n symmetric matrix defining () and that B
is the n X n symmetric matrix given by the condition that its upper left m x m submatrix
defines R, with all other entries are equal to 0. We may proceed under the assumption
that Assumptions 1-3 hold.

We have two tasks remaining. The first is to show that the sum over b in Lemma
4.12 can be extended to infinity, with acceptable error, and the second is to prove that
Equation (4.21) holds. We’ll need some more preparations for estimating the relevant
exponential sum in Lemma 4.12 and Equation (4.23). Recalling the definition (3.3) of
%, we lower bound its index in o™.

Lemma 5.2. There exist nonzero constants K1,...,Kkn,K1,---,km € K, depending only on
F and K such that
M4, C (mlbm’%lbfl) X e X (/ﬁmbm’%mbfl) X K1 X - X Ky bl

—1 -1 z—1 ~—1
Moreover, we have k1 ...,k K] ...,k € 0.

it

Proof. Assume that A has symmetric entries a; ; € 0, for 1 <4,j < n, and that B has
symmetric entries b; ; € 0 for 1 <4,7 < m. Then the associated bilinear form takes the
shape

B(X1,...,Xn:Y1,....Y,) = Z ai j XiY;+ Z by XTYT .

L,j<n B, JSm
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Now, h € 5% if and only if 2B(h,k) € b for all k € 0™. Let wy,...,wq be an integral basis
of o with w; =1. Let [ € {1,...,d} and j € {1,...,n} and consider a vector k such that
the j-th entry is equal to w; and all other entries are equal to zero. Then the condition
B(h,k) € b implies that

n m
2w Y aijhi+2w] Y bishT€b, 1<I<d 1<j<n.
i=1 i=1
As the matrix (w] )1<i<d,recal(k/@) 1s invertible, this implies that there exists 3 € K with
=1 € o such that

Zai,jhi € Bb, Zbi,jhf epb, 1<j<n.
i=1 i=1

Thus, we find that Ah € (86)" and B(h')™ € (8b)™, where h' = (hy,...,hy,). As both
matrices A and B are nonsingular, this implies that

1 1 -1 -1
he ——(Bb)", h'e ————(B7 b7 )™
(det A) (5%) (detB)™" (8 )
Putting these together, the statement of the lemma easily follows. O

Corollary 5.3. Let N € 0 and let F be given by Equation (1.3). Suppose that Assumption
1 holds. Then

S[,(N;m) < (Nb)lf(nfm)/2(NGb)nfm/2.
Moreover, Sy(N;m) =0 unless m; €010~ for m <i<n.

Proof. It follows from Lemma 5.2 that |0"/J%| > (N©b)™(Nb)"~™. Thus, Equation
(3.4) implies that

G n _
/70 = T ] < (NCey (e \ N

Inserting this into Lemma 4.2 yields the desired upper bound. We have already observed in
Lemma 4.4 that Sp(N;m) =0 unless m.h € 0~! for all h € 4,. Noting that b x b"~™ C
I, the second part easily follows. O

lo”/Sb"| (NCp)» B (NGb)"_m

Returning to Lemma 4.12, it immediately follows from this that the overall contribution
from the tail Nb > P? is

< P2 N (NDD) TSy (N;0)]

bCo
Nbo>P?

< P(n—2)d Z (Nb)l—n/2+m/2(NGb)—m/2

bCo
Nbos>Pe

Since N©b > Nb, this is acceptable provided that n > 4, which is certainly implied by
the hypotheses in Theorems 1.3 and 1.4. Thus, we can focus our remaining efforts on
establishing Equation (4.21).
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Our next goal is to analyse the integrals K(u,Pm) in Equation (4.23) for the case
that F has the shape F(x) = Q(x)+ R(z],23,...,27,), for 7 € Gal(K/Q) some fixed
automorphism. Taking the [th embedding into the real numbers gives

F(l)(x(l),...,x(d)) - Q(l)(x(l)) +R(l)(pl(x(7—)))’ 1<1<d,

where we write x(!) = p;(x). For each 1 <1< d, we define I, through the relation (1.4).
With this notation, we obtain

2x)= Y wF(x)

1<I<d
= > wQW)+ Y wRY(p(x7))
1<I<d 1<I<d
= Z w, QW (xM) + Z w, RO (x).
1<I<d 1<ILd
Hence,
d
K(u,Pm)=[] [ WEx)e@"x")-Pm® x")dx",
l:l R?L
with

GO (xW) = 4,QW (xW) 41, RU (x1),

Note that G®)(xW) is a quadratic form in x(® and hence can be represented by a
symmetric matrix, which can be diagonalised using an orthogonal base change. Thus,
for every tuple u = (u,...,uq), there exists a diagonal matrix Diag(9; ;(u))1<i<n and an
orthogonal matrix M;(u) € O(n) such that

GO (xW) = (xW) M, (u) Diag(dy,; (u)) My (u)x .
Set,

KO @w,Pm)= [ WxD)e(@WxOD)-PmY xO)dx?, for1<I<d.
Rn

With the change of coordinates M;(u)x®) =y® we get

KW (u,Pm)
=+ [ W'y D)e((y") Diag(@r,:(u)y” — Pm®. (M (w)) 'y ") dy™®
RTL
=+ [ W(M(u)'yP)e((y") Diag(dy,:(u)y" — PM;(w)m™ y)dy®.
RTL

We are now ready to prove the following result.

Lemma 5.4. For any € > 0, the integral K(l)(u,Pm) is essentially supported on the set
of u and m for which

(M (w)ym®);| < P70, (u)], 1<i<n,
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and
\mgl)| <P My, m<i<n
Moreover, we have
- 1
KW u, Pm) < | | min (1,) .
( ) Zl;[ |6l,i(u)|1/2

Proof. Recall that M;(u) € O(n). In particular, all entries of M;(u) are bounded
independently of u and we obtain

8k
Ay

uniformly in « for all k¥ € N. The result now follows from Lemma 4.9. O

W(M;(u)fy™) < 1,

Henceforth, we take N =0 and write E(P;X,Y) = E(0; P;X,Y) in Equation (4.23).
We shall adhere to common convention and allow the value of € > 0 to change at each
appearance so that PflogP < P¢, for example. Moreover, all implied constants are
allowed to depend on .

Applying Corollary 5.3, we deduce that

BE(P;X,Y) < PeX!=(nmm/2y—m/2 - § " > /|K(u,Pm)|du.
bEB(X.Y)  0tmedp" K4
i>m=m;c0o bt

Let § € “bd, and let p; be a prime ideal coprime to b2, with Np; < (Nb)*/¢, such that
(6) = “bop;. On multiplying 6 by an appropriate unit, there is no loss of generality in
assuming that

yVd « 60 « y/dte, (5.1)
for 1 <1<d, since Y < NGph < 2Y. We are led to make the change of variables
¢; = dm;, (5.2)
for 1 <7< n, so that ¢ = (cy,...,c,) € 0™. Then
;€00 b L =p b7 % Ccb1%, for m<i<n. (5.3)
We may now write
E(P;X,Y) < PeX!=(nmm/2y—m/2 -} > / |K (u, P6~"¢)|du.
bEB(X,Y) (o;e)cﬁglzs
Define the function

=II II m1n< ! > (5.4)

1/2
1<I<d1<i<n ( )| /
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Let #Z(m) be the set of u € % such that
|(My(w)ym®);| < P70, (u)], 1<i<n,1<I<d,
and
|m§l)| <Py, m<i<n, 1<I<d.
We now have

E(P;X)Y) < PeX!-(nmmi2y=m/z / f(uw)du.
beB(X,Y) 0ceo™ Y #(671C)
(5.3) holds

Let

Lu)= > >,

beEB(X,Y) cEE (u,b)
where € (u,b) is the set of nonzero vectors ¢ € o™ for which Equation (5.3) holds,
|(M;(u)cD);| < PHEY Y5, (u)|, 1<i<n,1<1<d,
and
V) < P ey V| m<i<n1<I<d.
Then we have

E(P;Xy)<<P8X1—<"—m>/2y—m/2/ f(u)L(u)du.
wU

2891

Our next goal is to estimate L(u). For each 1 <[ < d, we sort the eigenvalues 0; ;(u) in

a way such that

01,1 (w)| = [Or,2(w)] = -+ = [0, n (w)]-

Note that we can always achieve this by adjusting the orthogonal matrix M;(u) with

suitable permutations. Moreover, for all 1 <i<n and 1 <[ <d, we have
100, ()| < | + |, |-

It will now be useful to make the observation
d d

T+ ]+ e, [) < TTOQ A+ Tl (1, ) << $5(w)?.

=1 1=1
We proceed by proving the following result.
Lemma 5.5. Let u €V such that H(u) < P¥e/X. If L(u) #0, then
P4y §(u)? > 1.
Moreover, we have L(u) < P*X J(u), where

Jw = T[] I @+P7=y"5,(u))).

1<IKd1<i<m
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Proof. Let us write ¢ = (¢/,c”), where ¢’ = (cy,...,¢m) and ¢’ = (¢pm41,- .- ,¢n). Keeping
in mind Equation (5.3), we first fix a choice of ¢ € (b’le)nfm satisfying
] < PR

for m+1<i<nand 1 <I<d. Choose A € K such that (A\) = bflepgl, for a suitable
prime ideal ps of norm O(P¢). We may assume that A is well shaped in the sense of
Equation (5.1), on multiplying by a suitable unit. Thus, X /?Y1/4 <« |\ | « X1/dy1/d+e
for 1 <1< d. Making the change of variables ¢” = Ad” and recalling that Nb < X and
N%b =Y, we must have

4| < PTEX

form+1<i<nand 1<I<d.
We begin by showing that Equation (5.7) holds if L(u) # 0. Thus, there exists ¢ # 0
counted by L(u). Suppose first that ¢”” # 0. Then there exists i € {m+1,...,n} such that

1< |Ngjo(di)| < P~ X|Nm(u),

whence 1 < P~ X §(u) < P~*¢Y $(u)? since X < Y. This is satisfactory for Equation
(5.7). Suppose next that ¢’ # 0. In particular, we have

|(M;(u)cD);| < PHEY Y8, (u)], 1<i<n,1<I<d. (5.8)
As M;(u) is an orthogonal matrix, this implies that

\cg-l)| < Pyl max 101,:(w)], 1<ji<n1<I<d,

1<i<n
whence Equation (5.6) yields
d d
1K PidJrngl;[l max |01 (u)| < Pid+€Y11;[1(|ul| +ur,|) < P74y $H(u)?

This completes the proof of Equation (5.7) under the assumption that L(u) # 0.
Turning now to the estimation of L(u), it readily follows from a result in Lang [9, Thm.
0 in §V.1] that the overall number of vectors d” is

d n—m
< (1 + HP1+5X1/d|ul|> < (1+P X Nm(u))" " < P~
=1

It remains to count the number of vectors ¢’ associated to a particular choice of ¢”. Let

L(u,b,c”) be the number of ¢’ € 0™ such that Equation (5.8) holds. Assume that the
matrix M;(u) is given by M;(u) = (Miag)1<ae, f<n. Write
My(u) = (M (u)M;" (u)),

with M/ (u) = (myag) 1<asn and M/ (u) = (map) 1<agn - Then we consider the system of
1<8<m m<B<n

inequalities

|M] (u) 'V 4| < PTHEY VG, ()], 1<i<n,1<1<d,
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where r; = (1) 1<i<n = Ml”(u)c”(l).
Write

d
i = E cwp, C €Z,1<i<m.
=1

Then, for 1 <7< n, we can write

m m d m d
(Ml/(u)cl(l))i = Z mmcg) = Z miig Z Cﬁkw;(cl) = Z Z mzww,(f)cﬁk-
B=1 k=1

=1 B=1k=1

Let H be the dn x dm matrix given by
H = (muiswy,)) 0,0x (k91
with 1 <I1<d, 1<i<n, 1<k<d, 1< 8 <m,and consider the lattice
A=HZ™ c R™.
Then L(u,b,c”) counts lattice points in A which lie in a box of side length
< P7IEY VS, s(u)], 1<i<n,1<I<d.

We claim that the successive minima of the lattice A are bounded above and below by
constants depending only on K and n. Taking this on faith, it will then follow that

L(u,b,c") < H H (1+P_1+6Y1/d|6l,i(u)|)a
1<IKd1<i<m

which will settle the lemma, on summing over O(X) choices for b € Z(X,Y).
To check the claim, we order the index tuples (i) and (k,8) in the matrix H
lexicographically. Write

A= (miigw)1<icn1<p<m = Wi (Miig) i) = wy B,

with the n x m matrix B; = (myig)1<i<n,1<8<m- Note that B; has orthogonal and norm
one columns for 1 <! < d. We can then write H as a block matrix

H = (Ai)1<u,k<d-

Let B = B(u) be the nd x md matrix which is a diagonal block matrix, with the matrices
Bi,...,Bg on the diagonal. Let W be the md x md block matrix, with blocks w,(cl)Em at
each place 1 <[,k < d, where F,, is the m-dimensional identity matrix. Then

H = BW.

Consider the lattice I' = WZ™¢ ¢ R™?, and note that this only depends on the basis
w1,...,wq. Moreover, if w € I, then

(Bw,Bw) = w'B'Bw = W'E,,qw = (W, w).

Hence, the successive minima of the lattice A coincide with those of I', which thereby
establishes the claim. O
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It follows from the previous result that
E(P,X,Y) < PEXQ—(n—m)/Zy—m/Q
—14¢ 5.9
< [ @ TT T (4P ey oy w))du, (5.9)
- 1<i<m 1<I<d

where f(u) is given by Equation (5.4) and % * is the set of u € % such that Equation
(5.7) holds.

Recall that the 9;;(u) are the eigenvalues of the matrix associated to the quadratic
form

Q) (x) + RO (xV),

The next result collects together a number of properties concerning the size of the
eigenvalues 0y ;(u).

Lemma 5.6. Assume that Assumptions 1-3 hold, and suppose that m > m —1 is the
degree of the polynomial appearing in Assumption 3. For each 1 <1< d, we order the
eigenvalues 9y ;(u) such that

1001 (uw)| = [01,2(w)| = -+ = [O1,n ()]
Then there exist constants C1,...,Cq > 0 such that the following holds:
(1) If |ur, | < Cilwyl, then
|001(w)| < |u|  and |0 n—1(uw)| > |ul.
Moreover, if m =1 and m =0, then
|01 (w)| < Jw|  and |0 n(w)] > |w).
(2) If |ui, | > Cilwl, then
|

Bmss (1) By ()] > L2

|m—ﬁl'

Proof. To begin with, according to Assumption 3, for each 1 <[ < d there exists a
constant C; such that
|det(QY) + R > |¢™,

for [t| > C.

We start by examining the case |u; | < Cjlw|. The first bound |01 (u)| < |uw|
follows directly from Equation (5.5). Assume now that u; # 0. Note that each of the
eigenvalues 0; ;(u) arises by multiplication with u; from the eigenvalues of the matrix
corresponding to

QW 4 Y= gl
()

Write 8ll(u) for those eigenvalues in the same ordering. Assume that the lower bound
|07,n—1(u)| > 1 is not satisfied. Thus, there exists a sequence of t; in the range [t;| < C
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such that 51 n—1(t;) = 0, for j — oo, where we write 5; n—1(t) for the second smallest
eigenvalues of Q(l) —l—tR(l ). As the set of ¢ is compact there is a convergent subsequence,
convergent to t' say, with rank(Q(l) +t'R(7)) < n—1. This contradicts Assumption 2.

Now, we consider the case m =1 and m = 0. By Assumptions 1 and 3, we deduce that
det(Q(l) +tR(lT)) is a nonzero constant independent of ¢. In particular, the rank of this
matrix is always n and the argument above shows that |3, ,(u)| > |u].

Next, we consider the case |u;, | > Cjluy| and u; # 0. Again, we write 0y ;(u) for the
eigenvalues of Q) + %R(“). Note that we have

1374 (u) 1<i<n.

Moreover, we observe that

B0 (1) B ()] = et (Q) 4“1 R | U 7,
l

We therefore find that

= = Uuj Ul |5 Uuj —

5 m .. 8 n _vIm| "t m _ | M m.

Ot mt1 () Bun (W) > =™ |2 .
From this, we obtain the lower bound

n—m| W | m—m _ ‘ul‘nim
e e

which completes the proof of the lemma. O

We now continue with our analysis of E(P;X,Y) in Equation (5.9). Recall our
assumptions on X,Y in Equation (4.20). Let E;(P;X,Y") denote the overall contribution
from the case Y > P? and let E(P;X,Y) denote the remaining contribution. The
following pair of results treats these two quantities in turn.

Lemma 5.7. Assume > m —1. Then Ey(P;X,Y) < PX2—n/24m/2)+e | p-dmite

Proof. On recalling the definition Equation (5.4) of f(u), we deduce from Equation (5.9)
that

El(P,X,Y) << P€X27(n7m)/2yfm/2pfmdym
1
x/ IT a+lal+lw ™) TI 11 mm( 5 1/2>d“
7" \1<i<d 1<I<dm<i<n [0 (w)]

since Equation (5.5) implies that

TT L+ B0 < (L o] + [, )™

1<i<m
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Here, we recall that % * is the set of u € % such that Equation (5.7) holds. Consider for

a moment a fixed value of I If Cj|u;| > |uy_ |, then Lemma 5.6 yields
1
- - ~(n-m-1)/2
H mln(17|6li(u)1/2) <<m1n(17|ul‘ n—m )
m<i<n ’

If Ciluy| < |ug,| and m > m—1, then Lemma 5.6 yields

11 mm( o <1>|1/2><<mi“<1’ |6l,m+1<u>o%-sz,n<u>|1/2)

m<i<n
< min [ 1. 4= |1/
min | 1, |ul|(n7m+1)/2 ’

In either of these two cases, we therefore have

: 1 1/2 . —(n—m)/2
H min (17511‘(16”1/2) L (14 |ug| + |, |)*“ min (1,|ul| ),
m<i<n )
whence

E; (P,X,Y) < PsXQ—(n—m)/Qy—m/ZP—mdym

1
(m+1)/2
x/% [T (1 fua] + ) 1 mln( = m)/2>d

1<i<d 1<i<d
It follows from Equation (5.6) that

El (P,X,Y) < P€X27(n7m)/2yfm/2pfmdym/ ﬁ(u)m+17(n7m)/2du
H(u)<Pite /X

< PEXQ—(n—m)/Zy—m/2P—dmym(1 + (Pd/X)2+m—(n—m)/2)
< PEX—mym/QPd(Q—n/2+m/2) + P8X2—(n—m)/2ym/2p—dm.
The contribution gets maximal for Y =< X2, in which case we get the upper bound
El (P,X,Y) < PeXmede(Qf’n/2+m/2) +P€X27n/2+3m/2pfdm

< Pd(27n/2+m/2)+s +X27n/2+3m/2pfdm+s.

The first term is satisfactory for the lemma. If 2—n/2+3m/2 <0, then the second term is
O(P~m+¢) which is satisfactory. If n < 3+3m, on the other hand, then we take X < P?
and get the satisfactory upper bound O(P4(2=n/2+m/2)+e), O

Lemma 5.8. Assume thatn>m-+4 and m >m—1. Let
1 ifm=1and m=0,
R =
0 otherwise.

Then Eo(P; X)Y) is
< P—d(n—m—4+f£)/4+6+P—1/2+E_’_P—2m+d(3m+4—n—n)/2+£_~_P—2m+d(3m+4—fi—n)/4+a.
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Proof. For 1 < i< m, we clearly have
. 1 ltev l/d)n Atev 1/dim (N (1)2
min (1,|5l’i(u>1/2> (1+P Y40, (w)]) < 1+ P YN8, (w)] =

Hence, we find that FEo(P;X,Y) is

< P5X27(n7m)/2yfm/2

1 1 14ev/1 1/2
X/% 11 Hmm(le) II I G+p7 syt o)) du

1<I<dm<i<n 1<IKd1<i<m

If Cylw| = |ug, |, then Lemma 5.6 leads to the bound

1
H min <1, |6(u)1/2> < min (17 |ul|7(n*m71+1€)/2) )
1,3

m<i<n

For the case Cjluy| < |ug, |, we still have

H min 1 < min IM
|5“( )‘1/2 ’|ul|(n—m+1)/2

m<iL<n

since m > m — 1. We now deduce that in either case we have
1
min 1, ———— | < (14 |ug|+ |u|)/? min (17 u —(n—m+n)/2) .
H ( |5l’i(u)|1/2> (L ] + e, ) |

It now follows from Equation (5.6) that Es(P;X,Y) is

< PEXQ—(n—7n)/2y—m/2
< [ sty TTTT (e P o+ )2

1<I<d1<i<m
< PEXQ—(n—m)/Qy—m/Q

n—m-—2+4k

x [ Hw)” [T +P =y Yy + fuy, )/2)™ du.
e 1<I<d

Let I denote the contribution to the integral from those u for which there exists at least
one w; with |u;| > (P/Y/?)2 and let I, denote the remaining contribution.
On recalling that % * is the set of u € % such that Equation (5.7) holds, it is clear that

n—m-—2+4k

I2<</ Huw)” 7 du

Pd/275/yl/2<<5;)(u)<<Pd+5/X
lu |« P2y ~%/? 1<I<d
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Turning to I;, we see that
[T a+P 7=y Y|+, )2
1<I<d

< P* H (P*1Y1/d(|ul|+|ulTD1/2)m
1<I<d
Jug|+|ur, | >(P/ Y1/ 4)?

< psﬁ(u)m(p—lyl/d)mﬁ{lélsd:luz|+|uzT\>(P/Y1/d)2}

by Equation (5.6). But if there is one w; with |u| > (P/Y/%)?, then clearly
#{1<I<d: jw|+|ug | > (P/YVH)2) > 2.
Hence, since P~1Y/4 « 1, it now follows that
I, < P* / )~ T (prlyt/dy2may,
Pd/Q_E/Y1/2<<$j(u)<<Pd+5/X
In summary, we have shown that
Ey(P;X,)Y) < PEX2~(n=m)/2y =m/2([) 4 [),

with I1,I5 as above.
Since n > m+4, the exponent of H(u) in I is less than or equal to —1. If %’%“ >1,
then it follows from Equation (4.12) that

IQ < PE(Pd/Q/Yl/Q)—7n7m272+N+1.
However, if "’T”Qﬁ =1, then we apply Equation (4.13) to deduce that the same bound
holds.

On the other hand, Equations (4.12) and (4.13) also yield

I < pm2mtey2m/d ((Pd/X)—”’m;”me i (Pd/z/yl/Z)—%+m+l)

< X"7m272+” 7m71Y2m/dpf2m7d(%72+”)+md+d+s

+ Yzm/d+n/473m/4+n/4f1P72m+d/2(7%f““ﬂnﬂ)ﬁ.
We conclude that
EQ(P;X,Y) < Xm/Q—mY—m/2+2m/dp—2m+3md/2+(4—ﬁ)d/?—dn/2+6
+ X2—(n—m)/2Y2m/d+n/4—5m/4—(4—&)/4P—2m—dn/4+3md/4+(4—m)d/4+€

+ X2 (n=m)/2y —3m/4+n/4—(4—r) /4 pd/2(= P=TEEE 4 1) e

We now consider these three terms separately, starting with the third and recalling that
n—m>=4.If —3m/44+n/4—(4—k)/4 <0, then we get an upper bound

< pd/2(= =2 L ) e « pdn—m—d+r)/dte

In the opposite case, we get the upper bound < P~9"/2+¢ « p=+¢ on using Y < P4
and d > 2.
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We now turn to the second term. If 2m/d+n/4—5m/4— (4—k)/4 <0, then we get the
upper bound

< P—2m—dn/4+3md/4+(4—ﬁ)d/4+8

In the opposite case, on using X > Y/2, we get the upper bound

< Yl—(n—m)/4y2m/d+n/4—5m/4—(4—n)/4P—2m—dn/4+3md/4+(4—n)d/4+s

< Yﬁi/4—m+2m/dP—Qm—dn/4+3md/4+(4—&)d/4+6.
If d > 3 or k =0, then we reduce to the case above. If d =2 and k = 1, on the other hand,
we obtain the upper bound

< Pd/4P—2m—dn/4+3md/4+(4—m)d/4 < P—(n+m—4)/2+5

since Y < P?%. Clearly, (n+m —4)/2 > m if n > m+4, whence this case contributes
O(P~™%¢) which is satisfactory.

It remains to deal with the first term. Again, we use the lower bound X > Y'/2, allowing
us to bound the first term by

< Yf-i/4—m/2Y—m/2+2m/dp—2m+3md/2+(4—H)d/?—dn/Q-}-a

< Yﬁ/4—m+2m/dP—2m+3md/2+(4—n)d/2—dn/2+a.

If d>3 or k=0, then we get O(P—2m+3md/2+(4=r)d/2=dn/2+e) which is satisfactory.
Alternatively, if d =2 and k =1, then we get

< Pl/2P—2m+3md/2+(4—&)d/2—dn/2+6 < P—(n—m—7/2)+e-
This is <« P~/2%¢ since n > m+ 4, which thereby completes the proof of the lemma. [

It remains to combine Lemmas 5.7 and 5.8. We make the assumption
n>=>m-+>5.
Under this assumption, the bound in Lemma 5.7 is O(P~%2%¢). Moreover, the bound in
Lemma 5.8 is
< P—d(1+n)/4+5+P—1/2+5+P—2m+d(3m+4—n—n)/2+8+P—2m+d(3m+4—m—n)/4+e.
Hence, since d > 2 and m > 1, it finally follows that Equation (4.21) holds for a suitable
A >0, provided that n > m+5 and

4
n>3m+477m711,

where « is defined in the statement of Lemma 5.8.

Suppose first that m =1 and place ourselves under the hypotheses of Theorem 1.3.
Then Assumptions 1-3 hold with m = 0. Hence, kK = 1 and the condition on n reduces to
n > 6, as required for Theorem 1.3. Assume now that m > 1, but k = 0. Since d > 2, we
have 3m+4 —4m/d > m+4, from which the statement of Theorem 1.4 follows.
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6. Inhomogeneous case: proof of Theorem 1.5

In this section, we complete the proof of Theorem 1.5. We note that the quadratic
form in Equation (1.5) is a special case of Equation (1.3), with A = Diag(as,...,a,)
and B = Diag(by,...,bm,0,...,0). Hence, Corollary 5.3 applies to the situation con51dered
in Theorem 1.5. In particular, assuming that n > 4, the argument in the previous section
shows that the sum over b in Lemma 4.12 can be extended to infinity with acceptable
error. Since the assumption n > 4 is implied by the hypotheses in Theorem 1.5, this leaves
us free to focus our efforts on proving Equation (4.21).

In the present setting, it will be vital to obtain additional cancellation from the sum
over primitive characters in Sy (IN;m). We plan to improve on Corollary 5.3 in generic
situations, beginning with an examlnatlon of a particular exponential sum modulo degree
1 prime ideals. The saving we shall achieve is linked to the fact that N # 0 and will also
involve the special generalised quadratic form

T 2 T 2 T 2
G(x)=a1-apb1-- by, ( O4gin +<bl>+~--+(bm)), (6.1)
Qp 1 m
that is the analogue of the dual form in our setting. (Note that it has coefficients in o.)

—~n
For any unramified prime ideal p and any vector v € Gp , it will be convenient to observe
that ord, (G(v)) > —2, since ord,(v;) > —1 and ord, (v]) > —1 for any v; € p. With this
in mind, we proceed by proving the following bound for S, (N;v).

Lemma 6.1. Let p be a prime ideal of residue degree 1, and let v € C/;]\Jn Then
Sp(IV;v) < (Np) P (VI HEnmmI/2,

where

= otherwise.

0, (v) = {1 ifp| N and ordy(G(v)) > —1,

Proof. Let p be a prime ideal of residue degree 1 so that Np = p for a rational prime p.
We may assume that p is unramified in K and that

pa|'2a/1...a/nb1...bm

since the desired estimate is trivial otherwise. Since K /Q is Galois, this means that there
is a factorisation (p) = p;---pg into prime ideals, where py,...,pq are the d conjugates of
p under Gal(K/Q), satisfying Np; =p for 1 < < d.

It will be convenient to write S, = S,(N;v) and p = p™ ' in the proof. Then p and §
are distinct prime ideals, with “p = pp and Np = Np = p. Choose v = g/a € F(p) as in
Lemma 3.4 so that ¢(+-) is a primitive character modulo p. Then we can write

= Y. > ¢(a(F(x)-N)+vx)
a€(o/p)* x (mod “p)

= Y W(=yaN) > ¢({aF(x)+avx}),

ac(o/p)* x (mod G p)

as in Equation (4.7).
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Lemma 3.2 yields

Sp= Y ¢(=yaN) Y. > Y(y{aF(pu+iw)+a(pu+Aw).v}),

ac(o/p)* u€(o/p)m we(o/p)™
for suitable A, i € 0 such that
ordp(p) =ords(A) =0 and  ordy,(\) =ords(u) = 1.
Clearly,

(st Aw).v) = (rapnv)  (arw.v)
and
¢ (yaF (pu+Aw)) = (va {u2 > a4+ (A7) bi(w])? })
=1 =1

since the characters ¥ (yA-) and ¢ (yu™-) are both trivial on o. Putting everything together,
it follows that

Sp=%0 Y ¢(—vaN)Li(a)S2(a), (6.2)
a€(o/p)*
where

Yo = H Z ¥ (yadw;),

i=m+1weo/f

Si(a)= Y T/’('Y{GMQZCHU?"‘@WLV})a

ue(o/p)" i=1
Ya(a) = Z G (7 {GO\T)QZ[%(U}Z‘T)Z +a)‘zwivi}> :
we(o/p)™ i=1 i=1

We estimate the first sum trivially via X < (Np)*~™ = (Np)"~™.
The second sum factorises as

Yi(a) = H Z ¥ (v{ap®au® +u(apv;) }) .

i=luco/p
Recall from the definition of §(p) that « € pd. Hence,

o €pd-pp=o0
since ord;(p) =1 and v € 51;”, by assumption. Making the change of variables

u — u— 2apla;ouv;,
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where 2ap2a; denotes the multiplicative inverse of 2au?a; modulo p, we are led to the

expression
Z ¥ (v{ap*an® +u(apn;)}) =9 (—74au2ai(uavi)2) Z ¥ (vapPau®)
u€o/p u€o/p
since 4 —2 = —4 (modp). The inner sum is a classical Gauss sum, as found in work of

Hecke [7, Satz 155], for example. We obtain

5 o (s +utamm ) - (*

a; —
) o (—v4au2ai (uavi)z) :
p
u€o/p

where

Tp = Z W (yu?)

u€o/p

This completes the proof of the identity

zm@(Ewa“;%)¢w<wmﬂ§;@mmwﬁ.

It turns out that the remaining sum Y5 (a) can also be interpreted as a product of Gauss
sums. First, we observe that we have the factorisation

H Z P 'y{a )\T +a)\wvl})

i=lweo/p

_HZ ({ V2bju® + adu” 11%}),

i=luco/p

on making the change of variables u = w7. The trace is left invariant under conjugation.
On recalling that g € Z so that g7 = g, it therefore follows that

o (yaxum u) =6 (77T ATue]) = (yaATuey)
since (ya)™ = g = ya. Hence,

a) = H Z P (’y{a()\T)QbiUZ +u(aA™])}),

i=luco/p

where
aX vl €pd-pT-(“p) €0

for 1 <i < m. The inner sum is a Gauss sum that we can evaluate, as previously. This

yields
a0 (3 (52 e ().
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We now piece everything together in Equation (6.2). To begin with, it follows from
squaring and differencing that

TP = () Y v (2yuw).
u€o/p vEo/p

Since p 12, we see that the inner sum is Np if u € p and and 0 otherwise. Hence, it follows
that |7,| = /Np, from which we deduce that

m—+n
S, < (Np)(?mfm)ﬂ Z (a) 1/1(7{7aNf@M}) ,
ac(o/p)* 4

where

M= FZ(TZ-(MOA%)Q + (A7) ZE‘(ATQUZ)Q.
i=1

=1

Since pf2ai---anby - byuAT, we may replace @ by 4aay---a,by -+ bypu?(A\7)? by a in
order to obtain

Sp(v) < (Np) P2 I |,

m—+n
K= 3 () o {at0n2a6m) - T b im0 N,
a€(o/p)*

with G is given by Equation (6.1). One notes that u?(A\7)2a2G(v) € 0 when v € (61\3)"
In particular,

ord, (1> (A7)?a*G(v)) = ordy (G(v)) +2.

Thus, K, is a Kloosterman sum, if 2 | m+n, and a Salié sum if 2¢m+n. It follows that

vNp  otherwise.

The statement of the lemma is now clear. O

K, < {Np if p | N and ord,(G(v))+2 >0,

We are now ready to reveal our final estimate for the exponential sum Sp(N;m).

—~n
Lemma 6.2. Let € > 0. Let b C o be a nonzero ideal, and let m € Gb . Then

Se(N;m) < (Nb)2=(=m/2te(NCpn—m/2 - TT  (Np)z [ »%,

p[(b,N) p"|INb
Np[Nb k>2
ordy (G(m))>—1

where G is given by Equation (6.1).
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Proof. There is a factorisation b = by by, where N by is square-free and N by is square-full,
with gcd(N by, Nbg) = 1. It follows from Lemma 4.5 and Corollary 5.3 that

Se(N;m) = S, (Nba N; (N bs)m)Se, (Nb; - N; (N by )m)

(6.3)
2 —(n—m n—m
< |Sp, (Nby N;(Nby)m)|(Nby) = (n=m)/2(NCpy)n—m/2,

We now turn to Sp, (N b22N; (Nby)m), in which we note that
(Nbo)m; € (Nb2)Pb € Gby (Nby)Cb, - € Cby,
for 1 <7< n. Since Nb; is square-free, we have a factorisation

blqu"'qra

for distinct prime ideals gy, - - - ,q, of residue degree 1 such that Nqq,---,Ngq, are distinct
rational primes. Let

-
Cy = H N q;,
j=1
i
for 1 <i < r. It now follows from a further application of Lemma 4.5 that

Se, (Nby N3 (Nby)m) = Sy, (Nby &2 N; (Nby)eym)- - S, (Nby &2N; (Nby)e,m).

In particular, we plainly have (Nby)e;m € (Ecﬁ)” for 1<i<r.
We are now aligned for an application of Lemma 6.1. For each i € {1,...,r}, this yields

Sy, (Nby G2 N; (Nby)eim) < (Ng;)fa:+En=m)/2
where
0 — 1 if q; | N and ordg, (G(m)) > —1,
& 1 otherwise.
Note that
(N qi)éqi+(3n—m)/2 — (Nqi)eqi —(n—m)/Q(Nqu)n—m/Q
since N¢q; = (Ng;)2. Thus,
S, (B N3 (Nba)m) < (Nby) 2= =m/20e Gy T ()l
p[(b1,N)
ordp (G(m))>—1
Combining these estimates in Equation (6.3), we conclude that

Se(Nim) < (Nb):~(=m/24=(NCp)nm/2(Nby) [[ (Np)?

p|(b1,N)
ordp (G(m))>—1

since (Nb1)(Nby) =Nb and (N€b;)(N%by) = Nb. The statement of the lemma is now
clear. O
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Our next task is to analyse the oscillatory integral K(u,Pm) when F is given by
Equation (1.5), based on Equation (4.15). To the fixed automorphism 7 € Gal(K/Q) in
Equation (1.5), we can associated a unique integer I, € {1,...,d}, as in Equation (1.4).
We therefore have

FO(x Za(l 02 +Zb<z t-1)y2

for 1 <1<d Let A = Diag(a(ll), ag)) and B; = Diag(b(ll),...,b%),O,...,O). Then it
follows that the quadratic form Equation (4.14) has an underlying matrix which is the
block diagonal matrix

upAq +u17B17 0 0
0 UQAQ + U2, BQT e 0
0 0 s ugAg+ U, Bd,-
If m is given coordinates m = (m(l), . ,m(d)) on V™, then we have
K (u, Pm) (G< )(x®) = Pm® x l)) ax®,
SRl

where G has underlying matrix w;A; +wu;, By. Since this matrix is diagonal, on assuming
that the weight W is chosen suitably, we may further factorise to obtain

d
K (u,Pm) = H RIS 405 SONNRSY LO)

where we write
HZ.(Z) = /RW(ar)e ((agl)ul —G—bng)ulT)xQ — Pml(»l)x> dz
for ¢ <m, and
I(l /W a ulx —Pm( )x> dx
for ¢ > m.
Lemma 6.3. Let
Li(u) = a;u+7" " (bu),

for 1 <i<m. Then, for any € >0, K(u,Pm) is essentially supported on the set of u and
m for whzch

im0 < {PHﬂpl(Li(u)) fi<m o

Py if i >m,
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for 1 <1< d. Moreover, we have

1
K(u,Pm) < .
V(L1 (w) (Lo (u)H ()=
Proof. Clearly, we get exponential decay in K(u,Pm) unless P|lm| < |u|P¢, as we now
assume. However, on examining each of the factors in K (u, Pm) separately, the essential
support of K(u,Pm) is rendered clear. Next, for each i < m and 1 <1 < d, we have

pi(Li(u)) = a(l)ul + bgl”)ulT. The second derivative bound for exponential integrals yields

HY < min(l, \pl(Li(u))H/?),
for ¢ < m, and
1 < min (1, |ul|*1/2) ,
for ¢ > m. The statement is now clear. O

We now piece everything together in our expression (4.23) for E(N;P; X,Y). We shall
continue to adhere to the convention that the value of £ > 0 is allowed to change at each
appearance and that all implied constants are allowed to depend on €.

Recall the definition of % from Equation (4.22). Combining Equation (4.23) and Lemma
6.3, we obtain

E(N;P;X,Y)<a PTY™™ > 1Se(N;m)| f(u)du+ P~4,
bEB(X,Y) 0tmeCp" 2%(m)
where now
_ 1
V(L1 () (Lo (w)$(u) =

and Z(m) denotes the set of u € % such that Equation (6.4) holds.

We now make the exact same change of variables ¢ = dm that we made previously in
Equation (5.2). Then, in particular, we can assume that Equation (5.3) holds. Moreover,
on dropping the information about G(m), Lemma 6.2 yields

Sb(N;5710) < (N b)%f(nfm)/QJrs(NGb)nfmﬂ g(b)
<<X%7(nfm)/2+aynfm/2 /g(b),

fu) (6.5)

where

g)="T] ~» ] »*

p|(b,N) p*||Nb
Np||Nb k>2

In this notation, we conclude that

X 3—(n—m)/2 pe
E(N:PiXY) &g o > > \/g(b)/ fu)du+ P4,
ym/2 n R(5-1c)
bEB(X,Y) 0#£cco
(5.3) holds
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Let

Lw= > Y (b

beB(X,Y)ceC (u,b)
where €' (u,b) is the set of nonzero vectors ¢ € o™ for which Equation (5.3) holds and
|C(-l)| < P_1+EYl/d|pl(Li(u))‘ if i < m,
! Plteyt/djy,| if i >m,
for 1 <1< d. Then we may write

X%—(n—m)/2p5
w

rendering our next task to estimate L(u). The following result is an analogue of
Lemma 5.5.

Lemma 6.4. Let u €V be such that $H(u) < P4/ X. If L(u) #0, then

d—e Pd+6
~ < Hu) <

Moreover, we have L(u) < P¢X J(u), where

or  P7Y max H(L;i(u)) > 1. (6.7)

X 1<i<m

J(u) = [ [max {1,P~*Y$H(Li(u))}.

=1

Proof. Let us write b = bbby, where Nb; is square-free and Nby is square-full, with
gcd(Nby,Nby) =1. Then g(b) = NbyNb, where h is the greatest common ideal divisor of
by and N. In summary, we may now write

L(u) < Z VNb Z p?(Nby) Z VND#E (u,bi1bs).  (6.8)

Nb<X N b1 <X/(Nb2) bl(b1,N)
N by square-full NGh1<<Y/Nsz
ng(N b17 sz):].
In order to proceed, we assume without loss of generality that u € V satisfies

H(La(w) < - <H( L (w).

Let us write ¢ = (¢/,c”), where ¢’ = (c1,...,¢m) and ¢” = (¢ymt1,---,¢,). Keeping in mind

Equation (5.3), we first fix a choice of ¢” € ((b1b2)"2%b;%bs)" ™" satisfying

V] < Pty Yy,

for m+1<i<nand 1<I1<d. We claim that there exists A € K such that

(A) = (b1b2) 7“1 “baps

for a suitable prime ideal ps of norm O(P¢). To begin with, it follows from part (ii)
of Lemma 3.1 that there exists A3 € o such that (\3) = (b1b2) ~1%b; “baps for a suitable
prime ideal p3 of norm O(P¢). A second application of this result reveals that there exists
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A2 € 0 and a prime ideal py of norm O(P¢) such that (A3) = pgp2. The claim now follows
On multiplying by units, we can further assume that

XAy < |\ < x -y tdte,

for 1 <1< d, on recalling that Nb; Nby < X and N¥b; Ny < Y. Making the change of
variables ¢’/ = A\d”, we deduce that for m+1 <7 < n, we have d; € 0 and

d < P A,
for 1 <1< d. In particular, if ¢” # 0, then there exists ¢ € {m+1,...,n} such that
1< [Ngjo(ds)| < P~ X |Nm(u).

Recalling that Nm(u) < $(u) < P4t /X, we deduce that

d—e Pd+a
< Hu) < X

Moreover, arguing as in Lemma 5.5, it readily follows from a result in Lang [9, Thm. 0 in
§V.1] that the overall number of vectors d” is O(P¢). We must next address the number
of ¢’ € o™, with (¢/,c¢”) # 0, which satisfy

"£0= (6.9)

el < PRV py (L)),
for1<i<m and 1 <1Il<d. It is clear that
#0= 1< P Y §H(L,(u)). (6.10)

Together, Equations (6.9) and (6.10) yield the first part of the lemma.
Appealing once more to Lang [9, Thm. 0 in §V.1], we deduce that the number of ¢’ is

m d
<II (HHP”W”ﬂpl(Li(u))) < J(u)

i=1 =1

in the notation of the lemma. Returning to Equation (6.8), we deduce that

Lu)<PJw) Y Nb) Np > 1

Nb <X h| N Nb1<X/(Nbs)
N b2 square-full hlb1
X
<P Y AR RGN
(Nb2)(Nb)
Nb <X hIN
N b2 square-full
1
<P XJw) Y

Nbo<X VY Nbo

N b2 square-full

since there are O(1) ideal divisors h | N when N € o is nonzero. Finally, the lemma follows
on noting that there are O(\/)? ) integral ideals such that N by is a square-full integer of
modulus at most X. O
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We may now apply Lemma 6.4 in Equation (6.6). Let R denote the set of u € % such
that Equation (6.7) holds. On recalling the definition (6.5) of f(u), we deduce that

X 3-(n—m)/2 pe
E(N;P;X,Y) <4 P4+ 2YTI(X,Y), (6.11)

where

/ i 1max{l P~y H(L;(u)} d

u.
VoL (L (u))$(u)n=m
The following result deals with this mtegral.

Lemma 6.5. We have

pd 3m/2—n/2+1
I(X,)Y)< Ps(P~4y)" <(X> +1)

)

. Pd(m/27n/2+1)Ym 1 Y ; pé —(n—m)/2
torP X3m/2—n/2 T pa +P X

where

{1 if Y < Pe
Cy =

0 otherwise.

Proof. In the proof of this result, we shall make frequent use of the observation that

d
H(Li(w)) = [[max{1,]af"w + 5w, [} < 5 (u)?,

=1

for any i € {1,...,n}, which follows from Equation (5.6).
We may assume without loss of generality that the range of integration is restricted to
satisfy

H(Li(w) < < H(Lm(u)). (6.12)

We further break the range of integration into m + 1 regions. For 0 <t < m, let R; denote
the set of u € V with $(u) < P4*¢/X, such that Equations (6.7) and (6.12) hold, with

y)(Lt(U)) < PdiE/Y, ﬁ(Lt+1(U)) > Pd*E/Y.

(Note that the left inequality is vacuous when ¢ = 0 and similarly for the right-hand
inequality when ¢ =m.) In particular, it is clear that R,, = () when the second inequality
in Equation (6.7) holds. Moreover, when ¢ € {1,...,m — 1}, we observe that

R #0)=—Y <« P?=
since $(L¢(u)) = 1. We have

m p-dy)m= tﬁ(LtH( ) H(Lm (1))
AL \/;) (L1 (@) Lo (W) )

du.
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Thus,

I(X)Y) <Y IV(X)Y),
t=0

where

du,

IV(X,Y) = (P~ly)"=tp* /R (f’(Lt+1ﬁ(7{l)L;('r;'5?n()§;z(U)))2

on taking H(Li(u))---H(Le(u)) > 1.
We first deal with 1(®)(X,Y). Recalling that $(L;(u)) < $(u)? for 1 <i < m, it follows
that

(DL (W) -+ H (L ()
H(u)-m /2
If 3m/2—n/2 > —1, then Equation (4.13) yields

< ﬁ(u)Bm/an/?

3m/2—n/2+1
(U)Sm/2fn/2du < P* <d> )
Ro X

Alternatively, if 3m/2 —n/2 < —1, then the left-hand side is O(1) by Equation (4.11).

Thus,
pd 3m/2—n/2+1
I9(X,)Y) < PE(P4y)™ <<X> - 1) ,

which is satisfactory.
Terms with 1 <t < m—1 only contribute when Y < P, Arguing as above, it follows
from Equations (4.11) and (4.13) that

m—1 m—1

INX)Y) < Z(P—dy)m—t H(w)3m/2 =2y
—1 Ry

m—1 pd 3m/2—t—n/2+1
<Py (Pt ((X> + 1)

t=1

S (o (B) () )

t=1

Pd(m/an/Zqu)mel Y }

t=1

~

<P { X3m/2-n/2 + ﬁ

since X <Y. This is satisfactory for the lemma.
It remains to estimate [ (’”)(X ,Y). In this case, we may assume that u satisfies the first
inequality in Equation (6.7) since R,, = () otherwise. Hence, Equation (4.12) yields

1
(m) —
I'"(X)Y) = / (n=m)/2

pd 1—(n—m)/2
{uev:Pi-c /X <H(u)Pite /X } 9 (u) ) 7

d Pl —
U <K (X

which is satisfactory and so completes the proof of the lemma. O
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It is now time to return to our goal of proving that Equation (4.21) holds for a suitable
A >0 for any X,Y > 1 satisfying Equation (4.20). We wish to do so under the assumption
that n —m > 4. Applying Lemma 6.5 in Equation (6.11), the overall contribution to
E(N;P;X,Y) from the final term is seen to be

X%—(n—m)/2pa pé 1—(n—m)/2
st

ym/2 X
X1/2
Yym/2
< P—d(n—m—2)/2+a’

< P—d(n—m—?)/Z—i—a

on taking X <Y and m > 1. This is O(P~9*¢), if n —m > 4, which is satisfactory for
Equation (4.21). Next, the second term in Lemma 6.5 makes the overall contribution

<

ym/2 X 3m/2—n/2 + pd

ym/2-1 X3/2—(n—m)/2
Xm73/2pd(n7m72)/2+ Yym/2—-1pd >

X 3-(n—m)/2pe (pd<m/2—n/2+1>ym—1 Y )
_—_—m— .CY

< CyPE (
If m > 2, we take Y < X2 in the first term, and X,Y > 1 in the second term. Assuming
that n —m > 4, this yields
< Pfd(nfmf2)/2+6+P7d+s < p-dte
b

which is satisfactory for Equation (4.21). If m =1, on the other hand, then we get the
contribution

X1/2 Y1/2
Y1/2 pd(n—3)/2 + X (n—4)/2 pd

<Lcy P ( ) <« pd/2te

by Equation (4.20) and the assumption n > m+4 = 5, together with the fact that Y < P?
when cy # 0.
Turning to the contribution to Equation (6.11) from the first term in Lemma 6.5, we

see that this is
X3-(n—m)/2 pe g [ (P 3m/2—n/2+1

ym/2 pd(m—n+2)/2+e Y 3—(n—m)/2ym/2 pe

Xm—1/2 + pdm
< X1/2Pd(m—n+2)/2+s +X%—n/2+3m/2p—dm+s.

Taking X < P, the first term is O(P~4n=m=3)/2+2) ‘which is O(P~%?%¢), if n —m > 4.
The second term is plainly P~ if 3 —n/243m/2 <0, and it is

< Pd(%fn/2+m/2)+s — Pfd(n7m73)/2+s
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otherwise, on taking X < P?. This is O(P~%?%+) if n—m > 4. All of our estimates are
satisfactory for Equation (4.21), which therefore concludes the proof of Theorem 1.5.
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