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Abstract. We discuss classes of topological groups which can be approximated
by p-adic Lie groups, and varieties of Hausdorff groups generated by classes of
p-adic Lie groups (for a single or multiple p). We give several characterizations of
locally compact pro-p-adic Lie groups and locally compact pro-discrete groups, and
prove a ‘‘pro-version’’ of Cartan’s Theorem: whenever a locally compact group is a
pro-p-adic Lie group and a pro-q-adic Lie group for distinct primes p and q, it is
pro-discrete. If a locally compact group can be approximated by p-adic Lie groups
for variable primes p, then it is a pro-p-adic Lie group for some prime p.

2000 Mathematics Subject Classification. Primary 22D05. Secondary 20E26, 14L10.

Introduction. Every connected, locally compact group G can be approximated
by real Lie groups [15], a fact which is of crucial importance in the structure theory of
locally compact groups. In contrast, it is known that totally disconnected, locally
compact groups cannot be approximated by Lie groups over (totally disconnected)
local fields in general [17]: the continuous homomorphisms into Lie groups over local
fields need not even separate points (Theorem 5.2 below). Still, Lie groups over local
fields, at least p-adic Lie groups, do allow fruitful applications in the study of totally
disconnected, locally compact groups, as long as one restricts one’s studies to special
classes of these groups. The aim of this paper is to describe and investigate such classes,
or prospective candidates.

Having assembled the preliminaries in Section 1, we give various characteriza-
tions of locally compact pro-p-adic Lie groups. In particular, a locally compact group
is a pro-p-adic Lie group if and only if it is a member of the variety of Hausdorff
groups generated by the class of p-adic Lie groups. Similar characterizations can be
obtained for locally compact pro-discrete groups, and more generally for locally
compact pro-A-groups, where A is an ‘‘admissible property of topological groups’’
(Theorem 2.1). The latter concept has been introduced here to facilitate a unified
discussion of the classes of groups just mentioned, along the lines of the treatment of
pro-Lie groups given in [11].

It turns out that a locally compact group which is both a pro-p-adic Lie group
and a pro-q-adic Lie group, for distinct primes p and q, has to be pro-discrete
(Theorem 3.1). A locally compact group which can be approximated by p-adic Lie
groups, with p varying within a certain set of primes p, is a pro-p-adic Lie group for
some p 2 p (Theorem 4.1).

In view of the characterization of locally compact pro-p-adic Lie groups mentioned
before, it appears most natural to consider also the classes MIXp of those totally
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disconnected, locally compact groups which can be built up from p-adic Lie groups,
where p varies within a fixed set of primes p, i.e., which are contained in the variety
of Hausdorff groups generated by the p-adic Lie groups, with p 2 p. We show that
there exist totally disconnected, locally compact groups which are not members of
MIXP (where P is the set of all primes). There is even a compactly generated counter
example (Theorem 5.2).

The article concludes with further examples, open problems, and a short glimpse
of results specific to the approximation of compactly generated locally compact
groups by p-adic Lie groups. Further applications of p-adic Lie theory in the study
of totally disconnected, locally compact groups might be facilitated by the con-
sideration of the p-adic Lie algebras of these groups, as defined in [6].

1. Notation and Terminology. Throughout this article, TG denotes the category
of Hausdorff topological groups and continuous homomorphisms between them
(‘‘morphisms’’ for short).

Let A be a class of Hausdorff groups which contains the trivial group and is
closed under passage to isomorphic topological groups: then A is called a property of
topological groups; the elements of A are called A-groups [9, Definition 1.17].

1.1 If G is a Hausdorff group, we let HomðG;AÞ denote the class of all morph-
isms f : G! H such that H 2 A, and we let NAðGÞ be the set of all closed normal
subgroups N of G such that G=N is an A-group. We say that G is a residual A-group
if HomðG;AÞ separates points on G; we say that G can be approximated by A-groups
if for every identity neighbourhood U in G, there exists N 2 NAðGÞ such that N � U.

1.2 If G is a Hausdorff group with the property that NAðGÞ is a filter basis, we
associate a projective limit of A-groups GA to G, as follows: we make N :¼ NAðGÞ a
directed set by means of inverse inclusion as the ordering, i.e., N �M , N 
M,
and let qNM : G=M! G=N denote the map obtained by factoring the canonical
quotient morphism qN : G! G=N through qM for N �M. Then ððG=NÞ; ðqNMÞÞ is a
projective system. We set

GA :¼ lim
 �N2N

G=N 

Y

N2N

G=N;

and we let �A : G! GA be the unique morphism such that �N � �A ¼ qN for every
N 2 N , where �N :¼ prNjGA

: GA ! G=N denotes the respective limit map.

1.3 Note that �A has dense image: if y ¼ ðyNÞN2N 2 GA and U is a neighbour-
hood of y in GA, there exist a finite subset F of N and open neighbourhoods VN of
yN in G=N such that GA \

Q
N2N VN � U and VN ¼ G=N whenever N 62 F . Since

N ¼ NAðGÞ is a filter basis, there exists N0 2 N such that N0 �
T
F . Then

U0 :¼ ��1
N0
ðVÞ, where V :¼

T
N2F q

�1
NN0
ðVNÞ, is a neighbourhood of y contained in U.

Now yN0
¼ qN0

ðxÞ for some x 2 G, and �N0
ð�AðxÞÞ ¼ yN0

shows that �AðxÞ 2 U0 � U.

1.4 Recall that a Hausdorff group G is called a pro-A-group if the following
conditions are satisfied [9, Definition 1.17]:

(I) NAðGÞ is a filter basis which converges to 1 in G;
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(II) for every morphism  : G!H into an A-group H, the quotient group
G=ker is an A-group;

(III) G, together with the quotient maps qN : G! G=N, is a projective limit in TG

of the projective system ððG=NÞN2NAðGÞ
; ðqNMÞÞ described above. [In view of (I), this

condition is equivalent to �A : G! GA being an isomorphism of topological groups.]
Having introduced our terminology concerning approximation by A-groups, we

turn to topological groups which can be ‘‘built up’’ from A-groups.
1.5 A classW of Hausdorff groups is called a variety of Hausdorff groups ifW is

closed under the operations of forming subgroups (S), quotient groups with respect
to closed normal subgroups (Q), arbitrary cartesian products (C) (and under passage
to isomorphic topological groups). See [11]. If A is a class of Hausdorff groups, there
is a smallest variety VðAÞ of Hausdorff groups such that A is a subclass of VðAÞ. If,
in addition to the operations above, (P) denotes the formation of finite cartesian
products and (S) the formation of closed subgroups, it can be shown that

VðAÞ ¼ SCQSPðAÞ: ð1Þ

See [4, Theorem 2].

1.6 We call a property A of topological groups an admissible property of topo-
logical groups if A ¼ QSPðAÞ, if every A-group is locally compact, and if G=ker f is
an A-group, for every morphism f : G! H from a locally compact group G into an
A-group H. Then simply VðAÞ ¼ SCðAÞ, and NAðGÞ is a filter basis, for every locally
compact group G.

1.7 Note that Hausdorff quotients, finite products, and closed subgroups of
p-adic Lie groups are also p-adic Lie groups. Further, if f : G! H is a morphism
from a locally compact group G into a p-adic Lie group, then G=ker f is a p-adic Lie
group by [3, §8.2, Corollary 1 to Theorem 2]. Hence the p-adic Lie groups (for a fixed
prime p) define an admissible property of locally compact groups. Similarly, the Lie
groups (i.e., the Lie groups over the reals) define an admissible property of topological
groups; the discrete groups do so by trivial arguments.

It should be mentioned that Lie groups are not assumed to be second countable
in this text; in particular, any discrete group is a Lie group. Further examples of
admissible properties of topological groups are given by the class of soluble locally
compact groups, and also by the class of nilpotent locally compact groups.

2. Characterizations of pro-p-adic Lie groups. In this section, we prove several
characterizations of locally compact pro-A-groups, where A is an admissible prop-
erty of topological groups. As special cases, we obtain characterizations of locally
compact pro-p-adic Lie groups, locally compact pro-discrete groups, and locally
compact pro-Lie groups.

Theorem 2.1. Let A be an admissible property of topological groups, and G be a
locally compact group. Then the following conditions are equivalent:

(a) G can be approximated by A-groups;
(b) NAðGÞ is a filter basis which converges to 1 in G;
(c) G is a pro-A-group;
(d) G is a TG-projective limit of A-groups;
(e) G is an element of the variety of Hausdorff groups VðAÞ generated by A.
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Proof. Note that since A is an admissible property of topological groups and G
is locally compact, NAðGÞ is a filter basis. The equivalence (a),(b), as well as the
implications (c))(d) and (d))(e), are trivial.

(b))(c): If (b) holds, �A is injective, since
T

NAðGÞ ¼ f1g; furthermore, �A has
dense image, as observed above. We show that �A : G! GA is open onto its image:
then im �A will be complete, hence closed, hence all of GA; thus, �A being an iso-
morphism, Condition (III) will hold for G as observed above, and Condition (II) is
satisfied by G since A is an admissible property of topological groups. So let U be an
identity neighbourhood in G. Then there is an identity neighbourhood V such that
VV � U. Since G is a pro-A-group, there is N 2 NAðGÞ such that N � V. Then
VN � U is an N-saturated identity neighbourhood, and �AðVNÞ ¼ im �A\
pr�1

N ðVN=NÞ is open in im �A. Thus indeed �A is an embedding.
(e))(a): Since VðAÞ ¼ SCðAÞ, we may assume that G is a subgroup of a productQ

i2I Hi of A-groups. If U is an identity neighbourhood in G, there are a finite subset F
of I and open identity neighbourhoods Ui in Hi for i 2 I such that Ui ¼ Hi for i 2 I nF
and G \

Q
i2I Ui � U. Let prF :

Q
i2I Hi ! HF :¼

Q
i2F Hi be the projection and

f :¼ prFjG. Then f : G! HF is a morphism into an A-group, whence G=ker f
is an A-group by admissibility of A. Furthermore, ker f ¼ G \

Q
i2InF Hi � U, as

required. &

3. A ‘‘pro-version’’ of Cartan’s Theorem. Cartan’s Theorem asserts that con-
tinuous homomorphisms between Lie groups over a common ground field R or Qp

are analytic [14, Part II, §V.9], that continuous homomorphisms between real and
p-adic Lie groups (in either direction) are locally constant, and that so are con-
tinuous homomorphisms between p-adic and q-adic Lie groups if p 6¼ q [3, §8.1,
Proposition 1]: in particular, a locally compact group is discrete if it is both a real
Lie group and a p-adic Lie group, or both a p-adic Lie group and a q-adic Lie group.
We now prove a ‘‘pro-version’’ of this classical fact.

Theorem 3.1. Let G be a locally compact, pro-p-adic Lie group. If G is also a
pro-Lie group or a pro-q-adic Lie group for some prime q 6¼ p, then G is pro-discrete.

Proof. Assume that G is a pro-p-adic Lie group and a pro-q-adic Lie group, where
p 6¼ q; the case in which G is both a pro-p-adic Lie group and a pro-Lie group can be
settled analogously. Let U be an identity neighbourhood in G; then there is a compact,
open subgroup V of G such that V � U. Since G is a pro-p-adic Lie group and a
pro-q-adic Lie group, there exist compact normal subgroups K and N of G such that
G=K is a p-adic Lie group, G=N is a q-adic Lie group, and K [N � V (Theorem 2.1).
Since V is a group, we have KN � V; furthermore, KN is a compact normal subgroup of
G. Now G=KN, being both a quotient of G=K and G=N, is both a p-adic Lie group and a
q-adic Lie group. By Cartan’s Theorem, G=KN is discrete. We have proved that G can
be approximated by discrete groups; by Theorem 2.1, G is pro-discrete. &

4. Approximation by LIEp-groups. In this section, we show that a locally com-
pact group which can be approximated by p-adic Lie groups for variable primes p is
already a pro-p-adic Lie group for some prime p.
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In the following, P denotes the set of all primes; if p is a prime, LIEp denotes the
class of p-adic Lie groups. We set P1 :¼ P [ f1g and let LIE1 be the class of real
Lie groups. If ; 6¼ p � P1, we define LIEp :¼

S
p2p LIEp.

Theorem 4.1. Suppose that G is a locally compact group which can be approxi-
mated by LIEp-groups, where p is a non-empty set of primes. Then G is a pro-p-adic Lie
group for some prime p 2 p. If G is not pro-discrete, the prime p is uniquely determined.

Proof. Suppose that G is not a pro-p-adic Lie group for any p 2 p. Given an
identity neighbourhood U in G, there exists a compact open subgroup V of G such
that V � U. Since G can be approximated by LIEp-groups, there is some p 2 p and a
compact normal subgroup K of G such that K � V and G=K is a p-adic Lie group.
Since G is not a pro-p-adic Lie group, there exists an identity neighbourhood W � V
such that there is no compact normal subgroup K0 of G such that K0 �W and G=K0

is a p-adic Lie group. However, since G can be approximated by LIEp-groups, there
is q 2 p such that there exists a compact normal subgroup N of G such that N �W
and G=N is a q-adic Lie group; by the preceding, p 6¼ q. Now KN � V is a compact
normal subgroup of G, and we deduce as in the proof of Theorem 3.1 that G=KN is
discrete. We infer that G is pro-discrete. But then G is a pro-p-adic Lie group for every
p 2 p, which is a contradiction. The remainder is clear in view of Theorem 3.1. &

5. p-Mixtures. As a special case of Theorem 2.1, a locally compact group is a
pro-p-adic Lie group if and only if it is a member of the variety of Hausdorff groups
generated by the class LIEp of p-adic Lie groups. If q; r are distinct primes, then the
product Q� R of a simple non-discrete q-adic Lie group Q and a simple non-
discrete r-adic Lie group R is a totally disconnected, locally compact group which is
not a pro-p-adic Lie group for any prime p. It is rather obvious that if we try to
build up more general totally disconnected, locally compact groups from p-adic Lie
groups (like the preceding example), we should be allowed to mix different primes p.
This motivates the following definition.

Definition 5.1. If ; 6¼ p � P1, we set

Ap :¼ QSPðLIEpÞ;
MIXp :¼ G 2 VðLIEpÞ : G is locally compact

� �
:

The groups G 2MIXp will be called p-mixtures; MIX; will denote the class ofpro-
discrete, locally compact groups. We let L denote the class of all locally compact
groups L which can be made Lie groups over some local field (depending on L), and
set H :¼ QSPðLÞ.

Note that every G 2 VðLIEPÞ is totally disconnected, by Equation (1) above. By
Theorem 2.1, a locally compact group G is a fpg-mixture for a prime p if and only if
it is a pro-p-adic Lie group. We have already seen that the class of locally compact
pro-p-adic Lie groups does not subsume all locally compact, totally disconnected
groups. Although the class MIXP is much bigger, it still does not comprise all locally
compact, totally disconnected groups, not even the compactly generated ones.
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Theorem 5.2. There is a totally disconnected, locally compact group G and a
compactly generated, totally disconnected, locally compact group H with the following
properties.

(a) G 62 VðLÞ, and G has an open, normal subgroup U such that U 
 ker f, for
every f 2 HomðG;H Þ. In particular, U 
 ker f for all f 2 HomðG; LÞ, and G is not a
P-mixture.

(b) H is not a P-mixture, and H has an open, normal subgroup V such that
V 
 ker f for every f 2 HomðH;APÞ.

Proof. We establish the theorem by means of three lemmas, the first of which is
immediate from Equation (1) above.

Lemma 5.3. Let ; 6¼ p � P1. Then every G 2 VðLIEpÞ is a residual Ap-group.

Lemma 5.4. Every compact subset C of an H-group Q has cardinality 
 2@0 .

Proof. Assume first that Q is a locally compact group which can be made a Lie
group over some local field K. Being covered by finitely many balls, the compact
subset C of Q has cardinality at most 2@0 .

In the general case, Q is a quotient of a closed subgroup R of a product
P :¼

Qn
i¼1 Si of Ki-Lie groups Si for certain local fields Ki. If C is a compact subset of

Q, we deduce from the local compactness of R and the fact that Q is a quotient of R
that the compact subset C of Q has a compact transversal C0 in R. Set Ci :¼ priðC

0Þ.
Then cardCi 
 2@0 for all i by the above, and since C0 � C1 � � � � � Cn, indeed
cardC0 
 2@0 . Hence cardC 
 2@0 as well. &

Lemma 5.5. Every AP-group A has a torsion-free, open subgroup.

Proof. Up to topological isomorphism, any AP-group A has the form A=S/N,
where F is a finite set of primes, Gp a p-adic Lie group for p 2 F;S a closed subgroup
of

Q
p2F Gp (which we consider as an internal direct product), and N a closed normal

subgroup of S. We may assume that prGp
(S) is dense in Gp; then N \ Gp is a closed

normal subgroup of Gp. After replacing Gp with Gp=Np S with S=
Q

p2F Np, and N
with N=

Q
p2F Np, we may assume that N \ Gp ¼ feg for all p 2 F. Let Hp be a

Campbell-Hausdorf (CH-) subgroup of Gp; i.e., an open compact subgroup which is
topologically isom,orphic to an open Zp-submodel of the Lie algebra of Gp, equip-
ped with the CH-multiplication (cf. [3, x4.2, Lemma 3 and Theorem 2]); set
U :¼ �ðS \

Q
p2F HpÞ, where � : S! S=N ¼ A is the quotient map. Then U is an

open, compact subgroup of A. It is torsion-free, since otherwise there exists e= 6¼ x
such that xr ¼ e for some prime r. There is a continuous homomorphism
� : Zr ! S \

Q
p2F Hp such that �ð�ð1ÞÞ ¼ x (cf. [6, Corollary 9.3]). Then

prGp
ðim�Þ ¼ feg for p 6¼ r, as Hp is a CH-group, and thus r 2 F and im� � Hr.

Therefore �ðrZrÞ � N \ Gr ¼ feg, entailing that �ð1Þ 6¼ e is an element of order r in
the CH-group Hr. The latter being torsion-free, we have reached a contradiction. &

We can prove Theorem 5.2 now.
Construction of G. Let I be a set of cardinality cardðIÞ ! 2@0 , and p be a prime.

We consider the semidirect product G :¼ ZI
p�SymðIÞ, where the group SymðIÞ of all
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permutations of I is equipped with the discrete topology and U :¼ ZI
p carries the

product topology. Then G is a totally disconnected, locally compact group, and U is
an open, compact, normal subgroup. Suppose that f 2 HomðG;H Þ; we claim that
U 
 ker f. Since ker f is closed, it suffices to show that U \ ker f is dense in U. To see
this, consider x ¼ ðxiÞ 2 ZI

p, and a finite subset F of I; we show that there is
y ¼ ðyiÞU 2 \ ker f such that xi ¼ yi for all i 2 F. If F has n elements, say, we write
I ¼

S
�2I I� as a disjoint union of sets I� of cardinality n. Let pr� denote the projection

of ZI
p onto ZI�

p . Then there is some � 2 I such that N� :¼ pr�ðU \ ker f Þ ¼ ZI�
p . For if

not so, set Q :¼
Q
�2I Z

I�
p =N�. Since f j

f ðUÞ
U is a quotient morphism due to compact-

ness of U and U \ ker f 

Q
�2I N� ¼: N

0, we deduce that Q ffi U=N0 is a quotient of
the compact group fðUÞ ffi U=\. Therefore card fðUÞ ! cardQ ! 2ð2

@0 Þ, contradicting
Lemma 5.4. Hence there is an � with the desired property. Pick a permutation 	 of I
which maps I� to F. Since U \ ker f is a normal subgroup of G ¼ U�SymðIÞ, it fol-
lows from the definition of multiplication on the semidirect product that U \ ker f is
invariant under 	. We deduce that prFðU \ ker f Þ ¼ ZF

p , where prF denotes the pro-
jection ZI

p ! ZF
p , as claimed. Thus U 
 ker f indeed. Since every member of VðLÞ is

a residual H-group by Equation (1) above, we deduce that G, not being a residual
H-group, is not a member of VðLÞ.

Construction of H. Let F be a non-trivial finite group, and H :¼ FZ�Z, where Z

acts on the compact group V :¼ FZ by the shift action. Then every morphism
f : H! L into an AP-group L has V in its kernel. Indeed, let W be a torsion-free,
open subgroup of L. Then every torsion element in the open subgroup f�1ðWÞ of H
is in the kernel of f. Since V is a torsion group, V \ f�1ðWÞ � ker f, whence ker f \ V
is open in V. Note that ker f \ V is a normal subgroup of H; using the shift action,
it is easy to see that ker f \ V is dense in V and hence all of V by closedness. In
particular, H is not a residual AP-group and therefore not a P-mixture, by Lemma
5.3.

Remark 5.6. Products of real and p-adic Lie groups occur naturally in the
theory of algebraic groups over number fields (see [16]). For example, consider the
field Q of rationals; then the set of places on Q can be parametrized by the set
P1 defined above. Given a finite subset S � P1 such that 1 2 S, we set

AS :¼
Y

p2S

Qp �
Y

p2PnS

Zp;

where Q1 :¼ R. The union of the rings AS, equipped with the direct limit topology,
is the ring AQ of adeles of Q . If G is an algebraic group over Q, the Adele group of G
is the group GðAQÞ ¼

S
S GðASÞ, equipped with the direct limit topology, where

GðASÞ ¼
Y

p2S

GðQpÞ �
Y

p2PnS

GðZpÞ

for finite subsets S of P1 such that 1 2 S. Here GðQpÞ is equipped with its natural
locally compact topology for p 2 S, and GðZpÞ with its natural compact topology.
Thus GðASÞ is a locally compact group for all S, and so is GðAQÞ, noting that
GðAf1gÞ is an open subgroup of GðAQÞ. Clearly GðASÞ is an S-mixture for all S;
however, one should not expect that GðAQÞ will be a P1-mixture in general.
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6. Further examples and remarks.

6.1 Every p-adic Lie group is a pro-p-adic Lie group. Every totally disconnected,
compact group is pro-finite, hence pro-discrete; in particular, it is a pro-p-adic Lie
group for every prime p, and also a pro-Lie group (cf. [8, Theorem 7.7]). Every totally
disconnected, locally compact, abelian group G is pro-discrete (loc. cit. Theorem 7.7).
It is also known that any compactly generated, nilpotent, totally disconnected, locally
compact group is pro-discrete [10].

6.2 The filter of zero-neighbourhoods of a locally convex Qp-vector space V has
a basis of open Zp-submodules of V (see [13]); hence NDGðVÞ is a filter basis which
converges to 0 in V. (Here DG denotes the class of discrete groups.) Proceeding as in
the proof of Theorem 2.1, we find that �DG : V! VDG is an embedding; since Con-
dition (II) is trivially satisfied, we easily deduce that V is a pro-discrete group if and
only if V is complete.

6.3 (cf. [11, Example (0.3)]). We consider the multiplicatively written abelian
group V :¼ C

ðNÞ
3 , equipped with the discrete topology. Since AutðC3Þ ffi C2 is com-

pact, so is CN
2 . Using the natural action of ðAutC3Þ

N on V, we obtain a semidirect
product G :¼ V�CN

2 . Then G is a totally disconnected, locally compact group which
is a residually p-adic Lie group, since, for every n 2 N, we have a quotient morphism
G! C3�C2 with kernel C

ðNnfngÞ
3 �CNnfng

2 . However, G is not a pro-p-adic Lie group.
To see this, note first that every identity neighbourhood of G contains non-trivial
torsion elements. Hence G is not a p-adic Lie group. Now suppose that G were a
pro-p-adic Lie group. Then the compact, open subgroup f1g � CN

2 would contain a
compact, normal subgroup N of G such that G=N is a p-adic Lie group. By the pre-
ceding, N is not trivial, whence we find ð1; �Þ 6¼ ð1; 1Þ in N. Algebraically, we may
identify G with a subgroup of ðC3�C2Þ

N. There is n 2 N such that �ðnÞ 6¼ 1; therefore
we find some x 2 V such that �ðnÞ:xðnÞ 6¼ xðnÞ (the dot indicates the action of
C2 ffi AutðC3Þ on C3). Then ððx; 1Þð1; �Þðx�1; 1ÞÞðnÞ ¼ ðxðnÞð�ðnÞ:xðnÞÞ�1; �ðnÞÞ 62 f1g�
C2. Hence ð1; xÞð�; 1Þð1; xÞ�1

62 N; that is, N is not normal. This is a contradiction.

6.4 Being a residual p-adic Lie group (or a pro-p-adic Lie group) is not an
extension property: indeed, the locally compact group H constructed in the proof of
Theorem 5.2 (b) is an extension of the pro-finite group FZ by the discrete group Z.
See also the preceding example.

6.5 If p and q are distinct primes, we have MIX pf g \MIX qf g ¼MIX ;gf by
Theorem 3.1. Does MIXp \MIXq ¼MIXp\q hold, for all p; q � P?

6.6 If G is a totally disconnected, locally compact group, let sG : G! N be its
scale function, as introduced in [17]. Let PðGÞ denote the set of primes occurring in
the prime factor decompositions of the natural numbers sGðgÞ, where g 2 G; if G is
compactly generated, PðGÞ is a finite set [18]. If sG # 1, i.e., PðGÞ ¼ ;, the group G is
called uniscalar; it is known that G is uniscalar if and only if every g 2 G normalizes
some open, compact subgroup of G. If G is a locally compact, pro-p-adic Lie group,
i.e., if G 2MIX pf g, then PðGÞ � fpg ([7, Lemma 7.3]; cf. [5] for p-adic Lie groups).
The author does not know whether PðGÞ � p holds, for every set p � P and
G 2MIXp.
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6.7 A compactly generated, locally compact, pro-p-adic Lie group G is pro-discrete
if and only if it is uniscalar ([7, Theorem 7.4]). However, there are compactly gen-
erated, totally disconnected, locally compact groups which are uniscalar but do not
possess any compact, open, normal subgroup ([2], [12]).
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