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ON THE ABSOLUTE SUMMABILITY FACTOR
OF FOURIER SERIES

Yasuo Okuyama

The purpose of this paper is to give a general theorem on the
absolute Riesz summability factor of Fourier series which implies
Matsumoto's Theorem [T6hoku Math. J. 8 (1956), 114-124] and to

deduce some results from the theorem.

1.

Let z:an be an infinite series and s, its 7nth partial sum. Let

{pn} be & sequence of positive numbers such that

Pn=po+p1+...+pn->°° as n *+®,

If the sequence

n
1
(1.1) En=P— Y P8y (n=o0,1,2, ...)
n k=0
(-]
is of bounded variation, that is, ) Izn-zn-l| < @ _ then the series
n=l

Y a, 1is said to be summsble IR, P, 1| .

Let f(t) be a periodic function with period 27 and integrable (L)
over (-m, W) . We assume without any loss of generality that the Fourier
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series of f(#) is given by

(o]

[e o]
(1.2) Y (an cos nt + bn sin nt) An(t) , say,

n=1 n=1
and
g
J flt)dt = 0 .
=T

We use the following notations:

9,(t) = ¢(£) = F{f(x+t)+f(z-2)} ;
t
o(6) = [ lo) lau ;
0
- sin(n+¥)t
Dn(t) T 2 sin t/2
Ly(t) =1, L (¢) = log ¢, Lp(t) = Ll(Lp_l(t)) =log ... log t (p times) ,
(€) _ l+g - _
L, (8) = I,(¢) ... Lp_l(t)(Lp(t)] (ez0,p=1, 2, ),

where, if the right hand sides are not determined as positive numbers, we

replace them by 1's .

Let {An} be a monotone decreasing sequence. We put

A = A - A . Also we define a function A(%) continuous in the
n n n+l
interval (0, ®) such that A(n) = An for n=1, 2, ... and A(¢) is

linear for every non-integral ¢ . Similarly p(t) is defined by the

sequence {pn} and we put

t
P(t) = j plu)du .
0

A denotes a positive absolute constant that is not always the same.

2.

Concerning the absolute Riesz summability factor of Fourier series,

Matsumoto [6] proved the following theorem.
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THEOREM A. The |R, P, 1| summability of the series Y LA ()

n=1
at t =x 1is a local property where
p $ 8 é
. exp n exp(log n) exp{log log n)
A 1 1 1
n nd(log n)l+E (1og(n+l))6+€ (log log(n+l))6+€
8 0<8=1 0<§ 0<§
t t t
x(1/¢) Tog 1/ Tog 1/t log 1/t log log 1/t

More precisely, if

t
o(t) = j lo(u) du = ofx(1/£)} ,
0

oo
then the series nZ; AnAn(t) is summable |R, P 1| , at t==x.

In this paper we shall generalize Theorem A in the following form.
THEOREM. Let {Xn} be a monotone decreasing sequence and {pn} be a

positive sequence such that {pn/F%} is8 decreasing.

If
m t
(2.1) J o8) 44 J POANGL) 4, ¢
0 ¢t 0  uP(1/u)
and
T a(e)A(1/t)
(2.2) J ULIMI/E) 4t < =,
(o] t
then the series AA (t) is swmable |R, P, 1| , at t ==z .
n=1 ' n

The conditions (2.1) and (2.2) have been obtained by referring to the

theorems on the absolute Norlund summability of Fourier series, which are
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due to lzumi and lzumi [2], [3], Kolhekar [4] and Leindler [5].

In our theorem we put A(t) = 1/t6(log t)l+e , X(t) =1/t log t and

P(t) = exp t6 (0 <86 =1) . Then we have

i
I ¢(;) dt I 2(1/u)A(1/u) du < A I log log 1436 du <
0t 0 u P(l/u) 0 u(log 1/u)

™ ki
o(£)M1/E) .. dt
Jo——?——“—AJ 1% 2ve ©

t (log 1/¢)
The other cases are similarly showed. Thus we see that our theorem is a
generalization of Theorem A.
3.

We need the following lemma for the proof of our theorem.

LEMMA. Under the same assumptions as those of the theorem, we have

(<) I o(£)p(1/EIML/E) 4 < 4 r‘ ot) Jt 2(12[u)x(1/u) du < o
0 £3p(1/¢) 0t 0 u«°P(1/u)

(4) F J-L—-L(tt) dtj u”u)"(l“ du
0 0 u P(l/u)

<4 Jﬂ 2t 4 I RN/ 4 ¢ o | and
0t 0 uPP(1/u)
(iti) f" leerIrase) 4 <, rr YBML/E) 44 <
0 0 t

Proof. Let € > 0 . Then we obtain by an integration by parts

[ o()p(1/t)N1/t) 4. _ (W) I p(l/u)k(llu) au - 2 J p(l/u)l(l/u) du
€ £3p(1/¢) T Jo WPP(1/u) € Jo  uWPp(1/u)

) j" I TN J PALNY) 4, I e g I QLML) 4,
e ? 0 uP(1/u) e t° 0 u2P(1/u)

Thus we have
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J o($)p(1/8)M1/2) 4 r’ ()] 4 j PULWNL/Y) g,
e t3P(1/t) e °© 0 ¥PP(1/u)

< &(m) J (1/u))\(1/u) du+j d)(t) dt[ Q(I/u))\(l/u) du .
™ Jo WPR(1/u) 0 ¢ 0 w2P(1/u)

Therefore we can obtain cases (Z) and (¢1) as € + 0 .

Noting that éé%?l < 0 , case (Z77) is similarly proved.

4.

Proof of the theorem. Let En denote the Riesz means of the series
E:Anan . Then we have, by (1.1),

(b.1) £ - %

n n-1
P n-1
= —n- Z P Aa
PP L Tk
_ pnPn-ZAn-lsn-l . P, n§? (® P, s, - P,Po*50
PP PP L BT - p
Let ?n(x) denote the Riesz means of the series z:AnAn(x) . Then we
obtain, by (L4.1),
m - |z - npn-2kn-l m
7 2 ltn(z)-zn_l(x)l =y TI |¢(t)||Dn_l(t)|dt
n=1 =1 n n-l 0

L P [T e 15,0001
+ -P, A I o(t)||D, (¢)|dt
net PnPh 1 k=1 k 1 k k"k+1 0 k

I+J,

o m
Io ¢(t)Dk(t)dt .

say, where sk(x) -

Since Dn(t) 0(n) or O0(1/t) , we have

~
1A

T/n
4 z 71 n-l I I¢(t)|dt + 4 z nPn-l I Jq)(tt)l dt
P, 0 n T/n

I +1I,,
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say. Since {)\n} and {pn/Pn} are decreasing, we have, by the lemma,

- npn)\n—l -
1 =4 L 5 ¥

n=1 n k=n J m/k+1

N
i

|o(t) |at

1A

o r/k k n W
Ay j lo(e)|dt ¥ —5
k=1 ‘m/k+1 n=1 n

IA

. ozo: In/k l¢(t)|dtj (1/u))\(1/u) du
k=1 ‘m/k+1 t  u P(l/u)

lcb(t)ldtj (1/u)>\(l/u) .
w3P(1/u)

[N

]

r’ PA/WNL/) 40y
o} 3P(l/u)

|

" |<1><t)| J UML) 4, ¢ o
0 u?P(1/u)

o

and

n=1 Tn k=1 ok
) ‘n’/k (t) © P A 1
<4 Z J ..LLL dt Z hn-l

¢ n=k+1 Pn

~
n

) 'n'/k ©
< (t) (VL/TI’)X(VL/‘IT)
<oy [ 1Bl v 2EEREM o s wi)

<4 ¥ F/k )] g I POLAALA) 4,
0 ¥?P(1/u)

2
A
a

|
>

. I p_(l/u)k(l/u) du
0 u P(l/u)

rT

0

<a J" ILIC TN I BN g <
0 0

t2 u P(l/u)

Thus, by Il and I2 , we see that I 1is finite.

Since Py }‘k - kak*-l = ~pp Xy + P b, we have
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c P,
Jsz——zp JI¢<t)IID(t)Idt
n=1 Phpﬁ-l k=1 Kk
) bl " oo |10,
+ pr J o(t) | |p (&) |dE
n=1 npﬁ 1 k=1 k 0 k
= Jl + J2 .

say. The finiteness of J1 is proved by the same estimation as T

because we obtain
» " st In, () |
JsZ——I o) | o, (¢)|at .
=1 B o k

Next, we have,

L " o 00|
J = P, AX J ¢(t) D (t) dt
n=1 E%F%_l k=1 Kk 0 k

S S e [l line)
+ P, A I ()| |D, (£)|dt
n=1 Phpn—l k=1 k w/k k

=Jo * I s

say. Since {Ak} is decreasing, we have, by the lemma,

A

®© W/
PPV, 5 kBN, Y j l6(2) |dt
21 l nPn 1 k= l k J=k w/j+%

p ®© (T/J
Akz kP, AN, 2 55— L J [o(t) |dt
=1

n=k+2 "n n-1 g=k ‘w/g+1
=) o TT/J
<4 T ky T j lo(#) |dt

k=1 J=k ‘m/g+l
@ (m/ J
=4 Y I lo(e)|de ) kan,
J=1 ‘w/j+1 k=1
® (m/j d
=4y ] lo(e)lat ¥ A,
J=1 ‘n/jx1 k=1
@ (m/j m
=4y J |¢(t)|dtJ %‘Qdu
J=1 m/jv1 t u
(4 i
= A [ [o(t)|de J "(;éuldu
0 t u
" A1/u)
= A J 5 d(u)du < =

(e}

u
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and

k-1 (m/d
J SAZPP ZPAAkZJ J-S’L(f—)]-dt

22 n=1 Fnfn-1 k=1 =1 Jasin

p, k1 (m/d
A ZPA)\ Z ZJ J-S‘L(%mdt

K n=k+2 PhPh-l J=1 ‘n/j+l

© — ™
TS J/J loe)] 4,

1A

k=1 J=1 ‘m/j+1 ¢
oo ,ﬂ/j o
=4 ¥ ¢(tt) e ) M
J=1 ‘m/j+1 k=d+1
© M/
=4 ¥ ‘“tt)l Msy 4t
J=1 ‘m/j+1 J
© (T/
<4 ¥ |¢(t)|t>\(1/t) dt
J=1 ‘m/j+1

4 J" loce) A (1/t) g4,
t
0

A

m

AJ MLLE) o(g)as < =
o] t

Thus, by Jl and J2 we see that J is finite. Therefore, by the above

estimations, our theorem is completely proved.

5.
In this section we consider some applications of our theorem.
COROLLARY, Let {pn} be a positive sequence such that {pn/Pn} is

decreasing. Suppose that ¥x(t) is a positive decreasing function
satisfying the condition

(5.1) p(&)Ie(8)x(2) = 0(1) for t >0

and u(t) 1is a positive decreasing function such that

© q U
(5.2) Z r;"(w’

where {an} 18 a sequence defined by
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o = J“ x(1/8) 4o
n el £°

I o(t) = o{x(1/¢)} , then

o

E%un
. —= A_(¢t)
(5.3) nz,l n n

is swmmable |R, P, 1| , at t==x.

Proof. Putting A(Z) = P(t)u(z)/tp(t) in the theorem, we have, by
(5.2),

I" %) 4 ft pL/M1/u) 4,
o ¢? o ¥BP(1/u)

. I p(L/AL/%) 4, [" o) 44
o WPP(1/u) u t8

A

4. j PL/WAL/Y) 4 J" &t) 44
2
0

W2P(1/u) u t
<4 E Jl/n p(1/w)A(1/u) duj X(1/t) 4
n=1 ‘1/n+l 2P(]_/u) 1/n+1 t2

A
LS
+
=N

Z o, Jl/n u1/u) du
1/7n+1 u

1A

© o U
A+ A Y

Similarly we have, by (5.1),

J ALNI/E) 4y < 4
0

1
o(t)x(l/t) p
2 J i

0

1A
kS

+ A

Jl/” X(/8)PA/E)/E) 4,
1/n+1 tp(1/¢)

nbﬂa

n

A Y Il/n BIE) gt
n=1 ‘1/n+l

1A
B
+

8

18

1A
b
+

A _n_<w
n

n=1
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oo

oo /n

by virtue of the facts that {an} is increasing and
n=1

converges. Hence we prove the corollary.

Here we shall make a list of the interesting examples of Pn’ An and

; _ _ (e)
x(¢) 1in the corollary. If we put An = Phun/npn end u = l/LZ (n) ,

then we have the following list:

B A, x(1/¢%) $
8 1 t
(i) exp n 0<§=1
’ : naL(E)(n) Léo)(l/t)
$ 1 t
(1) n KOy Q 0o
LS (n) Ls (r/¢)
(0)
L' (n)
6 s t
(iii) exp L (n) ) 16 0<§
¢ Lm°Ll(n) | L (1/8)
(0)
L' (n)
(iv) 5 (n)® 25— e 0 <8
Ls+p(n) Ls+p(l/t)
(v) n Ls(n)é t s
v exp ——¢ —_— —
£ (m® g (7) i)
(vi) - 13 (e% Zo)t 6
L (n) Loep(®) Lya(1/%)
where 8 1is a positive integer and p 1is a non-negative integer.

By Mohanty's lemma [7], we see that cases (i), (iii) and (v) are also
deduced from cases (ii), (iv) and (vi), respectively.

()

€ in L
s

The positive number

or L(e)(n) is indispensable from the theorems due to

8+p

Matsumoto [61 and Dikshit [7].
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[4]

(5]

{6]

7]
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