BULL. AUSTRAL. MATH. SoOcC. 1815, 18F20
VoL. 37 (1988) [43-59]

INJECTIVITY AND INJECTIVE HULLS
OF ABELIAN GROUPS IN A LOCALIC TOPOS

KIRAN R. BHUTANI

We prove the analogue of the Baer Criterion for injectivity in the category AbSAL of
abelian groups in a topos of sheaves on a locale, that is, we show 4 is injective in AbShL
if and only if it is injective relative to all S »» Z: where Z. is the group of integers
in ShC. for a well-ordered locale we describe the injective hulls in AdSAL in terms
of injective hulls in Ab. Further we show that the global functor A — AE preserves
injective hulls if and only if £ is a finite boolean locale. Finally we characterise injectives
in AbShL for some special locales.

INTRODUCTION

This paper is devoted to the study of injectivity and injective hulls in the category
AbShL of abelian groups in a topos of sheaves on a local £. We first prove the
analogue of the Baer criterion for injectivity in AbShL (Proposition 1.1) and show
that injectivity is a local property (1.4). This is followed by a discussion on injective
hulls, which we show is a local property (Proposition 2.1) but not a global one. For a
well-ordered locale we describe the injective hulls in AbShL in terms of injective hulls
in Ab (Proposition 2.3). Further, in Proposition 2.7 we show that the global functor
preserves injective hulls if and only if £ is a finite boolean locale, that is, the topologies
of finite discrete spaces.

Finally, we characterise in Propositions 3.1 and 3.3, the injectives in AbShL for
the following locales:

1) £ with descending chain condition

2) L inversly well ordered
As a consequence we show that the direct sum of injectives in AbShL is always injective
for £ inversely well ordered (Corollary 3.4). This does not hold for an arbitary £ and
a counter example is provided (3.5).

In Section 0 we describe briefly the background material required here, where as
in Section 1 we derive general results on injectivity. In Section 2 we discuss injective
hulls and finally we characterise injectives for some special locales in Section 3. The
nt* result in the mt* Section will be numbered as m.n.

Received 4 March 1987

Abstracted partially from the dissertation submitted March 1983 to McMaster University for partial
fulfillment of the requirements for the degree of Doctor of Philosophy. The author is grateful to her
supervisor Professor Bernhard Banaschewski, for his valuable assistance, encouragement and criticism
throughout this work. Facilities for the preparation of this manuscript were provided by the Division
of Computer Research and Technology at the National Institutes of Health, Bethesa, MD.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/88 $A2.00+0.00.

43

https://doi.org/10.1017/50004972700004135 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700004135

44 K.R. Bhutani (2]

0. BACKGROUND

DEFINITION 0.1: Recall that a locale denote by L is a complete lattice

satisfying the following;
Un\/Ui=\/(UAU)
i€l i€l

for all U and any family {U;}ics in £. We shall denote the bottom (=zero) of L by
0 and the top (=unit) of £ by E. A morphism of locales A: £ — M is a map which
preserves arbitary joins and finite meets (hence preserves the zero and the unit). The
obvious example of a locale is the topology OX (that is, the lattice of open sets) of any
topological space X with joins as unions and meets as intersections. Other examples
of locales are a complete chain, complete boolean algebra or a finite distributive lattice.

By the definition of continuity of maps between topological spaces, we get a con-
travariant functor O: TOP — LOC where TOP is the category of topological spaces
and continuous maps, and LOC is the category of locales and their morphisms. The
functor @ has an adjoint on the right, the contravariant functor ¥: LOC — TOP
where L is the space of completely prime filters F' on £, that is, F is a filter on £
such that V., U; € F for any family {Ui}icsr in £ implies Uy € F for some k € I,
and the sets Ly = {F|U € F,F € £L}, U € L, form the open sets in this space.
For any locale lattice homomorphism h: £ — M the corresponding continuous map
Th: M — ZL sends F — h~1(F). The space LL is called the spectrum of L.

DEFINITION 0.2: A locale L is called spatial if and only if the function £ — O(ZL)
is an isomorphism. Since O, is always onto, a locale is spatial if and only if the
completely prime filters separate pointsin £ . For more details refer to [4]. Note that
any finite locale is spatial since in any distributive lattice the prime filters separate the
elements (Balbes and Dwinger [1]), and for finite £ the prime filters are completely
prime. Also any totally ordered locale is spatial since the U 2> V, V € £ form a
completely prime filter on £ for any U € £.

Finally any £ with descending chain condition is spatial: If U < V in £ and
W € £ is minimal such that U < W  V then F ={S|S€ L, UVvS > W} isa
completely prime filter on £ for which U ¢ F but V€ F.

DEFINITION 0.3: A locale £ is boolean if and only if every element in £ has a
complement. This is equivalent to saying that £ has no dense elements other than E.
That is, there is no W # E such that UAW = 0 implies U = 0. Note that a boolean
locale is spatial if and only if £ is atomic, [1], the non-trivial implication follows since
any completely prime filter in a boolean locale is a principal filter given by an atom.

DEFINITION 0.4: By AbShL and AbPShL we mean the categories of Sheaves
and Presheaves on £ with values in the category Ab of Abelian groups. These are
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Grothendieck categories with generator and hence have enough injective hulls [12].
AbShL forms a full subcategory of AbPShL and the inclusion AbShRL -— AbPShL
has an exact left adjoint the sheaf reflection functor AbPShRL — AbSRL. If A is the
sheaf reflection of a given presheaf B, then we shall write AU = BU, U € £. i
L = O(X) for some topological space X , then we shall write AbShX for AbShO(X).
Also for any map h: A — B in AbShL (and hence also in AbPShL) hy: AU — BU
will be the component of h at U € L. For any a € AU and W < U, the map
AU — AW will be denoted a — a|W .

REMARK 0.5: AbSh2 = Ab for the two element locale 2 , and if X is a discrete
topological space then AbShX = AblXI,

DEFINITION 0.6: Any local lattice homomorphism ¢: £ — M produces a pair

de
—_

of adjoint functors AbShM AbShL where (¢,A)U = A(¢(U)), and for any
o

V e M(¢*C)V 5_‘L,¢(W)>V CW(W € £). Then ¢* is left exact left adjoint to ¢,

and from well-known results it follows that ¢, preserves injectives.

DEFINITION 0.7: Special cases of local lattice homomorphisms.

1) If ¢: 2 — L is the unique local lattice homomorphism, then it gives AbShL —
AbSh2 >~ Ab,  where (¢.A4) = AE and (¢*B)U = B.
Notation ¢*B = B¢, ¢. =T.

2) Any local lattice homomorphism ¢: £ — 2 produces Ab — AbShL where
A if¢o(U)=1
0 ife(U)=0

and ¢*A = ¢t AU (All U such that ¢(U) =1).

3) If £ = O(X) for some topological space X, and z € X is any point, then
for the local lattice homomorphism &: £ — 2 given by £(U) = card(U N {z}), we get
(3)'A =-% AU(z € U) = A, , the stalk of 4 at z.

4) Forany U € £, ¢: L —| U given by ¢(W) = W AU is a local lattice

de
—_—

homomorphism, so we get AbSh | U AbShL, where (¢, A)V = A(VAU) and
o
(¢*B)W i—l—t-»d,(v)zw BV = BW , and so ¢*B is just the restriction of B to | U.
Notation : ¢*B = B|U = RyB.
Also ¢* has a left adjoint denoted by Ey, where
AV VU
0 HVgU.

(¢.A)U = {

(EyA)V = {
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Then Ey is left exact left adjoint to Ry . Since Ry is both a right adjoint as well as
a left adjoint, it preserves all limits and colimits.

5) If f: X — Y is a continuous map of topological spaces, then it produces a
local lattice homomorphism (also denoted by f) f: OY — OX, V — f~1(V), and so
correspondingly it gives AbShX — AbShY . In particular for any topological space X ,
let |X| be X with discrete topology. Then the identity map i: |X| — X is continuous,
hence it produces AblX| = AbSh|X| — AbShX .

DEFINITION 0.8: A € AbShL is said to be a divisible group if for any a € AU,
and any O # n € N there exists a cover U = ;. U; in L, such that for all i € I,
a I U; = nb; with b; € AU;.

DEFINITION 0.9: For any A € AbShL the subgroup C of A generated by an
element a € AU, U € L, that is, the smallest subgroup C C A such that a € CU, is
given by

Za|W) fWCU
CW =
0 ifwagUuU.

DEFINITION 0.10: B D A is an essential extension in AbShL if and only if for
any 0 #£ b € BU, there exists V < U in £ and m € Z such that 0 £mb |V € AV,
To see this, one first notices that B D A is essential if and only if C N A # 0 for any
non zero subgroup C C B (since a homomorphism in AbShL is monic if and only if
its kernel is 0), and then observe that it is sufficient to consider subgroups generated
by a single non-zero b € BU for any U € L.

PRoOPOSITION 0.11. For any U € L, the functors Ry: AbShL — AbSh | U, and
Ey: AbSh | U — AbShL preserve essential extensions.

PROOF: Consider any essential extension B D A in AbShL. Since Ry preserves
all limits (0.7(4)), it follows that B|U 2 A|U. We claim this is an essential extension
in AbSh | U. Let 0 # b€ BW = (B|U)(W) for some W €| U. Since B is
an essential extension of A in AbSKL, there exists a V < W, m € Z such that
0#mb|V € AV = (A|U)(V). Hence B | U D A | U is an essential extension
in AbSh | U. To prove that Ey preserves essential extensions, consider an essential
extension P D Q in AbSh | U. Since Ey preserves monomorphisms (0.7(4)) it follows
that EyP DO EyQ. Let 0 # a € (EyP)W, then by the definition of Ey, there exists
a cover W = VieIWi’ such that 0 # a |W; € PW; for some W; CU. But P2 Q is
an essential extension in AbSh | U so there exists V < W; and an m € Z such that
0£m(a|W;)|V =ma|V € QV. Hence EyP O EyQ is an essential extension in
AbSHL. I

COROLLARY 0.12. For any U € L, Ry preserves injectives and injective hulls.
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PROOF: Since Ry has aleft adjoint Ey which preserves monomorphisms (0.8(4)),
it follows that Ry preservesinjectives. By the above proposition if follows Ry preserves
injective hulls. ‘ ]

COROLLARY 0.13. For an injective group A € AbShL, AU is an injective group
in Ab forall U € L.

PROOF: Clear from 0.12 and 0.7(1). (]
REMARK 0.14: The composition Ey Ry is denoted by Ty: AbShL — AbSRL,
where
AW W CU
(TuA)W =
0 fWgU.

Since both Ey and Ry preserve essential extensions, it follows that Ty preserves
essential extensions. Note, though, that Ty does not preserve injectives, as one can see
by considering £ = 3.

REMARK 0.15: It is easily checked that AbShL has the Ty Z., U € L, as gener-
ating set where Z. is the group of integers in ShL, that is, the sheaf reflection of the

constant presheaf Z.
1. GENERAL RESULTS
THE BAER CRITERION FOR INJECTIVITY

PROPOSITION 1.1. A € AbShL is injective if and only if it is injective relative to
all S— Z,.

PROOF: (=) is trivial.
(<) Let A be injective relative to all S +— Z.. Consider the diagram
f

B ——C

/|

where we may assume that B C C, and f: B+ C is the natural embedding. Consider
the family A = {(B',¢')} where BC B' C C and ¢': B' = A suchthat ¢' | B =g4.
Then this family is non-empty since (B,g) € A. As usual, we introduce a partial
ordering on this family by (B',¢') < (B",¢") ifand only if B' C B" and ¢" | B' = ¢'.
If {(Bi,g:)}icr is a linearly ordered family in A, then it has an upper bound in A
given by (D,h), where D is the join of B; in the subgroup lattice of C. That is, D
is the sheaf reflection of the presheaf U — J;c; B:U and h is the corresponding sheaf
reflection of the morphism to which the g;, extend. By Zorn’s lemma, the family A
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has a maximal element (P,p). We claim P = C. If not, then there is a U € £ and
¢ € CU suchthat ¢ ¢ PU. Let H be the subgroup of C generated by ¢. Then H is
the sheaf reflection of the presheaf

{Z(ch) fwWcu
W —

0 if W ,Q_ U.
Si th heaf defini TuZ¢ i iven b —_ if therefo th
ince the presheai definin, 1s given 14 eretore, ther
P g lysdc 15 g y W gU ©

is an epimorphism of presheaves from that defining TyZ, to that defining H. The
sheaf reflection preserves epimorphisms, and so j: TyZ,; — H is an epimorphism in

AbShL. The diagram
TyZz,

!

PnH —— H

can be completed to a pull-back square,

7 — . Tzc
3| I
PNE —— H
where 7 is a mono since ¢ is. Moreover since j is an epimorphism, 7 is an epimorphism,
and the above diagram is actually a push out diagram [18, p.33]. But Ty, Z, C Z [5],

and A is injective relative to all H — Z., so there exists a: Z; — A such that the

outer triangle of the diagram
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commutes; that is, (e | TuZ)7 = pk7. The inner square is also a push out square, and
so there exists a unique §: H — A such that 8j = a | TyZ, and Bi = pk. Define
another presheaf M by MU = PU + HU C CU, with the obvious restriction maps,
then .

PNH —— H

J| I
P — M
n
is a push-out in AbShL, because at each U € L it is a push-out in Ab. Since P+ H =
M, and the sheaf reflection being a left adjoint preserves push out, it follows that

PNH —— H

| |-

P ——P+H
is a push-out in AbShL. Hence if we consider the diagram

PNH —— H

then thereis a unique ¢: P+ H — A such that gn = p,and ¢gr = §. Thus (P + H,q) €
A, a contradiction, since (P,p) € A is maximal and P+ H D P. Thus P = C, and
hence A is injective. [ |

REMARK: Although the analogue of the Baer Criterion for injectivity holds in
AbShL, still the concepts of injectivity and divisibility do not coincide for an arbitary
L. In fact the two concepts coincide if and only if £ is Boolean [2}.

LEMMA 1.2. For any cover E = \/;; U; of the unit in L, the functor R: AbShL
— [lies AbSh | U; given by RB = (B |U);c;, Rh = (h| Uiy for h: A — B in
AbShL, has the following two properties:

(a) R preserves and reflects monomorphisms.

(b) R is faithful.

PROOF: (a) If h: A — B is a monomorphism in AbShL, then each h | U;: A |
U; — B | U; is a monomorphism in AbSh | U; (0.7(4)), hence (k| U:;): RA — RB isa
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monomorphism in [];.; AbSh | U;. Now suppose Rk is a monomorphism; we want to
show that h is a monomorphism. Let W € L be arbitary, and suppose hw(a) = hw(b)
for some a,b € AW . Since h is a morphism of sheaves, therefore

AW ——— AW AT)

! !

BW ——— B(WAU;)

commutes for all i € I, and hence hwau,(a | W AU;) = hwau,(b | W AW;). But
hwau, is a monomorphismin AbSh | U; for all ¢, and therefore a | WAU; = b | WAU;
all 7, which by the sheaf properties of A implies a = b. Hence h is a monomorphism.
Thus R preserves and reflects monomorphisms.

(b) Suppose Rf = Rg for some f,g: A — B in AbShL. Then f|U; =g |U;
for all 1 € I. Weclaim f =g, that is fw = gw for all W € £, For any a € AW, we
have gw(a) | W AU; = gwav,(a | W AU;) = fwavi(a | WATU;) = fw(a) | WATU;, all
i € I. Thus for the cover W =/, WAU;, we have fw(a) | WAU; = gw(a) | WAU;,
all : € I, hence fw(a) = gw(a). Thus fw = gw for all W € £ implies f = g. |

PROPOSITION 1.3. The functor R preserves and reflects injectives.

PRroOOF: If B is injective in AbShL, then each B | U; is injective in AbSh | U;
(0.12), hence RB = (B | U;),¢; is injective in [];c; AbSh | U;.

Assume RB isinjective; we want to show that B is injective. Consider an essential
extension D of B. Since Ry, preserves essential extensions (0.11) it follows that each
D | U; 2 B | U; is an essential extension in AbSh | U;. Soif 0 # S5 C RD then for
some 1 € I, 0#£ 5; C D |U;, hence S;N B |U; #0. This means SN RB # 0 which
shows RD is an essential extension of RB. But RB is given to be injective, and so
RB = RD. Since R is faithful it reflects epimorphisms, hence the natural embedding
B — D is an epimorphism and therefore B = D. Thus B has no proper essential
extensions in AbShL, which means B is injective (0.4), hence the result. ]

PROPOSITION 1.4. B is injective in AbShL if and only if there is a cover E =
Viecr Ui such that B | U; is injective in AbSh | U;, forall i€ .

PROOF: (=) Clear by taking the trivial cover of E.
(<) Forthe converse assume E = \/ U; and each B | U; isinjective. Thenlet A D B
be any essential extension. By 0.11 one then has an essential extension A | U; 2 B | U;,
hence by hypothesis A | U; = B | U; and then, finally A = B, showing that B is
njective. [
REMARK: The above proposition shows injectivity is a local property. This was
also shown by Harting {11], but by an entirely different method. She considers the
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preservation of maximal partial morphisms by the restriction functors Ry for U € L,
whereas our approach uses the preservation of essentialness by the functors Ry .

LEMMA 1.5. If A isinjectivein AbShL, then for any V < U in L the restriction
AU — AV is a split epimorphism in Ab.

PrOOF: Consider the local lattice homomorphism ¢: 3 —| U with image

o—T—Q

AU
Then since A is injective in AbShL, it follows that ¢.A = | is an injective group
AV

PxT
in AbSh3 (0.6). But the injectives in AbSh3 are exactly the projections | with
p

AU
divisible P and T [2], hence | is a split epimorphism in Ab.
AV

2. INJECTIVE HULLS
Given A,B in AbShL, recall that B is the injective hull of A if and only if it is

an essential injective extension of A.

PROPOSITION 2.1. B is the injective hullof A in AbShL , if and only if there exists
a cover E = Viel U;, such that B | U; is the injective hull of A |U; in AbSh | U;.

PROOF: (=) Clear, by taking the trivial cover.
(<) Given that B | U; is the injective hull of A | U;, all z € I, it follows by 1.4 that
B is injective in AbShL . So, it only remains to show that B is an essential extension
of A. Let D C B be a non zero subgroup of B, then DU # 0 for some U € L. Since
U= V;(UAU), it follows that 0 # DU — [[D(U AU;) and so for some i € I,
0+# DUAU;) = (D]U)UAU;). But B | U; is an essential extension of A | U;
in AbSh | U;, 50 0 # D | U; C B | U; implies D | U; N A | U; # 0, and therefore
DN A #0. Hence B is an essential extension of A, and also being injective it is the
injective hull of 4. i

REMARK 2.2: In our next result, we describe the injective hull of any A in AbShL
where L is well-ordered, and so it might be appropriate to describe the topology of the
spectrum of a well-ordered locale. If £ is well-ordered, then without loss of generality
we may assume £ = A + 1, for some ordinal A. We now show that the sets W, = {v:
7 not a limit ordinal, 0 < v € a} for each a € A 4+ 1, form a topology O on the set
X consisting of all the non-zero non-limit ordinals v < A. Now Wy =0, W, = |X],
Wo NWg = Waap since for a < 8, W, C Wg. To check WV; o = U; W, for any
family {o;}s in A + 1, we consider v € WV;"'" Then v < V;ai, s0 ify ¢ U, Wy,
then we must have a; < v, forall : € I. But v € X and so v = 8 + 1 for some
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B < X. Therefore a; < v implies a; < B for all ¢ € I, hence V;a; < f < v a
contradiction, since ¥ < V; @;. Thus there is some ¢ € I such that v < a; and so
v € |J; Wa, - Therefore WV'ai C U; Wy, . Moreover for all i € I, a; < ;a; implies
UW,, C WV; o; and hence' WV,- o = U Wa, - Therefore O is indeed a topology on
X. Now let W, = Wj for some a,3 € A +1, and suppose a < §. Then a+1< g
and so o+ 1€ Wg =W, which means & +1 < «, a contradiction. Hence W, = Wy
implies a = . Therefore £ = A + 1 is isomorphic to O by a — W, . Note that the
completely prime filters on £ = A 4 1 are exactly 7+ for v € X, hence ) £ may be
represented by the set X of these v with the topology W, ={y € X |y < a}.

PROPOSITION 2.3. For a well-ordered locale L, the injective hull of any A =

h h h
Ay NN Az 2, A; N A¢(=0) in AbShL is given by the group C = Cj —

- — Cy = C; — Co(=0) where Cg = CWp = HaEWp E(Kerh,) forall B e A +1.

PROOF: Define a family (Ba),cxj it Ab¥! by B, = E(Kerh,) for alla €
X . Since the functor F': AblX| — AbSAX = AbShL preserves injectives (0.6, 0.7) it
produces an injective C in AbShL, where C = F((Ba)aEIXl) ,and so Cg = CWj =
HaEWp E(Kerhy), B € A+ 1 with restrictions CUg — CU, as projections for all
v £ 8. The morphism from A to C is obtained by induction as follows: For n = 1,
A; — Cy = E(Ker hy) = E(A;) is the natural embedding. Assume A4, — C, already
defined for all a < 8. Then there are two possibilities:
Case (i) B =v+1 forsome y € A+1;
Case (ii) 3 is a limit ordinal.
For case (i) we are given A, — C, and since C,4; = C, x E(Kerh,yq)
with Cy41 — C, the projection, we can define 7,41: Ay41 — Cy[] E(Kerhyyq)
as Tyhqyi1[Jhsg7 where hog3: Ay41 — E(Kerh,yi) is an extension of the nat-

ural embedding Ker(hy41) — E(Kerhyyy) to A,yy: then as required P,r,y; =
D (T.,h,.,_lﬂhm) = Tyhyt1; that is,

Ty+1
A7+1 _— C%+1 = CH X.E(Kerh7+1)
hytr l lp’
Ty

A, — C,

commutes. .
Case (ii)) B = V,p@, and so Cg = £t Co. Since Ag = ¢ Ay, and by

acp a<p
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assumption all Aa—rLCa(a < ) are defined, therefore we get a family of maps

Ag — Aa-—rLCa(a < B) and so by the definition of limit there is a unique 73: Ag — Cp
such that

Y
Aﬂ —— Cp

! !

A, l_,ca

commutes for all @ < 3. Hence we can define a morphism 7: A — C with components
Ta: Aa — Co as defined above.

Now to check that 7 is a monomorphism. Clearly 7, is a monomorphism, so
assume T, is a mono for all a < §.
Case (i) 8 =v+1,s0if 1y41(a) =0, then 7,hyp1(a) =0 = hm(a). This means
hyt1(a) =0, that is a € Kerhy41. Hence a = 0, since hz5(a) = a for a € Kerhy4,.
Thus 7 is a monomorphism.
Case (ii) S is a limit ordinal. If 74(a) = 0, then 74(a | a) =0 for all & < . But 74
is a monomorphism for each a < §, 50 a | @ = 0 which by the sheaf properties implies
that a = 0. Thus the morphism 7: A — C is indeed a monomorphism.

Finally we want to show that C is an essential extension of A, and so consider
0# D C C. Since L is well-ordered we can find a smallest a € £ such that D, # 0.
Then «a is not a limit ordinal, since otherwise we get a contradiction 0 # D, —
[I,<a Dy =0. For § such that « = § + 1, we have a commutative diagram

Dy —— Co = HOyew,E(Kerhy) =— Cs5x E(Kerhy)
0 — Ds —— Cs — IHyew,E(Kerh,)
where the horizontal arrows are inclusions, and so we conclude that D, = 0 x

D;whereD; C E(Kerh,). Hence there exists 0 # « € Kerh, such that (0,z) € D, .
Now Im7, = Im (Ta__lha Hl_za) and (0,z) € D, where z € Kerh, implies (0,z) be-
longs to Im(7a—1ha [ ko) = Im7, . Hence 7o(Aq)N Do # 0 which means 7(A)ND # 0.
Thus 7: A — C is an essential monomorphism. Also C is an injective group and there-
fore C is the injective hull of A.

Applied to the special case £ = 3, Proposition 2.3 leads to the following. ]
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A
COROLLARY 2.4. The injective hull of 1,. is

B

A — 5 E(B) x E(Kerh)

+| !

B — E(B)

where u embeds B into its injective hull and v = (uh)[[k and k: A — E(Kerh)
extends the natural embedding Ker(h) — A.

LEMMA 2.5. For a boolean locale L, if F is not compact, then there exists A, B €
AbShL such that A C B is essential but AE C BFE is not essential in Ab.

PROOF: Let F = Viel U; where I is an infinite set. Then there exists a countable
subset, say J of I, so that we can write E = (V-'EJ U:) VS where S = (VieJ U;)'.
Since L is boolean, we can find a sequence {Un}ne. such that U, AU, = 0 and
E = V,c,Un. Define An, Bn € AbSh | Uy by AU = Z/paZ, BaU = Z/pZ for
some prime p,, where p,, # p,, if n # m. Then B, D Z,, is essential in AbSh | U,,, for
if 0 # ¢ € B,U but ¢ A,U then ¢(a) # 0 for some a € Z/(p?%) where order a = p?
and so 0 # pa¢ | ¢(a) € A(¢(a)) which shows A, C B,, is essential. If A, B € AbShL
are defined by A = [[,.c, (@n),4n, B = [l,.c. (@n),Bn, where (ay),: AbSh | U, —
AbShL corresponds to the morphism a,: £ =) U,,, U ~ U AU,(0.7), then AU =
[T.co An(U AU,) and BU =[], Bo(UAU,), U € L. Weclaim A C B is essential
in ABShL. If 0 # ¢ = (¢n) € BU, then for some m € w, 0 # ¢,,, € Bo(U A Up,), and
so by the above argument for some a € Z/(p2,), pmém | ¢m(a) € Am(pm(a)). Since
Un AU, = 0 for all n # m, we get pmd | dm(a) = (Pmdbn | dm(a)), ., € AU, since
all components are zero except when n = m. Hence A C B is essential. To show that
AE C BE is not essential, consider ¢ = (¢,) € BE = [], ¢, BnUn where ¢, is of
order pZ. If AE C BE was essential then there exists k € Z such that k¢, € A4,,U,
for all n € w. This means p, | k for all n € w, hence k = 0. Hence result. ]

LEMMA 2.6. The g]oi)al functor T': AbShL — Ab preserves injective hulls if and

only if it preserves essential extensions.

PROOF: (<) Clear, by the hypothesis and the fact that the functor I' preserves
injectives (since the functor —¢ is an exact left adjoint of I' (0.7)).

(=) Let A B be an essential monomorphism in AbShL, and 4 — A' be the
natural embedding of A into its injective hull A'. Then there exists f: B — A’ such
that fi = j, which is actually a monomorphism (since : is essential). By hypothesis
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AE —» A'E = AE — BE — A'FE is an essential monomorphism in Ab, hence
ig: AE — BE is an essential monomorphism. ]

" PROPOSITION 2.7. The functor T: AbShL — Ab preserves injective hulls if and

only if L is a finite boolean locale.

PRrROOF: (<) By Lemma 2.6, it is enough to show that I' preserves essential
extensions. If £ is finite boolean then £ = O(X) for a finite discrete space X,
therefore AbSAL = AbX!. So A C B essential in AbSAL implies A{z} C B{z} is
essential in Ab for all z € |X|. Therefore [],¢ x| A{z} = T4 C B = [],¢ x| B{z}
is essential in Ab, since finite product in Ab preserve essential extension.

(=) By Lemma 2.6 it follows that the functor I': AbShL — Ab preserves essential
extensions. We first show that £ is boolean. If not, then there exists a W € £ such
that W is dense. Let AU C Q.U be the subgroup consisting of all ¢ € QU such
that Vo ,co#(a) SUAW. Then A is a subgroup of Q¢ [2]. Define B in AbShL
by BU = A(U A W), with the restrictions as given by A. Then h: A — B given
by the restriction map of A is a monomorphism, since W is dense in £. Moreover
this monomorphism is essential for if 0 # ¢ € BU = A(U AW) then clearly ¢ |
(UAW) = hyaw(®) = ¢ # 0. By hypothesis AE — BE = AW = QW is an
essential monomorphism. Consider ¢ € Q¢W with ¢(1) = W . By essentialness, there
exists a ¥ in AE such that 0 # hg(¢) = ¥ | W = m¢ for some m € Z. Then
(m¢)(m) = W, so P(m) AW = W, that is, W < ¢(m), which means ¥(m) is dense
in £. Soif k # m then (m) Av{(k) = 0 implies (k) = 0, therefore ¢(m) = E. But
Y€ AE, 50 Vo ¥(k) S W, and m # 0 implies Y(m) < W, that is E = W, hence
L is boolean. By Lemma 2.5 it follows that E is compact. But £ boolean implies each
U € L is compact, hence £ is spatial. Therefore £ = O(X) for some discrete space
X, which by compactness of £ means X is a finite discrete space. Hence we have the

result. ]

REMARK 2.8: IfL is finite boolean then so are all | U, and hence all functors Ty
preserve injective hulls whenever I' = ' does.

3. CHARACTERISING INJECTIVES FOR SOME SPECIAL LOCALES

We have seen in our previous discussion that an injective A € AbShL has the
following two properties:

(a) For all U € £, each AU is an injective abelian group in Ab.

(b) Whenever V < U in L, then the restriction AU — AV is a split epimorphism
in Ab.

Hence it is reasonable to ask if the properties (a) and (b) characterise injectives in
AbShL. The answer is yes for some special locales which we shall discuss although the
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question still remains open for an arbitary £. Recall that for £ = 3, Banaschewski has
shown that injectives in AbSh3 are exactly those groups which satisfy the conditions
(a) and (b) [2]. This fact is crucial in the following proofs.

PROPOSITION 3.1. IfL satisfies the descending chain condition then A € AbShL

is injective if and only if it satisfies conditions (a) and (b).

PROOF: To prove the remaining implication, consider any essential extension B D
A.If AC B, then £ has DCC, we can find a minimal S € £ such that AS C BS.
Clearly, for all U < §, AU = BU. If W = \VU(U < S) then AW = BW , since for
any b€ BW b |U € BU = AU for U < § implies b€ AW ,hence W < S.

Consider the commutative diagram,

AS —S . BS

! !

AW BwW

in AbSh3. If 0 # b € BS, then by essentialness there exist V £ S, and m € Z such
that 0 #2 mb |V € AV. Now either V = S which means 0 # mb € AS,or V < §
and then VX W so 0# mb |V = (mb| W) |V implies 0 £ mb | W € BW = AW.
Thus BS — BW is an essential extension of AS — AW in AbSh3. But by the given
hypothesis AS — AW is injective in AbSh3 [2] and hence AS = BS. Thus A = B,
which means A4 is injective in AbShL. [

COROLLARY 3.2. If £ is finite or well-ordered then the conditions (a) and (b)

characterise injectives in AbShL.
PROOF: Clear, since these locales have descending chain conditions. ]

PROPOSITION 3.3. For any inversely well-ordered £, A € AbShL is injective if
and only if it satisfies conditions (a) and (b).

PROOF: If L is inversely well-ordered then the elements of £ may be arranged in
the form E =Uy > U; > Uz--- > Ux =0, so that L°?P = X\ + 1 for some ordinal .
Since each non-empty subset of £ has a largest element it follows that every element in
L has only trivial covers, hence every presheaf on £ is also a sheaf on £. In particular,
ZeUq = Z for all a. If A € AbShL satisfies conditions (a) and (b), then we claim
that A is injective. The proof will use the Baer criterion (1.1), so consider a diagram,

C —— Z¢

g

A
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where the horizontal arrow is the inclusion. Our aim is to extend h to all of Z.. If
C =0, then we are done. If C # 0, then we can pick the first ap such that CU,, # 0.
If U, > Ug, then the commutativity of the diagram

CUy —— ZUg=2

!

CUg —— ZUp=2

where the horizontal arrows are inclusions, implies CUs C CUg. Let Uq, be the first
element in £ such that CU,, C CU,, . Proceeding in the same fashion we obtain a
strictly ascending chain of subgroups of Z given by 0 # CU,, C CU,, C CU,, C ....
Since Z is noetherian, this chain must terminate after a finite number of steps and so
for some n,CU,, = CU, for all a 2 ay.

If we consider the finite chain F = Uy, > U,, > +-- > Uy, (which has only trivial
covers), then the presheaf AUy, — AU,, — --- — AU, satisfies condition (a) and (b)
and so by our last result it is an injective group in AbShF . Hence there exist morphisms
IUa, : Z — AU, , such that 9Ua, | CUa; = hya,, and 9Uo 41 = 9Ua, | Ua;,, for all
it =0,1,...,n. For any U, € L, where a # «a9,04,...,a, define gy, as follows:
QU = ngUao if 0 < a < ap where i5: AUy, — AU, is the inclusion into the product
AUqa, — AUy followed by the restriction may AUy — AU,

gu, = gUao | Ua lfa(l g a<a
<

9Us = 9Ua, | U, ifa; € a<ay

o =90, | Ua  ifa>a,

Since Uy, = 9Ua, | Uaiyy » it follows for all Uy < Uy, , we have gy, = IUaq | Uy -
It remains to show that g extends h. Let Ua, Ug be arbitary elements of £ such
that Uy < Ug. Then there are three cases:

(i) Uao = Up > U,
(ii) Uﬁ Z Uﬁ,o > U,
(i) Up > Us > Us,.

Case (i). In this case gu; = gu,, | Us, so
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gug | Ua = (.‘IUao | Up) | Ua = GUaq, | U = gu, hence the diagram

Z Z

gUp l lyua

A.Up —_— AUa

commutes.

Case (ii). gu. = iggu,, hence
9us | Ua = (guﬁ | Uao) | Ua = ((ipguao) | Uao) | Ua = gua, | Ua = gu,-

Case (iii). gu, = ipgu,, » therefore

guy | Ua = (iﬁgUuo) | Ua = ta9Ua, = 9Ua-

Hence, we conclude that ¢ is indeed a morphism of sheaves. Now to check that
g extends h, we consider any U, € L. If U, > Uy, then CU, = 0, so
gu, | Cu, =0 = hy, . So let us suppose that Uy, > Us. Then gy, | CU, = gy, |
CU,o(if CU, = CUq,) = (guao |CU00) | Uq = hve, | Ua = by, . If CUs # CUqyq,
then a; € a. If CU, = C"Uo,1 , then again we are done by the same argument with
a; in place of ag since gy, | CUq, = hUa1 . Otherwise, CUa D CU,, and in that
case az < a and one can proceed as before. Continuing in the same way one sees that
gu, | CUs = hy,, for all a , that is g extends k. This shows A is injective. [ ]

COROLLARY 3.4. In AbShL where L is inversely well-ordered, the direct sum of
injectives is injective.

PROOF: Let A = ®;c1A;, where A; is an injective group in AbShL. Then each
A;U is divisible in Ab, for all U € L. Therefore AU = @A;U is divisible in Ab. For
any V < U in £, each A;U — A;V is asplit epimorphism, &;A4;U — ®14;V, that is
AU — AV is a split epimorphism in Ab. By Proposition 3.3, A is injective, hence the

result. n

COUNTEREXAMPLE 3.5: Here we show that the direct sum of injectives in AbShL
is not always injective for an arbitary £. Consider an infinite space X, with the
topology given by U € OX ifand only if U = X,0,0r z ¢ U where z is a fixed point
of X.

Then {y} € OX if and only if y # z. For all z € |X]|, define A, = ¢,(Q) where
¢: L — 2 is the locale lattice homomorphism corresponding to the point z € |X| (0.7).
Then A,U C B: U — QU consists of all a € BU, with support contained in {z}. Let
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A = @.¢ix|A:- We claim A is not injective, although each 4, is an injective group
(0.7). Note that A can be taken as a subgroup of B, and f € BX belongs to AX
if and only if there exists a cover X = |J;c;U; such that f | U; is of finite support
for all : € I. Since X has only trivial covers it follows that X = U; for some i € I.
Hence AX consists of all f in QX of finite support and so AX C BX. Note that
for X # U, AU = BU. Nowlet 0 £ a € BX. If a(y) # 0 for any y # = then
0+# al {y} € A{y}, and otherwise a(y) = 0 for all y # = so that a € AX. Hence B
is an essential extension of A and therefore A is not injective. Since B is also injective
(0.7), if follows that B is the injective hull of A. ]
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