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ORTHOGONALITY OF CERTAIN FUNCTIONS WITH
RESPECT TO COMPLEX VALUED WEIGHTS

GEORGE GASPER

1. Introduction. In his work on the Dirichlet problem for the
Heisenberg group Greiner [5] showed that each L,-spherical harmonic is
a unique linear combination of functions of the form

e™ sin!"1 20 H @™ (e1f)
withk =0,1,2,...andn = 0, £1, &2, . . ., where H,@™ (§%) is defined
by the generating function

(1 _ te—ﬂ'@)(ﬂ—]ﬂ\+u—l)/2(1 _ teif})—(n+ ln[+a+1)/2: ZHk (a,‘n)(e i@)tk'
k=0

Since H;%9 (e") = P,(cos 6), where P, (x) is the Legendre polynomial of
degree k, and these functions satisfy the orthogonality relation

f P;(cos 8)Pi(cos 0) sin 6d = 0, j =k,
0

Greiner raised the question of whether the functions H,@«™ (e?®) are
orthogonal or biorthogonal with respect to some complex valued weight
function.

In this paper we shall show that this is indeed the case and even show
that the more general class of functions Cy@® (e??) defined by
(L) (A=t =) = 3 P ")

k=0

satisfy the orthogonality relation

2r
(1.2) f C“ ()P (™)™ P (0)do = 0, j # k,
0

when a, 8, a + 8 > —1, where
wed () = (1 — e=2i0)a(] — e2i0)8,

Hence the functions H;©@™ (e%*) are orthogonal on (0, 27) with respect to
the weight function

(1 _ e—ZiB)([n[—n—a+l)/2(1 _ e2i0)(n+|ﬂ|+a+l)/2_
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Unfortunately, the theory of polynomials orthogonal on the unit circle
[11, Chapter X1], [2, Chapter V], [4] cannot be applied to C,@# (e?)
since these functions are not polynomials in powers of z = ¢% and the
weight function w@#® (8) is not real valued when o 8. It is easy to see
that when a B the orthogonality relation (1.2) cannot hold with the
upper limit of integration 2w replaced by = (even if w®# (8)df is replaced
by du(f) where u is a positive measure) or if Ci@® (¢%) is replaced by its
complex conjugate (also see the remarks at the end of Section 2). We shall
also consider ¢-(basic) analogs of C,@# (¢%®) which contain the continuous
g-ultraspherical polynomials in [1] as a special case and give conditions
under which they are orthogonal.

2. The function C,@# (¢?). Since

(2.1) — ) = ; @Wep o <1,

where (a)g = land (a)y = a(a+1)...(a+k — 1) fork = 1, it follows
from (1.1) that

(2‘2) C(a ﬂ)(ew) — Z EZ)I_C:]]()B[;: i(25—k) 0

(Z?k ~1k02P1( BBl —a— k;e2w).

Thus
Cre@P () = 8@ (") and Cple(e?) = C*(cos 8),

where Cy(x) is the ultraspherical polynomial of degree k and order a.
To prove the orthogonality relation (1.2) we first need to show that
for any integer n that if «, 8, « + 8 > —1 then

2r
. nh_ (a,8) 0, no0dd,
23) fo "W (0)d0 = {hn/z("’ﬂ), n even,
where
27T+ B+ 1) (—a),
F'a+1DI(B+1) B+1),"

Note that, since (a)_, = (=1)"/(1 — a)n, (—a)n/(B + 1), can be
replaced by (—8)_n/(a¢ + 1)_,, when m is a negative integer. By (2.1),
if |¢| < 1 then

2T
f e™(1 — te ) (1 — te4)dp
0

— ii( a)]k(| ﬁ)k t].q.k‘fIr i(n—21+2k)0d0
0

Jj=0 k=0

(a,B)
hm =
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which equals zero when # is odd and equals

o i ‘(—a)k—i—m('—ﬁ)thIH—m

= (k4 m)lk!
= J_(:m?_)ﬂ oF1(m — o, —B;m + l;tZ)
whenn = 2m,m = 0,1, 2,.... Lettingt — 1 — and using Gauss’ formula
oFi(a, b;¢;1) = Lre—ae=20) c>a+0b,

I'lc — a)T'(c —0b)’
gives (2.3) for n = 0; while the case n < 0 follows analogously (or by

using the fact that w@® (—0) = wé(9)).
In view of (2.2) to prove (1.2) it suffices to show that

27
(2.4) qu”%#@@”mﬁmwmo=a k> |n|
0

By (2.2) and (2.3) this holds if & — #n is odd; while if & — n = 2m is even
and £ — 2 = |n| then the above integral equals

- (a)k C(=R)B) T e, @
(2.5) ]Z;]'(l e — k) fo el 9P (6)do
_ 2T+ B+1) (@i(=8n
T+ HI(B+ 1) klla+ 1),

X 3F2(

_kyﬁy—a—m _‘l__\»
1+B—mJ—a—kJ)~L
from the case p = 2 of the formula

d,b1+m1,.. b-l—m,, 1) 0

b1, -y by

(2.6) p+1Fp(

Re (—a) > my+ ... + m,,

where, as elsewhere, it is assumed that m,, ..., m, are non-negative

integers and that no denominator parameter is a negative integer or zero;

see [7] and [8]. This completes the proof of (2.4) and hence of (1.2).
To show that

27T (k +a + 8)(2k + o + B)
EIT ()T (B) (R + ) (B + B)

if suffices to apply the summation formula (7]

. aﬁh+mk.b+m0) T+ )T — a)

28) “”W( b4+1,by,...,0, 1 r(l+b—a)
by = D)y ... (by — D)y
(bl)nu e (bzz)mp '

2.7) f (G () 0™ (0)ds =

X Re(—a)>mi+ ... +m, — 1,
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to the cases n = £k of the sum in (2.5) to obtain for £ > 0 that

27T (k + o+ B)
F)T(k+B8+1)’
270k + o + B)
r@rkE+a+1)’
and then to use (2.2) and (2.3). The ;F, cases of (2.6) and (2.8) can be

proved by using the Thomae transformation formulas for 3F, series [10,
Section 4.3].

2
(2.9) fo ™ P (e)w P (0)dg =

27
(2.10) f MO0 (ew P (6)do =
0

Remarks. From (2.2) it is clear that neither ¢*® nor ¢=* can be written
as a linear combination of the functions C;@#® (¢?®) whena % 0 and g # 0.
Since the functions {e™?};>___ are closed in the L? space of functions
f(6) with

f F©) [ )]d8 < o0,

it is natural to consider how the system
@.11) {GP ()
could be enlarged to form a closed orthogonal system. Observing that
Cy@® (z) is what Jones and Thron [6] call a Laurent polynomial in the
complex variable z, one is tempted in analogy with their theory of ortho-
gonal Laurent polynomials on the interval [0, c0 ) to try to find constants
a, b such that the function ae~* + b is orthogonal (in the sense (1.2)) to
each Cy@® (e'). But, in general, the case & = 1 implies that « = 0 and
so this fails.

However, when @ = B8 we can use the fact that the ultraspherical
polynomials

Ciet1(cos 0) = Cyplatlat (gif)

which are even functions of 6, satisfy the orthogonality relation

f C;“ M (cos 0) C*(cos 0) sin *6w ““V(0)do = 0, 7 = k,
(

)

to see that the functions

(2.12)  {C(cos 6), sin C,* (cos 0) 7,

form a closed (in L?) orthogonal system on (0, 27) with respect to the
weight function w@® (9). Since

sin  Ce*tl(cos §) = sin 0 = (e’ — ¢~ 1%) /21,

this suggests that when |«f, |8] < 1, « # B8 we should first consider a
function of the form

1P (e¥) = qe= + b + ce®.
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In view of (2.3), (2.4), (2.9), and (2.10), in order for this function to be
orthogonal to each function in (2.11) it is necessary and sufficient that
b =0andaB(B + 1) + ca(e + 1) = 0. Thus we may take

e (e”) = (a)ee™"" — (B)ae™,

which will be linearly independent of the functions in (2.11) as long as
a # 0 and 8 # 0 (note that, since

’

GO (¢") = %ﬁ ok

¢10# (¢%) is a constant multiple of C;# (e%*) and ¢,'? (¢*?) is a constant
multiple of C;@ 9 (e%)). Similarly we find that

62(01,,3) (eiO) — (a)se—Zi() + CYB((X — B) —_ (6)3627'0
and
c3@® (e) = (a),e " + B(2a + 3 — B) (a)qge™ "
—a(28+ 3 — a)(B)e” — (B)se’"*

are orthogonal to each other, to ¢;# (¢%*) and to the functions in (2.11).
Unfortunately, when a 5 0 and 8 # 0 the succeeding functions of the
form

k

(213) " 7(") = 2 a;(k;a, B

j=0
that need to be added to (2.11) to form a closed orthogonal system become
progressively more complicated and so I have not been able to find any
simple general formulas for them (except to say that if we normalize the
right hand side of (2.13) so that ao(k; o, 8) = (a)ss:1 then a;(k;a, B) =
= (B)kt1)-

3. The g¢-analog C,®(e';q). For |z| < 1 the ,41¢, basic hyper-
geometric series is defined by

' (ah ce Gp+1_q z) _ N (@15 Q)i - - - (ap+15 Q)i &
PN by by =GR PR (AR ) P
where (a¢;¢)y = (1 — a)(1 — aq) ... (1 — ag*"), (¢; g)o = 1 and, as
elsewhere, it is assumed that |¢| < 1 and no denominator parameter is 1
or a negative integer power of g.

Since the continuous g-ultraspherical polynomials Cy(cos 6; 8|q) are
defined in [1] by

(B t; ) (Bet; ) S .
(31) (e—iot; q)m(eiﬂt; q)m - }; (/k(COS 01 ,3|Q)l ’

where (a;¢q), = H‘;fzo (1 — ag”), it is natural to consider for a g-analog of
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Cy@® (¢'?) the functions C, ¥ (¢*’; q) defined by

(0™t Q) (Be’t Qe _ & w0,
(3.2) (e-»il)t; q)m(ewt; Q)m = L; Cr (e )t
Then
Ci(cos 8; Blg) = Ci#H(e'; q) and
lim, 1_ C@® (e¥; q) = C,l@® ().

From (3.2) and the ¢-binomial theorem [10, p. 92]

(3.3) (E‘—f—qq)—)@ = ;%i—)ﬁzk gl <1, ]z < 1,

it follows that

a4y Bty = 5 i (B )i ueiwe
(‘3 ) (/}., (6 ,q) Z (q (])A j(g g)]

—k

_ Ez,gik ik z¢1( 1 1/3‘,({, « qezm)
34 )k /

We shall show that if |«| < 1 and |8] < 1 then these flmctlons satisfy
the orthogonality relation

2n
f (7_/""’5)(6"9; q)C;,m'B) (e’ ¢)w' % (6; q)de = 0, j =k,
0

where

6 |

(a »i\(ﬁ ) 6_2’ q)m ((,,2 ie»gq)oo
' (e ™)., (8™ 9)0s”

Using (3.3) and the transformation formula |1, (4.7)]

/L ( l -
(1) = DL (abie b )

(25 0o (€3 9)r
we find, as in the proof of (2.3), that for any integer n
e 0, 7 odd
3.6 f ymﬂ (a.B8)/p. — J ’ N ’
(3.6) 0 w6 9)d6 lh.,,/f #(q), n even,

where

¢ m —1 \
e (o) = 2703 0)(89; 9) @0 ) ( 1-8 )
l @ (¢ Do @B; Qe (Bg; @i T+1z ~ o !

and we used the fact that
(a;9)—n = (=1)'a™q"" 2/ (q/a; q),.
Then (3.4) and (3.6) yield that

2r
(37) fo einﬂck(ayﬂ) (6 1'0; g)w(a.ﬂ) (0’ q)do
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equals zero when k& — # is odd and equals

27 (25 Q) (895 Do (@50)x(BY™ (B3 )
(05 Do (@B; @) (¢ Delaq; n

q—k ﬁ a—lg—m A
X {3452 (;8g1"m,y a—lql—k; q; Q)

1=8 w (07580 " 2) |
+ 1= a1 3¢2(Bq1~mY a—1g1—ky97 q (

a

(3.8)

when £ — n = 2m is even. From the g-analogs of (2.6) derived in [3, (8),
(15)] it follows that both of the above 3¢, series and hence the integral
(3.7) are equal to zero when k& > |n|; which, in view of (3.4), completes
the proof of (3.5). This can also be derived by writing the sum in braces
in (3.8) as a 4¢; series and applying the transformation formula [1, (4,
10)].

Application of the two g-analogs of (2.8) in [3, (7), (14)] to (3.8) in
the cases n = +k # 0 gives

2T
(3.9) f "Gl (e )w' P (9; q)do

il

2 (a5 Q) (B ¢ (@B @) s
@0 (@B; ) Bgi )i >

27 (0q; 9)e (B @) (@B; @)
= —k <O,
(05 Q) (aB; Q) (@q; O " <

from which it follows that
27 (a; 9o (B; @) (@B @)k
(75 (@B ) (5 O
2~ (a+8)"
(1 -840 —ag")”
Remarks. As in Section 2 one can show that the function
Q@B ) = (ag) = (8 9)e"

is orthogonal to each C,@# (¢ ¢) and compute the succeeding functions
of the form

2
(3.10) f (G (e @) (0 g)do =

X

k
e g) = 2 a7 (k; g)e T
o
so that, for |a| < 1, 8] < 1,

LGP (e ), e (e q) o

is an orthogonal system on (0, 27) with respect to the weight function
w@8 (4; ¢). In the continuous g-ultraspherical case a = S, Section 2.5 in
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[11] yields for the polynomials ¢;(x; 8]¢) defined by
(1 —x2)cx (x5 8lg) = Cria(158]q) Cilx; Blg) — Ci(1;8lq) Civ2 (3 Blg)
that

f ¢,(x; Blg)ei(x; Blg) sin® 9w (6;¢)d6 = 0, j # k,

0

and so, analogous to the system (2.12), the functions

{ Cx(cos 6; B|q), sin bci(cos 0; B|q) |50

form a closed (in L?) orthogonal system on (0, 27) with respect to the
weight function w®# (9; q), |8] < 1. This suggests that an H? theory can
be developed for the continuous g-ultraspherical polynomials analogous
to that given for the ultraspherical polynomials in [9].

4. Additional orthogonal functions. The generating function (3.2)

suggests that we should also consider the more general functions C;(@#"
(e'®; q) defined by

(€t ) (Bt D)o & im0,
1) (€t @) (ve't; @) _k; G e )t

Then
CrlaB D (e1: q) = Cp@d (e q).

Note that if (e~%; q) ., is replaced by (ée’t; g) ., 6 # 0, in (4.1), then this
case can be reduced to (4.1) by replacing ¢, «, 8, v by ¢/8, ad, 86, 79,
respectively.
As in Section 3, it follows from (4.1) that
k . .
4.9 C LB ew; _ (@; @)i—i(B/v3 9); 1 pi2i=1)0
2 GTTEN) ;1 @),

— M — ik (q_ky 6/7 —1 ‘2i9)
S G o\ g

Analogous to (3.5) one is led to expect that for |a|, |8], |v| < 1 the

orthogonality relation

2T
(4.3) fn "™ ) G (e @w' ™™ (6; g)d6 = 0, j =k,
should hold with

—246 246
WD (g g) = (e 2’_9; Qe (ve ;o Qe
’ (™" @) (8™ @)
Unfortunately this is not the case, as we shall show, without additional
restrictions on the parameters.
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Using (3.3) we find that

2T
(4.4) fo e™w P (9; ¢)do

equals zero if # is odd and equals

—1

¢ - (a ;Q)Hm(’Y/ﬁ?Q)k k+m ok
4.5 2
(5) 2w k; @ Do & F

_ 2ma"(a "5 g)n (q’"/a, /8, )
@m0 gt 0eP

ifn=2mm=0,1,...

When v = ¢ this s¢; can be summed by the ¢g-analog of Gauss’ theorem
(10, p. 247] to give

iy 27(ag; ) (B5 P @ (@5 q)
46 f 2imb_ (a,B8,q) 0; d0: TG G) y © 3 my
@6 J G0 = B e (Bi )

which also holds for negative integer values of m. Then, from (4.2),

27
4.7) f ™ PO (o1, g)w(“’ﬁ"’) (6; q)do
0

equals zero when £ — 7 is odd and equals

¢ . . . m . —k —1 —m
(48) Zr(a91 q)m(By q)oo (a! Q)IcIB (g/Br Q)m ¢2 (9 ’ B/gr @ g g’ qZ)

(¢ DB Qe (@ 0)i(@q; ) By o g

when £ — n = 2m is even. By formula (8) in [3] the above 3¢, and hence
the integral in (4.7) is equal to zero when k& > |u|. Hence (4.3) holds for
lal, |8] < 1 when ¥ = g and, by (3.5), when v = 1. The integral in (4.3)
can also be computed for vy = ¢, j = k, by applying formula (7) in [3] to
(4.8) and using (4.2).

Since, by (4.1),

Ck(a.B,B)(eio; q) = Ck(a,d,q)(eiﬂ; g>

it follows from the above that (4.3) also holds when v = B. A simple
computation shows that (4.3) also holds when o = 1.

To see that (4.3) does not hold for |a|, |8], |7], ¢l < 1 without addi-
tional restrictions it suffices to consider the case ¢ = 0. From (4.5),

2r
(4.9) f "' ™" (6; 0)do
0

o Vl=B+v—oav , m=0,
:1_”(5 " Ma— 1A —ay), m=1,
B M1 —B)(B—7), m=s —L
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Hence

2 ) ) 2 . _ _
f C‘Q(a,ﬁ,‘y)(ew;O)w(a,ﬂ,v) (0;0)(10 _ 770")’(]- a) (]- 7)()8 'Y) ’
0 1 —apB
which shows that in order for (4.3) to hold for ¢ = 0 it is necessary that
at least one of the following conditions must be satisfied

(410) a=0,y=0,a=1,y=1,y =8.

That « = 0 is also a sufficient condition when ¢ = 0 follows easily by
using (4.9), while the sufficiency of the last four conditions in (4.10)
follows from our previous observations. This completes our analysis of
(4.3) for ¢ = 0. Due to computational difficulties we so far have not
been able to completely determine when (4.3) holds for ¢ # 0.

Added in proof. 1t should be noted that since, by page 3 of N. Levinson
[Gap and Density Theorems, Amer. Math. Soc., 1940], the functions
e® k =1,2, ..., are closed over any interval of length less than 27, it
follows that the functions C,®(e:q), & =0, 1, 2, ..., cannot be
orthogonal with respect to any weight function over any interval of
length less than 2w. In addition, this suggests the conjecture that the
functions Cy@® (e") and the functions C,@® (e'?;q), &k =0,1, 2, ...,
are closed (in L') over any interval of length less than 2r for suitable
values of «, 8, and ¢.
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