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Abstract

Let R be any ring and a any automorphism of R. We determine here all the automorphisms
of the skew polynomial ring R[x, a] which fix R elementwise. We then deal with isomorphisms
between different skew polynomial rings whose underlying rings are isomorphic.

Subject Classification (Amer. Math. Soc. (MOS) 1970): 16 A72.

1. Introduction

Throughout this paper, all rings have identity and all ring homomor-
phisms preserve the identity. The skew polynomial ring R[x, a], where « is
an automorphism of R, is defined to be the set of all finite sums ro+rix +
-+~ +r.x" wherer, € R forall i €{0,---,n}, with addition carried out as with
ordinary polynomials, and with multiplication determined by xr = r“x for all
r € R. When R is commutative and « the identity automorphism of R,
Gilmer (1968) determined all the automorphisms of R[x, a] which fix R
elementwise. Parmenter (to appear) extended this to the case where R is
commutative and a is any automorphism of R. The case where « is the
identity on R and R is any ring has been handled by Coleman and Enochs
(1971). These three results are an immediate consequence of our more
general result, Theorem 1, below. There we determine all automorphisms of
R[x, ] which fix R elementwise, where R is any ring and « is any
automorphism of R. We then extend our investigation to isomorphisms,
between different skew polynomial rings, which preserve an underlying ring
isomorphism. Our major result here is Theorem 3 which has Theorem 1 as a
consequence.
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2. Automorphisms of skew polynomial rings

THEOREM 1. Let R be any ring with identity and let « be any automor-
phism of R. Then x — X! rx " induces an automorphism of R [x, a] which fixes
each element of R if and only if

i) rrn=rr*forallreR and alli€{0,1,---, n},

(ii)) r, is a central unit in R, and

(iti) r; is nilpotent for all i €{2,-- -, n}.

Further, these three conditions hold if and only if x > 2, rx’ induces a
surjective homomorphism of R[x, a} which fixes each element of R.

We prove Theorem 1 by first introducing some preliminary results, the
main one of which is Lemma 2 which allows us to concentrate on the special
case when r, = 0 and r, = 1. This case is dealt with in Theorem 2. Theorem 1 is
an mmmediate consequence of Theorem 2 and Lemma 2. As noted by
Parmenter (to appear), there is not always a homomorphism of R [x, a ] which
fixes each element of R and maps x to 27, rix". Clearly, there is at most one
such homomorphism, and this exists precisely when (Zrx*)r = r*(Zrx’) for all
r € R;thatis
(1) forallr € R, andforalli €{0,---,n},ror, = r.re'.

This is just condition (i) of Theorem 1. In particular r“r, = r;r* for all r € R,
so that r, is central.

LemMA 1. Ift, is a central unit of R and if t, € R is such that tyr = r°t, for
allr € R, then x > 1, + t,x induces an automorphism of R |x, | which fixes all
elements of R.

Proor. From (1), x = 1, + t,x induces a homomorphism of R[x, a] fixing
R elementwise. Since f, is a unit this homomorphism is injective, and as
x = —1"ty(to+ 1,x)" + 17'(fo + t,x), the homomorphism is surjective.

LEMMA 2. Suppose x —>ry+rx + -+ + r.x" induces a homomorphism
of R|x, a] which fixes each element of R. Then  is surjective if and only if

(i) rera=ror for all r € R,

(ii) r, is a central unit,
and (iii) x > x + r'r.x*+ -+ +ri'r.x " induces a surjective homomorphism, p
say, of R[x, a] which fixes every element of R. A
In this case there exists an automorphism 6 of R[x, a], which also fixes R
elementwise, induced by x —ry+ rix, such that ¢ = 6u. Thus ¢ is an au-
tomorphism precisely when p is an automorphism.

PrROOE. Suppose that ¢ is a surjective homomorphism of R[x, a]. Then
from (1), condition (i) holds and r, is central. But since ¢ is surjective there
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exists s; € R such that x = Z,s.[x*]' for some m €N. If we equate the
coefficients of x and use (1) we obtain

1= [Zs

so that r, is a unit. By Lemma 1, 6 is an automorphism. Since r, is a central
unit, we see from (1) that u is a homomorphism of R][x, a] fixing R
elementwise. Also (x°)* = x¥ so 6u = ¢ and u is surjective.

Conversely, suppose that conditions (i) (ii) and (iii) hold. We see from (1)
that ¢ is indeed a homomorphism of R[x, @] which fixes R elementwise.
Since again ¢ = 8u we know that ¢ is surjective.

S i eay |,

i
1

Lemma 3. If k €N and wo, wy, - -+, w, are nilpotent elements of R such
that forallj €{0, ---, k}, Rw; = w,R; then Z;_,w,R is a nilpotent ideal of R.

The proof is an obvious modification of the usual argument when R is
commutative.

THEOREM 2. The map x —>x +rx’+ .- +rx" induces a surjective
homomorphism ¢ of R|x, a] which fixes R elementwise precisely when it
induces an automorphism, and this occurs if and only if

@ rern=rr*forallreRand alli€{2, ---, n}

(i)’ r. is nilpotent for all i €E{2, -, n}.

PROOF. (a) Assume x—>x+rx’+---+rx" induces a surjective
homomorphism ¢ of R[x, «] which fixes R elementwise, and let

m

@ x= 2 s[x?]
i=0
We know from (1) that (i) holds. We shall now prove that (ii) holds.
We first prove that for all r€ R and all i €{0, ---, m}
(3) res; = sre.

The proof is by induction on i. Equating coefficients of x° and x ' in (2) we see
that s, =0 and s,.= 1 and so we have proved (3) for i = 0 and 1. Suppose now
that 2=j=m and that (3) holds for all i such that 1=i <j. Equating
coefficient of x’

S i [
4) 0=s+ 2 s [ DN N ORRRE H’].
k=1 i

iyt tig=§

But (rx ) rax?)y=rar3"x** for all 0=c¢,d =n, so we see from (1) that
(rx)rax?)y= £ r.x*? and extending this we obtain
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(5) (rilxi] ”'(rikxik)= "ﬁkﬂ"‘r}’;r.»lx"

for all i,,---,i €{0,--+,n} with i, + ---+ i, =j. Thus from (4) and (5) we

obtain
i~1
O=S,-+2$k[ E rikil"'ril:l-
k=1

¥eetig=j
Now for any r € R, we see from (1) that
k-1 a aivh—G i) o gk
(r?," ...r'_l)r'zr‘ “ “(re '...’-‘_l)'
But since i;+ -+ + i =,
ak=1 ai __ k o gk=1
(r o =t ().
Hence
i~1
o 3 k—1 a
sre' = — E Sir” [ > e ---r.»ljl =r°s,
k=1 =]

since, by the induction assumption, sire  =r%, for 1=k =j—1. This com-
pletes the proof of (3).
We next show that srg'™'---r, is nilpotent for all 1=i=m with
b, €{1,---,n} and E., b, = 2. (Here we are using the notation r, = 1.) Notice
that (i)' is a consequence of the case i = 1 (since s, = 1) and so the proof will
be complete when we have proved this assertion. We shall use induction on
i=1b. Assume that 2=k =mn, and that for all 1=i=m and all
bi,-+,b; €{1,---,n} such that =i_, b, >k, sr5 " ---r, is nilpotent. Note that
for k = mn this is no assumption, since ., b, = mn. Now consider any
1=i=m and any b,,---,b; €{1,---,n} with Zi_, b, = k. If we equate the
coefficients of x* in (2) we see that

(6) S.»r';,i*l"'rb,-I— E S,-t,- :O
i=o

where, if j# i,¢ is the coefficient of x* in [x®] and is given by
D R N I e
and
L= E{r:ﬁ"“rmicl‘F o+ =k and (ci, -, 6) #A (b, -, b))
Consider a term sr& - -r., occuring in s for some 0 =j = m, and let
g =(srs o m) (s T r ) (srs ).

Note that by (1) and (3), Rq = qR. Suppose first that there exists 1 =e =
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min (i, j) such that ¢, > b,. Then
qE(sri il )RrETR(r5 )

i—1 e-1 -2
=s§ry, cccrh.re re, R

e+ 1

But (bi+ - +b_)+c.+ (bt --+b)>k and so by assumption
sra g rs e+ - -, is nilpotent, and thus, by Lemma 3, ¢ is nilpotent,
The remaining possibility is that for all 1=e =min(i,j), c. = b.. Since
Si_i¢, =k =Zi_ b, it follows that j = i. Indeed j# i as otherwise (¢y, -, ¢;) =
(b, -, b;) which is a contradiction. Thus j > i and there exists 1 = e =i such
that ¢, = b, for all 1=[1<e and ¢, <b,. Then

1

qeRS,-r?’ ’cH,R’b 'rb]R

1 el
=srd e el o R

Cerl

Now (bi+ -+ + b.)+ (c..u + - -+ + ¢;) > k. Hence, by induction, q is nilpotent.
By multiplying (6) on the left and right by s,r5 ' ---r, and by Lemma 3 it
follows that (sir; "' -+ - r,,)’ is nilpotent. This completes the proof by induction.

(b) Assume conditions (i)’ and (ii)’ hold. From (i)’ and (1), x > x + r,x*+

- + r.x " induces a homomorphism ¢ of R[x, «] which fixes each element of
R.If 27 ¢[x®] =0, it is routine to show by induction on j that ¢; =0 for
0=j=p Thus ¢ is injective.

It only remains to prove that ¢ is surjective. Consider the ideal T,
generated by S, ={r:’|2=a =n and b € Z} and the ideal T: generated by
S,={rs'|l2sa=nand 0=sb=n-1}.

Note that T5 C T,. From (i), r2"is nilpotent for all r5"€ S, and from (i),

r2"R = Rr5’. Thus from Lemma 3, T is nilpotent. Notice that, from (1), for
all re’, raz€ S,

b b ba ¢l _ab R R
@ ab, L a a® 2 o 1
Ta'la,® = rg,? ' Fay! rax ra,? ’

and

~1 balnbwal

[ b b, b +a
a a o a
rotro 2= % 2p%n 2 r v pr
ay Fas a; "ay

so that either the first or the second exponent can be made to lie between 0
and n—1. Thus TiCT, and so T, is nilpotent. Now let g,(x)=
x?+Zon[x?]). Thus gi(x)=x + 2, 5,x" for some m, &N and s, € T
Continuing this process, given any j = 2, define

g(x)= g-(x)+ 22] sii-1[&-1(x)]

so that g;(x) = x + =/, 5,,x for some m; €N, and s,; € T7. In particular, since
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T, is nilpotent, there exists t Z 1 with g.(x) = x. Therefore, as g,(x) is just a
linear combination of powers of x?, ¢ is surjective.

3. Isomorphisms between skew polynomial rings

Here we deal with isomorphisms between skew polynomial rings whose
underlying rings are isomorphic. We first prove two preliminary results, and
then use these and Theorem 1 to prove Theorem 3.

THEOREM 3. Let A and B be any rings with an isomorphism ¢: A - B,
and let « and B be automorphisms of A and B respectively. Then the map
x =>by+bx+ -+ bux"extends ¢ to an isomorphism &: A[x, a]|— B|x, B] if
and only if

i) a**b=ba* foralla€ A and all 0=i = n,

(it) b, is a unit, and

(iii) b, is nilpotent for all 2=i=<n.

Further these three conditions occur precisely when ¢ is a surjective
homomorphism.

When v is a unit in a ring B, we denote by i, the inner automorphism of
B given by b = vbv~' for all b € B.

LemMma 4. Let A and B be any rings with automorphisms o and B
respectively and let ¢ : A - B be any isomorphism. If the map x = b, + bix +
-+ + bx" extends ¢ to a surjective homomorphism between A|x, a] and
B[x, B), then b, is a unit and ¢ 'ad = Bis,.

ProoF. Since ¢ is surjective there exist dao,---,an € A such that
(Eroax')® = x. That is, Eea’(bo+ --+ + bux") = x, and when we equate

i=

coeflicients of x we see that

™ S

But ¢ is a homomorphism and therefore a**x® = x®a® for all a € A. Hence

i—-1
a‘{’b{;bl(bﬁ)""’] -1

ji=0

a**h, = b.a*® for all a € A and all 0 =i = n. In particular for i =1 we see
that
®) a**bh, = b,a*.

It can be seen, on substituting in (7) that

S [ 5 arbbiorey ] b =1,
izo

j=0

Hence b, is a right unit and from (8), b, is a unit. Thus a*® = b,a**b7" for all
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a € A, so that since ¢: A — B is an isomorphism b* ** = b,b"b7" for all
b € B. Hence ¢ 'a¢ = Bis,.

LemMMA 5. Let ¢:A — B be an isomorphism, and let a and B be au-
tomorphisms of A and B respectively. Further, let v be a unit of B such that
¢ 'a¢ = Bi,. Then the map 6 : A{x,a]— B[x,B] determined by x — vx and
a —» a® for all a € A is an isomorphism.

ProOF. Now x°a® = vxa® = va*x for all a € A, and (a°)°x° = a**vx
for all a € A. But a¢ = ¢Bi, and therefore x°a® = (a*)’x°. Thus 8 is a
homomorphism. It is easily seen that 6 is injective. Indeed, suppose
(Eroax’)’ =0 for some ao,- ', a. € A. Then Srpalww? - v* 'x' =0, and
asvisaunit,a’=0foralli €{0,---,m}. Hence a, =0 foralli €{0,---,m}. It
only remains to show that 6 is surjective. This can readily be seen as (v ')*"'x
is mapped to x.

ProoF oF THEOREM 3. First assume that x = b,+ b,x + -+ + b.x" ex-
tends ¢ to a surjective homomorphism between A [x, a] and B[x, 8] which
we shall also denote by ¢. Then by Lemma 4, b, is a unit and ¢ 'a¢d = Bi,,. By
Lemma 5, there is an isomorphism 6 : A [x,a]— B[x, 8], which also extends
¢:A—B and is determined by x — b,x.

Alx, a] ——— B|x, B]

0 ¥
B[x, B]

Now define ¢ :B{x, B]— B|[x, B] by ¢ = 0. Then ¢ is a surjective
homomorphism and fixes B elementwise. Hence, from Theorem 1, ¢ is an
automorphism (and so ¢ is an isomorphism), and as b; is a unit and
¢ 'a¢ = Bi,, the conditions of Theorem 1 yield the three required conditions
of Theorem 3.

Conversely suppose the three conditions of Theorem 3 hold. From
conditions (ii) and (iii), b, is a unit and ¢ "'a¢ = Bi,,. Hence, by (i) and Lemma
5, 6:A[x,a]— B|[x,B] is an isomorphism. Define ¢ : B[x, 8]— B[x, 8] by
b*=>bforall b€ B and x > b7'(bs+ bix + -+- + b.x"). Now condition (i) of
Theorem 3 implies that the nilpotence of b,'b; follows from that of b, and it
follows from Theorem 1 that ¢ is an automorphism. But ¢ = 8¢ and
therefore ¢ is an isomorphism.
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