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THE FIRST LINE OF THE BOCKSTEIN
SPECTRAL SEQUENCE ON A
MONOCHROMATIC SPECTRUM AT AN ODD PRIME

RYO KATO anp KATSUMI SHIMOMURA

Abstract. The chromatic spectral sequence was introduced by Miller, Ravenel,
and Wilson to compute the Fa-term of the Adams-Novikov spectral sequence
for computing the stable homotopy groups of spheres. The Ej-term ES* (k)
of the spectral sequence is an Ext group of BP.BP-comodules. There is a
sequence of Ext groups E;"(n — s) for nonnegative integers n with E;"*(0) =
Ef’t7 and there are Bockstein spectral sequences computing a module E}* (n —
s) from E;™"*(n —s+1). So far, a small number of the Ej-terms are deter-
mined. Here, we determine the Eil(n —1)=Ext' M}_, forp>2andn>3by
computing the Bockstein spectral sequence with Ej-term E*(n) for s =1,2.
As an application, we study the nontriviality of the action of a1 and B; in the
homotopy groups of the second Smith-Toda spectrum V(2).

81. Introduction

Let p be a prime number, let S,y be the stable homotopy category of p-
local spectra, and let S be the sphere spectrum localized at p. Understanding
homotopy groups 7, (.S) of S is one of the principal problems in stable homo-
topy theory. The main vehicle for computing 7,(S) is the Adams-Novikov
spectral sequence based on the Brown-Peterson spectrum BP. Spectrum
BP is the p-typical component of MU, the complex cobordism spectrum,
and it has homotopy groups BP; = m.(BP) = Z)[v1,v2, . ..], where v, is a
canonical generator of degree 2p™ — 2. In order to study the Fs-term of the
Adams-Novikov spectral sequence, Miller, Ravenel, and Wilson [7] intro-
duced the chromatic spectral sequence. It was designed to compute the Fs-
term but has the following deeper connotation. Let Ly : 8y — S, denote
the Bousfield-Ravenel localization functor with respect to v, ! BP (see [11]).
It gives rise to the chromatic filtration S(p) — e — LnS(p) — Ln_lS(p) —
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140 R. KATO AND K. SHIMOMURA

-+ — LoS(p) of the stable homotopy category of spectra, which is a pow-
erful tool for understanding the category. The chromatic nth layer of the
spectrum S can be determined from the homotopy groups of Ly (,)S, the
Bousfield localization of S with respect to the nth Morava K-theory K (n)
that has homotopy groups K (n). = v, 'Z/p[v,] for n >0 and K(0), = Q.
By the chromatic convergence theorem of Hopkins and Ravenel [12], S is
the inverse limit of the L, S. Let E(n) be the nth Johnson-Wilson spec-
trum E(n) with E(n). = v, "Zy[v1, ..., v,] for n>0, and let E(0) = K(0).
It is Bousfield equivalent to v, 'BP and also to K(0)V ---V K(n); that
is, Lgn) = Ln = Li©)v..vik(n)- We notice that E(0) = HQ, the rational
Eilenberg-MacLane spectrum, and that E(1) is the p-local Adams sum-
mand of periodic complex K-theory. Furthermore, E(2) is closely related to
elliptic cohomology. So far, we have no geometric interpretation of homology
theories K (n) or E(n) when n > 2.

From now on, we assume that the prime p is odd. We explain the FEj-
term of the chromatic spectral sequence. The Brown-Peterson spectrum
BP is a ring spectrum that induces the Hopf algebroid (BP,, BP.(BP))=
(BPy, BP.[t1, ta,...]) in the standard way (see [13]), and we have an induced
Hopf algebroid

(B(n)., E(n).(E(n))) = (E(n)., E(n). ©pp, BP,(BP) @pp, E(n).),

where E(n), is considered to be a BP,-module by sending vy to zero for
k >mn. Then, the E;-term is given by

B} (n— ) = Exthy gy (B()w M_,).

Here, M;_, denotes the FE(n).(E(n))-comodule E(n)./(In-s + (v,
V5 i1s-++5Un1)), in which I denotes the ideal of E(n). generated by
v; for 0 <i <k (vg =p), and M/(w>) for w € E(n),, and an E(n).-module
M denotes the cokernel of the localization map M — w™'M. In order to
study the stable homotopy groups m.(Lg(,)S), we study here the homo-
topy groups of the monochromatic component M,S of S (see [11]). Then,
the Fp-term E3"'(M,S) of the Adams-Novikov spectral sequence for com-
puting 7. (M,S) is the Ej-term E"°(0) of the chromatic spectral sequence.
In [7], the authors also introduced the v,_s-Bockstein spectral sequence
Effl’tﬂ(n —5+1)= EJ'(n — s) associated to a short exact sequence
0— M=l Zome S M0

n—s+1 n—s
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of E(n)«(E(n))-comodules, where ¢(z) = x/v,—s. So far, the Ej-term
E?'(n— s) is determined in the following cases (see [13]):

(s,t,n)=(0,t,n) for (a) n<2, (b) n=3, p>3, (c) t <2 by Ravenel [10]
(Henn [2] for n =2 and p =3);
=(1,0,n) for n >0 by Miller, Ravenel, and Wilson [7];
= (s,t,n) for n <2 by Shimomura ([14], [17], [18]) and his
collaborators Arita [1], Tamura [19], Wang [20], and Yabe [21];
=(1,1,3) by Shimomura [15] and Hirata and Shimomura [3];
=(2,0,n) for n >3 by Shimomura [16], for n =3 by
Nakai ([8], [9]).
In this paper, we determine the structure of Elll(n — 1) for n > 3. The case
n =3, which is special, is treated in [15] and [3]. The result is the first step
to understanding 7. (L (,)S) for n > 3 as explained above. We proceed to
state the result.
In this paper, we consider only the cases s =0 and s =1, and hereafter,

we put
V=0, and U=Vp_1.

Furthermore, we put
F=1Z/p,

and we consider the coefficient ring K (n), = F[v:l] = F[ot!] = E(n). /I,
A=En)s/In1 and B=M} | =A/(u®)=Coker(A —u'A).

Since the ideal I,_; is invariant, (4,T') = (A, E(n)«(E(n))/In-1) is a Hopf
algebroid, and we use the abbreviation

Ext® M = Ext{ (A, M)
for a I'-comodule M. Then, the chromatic E;-terms are
EY(n) = Ext! K (n). and E{'(n—1)=Ext!B.
We have the u-Bockstein spectral sequence

(1.1) Ey = Ext* K(n), = Ext* B
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associated to the short exact sequence
(1.2) 0— K(n), % B% B—0,

where ¢ is a homomorphism defined by ¢(z) =z /u.

Let R be a ring, and let R(g) denote the R-module generated by g. The
FEq-term of the u-Bockstein spectral sequence was determined by Ravenel
[10] as follows.

THEOREM 1.3. We have Ext® K (n), = K(n)« and

Ext! K(n), = K(n).(hi,Cy:0<i<n),
Ext? K(n). = K(n)«(Cuhiybiy gis kishih :0<i<n,0<j<k—1<n—1).

In the theorem, the generators h; and b; are represented by tﬁ’l and

Zi;i %(z)tlfpi ® tgpik)pz of the cobar complex QfK(n),, respectively, and

g; and k; are given by the Massey products
(1.4) gi = (hi,hishiva)  and k= (hi, hiva, hiva).

In order to determine the module Ext® B, Miller, Ravenel, and Wilson [7]
introduced elements z; and integers a; in [7, (5.11), (5.13)], where they
denoted them by z,; and a,;, such that x; = P mod I,, with the action
of the connecting homomorphism ¢ given in [7, (5.18)]:

5(v°/u) = sv° 'hp—y  and
(1.5) .
5(a8 fu) = soP P by fori > 1.

Hereafter, we let
[i]€{0,1,...,n—2}

be the principal representative of the integer ¢ module n — 1. The elements
x; and the integers a; are defined inductively by zg =v and ag =1, and for
i>0,
z fori=1 or [i] # 1,
Ti = -
' aP | —ubrigP P for i > 1 and [i] =1, and
(1.6)
pa;_1 for i=1 or [i] #1,
a; =
' pai—1+p—1 fori>1and [i]=1.
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Here, by, j(n—1)+1 = (" — 1) (pF™=1) —1)/(p»~' —1). The result (1.5) deter-
mines the differentials of the Bockstein spectral sequence, which implies the
following.

THEOREM 1.7 ([7, Theorem 5.10]). As a ki-module,

Ext’B=Loo ® P La,(z}).
pls,i>0

Here, ky =k(n— 1), = F[u], L; = k./(u%), and Loo = ks /(u>®) = lim_ L;.
This theorem together with (1.5) implies the following.

COROLLARY 1.8. The cokernel of§: Ext® B — Ext! K(n), is the F-module
generated by

V¢, v,y hj for0<j<n-—1, and

vSpkhj for 0<j<n—1, where [k] # [j], s#£ —1 (p), or s=—1 (p?),

for integers s and t with p{s.

By Theorem 1.3, the module Ext! K(n), is the direct sum of (, x
Ext® K(n). = (K (n)., F(hj) for j € Z/(n — 1) and the modules
‘/(i,j,s) = F</Uspl h]>
for (i,4,8) € N x Z/n x Z. Here, N denotes the set of nonnegative integers,
and Z = Z \ pZ. We partition N x Z/n as follows:

Jihj
y
n—lﬂﬁl Tm o
n — 2
H H
Il
H H

Sp

_
-~
Ye

GBO12 n—1\ 2= 2
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More precisely,

H={(0,j):1<j<n-—2}

U{ij:i>0[]#n 3;n—2, 24+ [i]<j<n-—2}
U{(i,j):i>0, [i] #0,1,0 < j <[i] — 2},
(G, 1) z>o}
={(i,[i{] - 1):i>0,[q] #0}, and
={(4,[i] —2):i>1,[i] #0,1}.

GB =

We introduce notation

Vio.n—2) @VOn 2,5)1

seZ'

Viow-1) =P Viom-1,p-1) = Fv™ v 1),
tEL

Cx = @ Viijs) for asubset X CNxZ/n,

(1,))€X,s€Z

Can= @ ((BViso)® (BVisw))
(1,J)€EGB ~ 47 LEZ

= D Ve o@FETTI0 by, and

(4,[i],s)eGB i20

Co=F(0,h;:jeZ/(n—1)).
Here, for e(i) = (p' —1)/(p— 1), 8 = v D, _,,

Z/:Z\{en—Q}, i:{nez:pf(s—i—l)}, and
GB={(i,]i],s):s€Z}.

We also consider the subset T' of N x Z/n x Z defined by

T={(i,j,s) ENxZ/nxL:pt(s+1)orp*|(s+1)if [i] =
pl(s+1)if (i,j) = (0,n—1), and s #e(n —2) if (i,7) = (0,n — 2)}.
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In this notation, the cokernel of § in Corollary 1.8 is given by

Cokerd = (, K(n)s ® Co ® @ Viij,s)

(i,4,8)ET
(1.9) ’

= (K (1) ® Co ® Vig n—2) ® Vion1) ® O © Cix ® Co @ C-
Finally, we consider the k.-modules:
Wi js) = Lagij,s) (@i hg),

W(O,an) = @ W(O,n72,s)7

SEZ/
W(O,n—l) = @ W(O,n—l,tp—1)7
teZ
Bx = EB Wi forasubset X CNxZ/n,
(i,9)€X, s€Z
EGB = @ <<® W(i,j,s)) (&) (@ W(i,j,th—l))> s and
(¢,j)€eGB s€Z teZ

Coo = (K(n—1)4/ks){(0,hj:j €Z/(n—1)).

Here, a(i,j,s) denotes an integer defined as follows: for (i,7) = (0,n — 2),
a(0,n—2,s)=21if pfs(s—1), and

ar, ptt,1>0,[l] #0,n— 2,
a(0,n—2,8) =< a;+e(n—2)+p" 3, pit,1>0,[]]=n—2,
a;+1, ptt,l>0,[l] =0,

if s=tp' 4 e(n —2); for (i,5) € {(0,n — 1)} UHUKUGUGB,

p—1, (4,5) = (0,n = 1),
a;, (i,7) € H,
a(i,j,s) = a; +a;_1, (i,7) e KUG,
2a;, (i,7,5) €GB,
(p = Daipr, (i,5) €GB, p*|(s+1)
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THEOREM 1.10. The chromatic E1-term Ext! B =Ext! M} | is canoni-
cally isomorphic to the k.-module

(nExt? B® Coo ® W(g n—2) ® Wg.n—1) ® Bu ® Bk @ Bg ® Bgp.

Let V(n) be the nth Smith-Toda spectrum defined by BP.(V(n)) =
BP,/I,+1. As an application of the theorem, we study the action of ay
and (31 on the elements u' (¢t > 0) in the Adams-Novikov Ea-term E3(V (n))
in Section 6. In particular, it leads us a geometric result for n = 4. Toda [22]
constructed the self map v on V(2) to show the existence of V' (3) for the
prime p > 5. We notice that v%i € 7,(V(2)) for the inclusion i: S — V(2) to
the bottom cell is detected by u! =v} € BP,(V(2)) in the Adams-Novikov
spectral sequence.

THEOREM 1.11. Let p > 5. Then ~lioy and ~%iB31 are nontrivial in
(V' (2)) fort>0.

82. Bockstein spectral sequence

We compute the Bockstein spectral sequence by use of the following
lemma.

LEMMA 2.1. Let §: Ext® B — Ext5T! K (n), be the connecting homomor-
phism associated to the short exact sequence (1.2). Suppose that Coker§ =
@D, Vi C Ext! K(n). and that @, Uy, C Ext? K(n). for F-modules Vj and
Uk, and suppose that there exist u-torsion k.-modules Wy, fitting in a com-
mutative diagram

0 —— Vi LW;CLWRL Uy

l fkl lfk l
0 —— Coker § —— Ext!B —“— Ext!B —°— Ext? K(n).
of exact sequences. Then, Ext' B = D, Wi.

This follows immediately from [7, Remark 3.11].

Let 6 be an clement of Corollary 5.8. Then, §/u* and hj/u® for j € Z/
(n — 1) belong to Ext! B, and we define the map f: Cs — Ext! B by
F((u%)0) = 0/u* and f((w™)h;) = h;/u¥ for (u=F) € K(n—1)./ks, so that
the short exact sequence

(2.2) 0—Co L% 0o ™ Cog =0

yields a summand of Lemma 2.1.
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Note that if a cocycle z represents (,, then so does 2P. Therefore, we have
Co/uw € Ext! B represented by 2P’ /u. The exact sequence (1.2) induces the

exact sequence 0 — Ext® K (n), == Ext’ B % Ext’ B 9 Ext! K(n),, and we
have an exact sequence

(2.3)  0— G Ext'K(n), 25 ¢, Ext® B ¢, Ext’ B LN (o Ext! K (n),,

which is a summand of Lemma 2.1. Together with (2.2) and (2.3), Theo-
rem 1.10 follows from Lemma 2.1 if the following sequence is exact for each
(irj,5) € T:

6/

ol u
(2.4) 0= Vi) = Weigs) = Wiis) = Uliis)s

where U(; j ) denotes an F-module generated by a single generator as fol-
lows: for (i,7) = (0,1 —2), Ugn_2,) = F{v5 %k, o) if pts(s —1),

Fos™  hy_yjha—s), ptt,0>0,[]#0,n—2,
U(O,n—Z,s) - F<’U5_p - b2n75>7 pjft,l > 0’ [l] =n — 2,
Fos 7 g, ), pit,l>0,[] =0,

if s=tp' 4+ e(n—2); for (i,5) € {(0,n—1)}UHUKUGUGB,

Flvs- p+1b W, (4,7) = (0,n—1),
F(U(Sp Lp h[l 1]h ), (i,J) € H,
Fo=2pk, ), (i,4) = (1,0) € K,

Ui AP R ) () € Koi > 1,

(4,3,8) = F@(Sp —p=1)p*~ [-,2]>, (4,7) € G,
F(US p= 1gn 1> (i,j, )Eé\él_
Flo(p=2p [z‘—l}>’ (i,j,s)eé\é,i>0,
| F (ol 1-rp), (i,7) € GB,p*| (s +1).

Since the mapping T' — {Uy; j ) : (4,5, 8) € T} assigning (4, ,s) to U ;.4
is an injection, we see the following.

LEMMA 2.5. The direct sum of ¢, Ext! K(n), and Ui js) for (i,5,5) €T
is a sub-F-module of Ext? K (n).

The homomorphism fj in Lemma 2.1 on Wy, ; ) for (i,j,s) € T is explic-
itly given by
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f(i,jjg) (:L’) = :L'/ua:(i’j’s)‘
It follows that the homomorphism & on it is given by the composite

6(1/u®@3%)). Hereafter we denote it by &', . ., that is, 5E )= 5(1/ui39)),

(7/7.778) 7:7‘7‘75

and consider a condition:
(2.6)(5,5,9) 5Ei,j,s) (z) =y for the generators x € W; ; oy and y € Uy ;o)

Note that ¢, (Z) = u®*)~1z for the generators T € Viijs) and x €
Wi j,s)» since frl(T) = p«(T) = x/u. Then, we have the following.

LEMMA 2.7. For each (i,j,s) € T, if the condition (2.6)(; ;) holds, then
(2.4) for (i,7,s) is exact and yields a summand of Lemma 2.1.

The relations in (1.5) show the following immediately.

(2.8) The condition (2.6); ;) holds for (i,j) € H.

Proof of Theorem 1.10. The theorem follows from Lemmas 2.1, 2.5,
and 2.7, together with (2.2), (2.3), (2.8), and Lemmas 3.7, 3.8, 4.1, and
5.9, which are proved below. Indeed, the direct sum of ¢, Ext® K(n)., Co,
and V(; ;) for (i,7,s) € T is the cokernel of § by (1.9). 0

§3. The summands on V(g,_1) and Can

We begin by stating some formulas on the Hopf algebroid (A,T"):

7 n—1
0=ot] + utﬁ+1 — upk+1tk+1 — tknR(Upk) el fork<n,

nr(u) =u, nr(v)=v+utl  —uPt,
(3.1)

k ,
Alty) = Zti ® tiii for k <n, and
i=0

n .
Alty) =) ti®@th_, —ub,_s.
=0

Then the connecting homomorphism 6: Ext! B — Ext? K (n), is com-
puted by the differential d: Q%A — Q%A of the cobar complex modulo an
ideal, which is defined by

(3.2) dlz)=10z—-Ax)+z®1.
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We also use the differential d: Q94 — QLA defined by d(w) = nr(w) —
nr(w). For w,w’ € Q%A and x € QL A, these differentials satisfy

dwn’) = d(w)na(w') + wd(w),
(3.3) d(wz) =d(w) ® v +wd(x), and
d(znr(w)) = d(z)nr(w) -z @ d(w).

We also use the Steenrod operations P° and SP° on Ext* C(j) for j > 1
and Ext” B (see [5], [13]). Here, C(j) denotes the comodule A/(w/), and we
notice that C(1) = K(n),. Let QM = QS( (B M for an E(n).(E(n))-
comodule M. Given a cocycle z(j) of Q°C(j), #(j) denotes a cochain of
Q°E(n), such that mj(z(j)) = «(j) for the projection 7j: Q°E(n), —
Q°C(4). Since x(5) is a cocycle, d(Z(j)P) = py; + S22 vl zj; +uPzj,_y for
some elements y; and z;; € Qstlp (n),. Under this situation, the Steenrod
operations are defined by

P ([z(4)]) = [z(4) and
AP ([x(5)]) = [yj] € Ext*C(jp),  and
(CL‘ J /u]]) = [x(5)P /u’P] and
BPY([z(4)/w']) = [y;/u’"] € Ext* B.

Here, [z] denotes the homology class represented by a cocycle z. In partic-
ular, the operation acts on our elements as follows:

-1 -1 .

in Ext! B;
L hgy/u®De >0,

71—
wip i /w? k#n -2,

. 1 in Ext! B; and
x5 ho /PP k=n—2,

P (ashy/ud) = {

(3.5)
BPY(x5hy) = a5, 1b  in Ext? K(n),.

The following is a folklore (see [13, Corollary A1.5.5)):
(3.6) P% =6P° and  BPY% =—0BP" in Ext* K(n)..

LEMMA 3.7. The condition (2.6)(; ;s holds for each (i,j,s) € {(0,n —
1atp - 1)7 (i7jatp2 - 1) ite Z7 (Za]) € GB}
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Proof. For k > —1, consider a generator x(k,t) = l‘k h[k] for k>0 and
w(—1) =z~ Yhn_1, and (k,t) denotes a triple (k,[k],tp? — 1) if k>0 and
(0,n—1,tp—1) if k= —1. Then, (1/u**Y)(z(k,t)) = xk+2BP0(xk+1/uak+l)

for k> —1 by (3.4). Now, 5@(3:(1{:,&) equals

250 (BP (g fu 1)) = —al b (BPO (e hg)) =~ b

by (3.6), (1.5), and (3.5). Here, (v(t), [k]) = (tp—1, [k]) if k > 0, and it equals
((t—Dp,n—1)if k=-1. [

LEMMA 3.8. The condition (2.6) [i,s) holds for (i,[i],s) € GB.

Proof. We prove this by induction on ¢. By (3.1) and (3.2), we compute
mod (u?)

APy = (s + 1)uv‘9_73’7§’1’n_1 "

1 n— n
+ (S; )u%S—P—ltf” ‘ot
d((s+ 1)uv5_pt§n_l) =s(s+ I)uQUS_p_ltIfn_1 ® tgn_l
—(s+ l)uvs_ptfn_l ® tfn
to obtain §(v®hg/u?) = s(s + 1)v* P lg, 1, and so
80,06 (v ho) = s(s + )v* g,y

Apply PY to it, and we obtain

(11,6 (VPh1) = 8 (P°(v*ho /u?)) = P°6(v°ho/u®) = s(s + 1) PP (v* P~ g, 1)

=s(s+ 1)U8p_p2_pgn = s(s + 1)v*P2gp.

Here, we notice that g, = vP"P2¢q in Ext2 K(n). by (3.1). Suppose induc-

tively that 6], | (@5h1) = s(s+1)olP=2P"" gq for [i] = 1, which is (2.6) ;1 s)-

Note that a;y; = pa;yj—1 if 0 <j <n —2, and we see that Poégws) =
5/

(i+1,j+1,s)P by (3.6). Therefore, (P°)/ for j <n — 2 yields the equation

for 5;(i+j7j+175)(xf+jhj+1). At @ =i+ n—2, for t =(7,0,s), 6;(x5ho) =
i+n—3
" g2 by (3.6)

SPO(x5_ hy—o/u=1n=25)) (by (3.5)) = s(s+ 1)v(sP=2P
and inductive hypothesis.

https://doi.org/10.1017/50027763000022339 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000022339

THE FIRST LINE OF THE BOCKSTEIN SPECTRAL SEQUENCE 151

Note that a;1n—1 = p"ta; + p — 1. Consider the connecting homomor-

phism 0;: Ext! M — Ext? C(j) associated to the short exact sequence

N 1/ud 1 ul 1 i q 1 .
0—-C(G) — M,y — M, | — 0. Then, /=6 = §;u/~". Besides,

6J(P0)k = (PO)k(S if pk > ] Now in EXtQC(pQ Tp— 1)’ up2+P—2 o
62i+n—1,1,5) (77, ,_1h1) equals
W2 (3, P20 = 82 p1 (PO)" (@b fu®)

= (P! (s(s + 1)v(8p_2)pi_lgo)

=s(s+ 1)U(Sp_2)pi+n_2gn,1

for a = a(i, [i], 5), which equals s(s + 1)ur" p~2y(p=2p"*" 2

uPt2g, 1 = up2+2pgo. This relation follows from (1.4), and uh,—1 = uPhg
given by d(v). 0

84. The summands Cg and Ck

go by the relation

We study the action of the connecting homomorphism & by use of the
Massey product. We notice that this is also shown by use of the P%-operation
considered in Section 3, but we use the Massey product for the sake of
simplicity.

LEMMA 4.1. The condition (2.6); ;) holds for (i,j) € GUK.

Proof. We consider the element (1/u®%3*))(2h;) the Massey product
<sxfle/u‘”*1,h[i_”,hﬁ. Then, 5Ei7j78) (xfhj) = 5(5wf§]1/uaifl,h[i_l},hﬁ =
<s§(xff]1/u“i—1),h[i_l],hj), which  equals  —(sv*P~2h,_1,ho,ho) =
—so=DPL L if = 1, and

i —gpsP?—p—1)p" % -1
_<sv(sp27p71)p Qh[i72]7h[ifl]ahj> _ { sv ki j=[—1],
J

otherwise. Here, we note that (h;, hiy1,h;) = 2g;. 0
§5. The summand V(g ,_o)

Consider the elements ¢; = upihn,pri and ¢, = P h; of Ext! A. The
elements have internal degrees |¢;| = |c}| = p’e(n)q for ¢ =2p — 2, and they
satisfy

/ /
Ci = C;, CiCi+1 = O, hn—f—ici = 0, and hi+1ci = hi+1ci =0.
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We consider the cochains wy, = 14"5(’“*1)ctzn_1 of the cobar complex Q. A.
Then,

(5.1) Wi = —Wy,_y1r(v) + wpeb=2gp ey g e ey

for k> 1 by (3.1). Let wy be a cochain of the cobar complex QLA defined
inductively by

wy = tIfThl —uP Y = —wy +uP ety and
(5.2 )
wy, = wi_lnR(v) + (—1)kupe(k*2)vpk lctk_l,
and we put
k-1 ‘
PRI R
my=—>Y (-1)'v" wl_ ow; and
=1
5.3 ’
(5:3) . k-1
1 . i—1 i ;
my =uP wy + Z(—l)’u” WP ek,
i=1

LEMMA 5.4. We have d(v®*¥)) = my,. Besides, d(wy,) =m), if k <n.

Proof. We prove the lemma inductively. Since d(v) = uw; = m;, we see
the case for k = 1. Indeed, m} = 0.

Suppose that the equalities hold for & — 1. Then, we compute by (3.3),
(5.1), and (5.2),

409 = A DY) + Vo)
—2
= (upk_IIUII:—l‘f‘Z(—l)iuplval e(b=1- 2)_}))771%( )
i=1

- uvpe(k*l)(wl —uPlety)

k 1 k—1
(wy — 1)kyretk=2)yp

ctk_l) — uvpe(k_l)(ml - up_lctl)
-2
+ Z )i P Pt e(k—1—1) (—Wi1 + (upe(i—l)vpicti
=1

n up1+1 +pe(i—1)cti+1 )) 7
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which equals my, and similarly,

k—2
P S | . . _
dwg) == (=)' wl_ | @Wne(v) +uw)_| @ (@ —ulety)
i=1
+ (= 1)FuPet=D (" @ ety 0P d(ctp_y))
2

— Ci il . ; i ,
=—>» (—1)* wijl_i @ (=g + uP OV ety 4 uP +1+pe(z_1)cti+1)
=1

7

+uwh | ® (W, — uP~Lety)

+ (=1)kuct=2) (upkfluﬂfkfl @ cty_1+ vpkild(ctk,l)) =mj,.

Here, the underlined terms cancel each other if £ <n by (5.2) and (3.1),
with the relation A(cx) =T (c® ¢)A(x) for the switching map T: '@ I' —
rer. O

We also introduce an element
Ck=hnik—1— u(pfl)pk hy € Ext! A.

COROLLARY 5.5. For each 0 < k <n, the Massey products pui = <upk,6k,
Ch—1,Ck—2; -+ -,C1,C0) and [y, = (Ck, Ck—1,Ck—2, .. .,C1,Co) are defined. In fact,
the cocycles my11 and m%_H represent elements of the Massey products p
and p),, respectively.

In particular, we have the following.

COROLLARY 5.6. The Massey product (upn73,6n,3, Cn4,...,c0) CExtt A
s defined and contains zero.

LEMMA 5.7. The Massey product (G,_3,Cn_4,...,Co,hn_2) C Ext? A con-

tains zero.
Proof. The Massey product (¢,—3,¢p—4,...,Co, hn—2) contains
pn—2_pn—3
<h2n747 Cn—4,...,C0, hn72> - <u hn,'g,, Cn—4,...,C0, hn72>-

It suffices to show that the second term contains zero. Indeed, the first term
n—2

does since a defining system cobounds ue("_3)ctfl_1 . Since every Massey

product (hj,hj_1,...,hiy1,h;) for j —i <n — 2 contains zero, all lower
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products contain zero, and we see that £ = (h,_3,¢p—4,...,C1,C0,hp_2) is
defined.

The statement of [4, Theorem 10] itself is applied to our case and says that
there are elements xj € (ck,Cr—1,---,€0,An—2,An—3,Cn—a,...,Cpr1) for 0 <
k< n—4, Tpn—3 € <hn_3, Cp—4,...,C1,C0, hn_2>, and x,,_9o € <hn_2, hn_g, Cn—4,

.,€1,¢p) such that ZZ;S + 24, = 0. Its proof tells us that we may take the
elements xj, arbitrarily, and we take x so that 2 =0 for 0 <k <n—4 and
Zn—2 = 0, whose relations follow from d(ct,_1). Therefore, x,,_3 =0 and the
lemma follows. []

COROLLARY 5.8. The Massey product p = <upn73,6n,3, Cr—dy« -5 C0oy hp—2)
is defined and contains an element whose leading term is v¢" 2 h,_.

LEMMA 5.9. The condition (2.6); ;) holds for (i,j) = (0,n —2).

Proof. If pts(s — 1), it follows from the computation that

n— n— n— S n— n—
d(v°t? = suv® P '® & s <2> ut3P '® t © mod (u?),

-2 n—2

d(suv*tet] ) = s(s — l)th?fWl @ cth

n—1 n—2
—su ) @) mod (u?).

Suppose that s = tp' + e(n — 2) with p{t and [ > 0. Let 6 denote an ele-
ment of Corollary 5.8. We take a generator correspondlng to v*h,_o to
be v*~¢("=2)g. We denote a representative of ) by m, which is congru-
ent to ve("~ 2)15’1) T ppen- 3)ct’2’ ~ modulo (u?). Then, d(v*=¢"=2m) =
tu‘”vs_e("_Q)_plilt]f[l_l] Rm = tualvs_plfltf[l_l] ®t’1’n_2. This shows the case
for [I] #0,n — 2.

For [I] =0, a similar computation shows that d(v®~¢"2m) = tu™ x
v T @ pup T @ 8 1 @ e, which
yields vsflfplflgn_g. For [[|=n—2, Oh,_3 € w2 (hop 4, hon_5,. .., hn_2,
hp_3) = {uc=2+" "y A in C(p™2). Indeed, w3 yvields the
equality by (3.1). U

86. On the action of a; and (; on Greek letter elements

In this section, let H*M for a BP,(BP)-comodule M denote an Ext
group Extgp*(BP)(BP*, M). Consider the comodule Ni_1(j) = BP./(I—1+

(v{_4)) (vo=p), and the connecting homomorphism 9y, ; associated to the
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j
short exact sequence 0 — BP,/I;_1 SN BP,/I,_1 — Nip_1(j) — 0. We
abbreviate Oy, to Oy. Here we consider the Greek letter elements of H* BP, /
I,,_1 defined by

a" V=u'eHBP,/I,., and

o) = 0,,(") € H'BP./L,; for vl € HON,1(;)

for t > 0, and
a1 :61(v1):h0 GHlBP* and ,81 28182(1)2)21)0 EHQBP*.

PROPOSITION 6.1. The elements oy and (31 act on the Greek letter ele-
ments as follows:

aa" Y £0e H'BP,/I,_,, BV £0e H2BP,/I,_1;

(n)

and if the Greek letter elements i /)
2(p" —1)(e(n —1) — 1), then

have an internal degree greater than

a1a(sp/ #0€ H2BP,/I,,_1 if [i]#0, pt(s+1) orp*| (s +1); and
Bl A0EH BRIy ifn#5, [i|#1 or pf(s+1).

In order to prove this, we make a chromatic argument. Let N, 18 denote the
BP,BP-comodule BP, /I, and put M,S = vk_lN,g. We denote the cokernel of

the inclusion N,? — M,g by N]%, so that 0 — N,g — MIS ¥, Ng — 0 is an exact
sequence. Let 5k+1: H:N}! — H**IN? be the connecting homomorphism
associated to the short exact sequence. We notice that N, = colim;Ny(5)
with inclusion ¢;: Ni(j) — N} given by ¢;(x) = z/u/, and that the con-
necting homomorphism 9, ;: H*N,_1(j) — H*T'N?_, factorizes to 5ncpj.

LEMMA 6.2. For an element z5/u/ € H'N} | for 0 <j<a; (j <p® if
s=1), a1 and B1 act on it as follows:

zion /u! #0€ HINY | if [i] #40, pt(s+1) orp? | (s +1); and
B /u’ A0€ HEN} | ifn#5, [i]#1 orpt(s+1).
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Proof. A change of rings theorem of Miller and Ravenel [6] shows that the
module H*M} ;| is isomorphic to Ext® B. By (1.5), we see that x$hg/u #
0 € Ext! B unless [i] =0, p| (s + 1), and p?{ (s + 1). This shows the first
nontriviality. Similarly, since we have shown that (2.4) is exact, we see that
z$B1/u+#0€Ext? B unless n=>5, [ij=1, and p| (s + 1). 0

LEMMA 6.3. Let & denote ay or 31, let v € H'N} | and suppose that
x& has an internal degree greater than 2(p"~' —1)(e(n —1) —1). If z& €
HSNL [ #0, then 0,(x)& #0€ HSTIND_|.

Proof. Tt suffices to show that x&; is not in the image of ¥,.: HSMY_| —
H*N! . Again, the change of rings theorem shows that the module
H*M? _, is isomorphic to the module of Theorem 1.3 with substituting n — 1
for n. Note that every generator of it except for (,—1 belongs to H*N?_,,
and also is u®™ V¢, (see [13]). It follows that every element of the image
of 1/, has an internal degree no greater than 2(e(n—1) —1)(p"~! —1). Thus,
the lemma follows. []

Proof of Proposition 6.1. The module H*M? | contains a submodule
k«(ho) if s=1 and k. (bg) if s =2. Therefore, the first two relations hold.
The other relations follow from Lemmas 6.2 and 6.3. U

Proof of Theorem 1.11. Note that EEB) =7, =}, and we obtain the the-
orem from Proposition 6.1 at n =4. [l
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