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A MAXIMAL GROSS-STADJE NUMBER IN THE EUCLIDEAN PLANE
F. PILLICHSHAMMER

Let X be a compact, connected Hausdorff space and f a real valued, symmetric, con-
tinuous function on X x X. Then the Gross-Stadje number r(X, f) is the unique real
number with the property that for each positive integer n and for all (not necessarily
distinct) z3,..., 2, in X, there exists some z in X such that Z f(ziyz) = nr(X, f).
This paper solves the following open question in distance geometry What is the
least upper bound g3(R?) of r(X,d?), where X ranges over all compact, connected
subsets of the Euclidean plane with diameter one and where d? denotes the squared,
Euclidean distance. We show: g;(R?) =3 — /6.

1. INTRODUCTION

Let X be a compact, connected Hausdorff space and f a real valued, symmetric,
continuous function on X x X. Then there is a unique real number r(X, f) with the
property that for each positive integer n and for all (not necessarily distinct) z,,... ,z,
in X, there exists some z in X such that

L™ feus) = v, 1.
=1

For the case when f is a metricon X x X this result was proved by O. Gross [2] in
1964. The more general result stated above was proved by W. Stadje [3] (independendly
from Gross) in 1981. The number r(X, f) is called Gross-Stadje number and is associated
with X and the function f. If f is a metric d, then r(X,d) is also often called the
rendezvous number of the metric space (X, d). An excellent survey on this topic is given
in [1].

In this paper we consider the case that X is a subset of the Euclidean plane and f is
the squared, Euclidean distance ¢? (by ||.|| we denote the Euclidean norm). In general
the explicit calculation of the number r(X, f) for a given compact, connected Hausdorff
space X and a real valued, symmetric, continuous function f on X x X is rather difficuit.
It turns out that the calculation of r(X,d?) is much easier.
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THEOREM 1. (Wilson) Let X be a compact, connected subset of R”. Let B, be
a closed ball and B; an open ball such that X is contained in B\ B, and the centre of
each ball lies in the closed convex hull of the intersection of X with the boundary of the
other. Further, let By, have centre u and radius R and let B, have centre v and radius r.
Then

r(X,d*) = R* 4+ 1 — ||lu —vlf*.

For a proof see [4]. The existence of the balls in Theorem 1 is also shown in Wilson’s
paper.

For example let X be the Reuleaux triangle with diameter 1. Choose B, as the
convex hull of the circumscribed circle und B, as the interior of the convex hull of the
inscribed circle. Then we get with the help of Wilson’s Theorem r(X,d?) = (5—2\/5) /3.
(Remember that (X, d) of the Reuleaux triangle is still unknown.) For more examples
see [1, 4].

Define the number m(X,d?) as r(X,d?)/D(X,d?), where D(X,d?) = sup{|lz — y||* |
z,y € X} and g,(R?) as the supremum of the numbers m(X,d?) as X ranges over all
compact, connected subsets of R% In [1] the authors ask for the value of g;(R™), which
is defined analogously. All values go(R"}, n > 2, are still unknown. The first information
about the magnitude of g:{(R?) is given in the following inequality: For all compact,
connected metric spaces (X, d) we have

<m(X,d) < 1.

N

For a proof of this inequality see for example [1]. Wilson conjectured in [4] that
g(R?) = (3 - \/11/3) /2, which is the number m(X,d?) for two sides of a Reuleaux
triangle. But we shall show that this value is a little bit too small.

2. RESULTS

The following Proposition leads to the calculation of gz(RZ).

PROPOSITION 1. LetS) bea circle with centre u and radius R and let S; be a
circle with centrev and radiusr, R2r 20, R>0and 0K Jlu~v|| < R. Let X bea
compact, connected subset of conv S;\{conv S;)°

conv(S; N X). Then we have

where v is in conv(S) N X) and u is in

m(X,d?) < 3 - V6 ~ 0.5505102.

Now we get
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THEOREM 2. Define g2(R?) as in Section 1. Then we have
%(R) =3 - V6.

REMARK 1. The value 3 — /B is attained, for example for the following set: Let S,
be a circle with centre u and radius B = 1, S; be a circle with centre v and radius
T = \/3/(4\/(_5— 6) and let flu — v}l = 4/3/2 — 1. Let {z1,z;} be the intersection of

S; and S;. Further let z3 be the intersection point of S\ conv S; and the line which is
determined by u and v and let z4 be the intersection point of S; N convS,; and the line
which is determined by u and v. Then define the set A as follows: A consists of the arc
joining x; and z; in 52 N convS; and the line segment z3z4 (see Figure 1). Observe that
D(A,d%) = ||z1 — z3|* = (2r)™.

Figure 1: The set A.

3. PROOFS
For the proof of Proposition 1 we need the following Lemmas:

LEMMA 1. Let S be a circle with centre u and radius R. Let v be a point in conv S
and g be the line with v in g and ¢ perpendicular to the line segment uv. Further let h
be an arbitrary line with v in h. Then we have with {z1,z2} = SNg and {y1,y2} = SNA

ll21 = 2all < llyr — wall-

The proof is straight forward.
LEMMA 2. Let S be a circle with centre u and radius R. Let z,,x3,z3 be points

in § with u in conv{z,,z,,z3}. Then we have

ax |z —z;|| > V3R,

m
1<i,5€
The proof is straight forward.

LEMMA 3. Let S be a circle and let X be a subset of conv S with SN X is not
empty. Let v be a point in conv(S N X). Then there are points 1, 23,23 in X N S with
v in conv{zy, z3,23}.
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The Lemma follows from Caratheodory’s Theorem.

LEMMA 4. Let S; be a circle with centre u and radius R and let S, be a circle
with centre v and radiusr, R2r 20, R> 0and 0 < |lu —v|| < R. Assume v is in
conv(conv Sy \(conv 5,)°). Then we have

||lw — v[|2 +r? < R.

ProoF: If §;NS; is empty, the assertion is trivial. Let 51N S, be not empty. Assume
that |lu — v||? + 7% > R: Let L := conv($1 N Sy), ! := D(L,d) and a := /2. Define
d:=min{||z — u|| : z € L}. Then we have a® + d> = R? and a® + (||lu — v|| - d)2 =r
From this we get

R -d=r - (lu—-v|-d)*

and hence

R —r?+lu—of? _ Jlu—vl?+ flu—vf?

d=
2w = ol 2w — vl

= ffu— ]l

So the line which is determinated by L separates conv(conv S;\(conv S;)°) and v, which
is a contradiction. )]

LEMMA 5. Define the following functions:
I f:[0,1/2) —s R, z 3 5/3 — (2\/5\/71 s z)/3.
2. For0gw<1/2: f5:[0,1]] — R,

(1+2° —w?)(1 +w)?

(s+ VTFuF —wat)

3. Forw>0: f3:(0,1] — R, z+— (1+ 2% —w?)/(42?).
4. f4:00,1/2] — R, z+— 1/4+ (1 + 3z — 42%)/(4(1 + z)).

Then we have:

L max fi(e)=£((1~v37M)/2) = (3- VIIF3) /2.

0<z<1/2

<0 forz<(1-wh)/(ViFowtu?)
2 fie) =0 forz=(1-w)/(Vitowtul) .
>0 fora> (1-w))/(VITow+w?)

3. f3 is monotonic decreasing.

4 max f4(z)=f4( 3/2-1)=3-¢6.

0£z<1/2
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The proof is straight forward.
PROOF OF PROPOSITION 1: Without loss of generality, let R = 1. From Lemma 4
we have

(1) flu = ol +7* < 1

and from Theorem 1 we have

Lt~ fuoff

If r = 0 we get u = v and therefore u is in conv(S; N X). From this we get D(X,d?) > 3
and hence
m(X,d*) < %

So assume r > 0. Then it is easy to see that | X N §| > 1.

CASE 1. |[X NS =2 So XS = {y1,v} and D(X,d?) > |lys — yz)|>. Let g be the
line with v is in g, with g perpendicular to the line segment uv and let {z;,z2} = SiNg.
Then we have ||z, — z4||* = 4(1 — ||u ~ v]|?). Since v is in conv{ys, y2} we get from Lemma
1 |lys = y2|l 2 |21 — z2|| and therefore

D(X,d?) = 4(1 = llu - v||?).
Now we get with (1) and (2):

1472 —Jlu—vf? 2(1—]lu—v?) 1

SR T f gy e T iy P

CASE 2. [ X N 5| > 2. From Lemma 3 we get points y;,y2,y3 in S; N X with v in
conv{yy, y2,y3}-

CASE 2.1. u is not in conv{y,y2,ys}. Then there are two points in {y1, y2, ys}, without
loss of generality, y; and yz, such that the line segment y,y; does intersect the line segment
uv. That is, y1y2Nuv = {v}. It follows that ||u—7}| < ||lu—v]||. Define two lines g, h which
are perpendicular to the line segment uv with T on ¢ and v on h. Let {y;, ¥} = SiNg
and {z,z,} = S) N h. From Lemma 1 we get ||ly; — y,l| < |ly1 — v2||. Further we get

2 ' : 2
([111 - 12”) =1- ”u _ v"2 <1- "u _6"2 = (”yl ;yzll)

and hence

D(X,d*) 2 [l — wal* 2 llvy = wall* 2 llzs = zall* = 4(1 = lu ~ »||%).
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Again we use (1) and (2) and get

m(X,d) < 3.

CASE 2.2. u is in conv{y,y2,¥s}. From Lemma 2 we have

ax ||y — il 2 \/5

1<. ,<3

and so D(X,d?) > 3. Assume |ju — v|]| > 1/2. Then we get together with (1) and (2)

20— o) 20 -1 _1

3 3 2
So in the following we only have to consider the case |Ju — v{f < 1/2.
We have r in the interval I = (0,1]. Define the intervals

L= (03— VI—Tu ol +Tu—vlF],

m(X,d?) <

‘ L+ |lu — o]
= \/g—\/l— u—vll+ flu —v|?, ——————=
[ o=l + ol =22

and
- [ 14+ fu—~v| l].
Ve —of +1°
Therefore r is in I; U I; U I.

Case 2.2.1. risin [;.
Since D(X,d?) 2 3 we get together with (2) and Lemma 5,

2 _ Yy — oll2
m(X,d?) < 14r? = Ju—vff
<5 _ 231 —flu— vl +Ju—vf +|lu —v|
<=
3 3
= fi(llu—vl)
< ( _) ~ 0.5425728.
2
CASE 2.2.2. risin I;. For 1 €1 < 3 define the lines g;, v + t(v — ;) for ¢t 2> 0. Since

Y1, Y2, Y3 are points in X and X is connected there are at least two indices 1,1, € {1,2,3},
iy # 1, and two points aj,az in X with ay € g;, and a; € g;,. Then define z, := y,,
Zq := Y;, and z3 1= yi, where k # i;,1,. From this it is clear that ||z, —a,}| 2 ||z, —v|| +r
and ||zz — ag]| = |lz2 — v]| + 7. So we have

D(X,d*) > max{|le, — zall, w2 = zall, llzy — sl llz1 = vfl + 7, l2a — o] + 7}
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If lz1 = 23]l > 24/1 — |lu — v||? we have D(X,d?) > 4(1~ |lu—v||?) and therefore together
with (1) and (2), we have m(X,d?) < 1/2. So we only have to consider ||z, — z,|| <
24/1 = |jlu — ]2

Consider the arc joining z; and z; on S; which contains z3. Let z} be on this arc
with ||zy — 25|l = ||z2 — z3||. Then we have

ma'x{”zl - .’tall, "‘12 - 33”} P ”31 - 1';"
and so we get
D(X,d*) > max{“z; — za|l, |21 — 24|, |21 — v]| + 7, ||z2 — 0| + r}z.

Now let T : §; — S) be a rotation with centre v and Tz} = u + t{u —v) fora ¢t > 0.
Then we have

ITzy —v||+r=||Tza~ ]+
Of course ||z, — 22| = || T2y — Tzaf|, ||: — z§,|] = ||Tz;, ~ Tz} and
max{lles — vl +7, 122 — vll + 7} > T2 = o] + 7.
So we get
(3) D(X,d*) > max{||Tz, ~ Tz,||, |Tz1 — Tzj||, | Tz — || + r}z.

For short write again z, := T'zy,z; := Tz; and z3 := Tz}. Let F; be the intersection
point of the circle S; and the line segment uz;, for 1 < 7 < 3. Now define the following
set X’: X' is the arc joining F; and T, in S; with u in the convex hull of this arc, together
with the line segments z,7;, for 1 € ¢ £ 3. Then we have

1. X'is a compact, connected subset of conv.S;\(convS,)°.
2. uis in conv(S; N X), and since ||z1 — z3)| < 24/1 = [lu — ]}? also v is in
conv{z,,z3,x3}.
3. D(X',d*) = max{”zl — 2o, llz: — @3, lj£: ~ v|| + r}2 < D(X,d?) and
therefore m(X’, d?) > m(X, d?).
So in the following we only consider sets of the kind of X'.

Let z be the intersection point of Sy and the lineu + t(u —v) fort 2 0. f S, N S,
is not empty, let y be in §; N S,;. Otherwise let y be the intersection point of §; and
the line u + t(u — v) for ¢t < 0. Let B be the shortest arc joining y and z on S;. Let
g be the line which is perpendicular to uv and which contains v and define p as the
intersection point of B and g. Each point z on B corresponds to an angle ¢ between the
line segments uv and uz. Therefore we write £ = z(¢). Now define the angles ¢; and
¢ with y = z(¢1) and p = z(¢;). Clearly ¢ > 0. Assume ¢, > 7/3. Then we have
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r>lI—flu—v[+flu—vP> (1 +|u- v||)/(\/fm) and therefore r is not
in I,. Hence we have ¢; < 7/3. On the other hand we have cos¢; = |Ju — v||. Since
0L flu—v|| <1/2 we get /3 < ¢ < 7/2.

By definition of X’ we have now 13 = z, 2, = z(¢) for ¢1 € ¢ € ¢2 and z, is the
point on 5 with z; # z; and |jzz — z:|| = [|zs — 2}

Now we have

||z(¢) — x| = V2y/1 + cos ¢

and

“z(q)) — v" +r= \/l —2/lu —v|cosg+ lu—v|?+r

It is easy to see that ||.1:(¢) - 13” is a monotonic decreasing function of ¢ and
||a:(¢) — v|| + 7 is a monotonic increasing function of ¢. If $; N S; is not empty we have
||x(¢1) - v” +r = 2r. Since ¢, is the angle between the line segments uy, and uv we have

2 =1+4|u—v|f*-2|u —v| cos ¢

and therefore

1+ lu=v|f2~r?

08P = ol — ol

Hence we get

||~7’(¢1) - 1‘3" = \/5\/ 14 cosdy

@+ =)’ =12

flu =]
Since r is in I; we get
2 (L4llu—v])’ =
=00 ==l = ==
1 2 (L+lu—vl)’
Z Tu—ol [(‘ Fle—ol)
_ (e —ol)?
aflu—of[+1
> 4rt

and therefore

”-"3(¢1) - -’Ba” 2 ”.'t(dh) - v|| +r.
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On the other hand we have ]|z(¢g) - 13" < ”z(1r/3) - z3" =+/3 and “a:(d;z) ~vfl+r>
[|z(n/3) — v|| + r > v/3 since r is in I,. So there is ¢ in [¢1,$,] with

l2(¢0) — al| = [|=(o) ~ ol| +r.

If §1NS; is empty we have ¢, = 0 and therefore we get ||$(¢2)-‘$3” <3, ”z(O)—xsu =2,
”:z(d)g) - v” +7>+3and "z(O) - v” +r <147 <2 As above there is ¢o in [¢y, ¢2)
with

() — a3 = () = ol +
For short we define w := [[u — v||. Therefore we have
1 — 2w cos ¢ + w? = 2(1 + cos ¢p) + % — 2\/§rm.
Since cos?(¢o/2) = (1 + cos ¢p)/2 and with 3 := ¢p/2 we have
1 — 2w(2cos?1h — 1) + w? = r? 4 4cos® ¢ — 2V2V/2r cos .
So we get the following equation for cos ¢:
(4 + 4w) cos® i — drcosp 4+ r* — (1 + w)* = 0.

Solving this equation we get

rt/(1+wpP—-wr?

2(1 4+ w)

cosyY =

Since /(1 + w)® —w r? > r we get

r+/(1+wP-wr?

cos$ = 2(1 + w)

(Otherwise we have cos ¢ < 0 and that is a contradiction to 0 < ¢ < 7/4.) Now we get
together with (3)

D(X',d%) > (\/i\/l +cosq$o)z
= 4cos?y

|+ VA wp—wr? :
- (1+w)

and hence
(1472 - w?)(1 4 w)?
]
(r+ (1+w)3—-wr2)

m(X',d*) € = fa(r).
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From Lemma 5 we have

max fa(z) = max{fz (‘/5 - m) »Ja (%)}

and
fz(\/{;—\/l—w+w2) :fl(w)gé(li— %1->

The value f; ((1 + w)/V4Aw + 1) will be calculated later.
CASE 2.2.3. r is in I3. We have D(X,d?) > 4r* and so

L+72— |lu—vlf? _

%) £
m(X,d*) < yo

fa(r)

where w is chosen as {|u — v||. We have

1+ [u—vl| 1+ |lu— v
Bl ) = il —=.
VAallu = v] +1 Villu—v||+1
Since f3 is a monotonic decreasing function on I35 we have

L4 ju— o
i) < =)
= fu(Ju — )

<s(y3-)

=3 - 6.
So we have
m(X,d?) < fa(r) <3 -6

and we are done,

PROOF OF THEOREM 2: Let X be a compact, connected subset of R%. Then there
is a circle §; with centre u and radius R and a circle S; with centre v and radius r with
X contained in convS;\(convS,)° and % in conv(S; N X) and v in conv(S; N X) (see
Theorem 1). Therefore we get from Proposition 1

m(X,d) <3 -6
and hence

#(R? <3 - V6.
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Now we consider the set A from Remark 1 in Section 2. We have

D(A, &) = ﬁ_—a

So we get with Wilson’s Theorem,
3 2
1+ e — {0 /3(2 ~ 1
4/6-6 ( / )

_6
26 -3

M(A, &%) =

3 - 6.
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