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Abstract

We show that an essentially amenable Banach algebra need not have an approximate identity. This
answers a question posed by Ghahramani and Loy [ ‘Generalized notions of amenability’, J. Funct. Anal.
208 (2004), 229-260]. Essentially Connes-amenable dual Banach algebras are introduced and studied.
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1. Introduction

The notion of amenable Banach algebras was introduced by Johnson in [3]. Two
modifications of this concept are essentially amenable Banach algebras [2] and
Connes-amenable Banach algebras [7]; the latter had been considered previously under
different names. We recall the definitions in Definitions 2.1 and 2.2 below. In this
note, besides answering an open question concerning the existence of an approximate
identity for essentially amenable Banach algebras, we introduce and investigate the
notion of essential Connes-amenability for dual Banach algebras.

The organisation of the paper is as follows. Section 2 is devoted to recalling some
background notions and definitions. In Section 3, we first answer an open question
raised by Ghahramani and Loy [2, Section 9, Question 3]. They asked if an essentially
amenable Banach algebra necessarily has an approximate identity. We present a
class of algebras of the form V, to answer the question in the negative. Then we
define a new notion of amenability of dual Banach algebras, namely essential Connes-
amenability. Among other things, we give examples to show that essential Connes-
amenability is weaker than Connes-amenability, but they are the same in the presence
of an identity. In Section 4, we discuss essential Connes-amenability of algebras such
as matrix algebras and Lau algebras as well as algebras over locally compact groups.
In an Appendix (Appendix A) we give another approach to essential amenability of
the Banach algebra V.

© 2019 Australian Mathematical Publishing Association Inc.

479

https://doi.org/10.1017/5S0004972719000510 Published online by Cambridge University Press


https://orcid.org/0000-0002-9641-2661
https://orcid.org/0000-0003-1741-4536
https://orcid.org/0000-0002-7305-5294
https://doi.org/10.1017/S0004972719000510

480 M. Ziamanesh, B. Shojaee and A. Mahmoodi [2]

2. Preliminaries

Let A be a Banach algebra and let X be a Banach A-bimodule. A bounded linear
map D : A — X is a derivation if D(ab) = D(a) - b + a - D(b) for all a,b € A. For
every x € X, the map ad, : A — X, defined by ad,(a) =a-x—x-aforac A, is a
derivation; these are inner derivations. It is known that the dual Banach space X* is
also an A-bimodule through

{a-x",x)=(x",x-a), (X -a,x)=(x",a-x) (@aeAxeX,x €X).

A Banach algebra (A is amenable if, for every Banach A-bimdule X, every derivation
D:A— X" is inner. An A-bimodule X is neo-unital it X =A- X - A where
A-X-A={a-x-b:a,be A, xe X}

DeriniTioN 2.1 [2]. A Banach algebra A is essentially amenable if every derivation
D : A — X* is inner for any neo-unital Banach A-bimodule X.

Let A be a Banach algebra. A Banach A-bimodule X is dual, if there exists a closed
submodule X, of X* such that X = (X,)*. We call X, the predual of X. Moreover, a
Banach algebra A is a dual Banach algebra if it is dual as a Banach A-bimodule. Let
A be a dual Banach algebra. A dual Banach A-bimodule X is normal if the module
actions of A on X are w™-continuous.

DerniTioN 2.2 [7]. A dual Banach algebra A is Connes-amenable, if for every normal
dual Banach A-bimodule X, every w*-continuous derivation D : A — X is inner.

For a Banach algebra A, we write o(A) for the set of all nonzero multiplicative
linear functionals on A. Moreover, if A is a dual Banach algebra, then we write
0 (A) for the subset of all w*-continuous elements in o (A).

Let V be a Banach space, and let ¢ be a nonzero element of V* with ||¢|| < 1.
Throughout, we denote by V,, the Banach algebra V equipped with the multiplication
ab = ¢(b)a for a,b € V. It is not hard to see that (V) = {¢}.

3. Essential [Connes-] amenability

We start by giving some essentially amenable Banach algebras without approximate
identities.

ExampLE 3.1. Let V be a Banach space of dimension (at least) 2. Then V, is
essentially amenable but does not have an approximate identity. Suppose that X is
a neo-unital Banach V,-bimodule and that D : V, — X* is a derivation. Since X is
neo-unital, x - a = ¢(a)x for x € X, a € V,,. Hence a - x* = p(a)x* for x* € X*, a € V.
Choosing ag € V,, with ¢(ap) = 1, we see that

a - D(ap) = p(a)D(ap) = D(¢(a)ag) = D(apa)
= D(ay) - a + ag - D(a) = D(ay) - a + D(a).
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Therefore, D(a) = a - D(ay) — D(ay) - a for all a € V,, so that D is inner. This shows
that V,, is essentially amenable. Next, assume that (e, ), is a left approximate identity
for V,,. Since V, is not one-dimensional, it is possible to choose a nonzero element
a; € kerg. Thus a; =lim, e, a; =0, a contradiction. It should be remarked that,
because of the lack of an approximate identity, V,, is not amenable.

ExampLE 3.2. Any nonzero Banach space A, equipped with the multiplication ab =0
for a,b € A, is an essentially amenable Banach algebra [ 11, Example 4.2(a)]. Trivially,
this algebra does not possess an approximate identity.

The following is the basic definition of the current paper.

DeriniTioN 3.3. A dual Banach algebra A is essentially Connes-amenable if for every
normal dual Banach A-bimodule X = (X,)* with neo-unital X,, every w*-continuous
derivation D : A — X is inner.

THeEOREM 3.4. Let ‘A be a dual Banach algebra and let B be a dual Banach subalgebra
of A containing A* . If B is essentially Connes-amenable, then so is A.

Proor. Suppose that X = (X,)* is a normal dual Banach A-bimodule with neo-unital
X, and that D : A — X is an w*-continuous derivation. It follows from

Xi=AX, A=A (A- X, - A)- ACB- X, -BC X,

that X, = 8- X. - 8. Hence we may consider X as a normal dual Banach $8-bimodule
with neo-unital X,, and then D|g: B — X is an w*-continuous derivation. By
the assumption, there exists x € X such that D(b) = ad.(b) for each b € B. Setting
D:=D- ad,, we observe that D is an w*-continuous derivation from A into X and
Dlg 0. An argument similar to the proof of [11, Proposition 4.1] shows that D=0
and so D = ad,, as required. O

It is immediate from the definition that Connes-amenable dual Banach algebras
are essentially Connes-amenable. The converse however is not true, as the following
example shows.

ExampLE 3.5. Suppose that A is a dual Banach space equipped with the multiplication
ab =0 for all a,b € A. Itis easy to verify that A is a dual Banach algebra. Obviously,
B := A* = {0} is essentially Connes-amenable. Then by Theorem 3.4, A is essentially
Connes-amenable as well. Notice that because of the lack of an identity, A is not
Connes-amenable.

ExampLE 3.6. Suppose that V is a dual Banach space of dimension (at least) 2, and
that ¢ be a nonzero, w*-continuous functional on V. It is known that V, is not a
Connes-amenable dual Banach algebra (Behnamian and Mahmoodi, ‘On pointwise
amenability and biprojectivity of Banach algebras’, submitted). As V, is essentially
amenable, it is automatically essentially Connes-amenable.

ProposiTioN 3.7. Let A be a Banach algebra, let B be a dual Banach algebra and let
0 : A — B be a continuous epimorphism.
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(1) If Ais essentially amenable, then B is essentially Connes-amenable.
(i) If A is an essentially Connes-amenable dual Banach algebra and if 0 is w*-
continuous, then B is essentially Connes-amenable.

Proor. We only give the proof of part (ii).

Suppose that X = (X,)" is a normal dual Banach B-bimodule with neo-unital X..
Then we may consider X as a normal dual Banach A-bimodule with module actions
a-x=6(@)-xand x-a = x-60(a) for x € X, a € A. It follows from

AX - A=60A)- X, -0 A)=8-X.-B=KX,

that X, is neo-unital as an A-bimodule. Now, suppose that D: B — X is an
w"-continuous derivation. It is easy to check that Do 6: A — X is also an w*-
continuous derivation. Since A is essentially Connes-amenable, there exists x € X
such that D o 6(a) =lim(a - x — x - a), a € A. By surjectivity of 6, it follows that
D(a) =lim(a-x— x-a)fora e A. O

The concept of essential Connes-amenability is only interesting for nonunital
algebras, because of the following proposition.

ProposiTion 3.8. Let A be a dual Banach algebra. Then A is Connes-amenable if and
only if A is unital and essentially Connes-amenable.

Proor. Only the necessity part needs a proof. We follow the standard argument in
[8, Proposition 2.1.5].

Suppose that X = (X,)* is a normal dual Banach A-bimodule and D : A — X is
an w*-continuous derivation. By Cohen’s factorisation theorem, Xy := A - X, - Ais a
closed A-submodule of X, which is also neo-unital. Let 7 : X — X Z‘) be the restriction
map. It is easy to check that 7 is an w*-continuous module homomorphism. Thus
X is a normal dual Banach A-bimodule and 7o D : A — X[ is an w"-continuous
derivation. Since A is essentially Connes-amenable, there exists A € X{j such that
mo D =ad,. Take x € X for which x|y, = A. It is routinely checked that D:=D- ad, is
an w*-continuous derivation from A into Xj € X. One may check that Xj = (X../Xo)*
is a normal dual Banach A-bimodule. It follows from the definition of X, that
A - (X.]Xp) ={0}. Now D is inner, by [8, Proposition 2.1.3]. Notice that here the
existence of an identity is needed. Therefore, there exists y € X such that D= ady.
Thus D = ad,_,. O

Let A be a Banach algebra and let ¢ € o-(A). We write C,, for the neo-unital Banach
A-bimodule C with operations a - 7 = z- a = ¢(a)z for a € A, z € C. Recall that a point
derivation d at ¢ is a derivationd : A — C,.

ProrosiTioN 3.9. Let A be a Banach algebra.

(1) If Ais essentially amenable, then there are no nonzero point derivations on A.
(1) If A is an essentially Connes-amenable dual Banach algebra, then there are no
nonzero w*-continuous point derivations on A.
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Proor. (i) Every point derivation d : A — C,, ¢ € o(A), may be regarded as a
derivation into a dual bimodule with a neo-unital predual. By the assumption, d must
be inner, but any inner derivation is zero.

(ii) As C, is a normal dual Banach A-bimodule, the proof is similar to part (i). We
just note that if d : A — C, is an w*-continuous point derivation for ¢ € o(A), then
¢ is necessarily w*-continuous. To see this, suppose that d is w*-continuous and that

a; <, 0in A. Then a;b “, 0 for any b € A. By the w*-continuity of d, both (d(a;));
and (d(a;b)); tend to zero. Hence from d(a;b) = ¢(a;)d(b) + ¢(b)d(a;), we conclude
that ¢(a;) — 0, as required. O

ExampLE 3.10. It is well-known that the discrete convolution algebra ¢! consisting of
all sequences (a(n)), with [lal| = £ jla(n)| < co is a dual Banach algebra [1, Theorem
9.6]. Also by [4, Example 2.5], o(£') = {¢, : z € C, |z| < 1}, where ¢, is the point
evaluation at z, that is, ¢,(a) = £ ja(n)7" for alla € ¢ ! Since w, =(z, 2,25, ) € ¢,
for each z € C with || < 1, it follows that - (€') = {¢. : z € C, |z] < 1}. Consequently,
the map f +— f’(z) is a nonzero w*-continuous point derivation at ¢, for each z € C with
|zl <1 (see also [5, Example 2.8] or Shojaee (‘A generalization on character Connes-
amenability’, submitted)). From Proposition 3.9, ¢! is neither essentially amenable
nor essentially Connes-amenable.

4. On essential [Connes-] amenability of some algebras

Let A and B be Banach algebras with o(8) # 0, and let 6 € 0(8). From [12,
Definition 2.1], we recall that the 8-Lau product A X4 B is the Cartesian product A X B
equipped with the multiplication

(a1,b1)(az, by) = (araz + 6(b1)ay + 6(br)ay, b1by),

and with the norm ||(a, by)|| = |lail| + ||b1]], where ay,a, € A and by, b, € B. The
space A Xy B is a Banach algebra. Further, if A = (A.)* and B = (B,)* are dual
Banach algebras and if 8 € o,-(B), then A Xy B is a dual Banach algebra with predual
A, P B., where P_, denotes the [*-direct sum.

THeEOREM 4.1. Let A and B be Banach algebras and let 6 € o7(B).
(1) If Axg Bis essentially amenable, then A and B are essentially amenable.
Further, let A and B be dual Banach algebras and let 6 € o ,-(B).

(i) If A xq B is essentially Connes-amenable, then A and B are essentially Connes-
amenable.

Proor. We prove part (ii). Suppose A X,y B is essentially Connes-amenable, X = (X.)*
is a normal dual Banach A-bimodule with neo-unital X, and D : A — X is an w*-
continuous derivation. We may consider X as a Banach A x4 B-bimodule with actions

(a,b)-x=a-x+0(b)x and x-(a,b)=x-a+0(b)x,
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where a € A, b € B and x € X. Hence
Ax9B) X - (AXxgB)=A- X, A+ X. =X, + X, =X..
Therefore: X is a normal dual Bainach A Xg B -bimodule with neo-unital X,. Define
the map D : A Xg B — X with D(a, b) = D(a). For each (a;, b)), (az,b2) € A Xy B,
D((a1,b1) - (a2, b2)) = D(ayaz + 6(b1)az + 6(b2)ay, biby)
= D(a1az + 0(b1)ay + 6(b2)ay)
= D(a1) - az + a1 - D(az) + 8(b2)D(ay) + 6(b1)D(az)
= D(a1) - (a2, b2) + (a1, b1) - D(az)
= D(a1, b)) - (a2, b2) + (a1, by) - D(az, by).
Hence D is an w*-continuous derivation. By the assumption, there is an x € X such
that D = ad,. Then, foreverya € Aand b € B,
D(a) = D(a,b) = (a,b) - x — x - (a,b)
=a-x+60b)x—(x-a+06(b)x)
=a-x—Xx-a.
Thus D is inner, so that (A is essentially Connes-amenable.

Next, the map ¢ : A Xy B — B defined by ¢(a, b) = b is an w*-continuous
epimorphism. So by Proposition 3.7(ii), 8 is essentially Connes-amenable. O

We write A* for the unitisation of a Banach algebra A. It is known that A* = A x; C
[12, Remarks 2.2], where i is the identity map on C.

RemArk 4.2. The converse of Theorem 4.1 is not true. To see this, suppose that A is
an essentially [Connes-] amenable Banach algebra but not [Connes-] amenable. Both
A and C are essentially [Connes-] amenable, but A X; C is not essentially [Connes-]
amenable. For if A x; C = At were essentially [Connes-] amenable, then A would
necessarily be [Connes-] amenable because of the existence of an identity. Hence A
must be [Connes-] amenable, which is not the case.

CoroLLARY 4.3. Let A be a [dual] Banach algebra. If At s essentially [Connes-]
amenable, then so is A. The converse does not hold.

Proor. This is a consequence of Theorem 4.1 and Remark 4.2. O

Let X be a Banach space and let n € N. The collection of all n X n matrices (x; ;)
with entries from X is denoted by M,,(X). In particular, M,, = M,,(C) is a unital algebra
with matrix units &; j, so that &; ;& = 0;1E;;. We regard M,,(X) as a Banach space
with the norm

[1Ce; DI = Z{lei,jll c1<ij<nl, ((xi)) € Mu(X)).
We identify M,,(X)* with M,(X™), using the duality

(xA) = D g, i) 1< j <),
for x = (x; ;) € M,(X) and A = (4; ;) € M,(X").
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Let A be an algebra. Then M,,(A) is also an algebra in the obvious way. The matrix
(a; ;) is identified with 3}, &; j ® a; j, so that M,(A) is isomorphic to M,, ® A. In the
case where (A is a Banach algebra, the algebra M,,((A) is a Banach algebra with respect
to the norm defined above.

Let A be a Banach algebra and let X be a Banach A-bimodule. We shall regard

M,,(X) as a Banach M,(A)-bimodule through

n

n
(a-x);:= Zai,k "Xk = Z&‘,J‘ ® di * X,

=1 =
and
n n
(x-a);:= in,k cay; = Zai,j ® Xif - Ay,
=1 =l

for a = (a;;) € M,(A) and x = (x;;) € M,(X). In particular, M, (X*) is a Banach
M, (A)-bimodule. For a = (a; ;) € M,,(A) and A = (4; ;) € M,(X"),

n

n
(a-N)j= Zaj,k cAig = Zgi,j@’aj,k ik

k=1 k=1

and
n n
A-a); = Z/lk,j CQg; = Z‘Si,j ® Akj - Ak
=1 =

Now, suppose that A = (A.)* is a dual Banach algebra and that X = (X,)" is a
normal dual Banach A-bimodule. It is easy to check that M, ® A = (M, ® A.)" is
a dual Banach algebra and M, ® X = (M,, ® X,)" is a normal dual Banach M, ® A-
bimodule (see for instance [6]).

TueEOREM 4.4. Let A be a Banach algebra and let n € N.

1)  If M,(A) is essentially amenable, then so is A.
Further, suppose that A is a dual Banach algebra.

(1) If M,(A) is essentially Connes-amenable, then so is A.

Proor. (i) Let X be a neo-unital Banach A-bimodule and let D : A — X* be a
derivation. It is easily seen that the map

I®D M, ®A— M, ®X"; (4ij)®ar— (1;;)® Da
is a derivation, where [ is the identity map on M,,. Moreover,
M @A) M, ®X)- M, @A) =M, @A - X-A=M, X

so that M,, ® X is neo-unital as an M, ® A-bimodule. Since M, ® A is essentially
amenable, there exists (4;;) ® x* € M, ® X* such that

IeD)(yij)®a)=(ij)®a-(4)®x" — (1) ®x" - (yij))®a
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for each (y;;) € M,, and a € A. Take the matrix (y,;) with 1 in the (1,1)-position and
0 elsewhere. Hence Da = a - (A11x*) — (111x") - a. It follows that D is inner and ‘A is
essentially amenable.

(i) Let X = (X.)* be a normal dual Banach A-bimodule with neo-unital X, and let
D : A — X be an w*-continuous derivation. An argument similar to part (i) shows
that D is inner. Notice that the derivation / ® D here is w*-continuous. O

We do not know whether or not the converse of Theorem 4.4 is true.

Let A be a Banach algebra. Then WAP(A") stands for the set of all weakly
almost periodic functionals on A*. It is known that WAP(A*)* is a dual Banach
algebra with the following universal property: for every dual Banach algebra 8 and
every homomorphism 6 : A — B, there is a unique w"-continuous homomorphism

6 : WAP(A*)* — B for which 0o1=0, where 1 : A —> WAP(A*)* is the canonical
map [10, Theorem 4.10].

To our knowledge, it is unknown if essential amenability of a Banach algebra A
implies essential Connes-amenability of WAP(A*)*. However, they are equivalent in
the case of A = L!(G) (see Proposition 4.9 below).

The following result is likely to be well-known, but since we could not locate a
reference, we include a proof.

TueOrREM 4.5. Let A be a dual Banach algebra. The following statements are
equivalent:

(i) Ais Connes-amenable;
(i) WAP(A*)* is Connes-amenable.

Proor. It should be mentioned that if A is a dual Banach algebra, then the map 1 is an
isometry [10, page 141].

(i) = (i1) This is immediate by [7, Proposition 4.2(ii)], because A is w*-dense in
WAP(A*)".

(i1) = (1) Suppose that WAP(A*)* is Connes-amenable. By the universal property of
WAP(A*)*, there exists an w*-continuous homomorphism 6 : WAP(A*)* — A such
that 6 o 1 = id%. Here 6 is an epimorphism. Again by [7, Proposition 4.2(ii)], A is
Connes-amenable. O

For the essential case, we have the following result.

THEOREM 4.6. Let A be a dual Banach algebra. If WAP(A")" is essentially Connes-
amenable, then so is A.

Proor. The proof is similar to that of the implication (ii) = (i) of Theorem 4.5, with
Proposition 3.7(ii) in place of [7, Proposition 4.2(ii)]. O

The converse of Theorem 4.6 is unresolved.

ExawmpLe 4.7. From Example 3.10, ¢! is not essentially Connes-amenable. Hence
by Theorem 4.6, WAP(£*)* is not essentially Connes-amenable. As a consequence,
WAP(£>)* is not essentially amenable.
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CoroLLARY 4.8. Let A be a dual Banach algebra, which is Arens regular. If A™ is
essentially Connes-amenable, then so is A.

Proor. This is a special case of Theorem 4.6. We just note that WAP(A*)* = A™,
whenever A is Arens regular. O

Let G be a locally compact group. It is a classical result of Johnson that the
group algebra L'(G) is amenable if and only if G is an amenable group [3]. We
learn from [2] that for a Banach algebra with an approximate identity, amenability
and essential amenability are the same notions. Next, it was shown by Runde that
amenability of G is equivalent to Connes-amenability of both the measure algebra
M(G) and WAP(L™(G))* (see [9] and [10, Proposition 4.11]). These facts together
with Proposition 3.8 lead us to the following result.

ProrosiTioN 4.9. For a locally compact group G, the following are equivalent:

(i) G is amenable;

(i) LYG) is amenable;

(iii) L'(G) is essentially amenable;

(iv) M(G) is Connes-amenable;

(v)  M(G) is essentially Connes-amenable;

(vi)  WAP(L*®(G))* is Connes-amenable;

(vii) WAP(L™(G))* is essentially Connes-amenable.

Appendix A

We have seen in Example 3.1 that the Banach algebra V, is essentially amenable.
In this appendix we explore a second approach to these algebras.

Let A be a Banach algebra, and let ¢ € o-(A). We write M, for the set of all Banach
A-bimodules X for which the right module action is given by x - a = p(a)x for a € A,
xelX.

Lemma A.l. Let V be a Banach space and let ¢ be a nonzero element of V* with
llell < 1. If X is a neo-unital Banach V ,-bimodule, then X € M,,.

Proor. Take arbitrary elements a €V, and x € X. There exist b € V, and y € X such
that x =y - b. Hence x-a =y - ba = ¢(a)y - b = ¢(a)x, as required. O

ProposiTioN A.2. Let V be a Banach space of dimension at least 2 and let ¢ be a
nonzero element of V* with |l¢|| < 1. Then V, is essentially amenable without an
approximate identity.

Proor. Let X be a neo-unital Banach V,-bimodule, and let D : V, — X" be a
derivation. By Lemma A.1, X € M,. It was shown in Behnamian and Mahmoodi
(‘On pointwise amenability and biprojectivity of Banach algebras’, submitted) that
V, is p-amenable, in the sense of [4]. Therefore, D is inner, by [4, Theorem 1.1]. O
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