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ON NONREFLEXIVE BANACH SPACES WHICH
CONTAIN NO ¢, OR J,

P. G. CASAZZA, BOR-LUH LIN AND R. H. LOHMAN

Introduction. The first infinite-dimensional reflexive Banach space
X such that no subspace of X is isomorphic to ¢por /,, 1 £ p < 0, was
constructed by Tsirelson [8]. In fact, he showed that there exists a
Banach space with an unconditional basis which contains no sub-
symmetric basic sequence and which contains no superreflexive sub-
space. Subsequently, Figiel and Johnson [4] gave an analytical descrip-
tion of the conjugate space 1" of Tsirelson’s example and showed that
there exists a reflexive Banach space with a symmetric basis which con-
tains no superreflexive subspace; a uniformly convex space with a sym-
metric basis which contains no isomorphic copy of /,, 1 < p < o0 ; and
a uniformly convex space which contains no subsymmetric basic sequence
and hence contains no isomorphic copy of /,, 1 < p < . Recently,
Altshuler [2] showed that there is a reflexive Banach space with a sym-
metric basis which has a unique symmetric basic sequence up to equiva-
lence and which contains no isomorphic copy of [,, 1 < p < co. This
space complements nicely an earlier theorem of Altshuler [1] which states
that a Banach space X with a symmetric basis {x,, f,} is isomorphic to
coorl, 1 =p < oo, if and only if both X and the closed linear sub-
space [ fulu,=1" in X* have unique symmetric basic sequences up to
equivalence.

In this paper, we consider the problem of constructing nonreflexive
Banach spaces which contain no isomorphic copy of cpor/,, 1 < p < .
It is well-known that the nonreflexive James space J contains no isomor-
phic copy of ¢y or /5. However, it was proved [5] that every infinite
dimensional subspace of J contains an isomorphic copy of /. The con-
struction of the space J has been generalized to a large class of non-
reflexive Banach spaces [3]. We show that in this class of generalized
James spaces there exist quasi-reflexive spaces of order one which have
a basis and contain no isomorphic copy of ¢y or /,, 1 = p < 0. We also
show that there exist separable, non-quasi-reflexive spaces which contain
no isomorphic copy of ¢cpor /,, 1 = p < 0.

Let E be a Banach space with monotone, normalized, symmetric
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basis {e,}. The generalized James space is the Banach space

Il

J(E) = {x = ((11, agzy . . ) lim a, 0,

sup

Y

qu 1:21 (@pisr — @pide;

where the supremum is taken over all integers 1 = p; < po < ... < P,
It was proved [3], where J(E) was defined using an equivalent norm, that
the sequence of unit vectors {x,} is a basic sequence and that if {e,} is
boundedly complete, then {x,} is a basis of J(E). For the terminology
used in this paper and the Banach spaces mentioned above which are
constructed respectively by Altshuler, Figiel and Johnson, and Tsirelson,
we refer to [7].

1. It is well-known that if X is a Banach space with basis {x,} then
every symmetric basic sequence in X is equivalent to a block basic
sequence of {x,}. To consider subspaces of X which are isomorphic to
either ¢oor [,, 1 = p < o0, it suffices to consider the subspaces which are
spanned by symmetric block basic sequences of {x,}. For the rest of the
paper, we shall assume that E is a Banach space with a monotone,
normalized symmetric basis {e,}.

The following result follows easily from the definition of J(E).

LEmMwma 1. If

qn
Yn = Zaix¢,n=1,2,...

i=pn
1s a block basic sequence of {x,} in J(E) withq, + 2 < ppy1,m = 1,2,...
then there exists a block basic sequence

kn
2y = Zbiei, n=12 ...

i=hn

in E such that {y,} dominates {z,}. Furthermore, if lim, a, = 0 then we may
require that lim, b, = 0.

Proof. For each n = 1,2, ... there exist 7" < 2" < ... < 1,," such
that
mn
”ynil = ]—ZI (aij+1" - aij")ej

Without loss of generality, we may assume that p, — 1 =< 7,* and
Iy £ g + 1, foreach n = 1,2, . ... Define

mn
2p = Z (aij+1n - aijn)eijn, n = 1, 2, e
j=1
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Since ¢, + 2 < ppy1,n = 1,2, ..., and {e,} is symmetric, {z,} is a block
basic sequence in E such that ||z,]] = [|3,]],» = 1,2, .... Itisclear that
{y,} dominates {z,} and if lim, ¢, = O then the coefficients of {z,} are
approaching zero.

TaEOREM 2. If {e,} is a boundedly complete basis of E, then J(E) does
not contain « subspace isomorphic to co.

Proof. Let

an
Vo = Zalxl, n=12 ...

1=Pn
be a bounded block basic sequence in J(£) which is equivalent to the unit
vector basis of ¢,. By taking a subsequence if necessary, we may assume
that ¢, + 2 < ppy1, n=1,2,.... By Lemma 1, {y,}] dominates a
bounded block basic sequence {z,} in E. However, {z,} dominates the unit
vector basis of ¢o. Hence [2,],-1" is isomorphic to ¢y, a contradiction.

2. Let E be any reflexive Banach space with a monotone, normalized
symmetric basis {e,}. If J(E) contains an isomorphic copy of /,, 1 <
p < o, we don't know, in general, whether this implies that E contains
an isomorphic copy of ,, 1 = p < 0. However, if E is the reflexive space
constructed either by Altshuler [2] or Figiel and Johnson [4], then we will
show that J(FE) is a quasi-reflexive space of order one which contains no
isomorphic copy of ¢cpor[,, 1 = p < 0.

Let us recall the definition of the space 7". Let 7y be the space of all
sequences of scalars which are eventually zero and let {,} be the unit
vector basis of 1. For x = Zn ant, € T, define

[*]o = max, |a,|
and

J#lhis = max ] e, § max 3

j=1

Pi+1 1
i=pj+1a1tl n[
where the inner max is taken overall p;’swith 2 < p1 < po < ... < Py,
k=1,2,.... Let ||x|| = lim, ||x||, for all x in T%. The space T is the
completion of (7%, ||-]|). We need the following properties of T (e.g.,
p. 96, 7].

LeEmMA 3. (i) For any integer k = 1,2, ... and any normalized block

Pn+l

Uy = Z ait;, n=12, ...,k

i=pn+1

withk £ p1 < p2 < ... < Py, then

k 13 k
Zanvn 23 Z lanl
n=1 n=1

2 el 2
for all scalars oy, as, . . . , oy

n=1
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(il) Guwen 1 = py < p1 < ..., there exists an integer r such that for any
normalized block

Pn+1

Uy = Z ady;, n=0,1,2,...,7
i=pn+1
in T, then
1< 7
= 1=t
v0+7’;vl =4
Now, foreachn = 1,2, ... and x = (¢1, as,...) € ¢ let

) x|, = sup l; daw;/ (2" + 27")

where {d;} is a rearrangement of {|a,|} in non-increasing order, w; = 1/1,
1=1,2,...and

k

Sse= 2wy, kE=1,2....
i=1

Notice that

(2) 27 tsup; e = [xf, = 2" supy a4

forallz =1,2,...and x = (a1, as ...) € co. Let
(3) E={x= (ar,a,...)€co (x|l l|xle ..., [lxlln...) € T}
If x € E, we define [[x]| = || D, /lx|[st/lz. Altshuler [2] proved that E is

a reflexive space such that the unit vector basis {e,} is a symmetric basis
of E and E contains no isomorphic copy of /,, 1 < p < 0.
If the sequence of norms in (1) are replaced by

Jell = sup 35 180/ @ +278), n=1,2,....

then properties (2) also hold. The space E obtained in (3) by this
sequence of norms is the reflexive space constructed in [4]. They showed
that the unit vectors {e,} form a symmetric basis of E and E contains no
isomorphic copy of [,, 1 < p < . For the rest of the paper, we shall let
E denote the reflexive space constructed above by either Altshuler or
Figiel and Johnson. Using the properties (2) and induction as in the proof
of Lemma 3.0.11 [7], we have the following result.

LEMMA 4. Given ¢ >0, 1 S ¢, < g2 < ... and & > 62> ... with
lim, 6, = 0, there exist integers 1 < m < m:< ... and 1 = Ny <
N < ... suchthat for any block basic sequence {z;} of {e;} with

Imis1
gi= 2, cep |zl £1 and
I=m 41

SUPg,,<iSon | lej] £ 0miy 2=1,2,...
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we have

0 [ee]
Z Bi%s Z B
i=1 i=1

for all {B;} with sup; |B:] = 1 where

N;—1

V= D -szlljtj, i=1,2,....

J=Ni-i
Moreover, |lvi]] £ 14+ ¢1=1,2,....
Thus for any block basic sequence

=

+ ¢
T

qm+1

I = Z ce;, m=1,2 ...
i=gm+1

wn E such that lim; ¢; = 0, there is a subsequence of {z,} which is equivalent
to a block basic sequence of {1,} in T.

Remark. The unit vectors in E all have norm

A4 = <1

Z (2n _l_ 2_n)_1tn

Thus for the technical convenience of having a normalized basis, we
renorm E by using 4! times the original norm of E.

THEOREM 5. The space J(E) is quasi-reflexive of order one and no sub-
space of J(E) s 1somorphic either to coor I,, 1 = p < ©.

Proof. Since E contains no isomorphic copy of ¢y, Theorem 2 guarantees
that J(£) contains no subspace which is isomorphic to c¢,.

Suppose that J(E) contains an isomorphic copy of /,, 1 < p < .
Since the unit vector basis of /,, 1 £ p < o0, is equivalent to every
bounded block basic sequence, we may assume that there exists a normal-
ized block basic sequence

Dn+1
Yn = Z ax;, 1= 1,2,...,
i=pn+1
in J(E) such that lim, ¢, = 0 and {y,} is equivalent to the unit vector
basis of /,, 1 < p < 0. By Lemma 1, there exists a block
qn+1
%y = Z cie;,, n=12 ...
i=gqn+1
in E such that lim, ¢, = 0 and {y,} dominates {z,}. By Lemma 4, there is
a subsequence {z,;} of {z,} which is equivalent to a block {v;} of {¢,} in T
Thus there are constants K;, Ko, K3 such that foreachk =1,2,...

Zyni Zzni = Kg(‘) .
i=1 i=1 2

k

Zi’i

i=1

K7 = = K,

v
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This is impossible when 1 < p < . Hence J(E) contains no isomorphic
copy of [,,1 < p < 0.

For the case p = 1, by a result of [6], let 1 = ¢ > 7/8 be such that
for all scalars a,

(*) () Z Ianl é “Zanyn é Z Ianl
Let 8, = 2(supp,<izpn 1 |@4), 7 = 1,2, .. .. Choose ¢ > 0 such that
(1 4+ €)7/4 + 2¢ < 2e.

Since lim, a, = 0, by taking a subsequence of {y,} if necessary, we may
assume that 1 = 6; > 6, > ... and Zn 5, < e

Apply Lemma 4 to ¢ > 0, p; < po < ... and {4,}. Then there exist
{m;}=1® and { N} =™ such that the properties in Lemma 4 hold. For the
sequence {N;} ", by Lemma 3, there exists an integer r such that
property (ii) in Lemma 3 holds. By (*), we have

41

Ymi + ; Z Ymi
=2

2¢p <

The norm on the right above is of the form

[
Z (Corsn — Cui)es
i=1

where for each j = 1,2,...,7 + 1 there are at most two ¢’s such that
P < Gi = P and pnj. < g1 S Pumj+1. Notice that if p,; <
qi = ij+1 then

laqi| é %67n]
Since {e,} is symmetric, for each j = 1,2,...,7 + 1 there exist ¢/,
1=1,2,...,k;such that
Dy < @™ < g™ << @GNS P and
7+l
Yoy T = Zym] = my = aqﬂ‘l)eqi"‘l
r+1 kj 1 7+1
+ - ” 22 Z (amu mj aqi"'i)eqi”‘j + 5m1 + ; ]Z; 6mj
=2 =1 =
r+1
2w + = Zzzm, €
=

where

kj
2; = Z (aqin"‘i - aqimi)eqimh i=L2...,r+ 1L
i=1
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Notice that [lz;] £ [ly;| = 1 and
sup lath'u"'i - (lai’"jl = 61”]‘) j=1L2...,r+ 1
i

Hence by Lemma 4,

1 r+1 1r+1
at= 2 S ot D,
v =2 v =2
where
Ni—1
vi= 2, lzlt; and [o] S14+e¢ i=1,2...,7r+ 1L
j=Ni-1
By Lemma 3,
1 r+1 17+1 7
2¢0 = yml+;zzymj = v1+;Z;Uj +€<(1+€>4‘+2€
J=12 j=

This contradicts the choice of e. This completes the proof that J(E) con-
tains no isomorphic copy of /;. We conclude that {x,} is a shrinking basis
of J(E) and J(E) is quasi-reflexive space of order one [3].

Remark. In [3], it is proved that if {e,} is block p-Hilbertian for some
1 < p < 0, then J(E) is quasi-reflexive of order one. Hence if E is a
uniformly convex space with symmetric basis then J(E) contains no
subspace which is isomorphic to /;.

3. Let X be a quasi-reflexive space of positive order with basis {x,}
such that X contains no isomorphic copy of ¢y or /,, 1 = p < ©. For
eachn =1,2,...,let X, = X and let

If = (Z @Xn)r = {3’ = (ylyy‘b .. ~):yn E Xny

(alls fyalls -y llyall, ) € B,

where E is Altshuler’s space and ||y|| = [[(|yl, ..., Il . - )|z Then
clearly, Y is a non-quasi-reflexive space with basis such that Y** is
separable. For any block {y,} in ¥, there exists a subsequence {y,;} of
{y,} such that either {y,,} is equivalent to a block in X, or a block in E
[4]. Since X and E contain no isomorphic copy of coor/,, 1 £ p < 0, it
follows that ¥ contains no isomorphic copy of ¢coor /,, 1 £ p < 0.

Finally, it is obvious that if X is a quasi-reflexive space of order one
which contains no copy of ¢y or [,, 1 £ p < 0 then the direct sum of &
copies of X is a quasi-reflexive space of order £ which contains no ¢ or
L1 =p <.
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