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Abstract

For any finite abelian group G with |G| = m, A C G and g € G, let R4(g) be the number of solutions of the
equation g = a + b, a,b € A. Recently, Sandor and Yang [‘A lower bound of Ruzsa’s number related to
the Erd6s—Turan conjecture’, Preprint, 2016, arXiv:1612.08722v1] proved that, if m > 36 and R4(n) > 1
for all n € Z,,, then there exists n € Z,, such that R4(n) > 6. In this paper, for any finite abelian group
G with |G| =m and A C G, we prove that (a) if the number of g € G with R4(g) = 0 does not exceed
%m - % V10m — 1, then there exists g € G such that R4(g) > 6; (b) if 1 < R4(g) < 6 for all g € G, then the

number of g € G with R4(g) = 6 is more than %m - % V10m — 1.
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1. Introduction

Let N be the set of all nonnegative integers. For any set A CN and n € N, let R4(n)
be the number of solutions of the equation n =a+ b, a,b € A. A set A is called
a basis of N if R4(n) > 1 for all sufficiently large integers n. The classical Erd6s—
Turdn conjecture [7] says that if A is a basis of N, then R4(n) cannot be bounded. In
2003, Grekos et al. [8] proved that, if A is a basis of N, then R4(n) > 6 for infinitely
many integers n. In 2006, Borwein et al. [1] improved the lower bound 6 to 8. In
2013, Konstantoulas [9] proved that, if the upper density of the set of numbers not
represented as sums of two elements of A is less than 1/10, then R4 (r) > 6 for infinitely
many integers n. Nathanson [11] proved that the Erd6s—Turdn conjecture is wrong in
the set Z of all integers. In 2012, Chen [3] proved that there exists a basis A of N such
that the set of n with Rq(n) = 2 has density one. For related results, one may refer
to [5, 6] and [14].
For any abelian group G, A, BC G and g € G, let

Rap(g)=W@a,b):n=a+b,acA,be B}
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and let Ra(g) = Rs.4(g). A subset A of G is called an additive basis of G if R4(g) > 1
for all g € G. Ruzsa [12] proved that, for any positive integer m, there exist an additive
basis A of Z,, and an absolute constant ¢ such that R4(n) < ¢ for all n € Z,,. Let R,
be the least positive integer r for which there exists an additive basis A of Z,, with
Rs(n) < r for all n € Z,,. The numbers R,, are called Ruzsa’s numbers. Chen [2]
proved that R, < 288 for all positive integers m. Tang and Chen [15] obtained better
upper bounds for some types of m.

Recently, Sdndor and Yang [13] proved that R,, > 6 for all m > 36. Thatis, if m > 36
and R,(n) > 1 for all n € Z,,, then there exists n € Z,, such that R4(n) > 6.

In this paper, the following results are proved.

TueoreM 1.1. Let G be a finite abelian group with |G| =m, A € G and let ¢ be an
integer with ¢ > 6. Suppose that 0 < Ry(g) < c forall g € G. Then

ISol + > 1S4l > T (Tm = 16 V10m - 27)

u>6
and
S0l + 1521+ > 1S40 > 1 (15m — 48 VT8m - 112).
o~ 4max{(c -5)*-1,8}
where

Su=1{8:8€G,Ra(g) = u}.
In view of Theorem 1.1 with ¢ = 6, we have the following corollaries immediately.

CoroLLARY 1.2. Let G be a finite abelian group with |G| = m and let A be a subset of G.
If 1 < Ra(g) <6 forall g €G, then

g : & € G.Ra(g) = 6}| > F5m — 5 V10m —

and
ig:g€G,Ra(g) =2} > Bm -2 VI8m - 1.

CoroLLARY 1.3. Let G be a finite abelian group with |G| =mand A C G. If

g : g €G,Ra(g) =0}l < ym — 5 V10m — 1,

then there exists g € G such that Rx(g) > 6.

Remark 1.4. It is known that there are infinitely many positive integers m for which
there exists A C Z,, with 1 < Rq(n) < 6 for all n € Z,, \ {0} (see [4, Remark 3]).
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2. Proofs
Firstly we prove the following lemmas.
Lemma 2.1. Let G be a finite abelian group with |G| = m > 1 and let k be a real number.
Then, for any A C G,
DU Ra(®) = K = —— (AP = 4D = 2k = DIAP + K
geG

Proor. We follow the proof of [10, Theorem 1]. Noting that

D Ra@=1AP, ) Ra(@’ = Ra-a@’,

geG geG geG

it follows from Cauchy’s inequality that

D Ra(@) = k7 = )" Ra(g)’ =2k ) Ra(g) + K'm

geG geG geG

= > Ra-a(8)* = 2KIAP + Km

geG
= > Ra-a(®? - k= DAL + EPm

8€G\{0}

1 : 2 2

>——( Y Rua(®) - k= DIAF +£m

m-—1

8€G\{0}

1
=— (AP - |A)? = @k - DIAP + KPm.
m-—1
This completes the proof of Lemma 2.1. ]

LemmaA 2.2. Let a and b be two positive real numbers and let f be the function defined
by f(x) = x* = 2x> — ax* — bx for x > 0. Then

2
f(x)z_l(f_i \/_—ib\/_—— _Zb_ﬁb_
4 4 8 a
_N%_Ni_zé_zz
16 16 \a 16a 16

Proor. Note that
f(x)=4x> —6x* —2ax—b and f"(x)=12x" — 12x - 2a.

The polynomial f”(x) has two roots:

1_'_201 _1+1 1+Za
V' T3 RT3 3

l\)l>—‘

1
xlzz
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Since a > 0, we have x; <0 <1 < x,. It follows that f”(x) <0 for 0 < x < x, and
S (x) >0 for x > x,. So, f'(x) is decreasing for 0 < x < x, and increasing for
x> xp. Since f'(0) = —b < 0, it follows that f'(x) <0 for 0 < x < x,. In particular,
f'(x2) < 0. Noting that f’(x) — +o0 as x — +co, there exists a unique real number x;
with x; < x3 < +oco such that f'(x3) = 0. Now we have f'(x) <0 for 0 < x < x3 and
f'(x) > 0 for x > x3. Hence, f(x) > f(x3) for all x > 0. From f’(x3) =0,

X = Ex% 3N+ 2.1
It follows that
3 a b 3 a b 3 a b
x§=5x§+§x§+1x3, )C%:EX3+§+4—X3, 3=§+2—x3+4—x§. (22)
In view of (2.2) and x3 > 0, we have x3 > Va/2. By (2.1) and (2.2),
flx3) = xg‘ - 2x§ - ax% —bxs
3 a b
= Exg + Exg + g% 2x3 — ax3 — bx
1/3 a b a 3
=33+ 30+ g) -3
1 , 1 1
= —1(3 +2a)x3 — Z(a +3b)x; — gb
1 3 a b 1 1
=—— 2a)| = — 4 ]-= - =
4(3 + a)(2x3 + > + 4x3) 4(a +3b)x3 819
1 1 1
=——8a+6b+9)x; — —(2d> +3a +b) — —— (3 + 2a)b
8 8 16x3
1 3 a b 1 1
- -8 +6b+9(—+—+—)——2 2 430+ b)— ——@G+2a)b
55 Natay tag) gl et m g G2
1 1
=——(4a* + 30a + 20b + 27) — ——(8a” + 8ab + 9a + 3b)
16 16X3
1
— ——(8ab + 6b” + 9b)
32)63
1 2
> ——(4a* + 30a + 20b + 27) — i(8a2 + 8ab + 9a + 3b)
16 16 Va
1 2
— E(Sab + 6b° + 9b)
1, V2 V2 15 7, 3b2
=-3¢ - g aNa- bNa-ga-gb-g
92 3V2 b 9b 27
-—— Ve - ———-—=—--— .
16 16 a 16a 16
This completes the proof of Lemma 2.2. O

https://doi.org/10.1017/5S0004972717000302 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000302

384 Y.-L. Li and Y.-G. Chen [5]

Proor oF THEOREM 1.1. We begin by proving the first inequality in Theorem 1.1. For
m < 59, Theorem 1.1 is trivial since

Tm—-16V10m — 27 < 0.

So, we assume that m > 60. If R4(g) is odd, then g = 2a for some a € A. It follows that

Z 1 <A

geG
R4(g) is odd

By Lemma 2.1 for k = 3,
2 (Ra®) = 3)" = ——— (AP ~ |AI)’ ~ SIAP +9m.
geG

Since

DR@=37= D Ra@-3+ D 1+ ) 4

geG geG geG geG
IRA(8)-3I23 RA(g)=24 Ra(9)=1.5
< D (Ra@=3P-D+ Y 1+ >3
8eG 2€G 2€G
IRA(8)-3[23 Ra(®)=1,5
< D Ra@®-3-D+ Y 1+ >3
8€G g€G geG
[Ra(g)-3I23 Ra(g) is odd
<m+3Al+ D (Ra@) =37 - D),
geG
IRA(g)-3123

it follows that

D, (Ra®) =3 = )= ——(AP ~ AI)” = SIAP = 31| + 8m

geG
[RA(8)-3[23

1
= —1(|A|4 —2|AP = (5m - 6)|A? — 3m — 3)|A|) + 8m.
m—

By Lemma 2.2,
JAI* = 2AP = (5m - 6)IAI" — 3m - 3)|A|
> —%(Sm -6) - g(Sm -6)V5m—6— ﬁ(?\m -3)Vsm-6
3(3m— 3)2

15 7
— 5 (Gm=6)— 2Gm=3) - ST

9«/’\/—__3\/' 3m-3  93m-3 27
16 \3m—6 165m—-6 16

https://doi.org/10.1017/5S0004972717000302 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000302

[6] On additive representation functions 385
Since m > 60,

> (R =37 - 1)

geG
|RA(g)-3]23
25 5\ (5V10 V2 Vam—6\y 3vI10
s (Bn-y- ) (R0 - 26y VIO
4 2 2 2 m-1 2
_(E_ 15 )_2_2_7m—1_9\/§\/5m—6
8 8m-1)) 4 85m-6 16 m—1
9v2 1 27 1 27
- - = - +8m
16 \3m—6 165m—-6 16(m—1)
=zm_4m_4_7_£\/5m—6 27 2m -1 3 92

—_— + —
8 16 m-1 165m—-6 16m-1) 16v5m -6
7
> Zm —4V10m - 6.7.
Since 0 < R4(g) < c and ¢ > 6, it follows that

D Ra@=37-D= > ((Ra®-37-D+ D (Ra(® =37~ 1)

geG geG geG
IRA(g)—-3]=3 R4(9)=0 Ru(g)26
< )8+ D ((e=3P-1)
geG geG

R4(8)=0 Ra(8)=6

S((c—3)2—1)( S Y 1).

geG geG
Ra(g)=0 Ra(8)=6

Therefore,
{g:g€G,Ra(g) =0} +1{g:g€G,Ra(g) = 6}
1 7
(—m — 4T0m - 6.7)

" =32 -1\s

1
(Tm-16VT0m-27).
>4(C_3)2_4(7m 6 V10m — 27)

Now we prove the second inequality in Theorem 1.1. For m < 197, Theorem 1.1 is
trivial since 15m — 48 V18m — 112 < 0. So, we assume that m > 198. By Lemma 2.1
fork =35,

1
§ (Ra(g) = 5)* = —1(|A|2 —A]D? = AP + 25m.
P
geG
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Since
DURA@ -5 Y. (Ra(®) =57+ ) 25
8eG geG 2eG
Ra(9)>8 Ra()=0
+ Z 9+ Z 1+ Z
geG geG geG

16

Rx(8)=2 Ra(g)=4.6 Ra(8)=1,3,5,7

< Z (Ra(®) =5 -1+ Z 24+ Z 8*2“ Z

g€G geG
Ra()=8 Ra(g)=0

geG
Ra(9)28

it follows that

max{(c—5)2—1,8}(3 DEEEEDY

geG geG

geG

Rx(8)=2

<m+ 15/A] + Z (Ra(®) =57 - D+ Z 24 + Z 8,

geG

Ra(g)=0

Ra(2)=0 RA(g)=2 or Rx(g)=8

> Z ((Ra(g) = 5% — 1) + Z 24 + Z 8

geG
Rx(&)=2

geG geG
Ra()=8 Ra(g)=0

—A])? = 9|AP = 15|A| + 24m

)

geG geG
R(g) is odd

geG
RA(g)=2

1
= —1(|A|4 —2IAP = 9m = 10)|AP? = 15(m — 1)|A]) + 24m.
m —

By Lemma 2.2,
IAI* = 2141 — 9m — 10)|AP? — 15(m — 1)|A|

(15m —15)Vom - 10

1 3 p

>~ Om =107 - %(9;11 ~10)Vom =10 - i
15 7 3 (15m — 15)2

= Om = 10) = 2(15m - 15) - 2=

V_ﬁ_SV_lSm—IS 9 15m— 15

16 \Vom—-10 16 9m—-10

Since m > 198,

max{(c—5)2—1,8}(3 DIEETDY 1)

geG geG
RA()=0 R4(8)=2 or Ry(g)=8

1518

https://doi.org/10.1017/5S0004972717000302 Published online by Cambridge University Press

)_

2

27
16

Vm


https://doi.org/10.1017/S0004972717000302

:Im—12

On additive representation functions 387

(15><9 15 ) 7x15 3x15 m—1

8  8m-1) 4 8 9m—10
9vV2 Vom—10 452 1 9% 15 1 27 o
- - - - m
16 m-1 16 \om—10 16 9m—10 16(m—1)

8 16 m-1
_9><1510m—9+ 3 _45\/5 1
16 9m—10 16m—-1) 16 9m—10

15 147 2 V9m - 10
Nero V2 V9m ~ 10

> ?m— 12 V18m — 28.

Therefore,

I
3 )0 I 15m — 48 VI8m — 112).
; DY " Fmaxic - 5P -8 " mo 1)

g€G

8
RA(9)=0 RA(8)=2 or Ra(g)=8

This completes the proof of Theorem 1.1. O
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