A NOTE ON THE COMPOSITIONS OF AN INTEGER

T.V. Narayana and G.E. Fulton
(received March 3, 1958)

1. Partial ordering of the r -compositions of n.

Given an integer n, we define an r-composition of n as fol-
lows:

An r-composition of n, (t}, ..., ty), is a set of tj where
ti 2 1 is an integer fori=1, ..., r such that

t1] + ... +ty = n,
If r is an integer such that 14 r £ n, we have, obviously,

(n B i)distinct r-compositions of n.

We shall say that an r-composition of n, (tj, ..., t3),
'""dominates' the r-composition of n, (t}, ..., t}), if and onlyif

tr 7

) 1
(A)
! 1
t] + . o+ tryg >/t1+...+tr_1

Evidently
t1+. «. oty

t'i."' oo +th= 0.
The relation of domination defined by (A) is reflexive, transitive
and anti-symmetric, It thus represents a partial ordering of

the r-compositions of n,

We shall now make a transformation on the r-compositions
of n, suggested by the relations (A). After this transformation,
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we can decide immediately whether any two given r-compositions
of n satisfy the relation of domination or not, Given an r-compo-
sition of n, (t}, ..., t;), we associate with it the vector of
r-elements (Ty, ..., T;) obtained as follows:

Ty =t
Tz=t1 + ty
Tr_1= tl *+ . "‘tr_l

Tr=t +... +tpx = n.
We notice that the T; are integers and
0(T1<Tz<... <T,=n. (B)

Evidently, given the composition (t;, ..., ty), we can ob-
tain the vector (T}, ..., F;) and conversely, given the vector
(T1, ..., T,), (satisfying, of course, the relations (B) ), we
could obtain the r-composition (t1, ..., ty). There are thus

._1) ''composition-vectors" (Ty, ..., T,) and we may, with-
out flear of confusion, talk either of the r-composition (t}, ..., tg
or the associated vector (Ty, ..., Ty).

If the composition (t}, ..., ty) dOminates(t'l, ey t‘r) we
shall find it convenient to say that the corresponding vector .
(Ty, ..., T,) dominates the corresponding vector '(T'l, e ’.Tr) .
In the event that of two vectors, (Ty, ..., Ty), (Ty, ..., Ty),
neither is dominated by the other, we shall say that they are
incomparable.

It can be proved by mathematical induction that the number
of r-compositions of n which are dominated by a particular r-
composition, whose vector is (T, ..., Ty), is given by Dr-11in
the following formula:

T T Tr.2+2
Dk =( k) Dk_1-<k'%+ka-2 -c-(k % )Dk_:l,-.., ........
1

k-1/ T.+k=-1 _
A+(-1) ( 1 X )DO, where DO =1,
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2. Lattice formed by the r-compositions of n.

Given two vectors, T = (Ty, ..., Ty), T'= (T'l’ R 3
corresponding to the r-compositions of n, (t}, ..., tg),
(t'l, e t'r) respectively, let

1
M;j = max (T;, T;)

l foralli=1, ..., r
Nj = min (Tij, Tj)

(My=Ny = n)

The vectors
M= (M], ..., My)
N = (N1, ..., Ny)

are easily seen to correspond to r-compositions of n, and we can
prove easily that

(i) M dominates both T and T'.

(ii) If V dominates T and if V dominates T', then V domi-
nates M.

Thus M is the l.u.b. of T and T', and similarly N is the
g.l.b. of Tand T,

Let T = (T}, ..., T), T'=(Ty, ..., Ty) and T" =
(T'l', vees T'lf) be the composition-vectors corresponding to any’
three r-compositions of n, Utilising the standard notation of
lattice theory, we can easily prove that

(T UTi)n THS(TOT")U(T'/\T");

for, this is equivalent”to proving that, foralli=1, ..., r,
min [max (T;, T!l), Til = max [min (Ti, T'i'), min (T{, T'i')]

which'is established by considering all possible relations between
Ti, Tj, T'i' such as:

T & Ti < T}

Ti = T{ < T}

Ti < Ti =T} etc.
We see that:
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THEOREM 1. The r-compositions of an integer n form a
distributive lattice. (1 & r< n)

3. An anti-isomorphism and an application.

Let T =(Ty, ..., Ty) be the vector corresponding to an
r-composition of n. Deleting the integers T), ..., Tr-] from
the set of positive integers (1, ..., n) in their natural order,
we have a set of (n-r+1) integers which corresponds to the
(n-r+1) - composition vector T' = (T{, ..., Tu_rs1 = n). Itis
clear that, if we start with the (n-r+1)-composition vector

(T1 y e Tn-r+l' n) and follow the above procedure, we
arrive at'the r-composition vector T = (T], ..., T4).

We have thus defined a one-to-one correspondence between
the r-compositions and the (n-r+1)-compositions of n.

Let us consider the vectors T(1) = (Tl(l) (l) ) and
T(2) = (P(2) , ..., TJA2)) associated with two dlstmct r-compo-
sitions of n, and the correspondmg (n-r+1)-composition vectors
' a1y (0 L A1) ana T(2) = (T2), L., Tn_r_,_l)
It is obvious that T(2)' dominates, is dominated by or is incom-
parable with T(1)! according as T(l) dominates, is dominated by
or is incomparable with T(2), and hence:

THEOREM 2. The one-to-one correspondence between
the r-compositions of n and the (n-r+1)-compositions of n is an
anti-isomorphism,

Let a(n) and b(n) be the set of all compositions of n with
elements & 2 and 2 2 respectively,

If an r-composition of n involves the integers 1 and 2 only,
the elements of the associated vector, (T, ..., Ty), will be
such that

Ti-Ti.1=lor2, fori=2, ..., r,

and Ty = 1 or 2.

Obviously, the elements of the corresponding (n-r+l)-composi-
tion vector, (Tl s eees Tn r+l), will be such that

T! 'T11 2, fori=2, ..., (n-1),
. 1
while Thorel - Tn-r 2 1
and Ti 7 1.
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To ensure that all elements of our (n-r+1)-composition
are 2 2, we add one to the first and last elements, giving us an
(n-r+l)-composition belonging to b(n+2). Clearly, starting with
an (n-r+1l)-composition of b(n+2) and applying the above proce-
dure in reverse, we obtain an r-composition of a(n). Thus the
anti-isomorphism of theorem 2 yields a one-to-one correspon-
dence between the compositions belonging to a(n) and the compo-
sitions belonging to b{n+2).

A simple procedure for obtaining the composition of
b(n+2) corresponding to the composition of a(n) is due to
L.E, Bush., It can easily be seen that his procedure will give
us the same one-to-one correspondence between the composi-
tions belonging to a{n) and the compositions belonging to b(n+2).
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EDITORIAL NOTE

The correspondence given by L.E. Bush is in his report of
solutions to problems on the Putnam examination. Such a
correspondence was given earlier by K. Bush.

173

https://doi.org/10.4153/CMB-1958-017-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1958-017-3

