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HERMITE CONJUGATE FUNCTIONS
AND REARRANGEMENT INVARIANT SPACES

BY
KENNETH F. ANDERSEN

The Hermite conjugate Poisson integral f(x, y) of a given fe Li(u), du(y)=
exp(—y?) dy, was defined by Muckenhoupt [5, p. 247] as

Fxn=[" 0wy 2f@dud) x> 0yeQ= (e )

where

1 Y2z —ry)exp(x?/2 log r) — Py R 2ryz —r?Z?
Q(x’ y’ Z) = 1/2 2\3/2 2 dr'
o w(—logry'"(1—r°) 1—r

If the Hermite conjugate function operator T is defined by (Tf)(y)=lim,-¢, f(x, y)
a.e., then one of the main results of [5] is that T'is of weak-type (1, 1) and strong-
type (p, p) for all p>1. This result together with a theorem of Boyd [3, Theorem 1]
shows that if L*(€2) is a rearrangement invariant space with upper and lower indices
o and f respectively (see [3] for definitions and notation) which satisfy 0<g<a <1,
then T maps L*(Q) continuously into itself. The purpose of this note is to give an
elementary proof of the converse which then results in the following generalization
of Muckenhoupt’s result:

THEOREM. Let L*(£2) be a rearrangement invariant space with upper index o and
lower index f. Then 0<f<a<1 is a necessary and sufficient condition for T to be
bounded as a linear operator from L*(Q) into itself.

In general, the indices « and f will depend not only on the particular function
norm p defining L” but also on the nature of the underlying measure space. How-
ever, it is known that the conditions 0<f<a<1 are equivalent to uniform con-
vexity in the case of the Lorentz spaces A(g, p), p>1, and to reflexivity in the case
of the Orlicz spaces. For the infinite non-atomic measure spaces this was proved by
Boyd [2], and using similar methods Kerman [4] and the author [1] obtained the
same results for the finite non-atomic and the purely atomic cases respectively.
Thus, Kerman’s result applies in the present situation, and in analogy with known
results for the classical Hilbert transform [2], the classical conjugate function
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operator [4], [6] and the discrete Hilbert transforms [1] we have:

CoOROLLARY 1. T is bounded from A(g, p), p>1, into itself if and only if A(p, p)
is uniformly convex.

COROLLARY 2. T'is bounded from an Orlicz space into itself if and only if the space
is reflexive.

For the proof of the Theorem we require the following lemma.

LemMMA. Denote by O* the interval [0, a] equipped with Lebesgue measure m,where
a=u(Q), and if f € L*(Q¥*) let 7f denote the function in L*(Q) given by

(f)() = f(z) ifzel0,a]

0 otherwise .

Then f and 7f have equivalent norms, that is,
(exp(—a*)pax(f) < pa(rf) < pax(f).

Proof. Denote by f* and (vf)" respectively, the nonincreasing equimeasurable
rearrangements of fand 7f onto Q*. Then we clearly have

m{ze[0,al: f*(2) >y} =m{zel0,al:|f(z)| > y} g—lé,u{ze(—oo, 0):lrf(2)| > y}

v |-

m{ze[0,al:(xf)(2) > y}
so that
M fH(2) < (xf)(s2)
where we have put s=exp(—a?). On the other hand we also have
m{z € [0, al:(7f) (2) > y} = u{z € (=0, @0):17f(2)| > y}
<m{ze[0, al:lf(2)] > y}

= m{z €0, al: f*(z) > y}
so that

@) () (2 < f*().

Now it follows immediately from Lemma 3(a) and (47) of [3] that pg+((7f) (s.)) <
(1/s)pa+((7f)") and hence from (1) and (2) it follows that

par(f) = par(f*) < (1/9)pa*((7f)) = (1/s)pal7f)
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and

pa(tf) = pa*((7f)) < pa*(f*) = pa*(f)
which proves the lemma.

Proof of the Theorem. (necessity). According to [3, p. 1253, (50) and (51)] it is
sufficient to show that if T is bounded, then there is a constant 4 independent of
fe L*(Q*) such that

€) par(I(P+P)f]) < Apar(1f1)

where for y € Q¥,

1 aly
BH0) = f fOz)dz and (PH)() = f T2 2.

Now if 0<y<a, 0<yz<a and 0<c<1 then

212 2f1 (z+71) ( 9 r2+2rz+r222)
—30(0,y, —yz) >y P\=y———5 )4
yQ(0,y, —yz) > ¢ (—log r)1/2(1_r2)3/2 1—72

v

1 YA+r)2 1—r M2 d P24 2rz 41322
=g | (G (e ()
2Y%q Je (14-rz) \—logr dr 1—r

and since ((1—r)/—logr)*/2 is bounded below for c<r<1 we have

2K

where K is a positive constant, depending only on ¢. Now if f € L*(Q2*¥) with >0,
let g(z)=—(7f)(—2). Then g and +f are equimeasurable which together with the
lemma shows that

&) pa(lgh) = pa(7f) < pa*(f)
and according to Theorem 2 of [5], for almost all y, 0<y<a, we have

(T0) =lim | 00,5, 78) duc2)

- f "000, y, —2)/(2) du(z)

(note that the principal value is not required in this last integral since |z—y|>y>0
for all z in the support of g). Now making the change of variable z—yz and using
(4) we get

oo = ([ +] ") =500, —y 100020 dz

> K exp(—a*)[(P+P)f1(»)
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for 0<y<a, so that for almost all y € Q we have

2
L (T

[F(P+P)fI(») < X

and hence, by the Lemma and (5)

exp 2a°

pa(P+P')f) < (exp a*)po(r(P+P') f) < pa(ITgl)

exp 2a°
X [Tl par(f)

from which (3) follows, noting that |(P+P") f (DI [(P+P) I f11(y), y € Q*.

<
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