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A REGULAR SPACE ON WHICH EVERY REAL-VALUED
FUNCTION WITH A CLOSED GRAPH IS CONSTANT

BY
IVAN BAGGS

ABSTRACT. An example is given of a regular space on which every
real-valued function with a closed graph is constant. It was previously
known that there are regular spaces on which every continuous function
is constant. It is also shown here that there are regular spaces that support
only constant real-valued continuous functions, but support non-constant
real-valued functions with a closed graph.

1. Introduction. Let X and Y be topological spaces. A function f : X — Y has a
closed graph if {(x, f(x))|x € X} is closed in X x Y. It is known that there are regular
spaces on which every real-valued continuous function is constant. The purpose of
this note is to construct a regular space on which every real-valued function with a
closed graph is constant. In addition, it will be shown that there are regular spaces
that support only constant real-valued continuous functions, but support non-constant
real-valued with a closed graph. Throughout, R will be used to denote the real line
with the usual topology.

The first example of a regular space on which every continuous real-valued function
is constant was published by Hewitt in 1946 (see [9]). An example by Novak appeared
in 1948 (see [13]). Since then other examples have appeared. See for example [1],
[5], [8] and [10]. In particular, van Douwen [5] gives a clear and systematic method
for constructing a regular space on which every real-valued continuous function is
constant. In an interesting paper [10] which appeared in 1986, Iliadis and Tzannes
investigate spaces on which every continuous function into a given range space, not
necessarily the real line, is constant or locally constant.

Several papers have appeared on the points of discontinuity of functions with a
closed graph. See for example [2], [4], [6], [11], [12] and [16]. The monograph by
Hamlett and Harrington [5] is an excellent reference source on properties of functions
with a closed graph and it also contains an extensive bibliography. In 1985, Dobos [4]
showed that for a perfectly normal space X, a subset ' C X is closed and of the first
category (in X) if and only if there exists a function f : X — R with a closed graph
such that the points of discontinuity of f coincide with F. The results which follow
are part of an investigation into properties of real-valued function with a closed graph
on spaces which are not perfectly normal. Further results are given in [3].
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2. Preliminaries. We state the following known results for later use.

THEOREM 2.1. Let X be a normal topological space and let f : X — R be a
function with a closed graph. Then there exists a sequence of continuous functions
fu:X—R, n=1,2,3,..., such that | f,(x)| = n and lim, o, fu(x) = f(x) for each
x € X. (See [11] Theorem 6).

LeMMA 2.2. Let f : X — Y be a function with a closed graph. If K C Y is compact,
then f~Y(K) is closed in X. (See [7] page 6).

LemMA 2.3. Let f : X — Z be continuous. If h : Z — Y has a closed graph, then
hof has a closed graph (see [16]).

Let F be the set of all real-valued functions with some property P on a topological
space X.

Norte 2.4. In what follows we will restrict our consideration to those properties P
such that; (i) if 4 is a continuous function and f is any function with property P, then
the composition, f ok, has property P, and (ii) if f has property P on a space X, then
the restriction of f to any subspace of X also has property P.

Examples of classes of functions with a property P on a given space X are, the
set of all continuous functions on X, the set of functions with closed graphs on X (by
Lemma 2.3) and the set of all functions on X of Baire class o, a < Q, where Q is
the first uncountable ordinal.

Following van Douwen, two points a and b in X will be called twins for the family
F of all real-valued functions with property P on X if f(a) = f(b) for all f € F.
Starting with an arbitrary regular space X with twins for the family F of all continuous
real-valued functions on X, van Douwen in [5] gives a nice method for constructing
a regular space on which every real-valued continuous function is constant. We now
sketch van Douwen’s method to show, how, starting with a regular space X with twins
for the family ¥ of all real-valued functions with property P on X, one can construct
a regular space Y on which every real valued function with property P is constant.

vAN Douwen’s ConsTRUCTION. Let X be a regular space and a, b € X be twins for
the set of all real-valued functions ¥ with property P on X. Let I be an index set
with the same cardinality as X. For every s € I, let X; be an homeomorphic copy of
X. Let Z be the disjoint union of {X;|s € I}. V is open (closed) in Z if and only
if V.M X; is open (closed) in X; for each s € I. Let a; and b; denote the twins of
X;. Put A = {as|s € I} and B = {by|s € I}. Let g : A — Z\ {AUB} be a one-
to-one onto function. Let Y be the decomposition of Z consisting of {B} and the pairs
{as,g(as)} for s € I. Y may be considered as the quotient space resulting from this
decomposition where g : Z — Y is the decomposition map.

Let f be any real-valued function on Y with property P. f o q is a function from
Z into R. Since q is continuous, f o g has property P on Z by (i) of Note 2.4. By (ii)
of Note 2.4, the restriction of f o g to X; has property P for each s € I. Therefore,
as, by € X; are twins of f o g for each s € I. f oq is constant on B and on each pair

https://doi.org/10.4153/CMB-1989-060-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1989-060-3

1989] A REGULAR SPACE 419

{as, g(as)} € Z for s € 1. Therefore f o q is constant on Z. That is, f is constant on
Y.

It was shown by van Douwen [5] that Y is regular (that is, T3 and T;). Therefore
Y has the required properties.

3. Functions with a closed graph on ordinal spaces. The method we will use to
construct a regular space Y on which every real-valued function with a closed graph
is constant will be to first find a regular space X with twins for the set of all real
valued functions with a closed graph on X. We will then construct the regular space Y
by the condensation of twins as in Section 2. It is not difficult to see that the regular
spaces, such as those given in [9] [14, page 109] and [17, page 134], which have
twins for the set of continuous real valued functions, do not have twins for the set of
real-valued functions with a closed graph. In this section we will begin the process of
constructing a regular space X with twins for every real-valued function with a closed
graph on X.

Let Q denote the first uncountable ordinal and let O = [0, Q] denote the set of
all ordinals less than or equal to the first uncountable ordinal with the order topology.
Let Oy = [0, Q).

Lemma 3.1. If f : Oy — R is a function with a closed graph, then there exists
Xo € Oy such that f is constant on C = {8 € G| > xo0}.

Proor. Since f has a closed graph and Oy is normal, by Theorem 2.1, there exists
a sequence of continuous real-valued functions f,, n =1, 2, 3,..., on Oy such that
lim, oo frn(x) = f(x) for each x € Oy. For each integer n, there is an x, € Oy such
that f, is constant on {8 € Oy|8 > x,}. Let xp = supx,. Then f is constant on

C = {8 € O|B > xo}.

CoRrOLLARY 3.2. Let O = [0,Q]. If f : O — R is a function with a closed graph,
then there exists xo € O, xo < €, such that f is constant on {3 € O|8 > xo}.

ReMARk 3.3. Let {x,jn = 1, 2,...} and {y,Jn = 1, 2,...} be two sequences in
O =[0,Q). If x, =y, = xp4 for n =1, 2,..., then both sequences converge to
the same point in Oy.

LEmMA 3.3. Let T = [0,Q] X [0,Q] and let S =T — (Q,Q).If f:S —-Risa
function with a closed graph, then f can be extended to a function g : T — R such
that the graph of g is closed, g is continuous at (2, Q) and g(x) = f(x) forallx € S.

PrOOF. Let {(Xq,Ya)}aep be a net of distinct points in S such that x, — Q and
Yo — 2. We will show that there exists a constant ¢ € R such that f((x,ya)) — c.
Consider the following cases.

CASE 1. xo = yq for all @ € D. Since {(x,x) € S|x < Q} is homeomorphic to
[0,Q) and since f restricted to {(x,x) € S|x < Q} has a closed graph, there exists,
by Lemma 3.1, an element xo € [0,Q) such that if C = {(x,x) € S|x < x < Q},
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then f is identically equal to a constant, ¢, on C. Therefore, if xo = yq for all @ € D
and if x, — Q and y, — Q, then f(x4,ys) — C.

CasE 2. Let x, < yo < Q, for every @ € D, and for every § € [0,Q) let there
be an at most countable subset Kg of D such that x, = 3 for each o € K. Without
loss of generality we may assume that xo < x, for all @ € D, where f is identically
equal to ¢ on {(x,x) € S|xg < x < Q}. Suppose { f(Xa;Ya)}aep does not converge
to c. Then there exists a subnet P of {(xq, ya)}acp and a closed interval J; C R such
that ¢ € intJ, and f(P) NJ; = 0. Further, P is uncountable since no sequence in
[0, 2] converges to Q. Also, for some closed and bounded interval J, C J{, there
is an uncountable subset B C P C {(xa,Ya)|a € D} such that f(B) C J,. [Write
J{ as a countable union of disjoint bounded intervals /,, n = 1, 2, 3,..., and let
By = {(Xa,Ya) € P| f(XasYa) € I}. Since P = |J B, and P is uncountable, B, must be
uncountable for some #n]. Since B is uncountable and since, for each 3 € [0, ), there
is an at most countable subset of K of D such that (x4, yo) = (B3, yq) for each a € K,
it follows that if B = {(xy, yy)|Y € D1}, then xy — Q and yy — Q. Select a sequence
{Gy,, yv,)}2, from B as follows: Let (xy,, yy,) be any element of B. For each integer
n 2 1, when (xy,,yy,) € B has been selected, select (xy,,,,yv,,) Where xy_, is the
smallest ordinal such that (xy,,,yy,,,) € B for some y,,,, and xy, <y, = xy,,,. Then,
by Remark 3.3, {(xy,,y7,)}%2; — (x,x), where xo < x. Also { f(xy,,yy,} CJ,, while
f(x,x) = ¢ € J,. J, is compact and (x,x) is a limit point of f~!(J5), which is not
in f~1(J,). Therefore f~!(J;) is not closed. By Lemma 2.2, this would contradict the
fact that the graph of f is closed. Therefore { f(xq,ya)}acp converges to c.

Cask 3. Let x4 < yo = Q for all « € D. Since {(3,Q)|3 < Q} is homeomorphic
too [0, Q) by Lemma 3.1, there exists x; € [0,Q) such that if A = {(3,Q|x; £ 8 <
Q}, then f restricted to {(3,Q)|3 < Q} is equal to a constant, c¢;, on A. Without loss
of generality we may assume xo = x; and x; = x, for all @« € D. Also, for each
B, where x; = 3 < Q, f is identically equal to a constant, ¢z, on some tail, Ag, of
{8, M|y = Q}. Since AgNA = (8, Q), and since f(3,Q) = ¢y, it follows that c¢5 = ¢y,
for each 3 2 x. For each 3 € [x;,Q), select (x5, y3) € Ag such that x5 < yg < Q. It
follows that f(xg,yg) = ci, for each 3 and that {(xg, y3)}s=., is a net in S such that
xg — £, and yg — Q. Now, by case 2, we see that f(xg,ys) = c, for all 3. Therefore
c1 = ¢, and in this case f(xy,yq) = ¢ for all a € D.

Cask 4. If {(Xa,Ya)}aep is any net in S such that x4 < yo S Q, x4 — Q and
Ya — Q, then {(xa,Ya)}acp can be broken into at most three disjoint nets each of
which would satisfy the conditions of either Case 1, 2 or 3 and the image of each net
under f would therefore converge to c.

Cast 5. If {(xa,ya)|a € D} is any net in S such that y, = x, = €, then since
{(x,y) € S|x =y = Q} is homeomorphic to {(x,y) € S|y = x = Q}, it follows, as
above, that { f(xXa,Ya)}aep converges to c.

Put g(x) = f(x) if x € S and put g((L2,€2)) = ¢, where f is identically equal to ¢
on C = {(x,x) € S|xg < x < Q}. g(x) has the required properties.
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4. The space Y. First we will construct a regular space X with two points a, b € X
such that @ and b are twins for every real valued function on X with a closed graph. X
will be a modification of the example in [17, problem 186] which is based on Hewitt’s
example [9].

ExampLE4.1. Let T = [0, Q]x[0,Q] and let S = T—(£2, Q). Let Z denote the set of
positive and negative integers and form the product S X Z. Form the quotient space K
by identifying points in S X Z as follows: if n is odd, identify the corresponding points
in the right edges of S x {n} and S X {n+1} and if n is even identify the corresponding
points in the top edges of S X {n} and S x {n+ 1}. Add to K two points a and b at
‘infinity’ and put X = K U{a, b}. The image of S, = S x {n} in X is homeomorphic
to S for each n. Let Uy(a) = {a} U U,,,Sn and U,(b) = {b} U o, S—m be
neighbourhoods of a and b, respectively, for n = 1, 2, 3,.... It follows as in [14]
and [17] that X is a regular space which is not completely regular.

Let f : X — R be any function with a closed graph. Show f(a) = f(b). It follows
from Lemma 3.1, Lemma 3.3 and the construction of X, that for every positive integer
n, f is identically equal to some constant ¢, on both the right edge and top edge of
S», except for at most a countable number of points. Now select a,, a member of the
top edge of S,, for each positive integer n, such that f(a,) = c¢. Then @, — a. If
a & f~1(c), then f~1(c) is not closed in X. This, by Lemma 2.2, contradicts the fact
that the graph of f is closed. Therefore f(a) = c. Similarly f(b) = c and f(a) = f(b).

ExampLE 4.2. We now show there exists a regular space Y on which every real-
valued function with a closed graph is constant. It follows from Lemma 2.3 that if
h:Z —Y is a function with a closed graph, then condition (i) of Note 2.4 is satisfied
for any continuous function f : X — Z. It is easily seem that a function with a
closed graph also satisfies condition (ii) of Note 2.4. Now let F be the family of all
real-valued function on the space X of Example 4.1 with the property that, for each
f € F, f has a closed graph. Then, by van Douwen’s Construction as in Section
2, we can construct a space Y, starting with X, such that every real-valued function
f 1Y — R with a closed graph is constant.

ExampLE 4.3. Let X, a and b be as in Example 4.1. We will show there exists a
function f : X — R of Baire class I such that f(a) # f(b). Define f : X — R by
f@=-1, fb)=1and f(x) =0, if x € X and x # a, x # b. Let F be a closed
set in R, clearly f~!(F) is a G5 subset of X and f is of Baire class I.

5. In this section a regular space Y will be constructed with the property that Y
supports only constant real-valued continuous functions, but it will be shown that Y
supports non-constant real-valued functions with a closed graph. Y will be constructed
using the method of van Douwen from Section 2 and will be based on an example
of a regular space X, which is not completely regular, by Thomas [15]. An outline of
Thomas’ example follows. See [15] for further details and a geometric interpretation.

ExampLe 5.1. (Thomas). If n = 0, +1, +2, £3,..., put L(2n) = {(2n,y) €
RI0OSy<1/2}.1fn=0, +1, +2, +3,...,and k =2, 34,..., put p@n—1,k) =
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@n—1,1—1/k) € R? and put T@n— 1,k) = {@n— 1+ 6,1 —t—1/k) € Rt €
(0,1 — 1/k1}. Let a, b be two points ‘at infinity’. Put

+00 (o] o0
X = { U L(2n)} u{ U Ul{ren-1, bup@en—1, b} ) u{a, b}
n=-—00 n=—00 k=2

Topologize X as follows. If x € T(2n — 1, k) for n = 0, £1, £2, £3,..., and
k=2, 3,..., then x is open. If x = p(2n — 1, k), then every neighbourhood of x
contains all but finitely many points of T(2n — 1, k). If x = (2n, y) € L(2n), then a
neighbourhood of x consists of all but finitely many of the points of X with the same
y-coordinate and with x-coordinate that differs from n by less than 1. If x = a and
¢ is a real number, then a subset of X which consists of all points with y-coordinate
> ¢ is an open set containing a. If x = b and c is a real number, then a subset of X
which consists of all points with y-coordinate < ¢ is an open set containing b. It was
shown in [15] that X is regular and if f : X — R is continuous, then f(a) = f(b).

ExampLE 5.2. We now will give an example of a regular space ¥ on which every
continuous function g : Y — R is constant and an example of a non-constant function
f 'Y — R with a closed graph. Let X be the space of Example 5.1. a, b € X are twins
for every real-valued continuous function on X. Starting with this space, construct a
regular space Y, as in Section 2, on which every continuous real-valued function is
constant. In this construction, we may consider X; for each s € I, as

X, = { U Len, s)}U{ U U{r@n—1, k, sup@n—1, k, 5} }U{ay, b}.

n=-—00 n=—00 k=2

For each s € I, we may consider X; as consisting of the countable family of lines
L(2n, s), for n = 0,%1,12,..., together with the countable family of lines {7'(2n —
1, k, s)Up(2n—1, k, s)}, for n = 0,+1,4+2,4+3,..., k =2, 3,..., and the points
a; and by. Let sg € I be fixed. Define a function 4 : X;, — R such that 4 is a one-to-
one correspondence between the positive integers and the countable family of lines
whose union, together with a;, and by, equals X,. Recall, Z is the disjoint union of
{X;|s € I'}. Define f : Z — R as follows; for each fixed n, define f on L(2n, s) such
that f(L(2n, s)) = h(L(2n, sg)) for each s € I; for each fixed n and k, define f on
{T(2n—1, k, s)Up(2n—1, k, s)} such that f{T(2n—1, k, s) Up(2n—1, k, 5)}) =
h({T(2n—1, k, s0) Up(2n—1, k, so)}), for each s € I; put f(bs) = 0 for each s € I;
and for each s € I, put f(a,) = f(g(ay)), where g is the one-to-one function from A
onto Z \ {AUB} defined in Section 2. Since f(B) = 0 and f(as) = f(g(as)) for every
{as, g(as)} in the decomposition space Y, f may be considered as a mapping from
Y into R. It will follow from the next three lemmas that the graph of f is closed.
Note that an open subset V of Z is said to be saturated relative to the decomposition
space Y of Z if and only if V can be written as the union of elements of Y. That is,
if and only if g(V) is open in Y, where ¢ : Z — Y is the decomposition mapping.
The space Y in the next three lemmas will be the space constructed in Example 5.2.
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LemMA 5.3. Let J be a subset of the index set I (used in the construction of Y) and
let {aq, §(aa)}acs be a net in'Y such that {g(aq)}acs C {TQ2no—1, ko, s) UpQR2ng—
1, ko, )} for ng and ko fixed and s € 1. If {aq, 8(as)}acs — x, then x = {ag, g(ap)},
where g(ag) € {T(2ny — 1, ko, s) U p(2ng — 1, ko, s)} for s € 1.

ProoF. Let ny and ko be fixed. Suppose x # {ag,g(ag)} for g(ag) € {T(2ny —
1, ko, 8) U p(2ng — 1, ko, s)} and s € 1. There are then two cases to be considered:
(i) x = {ag, g(ap)}, where g(ag) & {T(2ny—1, ko, s) UpQ2no—1, ko, s)} fors € I;
(i) x = {B}.

Case 1. Let x = {ag,g(ag)}, where g(ag) & {T(2ny — 1, ko, s) U p(2ny —
1, k, s)} for s € I. In this case, we will construct an open set U C Y such that
{ag,g(ap)} € U but {aqs,g(as)} ¢ U for all « € J. g(ag) € X;, for some fixed
iop € 1. There is an open set in Z, U(g(ap)), such that g(ag) € U(g(ag)) C X;, and
U@g) N {TQny—1, ky, s) UpQRny—1, ko,s)} = ¢ for all s € /. Similarly,
there is an open set U(ag) in Z such that ag € U(ag) C Xp, where ag € X3, and
U(ag) N{TQ2no — 1, ko, s) U pQ2ny—1, ko, s)} = @ for all s € I. Now for each
s €1, s# (3, select an open set Ay, containing ag, such that A; C X; and g(a,) & A
for all a € J. This is possible since for each s € I, A; can be selected as a subset
of {T(2ny + 1, ko, s) U pQ2ng — 1, ko, 5)}. Put Vi = U(g(ag)) U U(ag). Put
Vst = Vo U [{Aslg(ay) € Vi}], forn =1, 2, 3, 4,.... Put V = |J, V,. It follows
from the choice of A; and V,, n = 1, 2,..., that V is a saturated open set in Z.
Clearly ag and g(ag) are both members of V. Put U = q(V'), where ¢ is the natural
quotient map from Z onto Y. Then U is an open set in ¥ which contains {ag, g(as)}
and it does not contain {aq, g(a,)} for each a € J. Therefore x # {ag, g(ag)}, when
g(ag) € {T2ny — 1, ko, s) U p(2ng — 1, ko, s)} for s € 1.

Casg (ii). Suppose x = {B}. It can be shown in a way similar to (i) that
{aq, §(as)}acs does not converge to x.

The only remaining possibility is that x = {ag, g(ag)}, where g(ag) € {T(2ny —
1, ko, s) U pQno— 1, ko, s)} for s € 1.

LEMMA 2. Let {aq, g(aa)}acs be a net in Y such that {g(aq)}acs C {L22no, $)}
where ng is fixed and s € I. If {aq, g(as)} — x, then x = {ag, g(ag)} for some 3 € I
and g(ag) € {L(2ngy, $)}ser.

Proor. Similar to Lemma 1 and is omitted.

LemMA 3. If f : Y — R is the function constructed in Example 5.2, then the graph
of f is closed.

PrOOF. Let {(xa, f(xa))}aes be any net in the graph of f such that (xy, f(xs)) —
(x, y) € Y xR. We must show that y = f(x). Since x, — x and f(x,) — y, it follows
from the definition of f that y = m, where m is a positive integer or zero, and, that
f(xq) is identically equal to m for all @ = a(m). If m = 0, and x, € Y such that
f(xa) = 0, then xo = B. Hence f(x,) = f(B) = f(x) =0 =y for all @ 2 a(m).
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If m# 0, then {x4}acs = {da,8(@a)}acs Cf'(m) for all @ 2 a(m). In this case
put T,, = {g(a;) € Z — (AUB) | f(as,g(as)) = m}. Then for each m, there exists
integers ng and ko such that either T,, = {T(2no — 1, ko, s)U p(2ny — 1, ko, s)} or
T,, = {L(2ny, s)} where s ranges over I. In either case it follows that {g(as)} € Ty,
for « € J and a 2 a(m). Since {aq, g(as)} — x, it follows from Lemmas 1 and 2
that x = {ag, g(ag)} where g(ag) € T),. Therefore f(x) = m =y and the graph of f
is closed.

ReMARK. If the regular space Y constructed in Example 5.2 had been based on the
regular spaces given in [14, page 109] and [17, problem 18G] which have twins, then
it can be shown in a similar way that there exists a real valued function on Y which
has a closed graph whose range is the set of non-negative integers.
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