Adv. Appl. Prob. 46, 1084—-1105 (2014)
Printed in Northern Ireland
© Applied Probability Trust 2014

PROJECTIVE STOCHASTIC EQUATIONS
AND NONLINEAR LONG MEMORY

IEVA GRUBLYTE * ** AND
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Abstract

A projective moving average {X;, t € Z} is a Bernoulli shift written as a backward
martingale transform of the innovation sequence. We introduce a new class of nonlinear
stochastic equations for projective moving averages, termed projective equations,
involving a (nonlinear) kernel Q and a linear combination of projections of X; on
‘intermediate’ lagged innovation subspaces with given coefficients ; and B; j. The
class of such equations includes usual moving average processes and the Volterra series
of the LARCH model. Solvability of projective equations is obtained using a recursive
equality for projections of the solution X;. We show that, under certain conditions on
Q. «a;, and B; j, this solution exhibits covariance and distributional long memory, with
fractional Brownian motion as the limit of the corresponding partial sums process.
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1. Introduction

A discrete-time second-order stationary process {X;, t € Z} is called a long memory process
if its covariance y (k) = cov(Xyp, Xi) decays slowly with the lag in such a way that its
absolute series diverges: Y o |y (k)| = co. In the converse case when Y ro, |y (k)| < 0o
and Y 2y (k) # O the process {X,} is called a short memory process. Long memory pro-
cesses have different properties from short memory (in particular, independent and identically
distributed (i.i.d.)) processes. Long memory processes have been found to arise in a variety of
physical and social sciences. See, e.g. the monographs [2], [8], [10], and the references therein.

Probably the most important model of long memory processes is the linear, or moving
average, process

Xi=) bt €L, )

s<t
where {¢;, s € Z} is a standardized i.i.d. sequence, and the moving average coefficients b;

decay slowly so that Z —o |bj| = oo and Z -0 b2 < oo. The last condition guarantees that
the series in (1) converges in mean square and satlsﬁes EX; = 0 and EX; 2 Z = Ob2 < o0.
In the literature it is often assumed that the coefficients regularly decay as

bj ~kj'! asj— ocofork >0andd € (0, }). (2)
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Condition (2) guarantees that

oo
y(k) =Y bjbiyj ~x*B(d, 1 —2)k*~" ask — oo, 3)
j=0

and, hence, Y ;= |y (k)| = co. The parameter d in (2) is called the long memory parameter
of {X;}. A particular case of the linear process in (1)—(2) is the parametric class of fractional
integrated, autoregressive, moving average, ARFIMA(p, d, q), in which case d € (0, 1/2) is
the order of fractional integration. An important property of the linear process in (1)—(2) is the
fact that its (normalized) partial sums process S, (t) := ZB’Z} X;j,7 > 0, tends to a fractional
Brownian motion (see [4]), namely,

n_d_l/zsn(‘[) —plo,11 0 (d)Bu (1), @

where H =d +% is the Hurst parameter, o(d)? = /czB(d, 1 —2d)/d(1 +2d) > 0 and
‘= p[o,1]’ denotes the weak convergence of random processes in the Skorokhod space D[O0, 1].

On the other hand, the linear model (1) has its drawbacks and sometimes is not capable of
incorporating empirical features (‘stylized facts’) of some observed time series. The ‘stylized
facts’ may include typical asymmetries, clusterings, and other nonlinearities which are often
observed in financial data, together with long memory.

In the present paper we introduce a new class of nonlinear processes which generalize the
linear model in (1)—(2) and enjoy similar long memory properties to (3) and (4). These processes
are defined through solutions of the so-called projective stochastic equations. Here the term
‘projective’ refers to the fact that these equations contain linear combinations of projections, or
conditional expectations, of the X, on lagged innovation subspaces which enter the equation in
a nonlinear way.

Let us explain the main idea of our construction. We call a projective moving average a
random process {X;} of the form

Xi=) gul. teEL, ©)
s<t
where {¢;} is a sequence of standardized i.i.d. random variables as in (1), g, = go is a
deterministic constant, and g, ;, s < ¢, are random variables depending only on {s41, ..., &
such that
gS,l =gl—s(§S+l9-~~1§Z)v N <ly (6)
where g; : R/ — R, j=1,2,..., are nonrandom functions satisfying
> Egl, =) Eg* (Gl ... fo) < oo (7)
s<t 5s<0

It follows easily that, under condition (7), the series in (5) converges in mean square; define a
stationary process with zero mean and finite variance EX? = Y __, Egsz, ;- A natural question
to ask is how to choose the ‘coefficients’ g ; in (6) so that they def)end on X; and behave like
(2)ywhen j =t —s5 — oo.

A particularly simple choice for the g ; to achieve the above goals is

8s.t = bi—s O(Es41,nX0), s <t, (8)
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where the b; are as in (2), 0: R — R is a given deterministic kernel, and Ej;41 X, =
E[X, | ¢y, s + 1 < v < t] is the projection of X, onto the subspace of L? generated by the
innovations ¢,, s + 1 < v < ¢ (the conditional expectation). The corresponding projective
stochastic equation has the form

Xi =) by QELp1.0X0)s. ©)

s<t

Note that, when s — —oo, E[s+1,1X; — X; by a general property of the conditional expec-
tation and then g5 ; ~ b;—; Q(X;) if Q is continuous. This means that the g ; in (8) feature
both the long memory in (2) and the dependence on the ‘current’ value X, through Q(X;). In
particular, for Q(x) = max(0, x), the behavior of g, ; in (8) strongly depends on the sign of X,
and the trajectory of (9) appears very asymmetric (see the top diagram of Figure 3 in Section 5).

Let us briefly describe the remaining sections. Section 2 contains basic definitions and
properties of projective processes. In Section 3 we introduce a general class of projective
stochastic equations, (9) being a particular case. We obtain sufficient conditions for solvability
of these equations, and a recurrent formula for the computation of the ‘coefficients’ g; ;
(Theorem 1). In Sections 4 and 5 we present some examples and simulated trajectories and
histograms of projective equations. It turns out that the LARCH model studied in [12] and
elsewhere is a particular case of projective equations corresponding to the linear kernel Q(x)
(Section 4). Some modifications of projective equations are discussed in Section 6. In Section 7
we deal with long memory properties of stationary solutions of stochastic projective equations.
We show that, under some additional conditions, these solutions have long memory properties
similar to (3) and (4).

Finally, we note that ‘nonlinear long memory’ is a general term and that other time series
models different from ours for such behavior were proposed in the literature. Among them,
probably the most studied class are subordinated processes of the form {Q(X,)}, where {X,} is
a Gaussian or linear long memory process and Q: R — R is a nonlinear function. See [10],
[16], and [22] for a detailed discussion. A related class of Gaussian subordinated stochastic
volatility models is studied in [20]. Doukhan et al. [7] discussed a class of long memory
Bernoulli shifts. Baillie and Kapetanios [1] considered the fractionally integrated process with
nonlinear autoregressive innovations. A general invariance principle for fractionally integrated
models with weakly dependent innovations satisfying the projective dependence condition of
‘Wu [23] is established in [25]. See also [24] and Remark 5 below.

We expect that the results of this paper can be extended in several directions, e.g. projective
equations with initial conditions, continuous-time processes, random field setups, and infinite
variance processes. For applications, a major challenge is the estimation of the ‘parameters’ of
projective equations. We plan to study some of these issues in the future.

2. Projective processes and their properties

Let {¢;,t € Z} be a sequence of i.i.d. random variables with E¢yp = 0 and ]E{O2 = 1. For
any integers s < ¢, we define F5 ) := o{¢,: u € [s, t]} to be the sigma-algebra generated
by ¢y, u € [s,t], Fl—ooy] = 0{lu:u < t},and F = o{{,: u € Z}. Fors > t, we
define ¥ ;) := {9, R} as the trivial sigma-algebra. Let L[zw], L%foo,t]’ and L? be the spaces
of all square-integrable random variables £ measurable with respect to F; 1], F(—o0,s], and F,
respectively. For any s, t € Z, let

E.nlé] :=E[£ | Fisnl, &€ L?,

https://doi.org/10.1239/aap/1418396244 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1418396244

Projective equations and nonlinear long memory 1087

be the conditional expectation. Then& +— [E[, ;1[£]1s abounded linear operator in L?; moreover,
Eis,1, 8, t € Z, is a projection family satisfying Eis, 11 E(s;.1] = Efs,,110[s1,,] fOr any intervals
[s1,t1], [s2, 2] C Z. From the definition of the conditional expectation, it follows that if
gu: R — R, u € Z, are arbitrary measurable functions with Eg,%({u) <00, [s2,h] C Zisa
given interval, and & = [, ¢(s,.,,) 8« (&) is a product of independent random variables, then,
for any interval [s1, 1] C Z,

Bt [ @@= ] @@ ] Bl

uelss, ] uelsy,t11N[s2,22] velsa,02]\[s1,11]

In particular, if Eg, (¢,) = 0, u € Z, then

Hue[sl’zljgu(é-ux [S27t2] C [Shtl]v

Eg ulbu) =
[s1,11] l_[ 8u(Cu) 0. [s2, 2] & [s1,t1].

u€lsz,nl]

Any random variable Y; € L%ﬁ 0.7 €an be expanded as the orthogonal series Y; = EY; +
ngtps,tyt’ where P ;Y; := (Es./] — Efs+1.11)Y:. Note that { P ; Y;, F5 ¢, s < t}isabackward
martingale difference sequence and EYt2 = (EY,)* + > St]E(PsJYt)Z.

2

Definition 1. A projective process is a random sequence {Y; € L (—o00.t]"

t € 7} of the form

Y =EY,+ ) g.uls, (10)

s<t
where the g; ; are random variables satisfying the following conditions:

(1) gs.r 1S Fs+1,)-measurable for all 5,7 € Z, s < t; g; ; is a deterministic number;
(i) Y, Eg?, <ocoforallt € Z.

In other words, a projective process has the property that the projections Es ;1Y; = EY; +
Z;:s P Y, =EY; + Zf:s Cigit, s < t,formabackward martingale transform with respect to
the nondecreasing family {F [, ;;, s < t} of sigma-algebras foreach fixed t € Z. A consequence
of the last fact is the following moment inequality which is an easy consequence of Rosenthal’s
inequality (see [14, p. 24]). See also [10, Lemma 2.5.3].

Proposition 1. Let {Y;} be a projective process of the form (10). Assume that i), := E[¢o|P <
oo and Zsft(]Elgs,tlp)z/p < 00 for some p > 2. Then E|Y;|P < oco. Moreover, there exists a
constant C, < oo depending only on p and such that

p/2
E|Y,|? < cp(|EY,|f’ + up <Z(E|gs,z|f’>2/f’> )
St
Definition 2. A projective moving average is a projective process of the form (10) such that
the mean EY; = u is constant, and there exist a number ggp € R and nonrandom measurable

functions g; : R/ — R, j=1,2,..., such that

8sit = 81—s(&s+1,...,&) almostsurely forany s <t, s,t € Z.
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By definition, a projective moving average is a stationary Bernoulli shift (see [6, p. 21]), i.e.
Ye=p+ Y 0685 Cotts o or &) (11)
s<t
with mean u and covariance

COV(YSa Y[) = ZE[gS—u(§M+17 ceey é‘S)gl‘—M(;M—i‘]’ LR} é‘l)]

u<s
= Blg-u@utt. - 808 —s—uCusts - Gos—)). st (12)
u<0
These facts together with the ergodicity of Bernoulli shifts (implied by a general result in [21,
Theorem 3.5.8]) are summarized in the following corollary.

Corollary 1. A projective moving average is a strictly stationary and ergodic stationary process
with finite variance and covariance given in (12).
Remark 1. If the coefficients g, ; are nonrandom, a projective moving average is a linear
process Y; = u + ngz gi—sCs,t € L.
Proposition 2. Let {Y;} be a projective process of the form (10), and let {aj, j > 0} be
a deterministic sequence with Z?o:o laj| < oo and Z;io laj||EY;— ;| < oo. Then {u; :=
Z?O:o ajY;—j,t € 7} is a projective process u; = Eur + Y <, &Gsr with Bu, =
Z?o:o a;jEY;_; and coefficients G, = th:() aj8si—j-

Proof. The proof easily follows by the Cauchy—Schwarz inequality and is thus omitted.

Proposition 3. If {Y;} is a projective process of the form (10) then, for any s < t,
EinY: =EY, + Z Culu,ts P Yy = Ers.) — Eps+1,01)Y: = 8585t (13)
s<u<t
Representation (10) is unique: if (10) and Y, = ngz g;,,gs are two representations, with gé’,
satisfying conditions (i) and (ii) of Definition 1, then gé’, = gstforalls <t.

Proof. Equation (13) is immediate by definition of the projective process. From (13), it
follows that £,g, = 0, where g/, := gs., — g, , is independent of ¢. The relation E¢? = 1
implies that P(|]? > €) > O for all small enough ¢ > 0. Hence, 0 = ]P’(|{Sg;/’t| >¢g) >
P(I¢s) > Ve, lgg | > ve) =P(gs] > VeP(gy | > +/¢), implying that P(|g{,| > /&) =0

for any ¢ > 0.

The following invariance principle is due to Dedecker and Merlevede [5, Corollary 3]; see
also [23, Theorem 3 (i)].

Proposition 4. Let {Y;} be a projective moving average of the form (10) such that u = 0 and

Q) =) ligo.sll < oo, (14)
t=0

where |&|| = EV/2[£2], &€ € L2. Then

[n7]
n~'2 3" ¥ > po.n) ey B(), (15)
=1
where B is a standard Brownian motion and c% =102 8o 1> = > ez E[YoYi].
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3. Projective stochastic equations

Let Qs = Qs.i(xyp, s <u <v <1t),s,t € Z,s < t, be some given measurable
deterministic functions depending on (¢ — s)(t —s 4+ 1)/2, s < ¢, real variables x,, ,, and let
Wi, Q1. t € Z, be some given constants. A projective stochastic equation has the form

Xo= i+ Y 605 B Xo,s <u <v<1). (16)

s<t

Definition 3. By a solution of (16) we mean a projective process {X;, t € Z} satisfying

> EIQ},BluXy. s <u <v<0)] <00

s<t
and (16) for any ¢ € Z.

Proposition 5. Assume that (1; = [ does not depend on t € R, that the functions Qs; =
Qi—s5, s <t,in(16)depend only ont — s, and that {X;} is a solution of (16). Then {X;}is a
projective moving average of the form (11) with EX, = wand g,: R" - R, n =0,1,...,
defined recursively by

v
gn(Xpi1s .., X0) i= Qn(u+2xkgv_k(xu+1,...,xv), —n<u<v< 0>, n>1,
k=u
(17)

and go := Qo. Moreover, such a solution is unique.

Proof. From (16) and the uniqueness of (10) (Proposition 3), we have X; = /JH—Z‘YS 8s.t8s,
where g = Qs (B0 Xy, s <u < v <1t). Fors = ¢, this yields g;; = Qo = go for all

t € Z as in (17). Similarly, gi—1,; = Q1(E;,nX;) = Q1(n + go&r) = g1(&), where g is
defined in (17). Assume by induction that

gt—m,t :gm(é-t—erlvn'v{I) fOI' allt S Z, (18)

with g, defined in (17), holds for any 0 < m < n and some n > 1; we need to show that (18)
holds for m = n, too. Using (18), (13), and (17), we obtain

8t—n,t = Qn(]E[u,v]Xm t—n<u<v<t)

= Qn(ﬂ"‘ZCk&;k(fqulw--’(v)a t—n <M§U§t>

k=u
= gn(Cr—n+1s -5 ).

This proves the induction step n — 1 — n and, hence, the proposition, since the uniqueness
follows trivially.

Clearly, the choice of possible kernels Q; ; in (16) is very large. In this paper we focus on
the following class of projective stochastic equations:

X =pn+ Z {SQ(at—s + Z ,Bt—u,u—s(E[u,t]Xt - IE[u+l,t]Xt))' (19)

S=t s<u<t
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Here {o;, i > O} and {B; ;, i > 0, j > 1} are given arrays of real numbers, u € Ris a constant,
and Q = Q(x) is a measurable function of a single variable x € R. Two modifications of (19)
are briefly discussed below; see (41) and (44). Particular cases of (19) are

Xi =) 60—+ Bi—sEisr1.0X0) (20)
s<t
and
Xi=pn+ Z §5Q(at—s + Z ,Bu—s(]E[u,t]Xt - E[M+I,I]Xt)>v (21)
s<t s<u<t

corresponding to B; ; = Bi+; and B; ; = B;, respectively.
Next, we study the solvability of the projective equation (19). We assume that Q satisfies
the following dominating bound: there exists a constant ¢ > 0 such that

|[Q(x)| < cgplx| forallx € R. (22)
Define
o0 o0 o o0
. 2 2k+2 2 2
Ko=) iy g™ Y Bl D Bljirtiine (23)
i=0 k=0 j1=1 Jk=1

The main result of this section is the following theorem.
Theorem 1. (i) Assume that condition (22) holds and that
Ko < oo. (24)

Then there exists a unique solution {X;} of (19), which is written as a projective moving average
of the form (10) with coefficients g;—i ; recursively defined as

k—1

Q(Otk + ;ﬂi,k—ift—igt—i,t)a k=1,2,..., 25)

8t—k,t =

More explicitly,

X; =p+ Qo) + Qg + Bo,18 Q(00)) &1
+ Qa2 + Po,28: Qlog) + P1,18—1 Qe + Po,18: Qo)) sr—2 + - - .

(ii) In the case of the linear function Q(x) = cox, condition (24) is also necessary for the
existence of a solution to (19).

Proof. (i) Let us show that the gy, ; as defined in (25) satisfy Z/C:io ]Egtz_k,t < 00. From
(22) and (25), we have the recurrent inequality

k—1 2 k—1
ngsz,l = CZQE(OZk + Zﬂi,k—ié’t—i&—i,t) = C2Q <Ol1% + Z ﬁiz,kingzi,l) (26)
i=0 i=0
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Iterating (26) we obtain

2
IEgt—kl‘ CQ<ak+CQZIB1k l<a +Zﬁjl JEgt /t))

=0
- k—1—i
_cQak+CQZO‘ Bir- 1+CQZO‘ Y BByt @D
J1=1
and, hence,
o0 o o0
ZEgl ktSCQZa +CQZ“ 2'3111+C6QZO[122/812]1 Z'BlJrjl »
i=0  ji=l1 i= J1=1 Jjo=1
:KQ
< 00 (28)

according to (24). Therefore, X, = pn + >, <1 85,185 is a well-defined projective moving
average. The remaining statements about X, follow from Proposition 5.
(ii) Similarly to (26), and (28) in the case Q(x) = cpx we obtain

k—1 2 k—1
Eg?,, = QE( 'y ﬂ§g> =3 ( 'y ﬂlEg)
i=0 i=0

and, hence, var(X;) = Z,fio Eg?_ re = Ko. This proves (ii), completing the proof.

Remark 2. From recurrent relation (25), the g;_x ; can be expressed as functions of ;_g41,
., §; via the so-called nested Volterra series (see the extended version of this paper available
at http://arxiv.org/abs/1312.1938v1).

In the case of (20) and (21), condition (24) can be simplified; see below. Note that, for
= Z?io oziz = 0, the equations in (25) admit the trivial solution g;,_4 ; = 0 since Q(0) =0
by (22), leading to the constant process X = w in (19).

Proposition 6. (i) Let A> > 0, fi; = Biyj,i > 0,j > 1, and B> := Y22 B> Then
Ko < oo is equivalent to A? < 0o and B* < .

(i) Let A2 > 0, Bij = Bj, i = 0,j > 1, and B> := Y 2, B2. Then Ko < oo is equivalent
o A% < ooanchQB2 < 1. Moreover, Ko = CZQAZ/(I — c2QB2).

Proof. (1) By definition,

o0
Ko = ZCZM ZO‘ Z Bl D Blejistiiortic

i=0  ji=l1 Jie=1

2k+2 202 2
€0 > ai By, - By,

0<i<ji<-<jr<oo

I
MSZ

~
Il
=}

k+2AzB]2-~B,f,

E%g

x~
Il
[}
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where B,% = Zjozk ,3]2.. Since B? < oo entails limy_, o0 B,? = 0, for all ¢ > 0, there exists
K > 1 such that B,,% < 8/C2Q for all k > K. Hence,

K e}
Ko <3 A2 (Z(czQBz>k Y 8k> < co.
k=0 k=K

Therefore, A> < 0o and B? < oo imply that K o < 00. The converse implication is obvious.
(ii) The proof follows from

2 A2

T 2NN 2 N g2 T 0 N 242 42, w2k cpA

_ _ + _

Ko=) cg ) ol Y B D B =) co " ANBY = — 5
k=0 i—0

j1=1 jr=1 k=0 0]

Remark 3. It is not difficult to show that conditions on the B; ; in Proposition 6(i) and (ii)
are part of the following more general condition: lim sup;_, ., Z?‘;l czQ ,Bf ;< 1, which also
guarantees that Ko < oo.

In the following proposition we obtain a sufficient condition for the existence of higher
moments E|X,;|? < oo, p > 2, of the solution of projective equation (19). The proof of the
proposition is based on a recurrent use of the Rosenthal-type inequality of Proposition 1, which
contains an absolute constant C;, depending only on p. For p > 2, define

o0 o0 o0 o
2P 2 I/p 1/p\2k+2 2 2
Ko.p=Cy" Y ai Y (coCy /2y By Y Bhjstiirse 29
=0 k=0 h=1 je=1

where (recall) 1, = E[¢|?. Note that C; = uz = 1; hence, K 2> = K¢ coincides with (23).

Proposition 7. Assume that the conditions of Theorem 1 hold and that Ky , < oo for some
p > 2. Then E|X,|P < oo.

Proof. The proof is similar to that of Theorem 1(i). By Proposition 1,

5 2 5 P/2\ 2/p
EIX PP < Cp f’(uEXIV’ +uP<Z<E|gs,t|P) /f’) )

s<t

2 2
=GP uy? Y (Blg 7).

s<t

Using condition (22), Proposition 1, and the inequality (a + )4 < a? + b9, 0 < g < 1, we
obtain the following recurrent inequality:
p\2/p
o+ Z ﬂt—u,u—s{ugu,z )
s<u<t

) ) 5 P/2\2/p
SCQCp”<|a,_s|P+up(Z(|ﬁ,_u,u_s|PE|gu,,|P) /P) ) :

S<u<t

2 2
= CZQCP/p(|O‘t—S|2 + Mp/p Z Igtz—u,u—x(E|gu,t|p)2/p)~

s<u<t

(Elgs (1")?/P < <cgE

Iterating the last inequality as in the proof of Theorem 1 we obtain (E|X,|?)%/? < K 0,p < 00,
with K¢ , given in (29).
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Finally, let us consider the case in which X; of (19) satisfies the weak dependence condition
in (14) for the invariance principle.

Proposition 8. Ler {X,} satisfy the conditions of Theorem 1, and let Q2 (2) be defined in (14).

Then
o0 o0 o0 o0
Q@ <Y Ml D D> 1Bl D Bttt (30)
i=0 k=0 ji=1 Je=1

In particular, if the quantity on the right-hand side of (30) is finite, {X;} satisfies the functional
central limit theorem in (15).

Proof. The proof follows from (27) and the inequality | 3" x;|1/% < 3 |x;|1/2.

4. Examples

4.1. Finitely dependent projective equations.

Consider equation (19), where «; = B; ; = 0 for all i > m and some m > 0. Since
Q(0) = 0, we have the corresponding equation

Xe=p+ Y ch(azm D Browus B X —E[u+1,,]x,)>, 31

t—m<s<t s<u<t

where the right-hand side is F[;—;+1,-measurable. In particular, {X;} of (31) is an m-
dependent process. We may ask if the above process can be represented as a moving average
of length m with respect to some i.i.d. innovations. In other words, we may ask if there exists
an i.i.d. standardized sequence {n,, s € Z} and coefficients c;, 0 < j < m, such that

Xi= ), a-sns. 1€l (32)

t—m<s<t

To construct a negative counterexample to the above question, consider the simple case of
@Bl withm =2, u =0,01 =0, fo,1 =1, and Q(xp) = 1:

X =4 0(a) + &—10(ar + BoEpnXe) = & + 5-10(8). (33)

Assume that EQ(g,) = 0. Then EX,X,_; = 0 and EX? = 1 + EQ?(¢o). On the other hand,
from (32) withm = 2 we obtain 0 = EX; X,_| = cocy, implying that {X,} is an i.i.d. sequence.

Let us show that the last conclusion contradicts the form of X, in (33) under general
assumptions on Q and the distribution of ¢ = £o. Assume that ¢ is symmetric, oo > E¢* >
(E¢?)? = 1, and that Q is antisymmetric. Then

cov(X7, X7—p) = EQ*(O((ES* — 1) + (E£* Q% () = EQ*(©))).
Assume, in addition, that Q is monotone nondecreasing on [0, c0). Then E20%(7) >

E2EQ%(2) = EQ%(7), implying that cov(X?2, Xf_l) > (0. As a consequence, (33) is not
a moving average of length 2 in some standardized i.i.d. sequence.
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4.2. Linear kernel Q.

For the hnear kernel Q(x) = cox, the solution of (19) can be written explicitly as X; =
w4 e X ), where X( =g Y ;2o iti—i is a linear process and

(k+1) _ k+1
X; Zaz Z ,31]1 Bitjittje i Sr—ile—i—ji S ji——ji

JLsens,

for k > 1 1s a Volterra series of order k + 1 (see [6, p. 22]), which are orthogonal in the sense
that]EX X )=0,t,s€Zk £>1 Sk # L.

Let H2 o] C L2 be the subspace spanned by products 1, &g, -+ Ly, 81 < -+0 < sk <
t,k>1. Clearly, the above Volterra series X;, X; ® ¢ H(2 o] for all t € Z (corresponding to
linear Q) constitutes a very special class of projective processes. For example, the process in
(33) cannot be expanded as such a series unless Q is linear. To show the last fact, decompose
(33)as X; = Y, + Z;, where Y; = { + af—1& € H( = E¢Q(w), and Z; :=

&—1(Q(&) — agy) is orthogonal to H( oo’

4.3. The LARCH model.
The linear ARCH (LARCH) model, introduced by Robinson [19], is defined by the equations

00,t]’

Z; # 0; hence, X; <;ZH

00,t]°

o
re = 018y, 0t=05+2,3j”t7j, (34)
j=1
where {¢;} is a standardized i.i.d. sequence and the coefficients §; satisfy B := {Z;’oz] ,3/2.}1/ 2 <
oo. The LARCH model was studied in [3], [9], [11], [12], [13], and other papers. In financial
modeling, the r; are interpreted as (asset) returns and o; as volatilities. Of particular interest
is the case when the ; in (34) are proportional to ARFIMA coefficients, in which case it is
possible to rigorously prove long memory of the volatility and the (squared) returns. It is well
known [9] that a second-order strictly stationary solution {r,} to (34) exists if and only if

B <1, (35

in which case it can be represented by the convergent orthogonal Volterra series

rr = 01, 0r = 05<1 + Z Z ﬂ]l Bili—i "‘§t—j1—~~—jk>'

k=1 ji,..

Clearly, the last series is a particular case of the Volterra series of the previous example. We
conclude that, under condition (35), the volatility process {X; = o;} of the LARCH model
satisfies the projective equation (21) with linear function Q(x) = x and o; = ;. Note that
(35) coincides with the condition c2Q B? < 1of Proposition 6(ii) for the existence of a solution
to (21).

From Proposition 7, the following new result about the existence of higher-order moments
of the LARCH model is derived.

Corollary 2. Assume that
c,)/Pu)’B <1, (36)
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FIGURE 1: Trajectories of solutions of (39) for p = 10. Left: Q(x) = 1(x > 0). Right: Q(x) =1(0 <
x < 2).

where (1, = E|¢o|P and C), is the absolute constant from Proposition 1, p > 2. Then Elr; [P =
wpElo:|? < 0o. Moreover,

204/p 2/P p2
a Cy'"upy "B

Elo|” < (37

1— C]%/FM%/PBZ
Proof. The proof follows from Proposition 7 and the easy fact that, for the LARCH model,
K g, p of (29) coincides with the right-hand side of (37).

Condition (36) can be compared with the sufficient condition for E|r/|? < o0, p =2,4, ...,
n[12, Lemma 3.1]:

QP —p—1"2u)/"B < 1. (38)

Although the best constant C), in Rosenthal’s inequality is not known, (36) seems much weaker
than (38), especially when p is large. See, e.g. [15], where itis shown that C), P =0 (p/log p)
as p — oo.

4.4. Projective ‘threshold’ equations.

Consider the projective equation

P
Xi=&+ Y 4 jOEjr10X0), (39)

j=1

where 1 < p < oo and Q is a bounded measurable function with Q(0) = 1. If Q is a step
function, Q(x) = ZZ:] cl(x € I;), where UZ:l Iy = R is a partition of R into disjoint
intervals I, 1 < k < g, the process in (39) follows different ‘moving average regimes’ in the
regions Ej;_ 111X, € I, 1 < j < p, exhibiting a ‘projective threshold effect’. See Figure 1,
in which we plot a trajectory with a single threshold at x = 0 in the left-hand graph, and a
trajectory with two threshold points at x = 0 and x = 2 in the right-hand graph.

5. Simulations

Solutions of projective equations can be easily simulated using a truncated expansion X t(M) =
Y i M<s<t 8s.18s instead of the infinite series in (5). We chose the truncation level M equal
to the sample size M = n = 3000 in the subsequent simulations. The coefficients g ; of the
projective equations are computed very fast from recurrent formula (25) and simulated values
¢s, —M < s < n. The innovations were taken standard normal. For better comparisons, we
used the same sequence ¢;, —M < s < n, in all simulations.

The stationary solution of (21) was simulated for three different choices of Q and two
choices of the coefficients «; and B;. The first choice of coefficients was o; = 0.5/ and
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Bj = c0.9/, corresponding to a short memory process {X;}. The second choice was o i =
L'd+ j)/T@r( + 1) and B; = ca; with d = 0.4, corresponding to a long memory
process {X;} with coefficients as in ARFIMA(O, d, 0). The value of ¢ > 0 was chosen so that
c2Q B? = 0.9 < 1. The latter condition guarantees the existence of a stationary solution to (21);
see Proposition 6.

The simulated trajectories and (smoothed) histograms of marginal densities strongly depend
on the kernel Q. We used the following functions:

X, x € [0, 1],
01(x) =x, 02(x) = max(0, x), 03(x) =12—x, xell,2], (40)
0, otherwise.

Clearly, Q;, i = 1,2, 3, in (40) satisfy (22) with cp = 1 and the Lipschitz condition (48)
below. Note that Q3 is bounded and supported in the compact interval [0, 2], while O and
Q> are unbounded, the latter being bounded from below. Also, note that, for 8; = 0 and the
choice of «; above, the projective process {X,} of (21) agrees with AR(0.5) for a; = 0.5/ and
with ARFIMA(0, 0.4, 0) fora; = I'(d + j)/ T'(d)I'(j + 1) in all three cases in (40)

A general impression from our simulations is that in all cases of Q in (40), the coefficients
aj account for the persistence and §; for the clustering of the process. We observe that as the
B; values increase, the process becomes more asymmetric and its empirical density diverges
from the normal density (plotted as dashed lines in Figures 2—4 with parameters equal to the
empirical mean and variance of the simulated series). In the case of unbounded QO = Q1, 0>
and long memory ARFIMA coefficients, the marginal distribution seems strongly skewed to
the left with a very light left tail and a much heavier right tail. On the other hand, in the
case of geometric coefficients, the density for Q = Q1, Q2 seems rather symmetric although
heavy tailed. The case O = Q3 corresponding to bounded Q seems to result in an asymmetric
distribution with light tails.

4
2
0- s " ! i i ol “ 1T/

—2 1

0 500 1000 1500 2000 2500 3000

W= O =W

0 500 1000 1500 2000 2500 3000 0.0 -

-2 -1 0 1 2

FIGURE 2: Trajectories and (smoothed) histograms of solqtions to projective equation (21) with Q(x) =
01(x) = x. Top: a; = (0.5)7 and Bj = c¢(0.9)/. Bottom: aj = (0.5)/ and B; = 0.
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FIGURE 3: Trajectories and (smoothed) histograms of solutions to projective equation (21) with Q(x) =
02(x) = max(x, 0). Top: aj = ARFIMA(0, 0.4, 0) and B; = ca;. Bottom: a; = ARFIMA(0, 0.4, 0)

and B; = 0.
6
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FIGURE 4: Trajectories and (smoothed) histograms of solutions to projective equation (21) with Q(x) =
03(x) = the ‘triangle function’ in (40). Top: «; = (0.5)/ and B; = c(0.9)/. Bottom: «a; =
ARFIMA(0, 0.4,0) and 8; = ca;

6. Modifications

Equation (19) can be modified in several ways. The first modification is obtained by taking
the a;_; ‘outside of Q’, i.e.

Xe=p+), Csasz< > BrowusBrnXs — Eluﬂ,tlxz)), (41)

s<t s<u<t

where ;, B; j, and Q satisfy similar conditions as in (19). However, note that (22) implies that
Q(0) = 0 in which case (41) has the trivial solution X; = . To avoid the last eventuality,
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condition (22) must be changed. Instead, we assume that Q is a measurable function satisfying

Q) <cf+cix?,  xeR, (42)
for some c¢g, ¢; > 0. Define
o0 (0,¢] o o0
IZQ = 6(2) Z C12k Zaiz Z ai2+j1'3i2,j1 T Z ai2+jl+"-+jk'3i2+j1+*--+jk—1,jk‘
k=0  i=0  ji=1 Jk=1
Proposition 9 below can be proved similarly to Theorem 1 and its proof is thus omitted.

Proposition 9. (i) Assume that condition (42) holds and that
Ko < oo. (43)

Then there exists a unique solution {X;} of (41), which is written as a projective moving average
of the form (10) with coefficients g;_i ; recursively defined as

k—1
8t—k,t ‘= akQ(Z ﬂi,k—ié't—igt—i,t), k=1,2,..., 8.t = a0 Q(0).
i=0
(i) In the case of the linear function Q(x) = cg + c1x, condition (43) is also necessary for the

existence of a solution to (41).

Remark 4. Let A7 := Y 7°, o? and |B; ;| < B. Then

o0 oo o0 o0 o0
- 2 o\ 2k 2 2 2 2 2 2k A2 42 2
L) UL DD DTN T ORI ) T LA
k=0 i=0 =l je=1 k=0

Hence, A2 = A(Z) < oo and E < oo imply that I€Q < oo for any ¢y, c1, and ,3; see the proof of
Proposition 6.

Projective stochastic equations (19) and (41) can be further modified by including projections
of lagged variables. Consider the following extension of (19):

t—1

Xy =n+ ZQQ(at—s + Z Br—1—uu—s Epu,r—1Xr—1 — E[u+1,t—l])Xt—l>- (44)

S<t u=s+1

Here «;, B;,j, and Q are the same as in (19) and the only new feature is that 7 is replaced by
t — 1 in the inner sum on the right-hand side of the equation. This fact allows us to study
nonstationary solutions of (44) with a given projective initial condition X; = X?, t <0, and
the convergence of X, to the equilibrium as t — 0o; however, we will not pursue this topic in
the present paper. The following proposition is a simple extension of Theorem 1 and its proof
is thus omitted.

Proposition 10. Leta;, B; j, and Q satisfy the conditions of Theorem 1, including (22) and (24).

Then there exists a unique solution {X;} of (44), which is written as a projective moving average

of the form (10) with coefficients g;—i ; recursively defined as g;—i; = Q(ax), k =0, 1, and
k—2

81—kt = Q(Oék + Zﬂi,kli(tligzli,zl) k=2

i=0

https://doi.org/10.1239/aap/1418396244 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1418396244

Projective equations and nonlinear long memory 1099

Finally, consider projective equation (16) with u; = 0 and kernels Qs ; = Qs—s(Xs41,1—1,

., Xs+1,5) depending on ¢ — s real variables, where Qg = 1 and

dx))dx2)+1dx3)+2  dxj)+j—1
1 2 3 j ’

Qj(x1,...,xj) = J=1, (45)
where d(x), x € R, is a measurable function taking values in the interval (—%, %). More
explicitly,

o0
X = Z Qi Ey—jr1-nXe—1, Ep—jr1-0Xi—2, -« By jr— 1 Xe— )8, (46)
=0

where 11, j1X;—; = EX;, = 0. Note that, when d(x) = d is constant, {X,} in (46)
is a stationary ARFIMA(0, d, 0) process. Time-varying fractionally integrated processes with
deterministic coefficients of the form (45) were studied in [17] and [18]. We expect that (46)
features a ‘random’ memory intensity depending on the values of the process. A rigorous study
of the long memory properties of this model does not seem easy. On the other hand, solvability
of (46) can be established similarly to the previous cases (see below).

Proposition 11. Let d(x) be a measurable function taking values in (— 2 2) and such that
sup,pd(x) < d, where d € (0, 2) Then there exists a unique stationary solution {X;} of
(46), which is written as a projective moving average of the form (10) with coefficients g ;
recursively defined as g;; == 1 and

8s.t = Qts( Z Cuu,t—1, Z Cuu,t—2s -+ 0), s <t, (47)

s<u<t—1 s<u<t—2
with Q;_g defined at (45).

Proof. Note that sup,, g |Q;(x1,....,x)| < T'(d + j)/T(@T() = V; and
Z A WZ < 0o. Therefore, the s in (47) satisfy » Eg” < oo for any t € Z. The
rest of the proof is analogous as the case of Theorem 1.

7. Long memory

In this section we study the long memory properties (the decay of covariance and partial
sums hmlts) of projective equatlons (19) and (41) in the case when the coefficients «; decay
slowly as j971, 0 < d < —.

Theorem 2. Let {X;} be the solution of projective equation (19) satisfying the conditions of
Theorem 1, and let © = EX; = 0. Assume, in addition, that Q is a Lipschitz function, namely,
there exists a constant c;, > 0 such that

10(x) — QW) <cLlx —yl,  x,y€R, (48)

and that there exist k > Qand 0 < d < % such that

bj = Qaj) ~«j‘! asj— oo

and

/éj = Omax |Bi,j—il = 0(bj) as j — oo. 49)
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Then, as t — 00,

o0
EXoX; ~ ) bibrek ~ g™, (50)
k=0
where Kﬁ = KZB(d, 1 —d) and B(d, 1 — d) is the beta function. Moreover, as n — o0,

[nt]

n= 24N " X, = ppo.n ce.aBu (1), b

=1

where By is a fractional Brownian motion with parameter H = d + % and variance IEBlzq (t) =
", and ¢? ;.= «k*B(d, 1 — d)/d(1 + 2d).

Proof. Let us note that statements (50) and (51) are well known when g; ; = 0, in which
case X; coincides with the linear process Y; := qu b;—s¢s. See, e.g. [10, Proposition 3.2.1
and Corollary 4.4.1].

The natural idea of the proof is to approximate {X;} by the linear process {Y;}. For¢ > 0
and k > 0, define

r=EXoX, =) Elgogul,  r/ =BYo¥, =) b b,
s<0 s<0
k—1
¢t—k,t = 8t—k,t — by = Q(ak + ,Bi,k—ift—igt—i,t) — Q(ag).
0

i=

Then
i =l =Y EIb + 5.0 (br—s + .t) — boshi ]
s<0
=Y b Elds+ Y _ biElpsol + Y Elso s
s<0 s<0 s<0

3
32101',1'
i=1

Using (48), we obtain
B> < By,

k—1 2
< C%E(Z ﬂi,kié'tigti,t)

i=0

k—1
2 2 2
=L (Z 5i,k—i]Egz—i,z>
i=0
(0.¢]
< Bt (YL met )

i=0
< BiciKo.
This and condition (49) imply that

|E¢y—k.e| +EV2¢}  , < 8k?™! forallt, k >0,
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where §; — 0 (k — 00). Therefore, for any ¢ > 1,

|p1t|<Cde M+l e < o2,
k=1

|p2,|<c2kd It + k4! < 8?1,
k=1

3l < Y EY2[g7 BV [97, 1< C de N+ k)T k8k < €82,
s<t k=1
where 8; — 0 (k — 00). This proves (50)
To show (51), consider Z; := X; — Zu<, Pu.1Cu, t € Z. By the stationarity of {Z,}, for
any s < t, we have cov(Z;, Z;) = ZufoEm,om,t 1 < Yo EVAGL I EV2$2, (] =
o((t — s)2d—l) (see above) and, therefore, E(Z:’_l Z)? = 0(n2d+1), implying that

[nt] [nt]

- (1/2)ZX — i I/ZZY +0,(1).

t=1 t=1

Therefore, partial sums of {X,} and {Y;} tend to the same limit ¢, 4 By (), in the sense of weak
convergence of finite-dimensional distributions. The tightness in D[0, 1] follows from (50) and
the Kolmogorov criterion. This completes the proof.

A similar but somewhat different approximation by a linear process applies in the case of
projective equations of (41). Let us discuss a special case of §; ;:

Bi,j=1 foralli=0,1,...and j =1,2,.... (52)

Note that, for such g; ;, ZKugzﬂt—u,u—s(E[u,t] —Epu+1,01)Xe = Es+1,0Xs, s < ¢, and the
corresponding projective equation (41) with © = 0 and «; = b; coincides with (9). Recall
that, for bounded B; ; as in (52), condition (42) on Q together with Z?io al.z < 00 guarantees
the existence of the stationary solution {X;} (see Remark 4). We will also need the following
additional condition:

E(Q(Ef5.01X0) — O(X0))? = 0 ass — —oo. (53)

Since E(Es,01 X0 — X0)? = Oass — —oo, (53) is satisfied if Q is Lipschitz; otherwise,
conditions (53) and (42) allow Q to be discontinuous. Define

% 4 = (E[Q(X))>B(d, 1 — d).

Theorem 3. Let {X,} be the solution of projective equation (41) with u = 0, B; j as in (52),
Q satisfying (42), and

ap ~ k41 ask—>oof0r0<d<%. (54)
In addition, let (53) hold. Then
EXoX; ~ cpq > ast — oo (55)

and
[n7]

n1/2-d ZXZ —DI[0,1] C/Q,dBH(T), C/Qﬁ =
t=1

€o.d

@iy Y
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Proof. Similarly as in the proof of the previous theorem, let ¥; := Zsst by, by =
aE[Q(X0)], rX :=EXoX,, andr! := EYpY;, t > 0. Relation (55) follows from

r,X — rtY = o(tzd_l)

We have X; = Y _ &l 8 = r—sQEr1.0X0), EXF =Y Eg}, < oo, and
E[QEfs+1.0X0)%] < ¢§+{EEfs41.0X0)* < ¢§+c]EXF < C.Decompose rX = r, +r,,
where

=) oo BIO By o X0 IELQEn n X)L 1y =) asotigs Vo

s=<0 s<0

ast — oo. (57)

and where

[vs,t| = [E[QEs+1,00 X0 QEs 1,0 X)) — OQE1,n XD}l < )711,12)721,(3,‘-

Here y; 5 := E[QZ(E[HLO]XO)] < C (see above), while

1725 i= ELQEs11.0X:) — Q(E1.0X))%]

= E[(Q(Es+1-1.01X0) — O(Er1—1.01X0))*]
— 0 ast— oo, (58)

uniformly in s < 0, according to (53). Hence, from (54), it follows that

2d—1

5 = o) ast — oo, (59)

Accordingly, it suffices to prove (57) with r,X replaced by r]Xt. We have
ri)f; = r[Y + Z asat—&-s(}bl,s,t + Z asat+s¢2,s,t + Z asat—&-s(}bls,ta
5<0 s<0 5<0

where the ‘remainders’

$1,5,0 = E[Q(X0) HE[Q (Es41,00X0)] — E[Q(X0)1},
$2,5,0 = E[Q(X)HE[Q(E[1—1,01X0)] — E[Q(X0)]},
and ¢35, = (E[Q(Es41,001X0)] — E[Q(X0)DE[Q(E(1—1,01X0)] — E[Q(X0)])
can be estimated similarly to (58), leading to the asymptotics in (59) for each of the three sums

in the above decomposition of rl)ft. This proves (55).
Let us prove (56). Consider the convergence of one-dimensional distributions for 7 = 1,

namely,
ndTI2SX > N(0.0%), o =chy (60)
where SX := >""_, X,. Then (60) follows from
E(SX — 82 = o(n'*29), (61)

where SY :=Y""_| ¥, and ¥, is as above. We have

n 2
E(S) = S¥)* = E(Z & Y iy Qw>

s<n  t=1vs

=Y > ansenElQ4 Osnl, (62)

s<n t;,hh=1Vs
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where Qs,t = Q(E541.1X:) — E[Q(Xp)]. Let us prove that, uniformly in s < ¢y,
E[Qs.y Os.n] = 0(1) asty — 1) — oo. (63)

We have, fors <t < 1o,

E[Qs.; Os.] = B[ Qs {Q(Bis i1, Xsy) — E[Q(X0)1}]
= E[Qs., HE[Q By +1.01X1,)] — E[Q(X0)]}
+ E[Qs. i {QBls41.60X0) — QEpyy 1.7 X))
= ]/j;,tl,tz + I»hslitl,tz’
where we have used the fact that QY’ n and Q(E(s +1,,1Xs,) are independent. Here, thanks to
(53), we see that 5
Wil <EV207 B2 QB 141,01 X0) — Q(X0)Y]
< CE'"[{ QB 1 +1.01X0) — Q(X0)}*]
-0
uniformly in s < #| < tp as t — t; — 00. The same is true for |¢S/f tl,tzl since it is completely
analogous to (58). This proves (63). Next, with (62) in mind, split E(SX — §¥)? =: 7, =
T\n + T»,,, where

n n
Tin=Y, > 1un—-n>kK).., =Y > Wun-n<kK)...,

S<n t,1p=1vs S<n fy,t=1vs

where K is a large number. By (63), for any ¢ > 0, we can find K > 0 such that
sup |E[Quy Os.nll <&

{s<ti<tr: h—11>K}

and, therefore,

n n
= 14+2d
|T1,n] < SZ Z oty —sot, 5| < Ce Z |71 —1| < Cen +

$<n t,n=1vs t,6=1

holds for all large enough n > 1, where r; := Z?io loioryi| = O (%=1 in view of (54). On
the other hand, |7, ,| < CKn = 0(n1+2d) for any fixed K < oco. Then (61) follows, implying
the finite-dimensional convergence in (56). The tightness in (56) follows from (55) and the
Kolmogorov criterion, similarly as in the proof of Theorem 2. This completes the proof.

Remark 5. Shao and Wu [25] discussed partial sums limits of fractionally integrated nonlinear
processes Yy = (1 — L)y~ %u,, t € 7, where LX; = X,_; is the backward shift, (1 — L) =
Z?OIO ¥ (d)Lj ,d € (—1,1), is the fractional differentiation operator, and {u,} is a causal
Bernoulli shift, i.e.

ur=F(Q..,8-1,8), t e, (64)

ini.i.d. random variables {¢;, t € Z}. The weak dependence condition on {u,} in (64), analogous
to (14) and guaranteeing the weak convergence of normalized partial sums of {Y;} towards a
fractional Brownian motion, is written in terms of projections Pou; = (Ejo,;j — Eq1 /) us:

Q(g) =Y IPousllg < 00 (65)

t=1
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Here [|£]l, := EY4|£|9 and ¢ = 2 for 0 < d < 1; see [25, Theorem 2.1], and also [23]
and [24]. The above-mentioned papers verify (65) for several classes of Bernoulli shifts. It
is of interest to verify (65) for projective moving averages. For X, of (5) and 0 < d < %
u; = (1— L)d X; = Zs<z§s G, ; is a well-defined projective moving average with coefficients

Gsii= Y Yiogsw,  s<1;

s<v<t

see Proposition 2. For concreteness, let g5, = ¥;—s(—d) Q(E[s4+1,1X;) as in Theorem 3 with
aj = yj(—d). Wehave Q(2) = Y 2, IGo,|l2, where

t—1

t 2 2
1Go.( 15 = E[Z wt_v(dm(—d)Q(En,v]xw} = E[Z w,_u<d>wv<—d)Qv,,] . (66)
v=0 v=0

where 0y == Q(Ef1.,Xy) — QB X,) and we used Y- _oi—y(d)Yy(—d) =0, 1 > 1, in
the last equality. Note that ¢, _, (d)y,(—d) < Ohavethesamesignand Q, ; ~ Q(X,)—Q(X;)
are not negligible in (66). Therefore, we conjecture that

t—1

2
1Go. 3 = 0<Z|1ﬂzu(d)wv(—d)|) — 020D
v=0

and, hence, 2(2) = oo for0 < d < % The above argument suggests that projective moving
averages posses a different ‘memory mechanism’ from the fractionally integrated processes in
[25].
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