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Abstract

Given a family of pairs over a smooth curve whose general fiber is a log Calabi—Yau pair in a fixed bounded family,
suppose there exists a divisor on the family whose restriction on a general fiber is ample with bounded volume.
‘We show that if the total space of the family has relatively trivial log canonical divisor and the special fiber has slc
singularities, then every irreducible component of the special fiber is birationally bounded.
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Throughout this paper, we work over the complex number field C.

1. Introduction

A family of projective pairs of dimension d over a smooth curve (possibly non-proper) is an object
f:(X,A) > C,

consisting of a morphism of schemes f : X — C and an effective Q-divisor A satisfying the following
properties,

o f is projective, flat, of finite type, of relative dimension d, with reduced fibers,
o every irreducible component D; C Supp(A) dominates C, and all fibers of Supp(D) have pure
dimension d — 1, and
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2 J. Jiao

o f is smooth at generic points of Xy N Supp(D) for every s € C, where X; := f~!(s) denotes the fiber
OVver s.

Usually, fibers of a family of projective pairs behave wildly. [13, 1.43] gives several examples of
families of projective surfaces whose special fibers are canonically polarized and general fibers are even
not of general type. [13] also shows that such jumps of Kodaira dimension happen when the canonical
class of the total space is not Q-Cartier. Thus, it is natural to consider the case when Kx + A is Q-Cartier.
And in this case, Kx, + Ay = (Kx + A)|x, is also Q-Cartier for all closed point s € C according to the
adjunction formula.

In general, a family of projective pairs f : (X,A) — C over a smooth curve such that Kx + A is
Q-Cartier and (X,, Ay) is an slc pair for every closed point s € C is called locally stable. The notion of
locally stable morphisms has been verified to be a very important definition in the moduli of varieties
and satisfies many nice properties — for example, the plurigenera are constant; see [13, Theorem 5.11]
(see Definition 2.1 for the definition of slc pairs).

For a family of projective pairs f : (X,A) — C which is locally stable over 0 € C, we call (Xo, Ao)
an slc degeneration of {(Xs,As),s # 0}. In this paper, we study the birational boundedness of slc
degenerations of polarized log Calabi—Yau fibrations. The boundedness of polarized log Calabi—Yau
pairs is studied in [6]. The first result shows that for a family of projective pairs over a curve, suppose the
log canonical divisor of the total space is relatively trivial, general fibers are in a fixed bounded family
of polarized log Calabi—Yau pairs and the special fiber is an slc degeneration. Then every irreducible
component of the slc degeneration is bounded up to birationally equivalence (see Definition 2.4 for the
definition of boundedness).

Theorem 1.1. Fix a natural number d and positive rational numbers c,v. Let X be a quasi-projective
normal variety, f : (X,A) — C a family of projective pairs of dimension d over a smooth curve C and
0 € C a closed point. Suppose

o Kx +A ~Q,C 0,

o (Xo,Ao) is an slc pair, and

o there is a divisor N on X such that a general fiber (Xg,Ag), Ng is a (d, ¢, v)-polarized log Calabi-Yau
pair (see Definition 4.1).

Then every irreducible component of Xy is birationally bounded.

Note Kx +A ~g,c 0implies Kx +A is Q-Cartier. Because the discrepancy is a lower semi-continuous
function (see [12, Corollary 4.10]), then (Xp, Ag) is an slc pair implies (X5, A;) is an slc pair for every s
in an open neighborhood of 0, and it means (X, A) — C is locally stable over an open neighborhood of 0.

Fano varieties naturally have polarized log Calabi—Yau structures. The following corollary is an
application of Theorem 1.1 to families of log Fano pairs.

Corollary 1.2. Fix a natural number d and positive rational numbers c, €. Let X be a normal quasi-
projective variety, f : (X,A) — C a family of projective pairs of dimension d over a smooth curve C
and 0 € C a closed point. Suppose

—(Kx + A) is ample over C,

(Xo, Ao) is an slc pair,

a general fiber (Xg,Ag) is €-lc, and
coeff(A) C cN.

O O O O

Then every irreducible component of Xy is birationally bounded.

Note that in Theorem 1.1, we only assume the existence of polarization on general fibers, the slc
degeneration has no assumption on positivity, and hence, it does not have a polarized log Calabi—Yau
pair structure. Example 2.5 shows that boundedness up to birational equivalence is the best result one
can hope for. Example 2.6 shows that the number of irreducible components of the slc degeneration
cannot be bounded either.
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After the paper has been completed, Birkar informed the author that he and Santai Qu [8] obtained
Theorem 1.1 and Corollary 1.2 independently.

Sketch of the proof of Theorem 1.1. The main tools used in this paper are the moduli space of
polarized log Calabi—Yau pairs [6] and the weak semistable reduction [1]; see also [2]. With the same
notation as in Theorem 1.1, because a general fiber (X,,Ag), Ng is a (d, c, v)-polarized log Calabi—
Yau pair, there exists a moduli map C \ 0 — &, where S is the moduli space of (d, ¢, v)-polarized
log Calabi—Yau pairs. Because S is proper, the moduli map extends to a morphism C — S, and after
a finite cover, it will define a new fibration (X', A’), N’ — C whose fibers are (d, c, v)-polarized log
Calabi-Yau pairs. In particular, (Xj, A() is log bounded. Because (X,A) — C and (X’,A") — C are
both log Calabi—Yau fibrations over C with the same generic fiber, then they are crepant birationally
equivalent over C. Therefore, any irreducible component of Xj is an Ic place of (X’, A’). Note that an Ic
center of (X', A’) contained in X is also an Ic center of (X, A() by adjunction which is in a bounded
family. The main difficulty is to use the boundedness of Ic centers to prove the birational boundedness
of Ic places since the contraction from an exceptional divisor to its image can not be controlled. We
use weak semistable reduction to make singularities toric, and for toric cases, such contraction is well
understood according to [10].

2. Preliminary
2.1. Notations and basic definition

We will use the same notation as in [15] and [17].

A sub-log pair (X,A) consists of a normal quasi-projective variety X and a Q-divisor A such
that Kx + A is Q-Cartier. We call (X,A) a log pair if in addition, A is effective. If g : ¥ — X is
a birational morphism and E is a divisor on Y, the discrepancy a(E, X,A) is —coeffg(Ay), where
Ky + Ay = g"(Kx + A). A sub-log pair (X,A) is called sub-kit (respectively sub-Ic) if for every
birational morphism ¥ — X as above, a(E, X,A) > —1 (respectively > —1) for every divisor E on Y.
A log pair (X, A) is called kit (respectively Ic) if (X, A) is sub-klt (respectively sub-Ic) and (X, A) is a
log pair.

Let (Y,Ay), (X,A) be two sub-log pairs and /& : Y — X a projective birational morphism. We say
(Y,Ay) — (X,A) is a crepant birational morphism if Ky + Ay ~g h*(Kx + A), two sub-log pairs
(X;,Ay),i = 1,2 are crepant birationally equivalent if there is a sub-log pair (Y, Ay) and two crepant
birational morphisms (Y, Ay) — (X;,A;),i =1,2.

Let (X, A) be a sub-log pair. We say a divisor P over X is a log place of (X, A) if the discrepancy
a(P,X,A) < 0. A closed subvariety W C X is called a log center of (X, A) if W is the image of a log
place of (X, A) on X. In particular, a log place P of a sub-log pair (X, A) such that a(P, X,A) < —1is
called a nklt place, respectively, a nkit center is the image of a nklt place. When (X, A) is sub-Ic, a nklt
place (respectively, a nklt place) is also called an Ic place (respectively, an Ic center).

A contraction is a projective morphism f : X — Z of quasi-projective varieties with f,Ox = Oz.
If X is normal, then so is Z, and the fibers of f are connected. A fibration is a contraction f : X — Z of
normal quasi-projective varieties with dimX > dimZ.

For a scheme X, a stratification of X is a disjoint union [[; X; of finitely many locally closed
subschemes X; < X such that the corresponding morphism [[; X; — X is both monomorphism and
surjective.

Definition 2.1. A semi-pair (X, A) consists of a reduced quasi-projective scheme of pure dimension
and a Q-divisor A > 0 on X satisfying the following conditions:

o X is S, with nodal codimension one singularities,
o no component of Supp(A) is contained in the singular locus of X, and
o Kx + A is Q-Cartier.
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We say that (X, A) is semi-log canonical (slc) if, in addition, we have

o if 7 : X¥ — X is the normalization of X and A” is the sum of the birational transform of A and the
conductor divisor of 7, then every irreducible component of (X", AY) is lc. We call (X”,A") the
normalization of (X, A).

For an slc pair (X,A) with normalization (X”,A"”), we say a divisor P over X is a log place
(respectively, an lc place) of (X,A) if P is a log place (respectively, an Ic place) of an irreducible
component of (X”,A"), and the image of P on X is called a log center (respectively, an Ic center) of
(X,A).

The following is the definition of locally stable morphisms defined in [13, Chapter 4]. In this paper,
we only work on the case when the base is smooth, and in this case, the definition of locally stable
morphisms is much more simple; see Lemma 2.3.

Definition 2.2. Let S be a reduced scheme and n a natural number. A projective family of pairs of
dimension n over S is an object

f:(X,A) > S,

consisting of a morphism of schemes f : X — § and an effective Q-divisor A satisfying the following
properties:

o f is projective, flat, of finite type, of pure relative dimension n, with geometrically reduced fibers,

o every irreducible component D; C Supp(A) dominates an irreducible component of S, and all
nonempty fibers of Supp(A) — S have pure dimension n— 1. In particular, Supp(A) does not contain
any irreducible component of any fiber of f, and

o the morphism f is smooth at generic points of X; N Supp(D) for every s € S.

We say a projective family of pairs f : (X,A) — S is well-defined if further,

o there exists an open subset U C X such that
— codimension of X \ Uy is > 2 for every s € S, and
— Ay is Q-Cartier.

Let f : (X,A) — S be a well-defined projective family of pairs over a reduced scheme S. We say f
is locally stable if it satisfies the following conditions:

o Kx/s + A is Q-Cartier, and
o (Xs,Ay) is an slc pair for every s € S.

We say f is stable if further,
o Kx/s + A is ample over S.

According to [13, Theorem-Definition 4.3], when § is normal, a family of projective family of pairs
is naturally well-defined.

Lemma 2.3 [13, Corollary 4.55]. Let S be a smooth scheme and f : (X,A) — S a morphism. Then fis
locally stable if and only if the pair (X, A + f*D) is slc for every snc divisor D C S.

Definition 2.4. We say that a set 2 of varieties is bounded (respectively, birationally bounded) if there
is a projective morphism YW — T, where 7 is of finite type, such that for every X € X, there is a closed
point ¢ € T and an isomorphism W, — X (respectively, a birational map W; --» X).

Example 2.5. [11, Corollary 1.2] shows that for any («, 8, y) € N° such that o + 8% +y? = 3a8y, there
exists a morphism X — C over a smooth curve germ 0 € C, such that Kx ~g 7 0, X; is isomorphic
to P2 for ¢+ # 0 and X is isomorphic to the weighted projective space P(a, ,y). Write U := C \ 0
and Xy := X Xc U. Because —Kx,, is very ample over U, let Ay, Ny € | — Kx,,ju| be two general
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elements. Then a general fiber of (Xy7, Ay), Ny — Uisa (2, 1,9)-polarized log Calabi—Yau pair. Since
the function a? + 82 + y? = 3aBy has infinitely many positive integer solutions, the special fiber is not
bounded, while they are all birationally equivalent to P2.

Example 2.6. Let f : (X,A) — C be a family of pairs over a smooth curve satisfying the assumptions
in Theorem 1.1. Suppose X, has more than two irreducible components. Note that every irreducible
component of X is an Ic center of (X, A + Xp). Then (X, A + Xy) has infinitely many Ic places over 0.

Fix a positive integer m > 0. Suppose (Y, Ay) — (X, A + Xp) is a crepant birational morphism that
only extracts at least m Ic places of (X, A + Xj) over c. Denote the morphism ¥ — C by fy. Then Ay
is equal to the strict transform of A plus red(f;0). Suppose [ is the least common multiple of the set
of coefficients of f;0. Let 7 : C’ — C be a ramified cover whose ramified index along 0’ is /, where
0’ is a closed point of 771(0). Let Y’ be the normalization of ¥ x¢ C’. Then by [13, Lemma 2.53],
fy: 1 Y’ — C’ has reduced fibers.

Denote the morphism ¥* — Y by 7y. By the Hurwitz’s formula, there is a Q-divisor A}, on Y’ such
that Ky: + A}, ~q 7y (Ky + Ay). Because Ay 2> red(f;0), by [12, 2.42], A}, > red(f;,0') = f7,0".
Then by the definition, (Y’, A}, — f;,0") — C’ is a locally stable morphism satisfying the assumptions
in Theorem 1.1, and YO’ has at least m irreducible components.

3. Almost semistable reduction and toroidal embedding
3.1. Toric varieties

Let N',N = Z" be lattices, X', X be fans in N’, N respectively. A map between fans, in notation
Y X — X, is a homomorphism i : N’ — N of lattices that satisfies the condition: For each ¢’ € ¥/,
there exists a o € X such that ¢ (0”) C o. Such ¢ determines a morphism ¢ : Xs» — Xs. A morphism
between toric varieties that arises in this way is called a foric morphism.

Let X/_ be the set of cones in £’ whose interior is mapped to the interior of o € Z. Pick o’ € 2.
The image (N’/N_,) in N/N is independent of the choice of o’ in X/,. We define the index
[N/Ng 1 ¢(N’/NZ.)] to be the index of y over O, and denote it by Ind (o).

Let 7/ € 2, and {o,0,,...} be the set of cones in X/, that contains 7" as a face. Then each o/
determines a cone o7 in Y~ ((No)r)/ (N2, )r, defined by

o/ = (o] +(N.)=)/ (N2 )w.

Note that o/ + (N_,)g is contained in ' (Ng)r since 7/, o/ € ... Thus, {a:l’, 0:2’, ...} defines a fan in
Y ' ((Ng)r) /(N2 )r. The fan in ¢ ™' ((No)r) /(N )r constructed above will be called the relative star
of 7/ over o and will be denoted by Star,(7")

A cone 7’ € X/ is called primitive with respect to y if none of the faces of 7’ are in X/

Let X5 be a toric variety. We call the divisor Dy := X5 \ T the foric boundary of X5, where T is the
big torus.

Theorem 3.1. [10, Proposition 2.1.4] Let y : Xs» — Xs be a toric morphism induced by a map of fans
Y X — X, Then,

o The image y(Xs') of W is a subvariety of Xs. It is realized as the toric variety corresponding to the
fan Zy =T Ny (Ng).

o The fiber of Y over a point y € Xs,, depends only on the orbit O, 0 € Xy, that contains y. Denote
this fiber by F. Then it can be described as follows.

Define X to be the set of cones o’ in ', whose interior is mapped to the interior of o. Let

Ind(c) be the index of §y over O . Then y~'(y) = Fo is a disjoint union of Ind(c) identical copies

of connected reducible toric variety F&., whose irreducible components F ;’ are the toric variety
associated to the relative star Star »(7") of the primitive elements v’ in X/ .

o Foro €2y, (0y) = O o X FS., where O, is a connected covering space of O , of order Ind (o).
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Remark 3.2. Here, the term reducible toric variety means a reducible variety obtained by gluing a
collection of toric varieties along some isomorphic toric orbits.

Theorem 3.3. [10, Remark 2.1.12] If ¢ is surjective, then Ind (o) = 1 for all o € X.

For any toric variety Xy, it is well-known that there is a refinement ¢ : £’ — X, that is, each cone
of T is a union of cones in X/, such that i : Xs» — Xy is a resolution of singularities.

Theorem 3.4. Let iy : Xs» — Xs be the resolution defined by a refinement  : ¥’ — . Suppose Vis a
prime divisor of X/ \ T. Then P is birationally equivalent to " Xy (P), where r = dimV — dimi (P).

Proof. Because ¥ is a toric morphism, every prime divisor of X5/ \ Ty corresponds to a 1-dimension
cone of X’. Fix a cone o € X of dimension > 2, and suppose 0'1’ s 0'2’, ... € X7_are the 1-dimensional
cones that map to the interior of o, which are clearly primitive. Let o/, 0, ... € X[, be other primitive
cones. By Theorem 3.3 and Theorem 3.1, ™' (0, ) = O, x F<, and the irreducible components of F&.
correspond to the cones {o-l’, 0'2’, .t U {0']", 0'2”, ..}

By comparing the dimension of exceptional locus, it is easy to see that the codimension 1 components
of y~1(0,) are equal to O, X F <, where the irreducible components of F¢, are the toric variety
associated to the relative stars {Star (o), Star,(07),...}. Suppose P is the divisor defined by o.

Then P c (0 ) is a codimension 1 component and birational equivalent to O, x F C,, where F?,
1

is the toric variety associated to the relative star Star (o). Because every irreducible torlc variety is
birationally equivalent to P for some r € N, the result follows O

3.2. Toroidal embeddings

Given a normal variety X and an open subset Ux C X, the embedding Ux C X is called toroidal if
for every closed point x € X, there exist a toric variety X, a point s € X, and an isomorphism of
complete local k-algebras

OX,x = OXO—,S7

such that the ideal of X \ Ux maps isomorphically to the ideal of X \ T, where T is the big torus.
Given a normal variety X and a reduced divisor D on X, we call (X, D) a foroidal pair if
Ux := X\ D c D is a toroidal embedding.
In this paper, we will assume that every irreducible component of X \ Uy is normal — thatis, Ux C X
a strict toroidal embedding.

Proposition 3.5 [ 14, Page 195]. Let U C X be a toroidal embedding of varieties and x a closed point of
X. Then there exists an affine toric variety X, and an étale morphism  from an open neighborhood of
x € X to X, such that locally at x (for the Zariski topology), we have U = =\ (T), where T is the big
torus.

A dominant morphism f : (Y, Dy) — (X, D) of toroidal pairs is called toroidal if for every closed
point x € X, there exist local models (X, s) at x, (X, ) at f(x) and a toric morphism g : X, — X,
so that the following diagram commutes:

OX,x OX(,,S

A

@B,f (x) —— @XT,I,

where f* and g* are the algebra homomorphisms induced by f and g.
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Corollary 3.6 [1, Corollary 1.6]. If f : (X,D) — (Y,Dy) and g : (Y,Dy) — (Z, Dz) are toroidal
morphisms, then g o f : (X, D) — (Z, Dy) is a toroidal morphism.

Definition 3.7 [1, Section 8.2]. Let f : (X, D) — (Z, B) be a projective toroidal morphism between
toroidal pairs with connected fibers. We say f is almost semistable if

o the morphism f is equidimensional,

o all the fibers of the morphism f are reduced,
o Z is smooth, and

o X has quotient singularities.

Theorem 3.8 (Almost Semistable Reduction). Let X — Z be a projective morphism between projective
normal varieties and D C X be a divisor. Then there exists a proper, surjective, generically finite
morphism of irreducible varieties b : Z' — Z, a projective birational morphism of irreducible varieties
a: X — (XxzZ)" where (X Xz Z')"™ is the main component of the fiber product X Xz Z', and
divisors B’ ¢ Z’, D’ c X’, such that

o a ' (DxzZ)U f~Y(B) cD’ and
o the morphism ' : (X', D") — (Z’, B’) is almost semistable.

Proof. This is a direct result of [1, Theorem 2.1], [I, Proposition 4.4], [, Proposition 5.1] and
[1, Section 8.2]. ]

Lemma 3.9 [1, Lemma 6.2]. Let f : (X, D) — (Z, B) be an almost semistable morphism, g : C — Z
a morphism such that C is nonsingular and g="(B) is a normal crossing divisor. Define Xc = C xz X
andlet gc : Xc — X, fc : Xc — C be the two projections.

Denote Bc = g~ (B) and D¢ = gEI(D). Then (C,Bc¢) and (Xc,Dc¢) are toroidal pairs, and
fc : (Xc,D¢e) — (C, Be) is an equidimensional toroidal morphism with reduced fibers.

Lemma 3.10. Let X be a projective normal variety, and D a reduced divisor on X such that (X, D) is a
toroidal pair. Suppose A < D is a Q-divisor such that (X, A) is sub-lc.

If Pis an lc place of (X, A), then P is birational equivalent to P" XV, where V is the image of P in X
and r = dimX — dimV — 1.

Proof. Let P be an Ic place of (X, A), and suppose x is a general point of the image of P on X. For the
rest of the proof, we consider Zariski locally near x by replacing X with an open neighborhood of x.

Let X be the affine toric variety defined in Proposition 3.5 and oo C o7 a subdivision such that
ho @ X, — X is aresolution. Because r is étale, X; := X, Xx, X is a log resolution of (X, D). We
have the following diagram:

sl
Xl 3 X(r1

hl |-

X —>Xo

Let D be the strict transform of D on X plus the h-exceptional divisor. Then (X, D) is log smooth,
and h : (X1,D1) — (X, D) is a toroidal morphism. By an easy computation of discrepancies on log
smooth pairs, it is easy to see that P can be obtained by a sequence of blow-ups along strata of (X, D1).
We will show that such morphism is étale locally equal to a toric morphism between toric varieties.

Suppose we have a sequence of blow-ups #4; : X;41 — X;,1 <i < k—1 along a strata V; of (X;, D;),
where D;, is the strict transform of D; plus the h;-exceptional divisor, so that P is a divisor on Xj.
Next, we show that there is a Cartesian diagram
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i
Xj —— Xo-j

| ]

T
Xl Xo'p

where

o the horizontal arrows are étale morphisms,

o o7 is arefinement of o7,

o Xo; = X4 is the corresponding toric morphism, and

o near any closed point of gj‘.lxl, wehave U; :=X;\ D; = nJTITj, where 7} is the big torus of X,

forall 1 <j < k.

Suppose it is true for j = i. Let X,,, — X, be the toric morphism determined by blowing up
X; along the image of V; on X,,. Because blowing up is uniquely determined by local equations and
both X;,1 — X; and X,,, — X, are obtained by blowing up the same subvariety étale locally, then
there is a natural étale morphism 7;.1 : X;+1 — X, such that near any closed point of g;lx, we have
Ui = 7Ti_+11 T;i+1, where T;, is the big torus of X,,,,. Because the composition of X,,, — X, and
Xs, — X, is a toric morphism, the claim is true for j =i + 1.

Now we have the following Cartesian diagram

Tk
Xy —— X0y

fl |

X —— X,

By assumption, P is a divisor on X and 7y, is étale near a general point of P. Then P is equal to the pull-
back of a divisor Po, on X, . Because o, — o is arefinement, by Theorem 3.4, fo-|p,, is birationally
equivalent to a P"-bundle. Because the diagram is Cartesian, f|p is also birationally equivalent to a
P"-bundle. Then P is birationally equivalent to V x P". O

4. Moduli of polarized log Calabi-Yau pairs

In this section, we recall some definitions and results on the moduli of stable pairs and polarized log
Calabi—Yau pairs, see [ 13], [16], [5] and [6]. We fix a natural number d and positive rational numbers c, v.

Definition 4.1. A log Calabi—Yau pair is an slc pair (X, A) such that Kx + A ~¢g 0.
A polarized log Calabi—Yau pair consists of a log Calabi—Yau pair (X,A) and an effective ample
integral divisor N > 0 such that (X, A +uN) is slc for any sufficiently small positive real number u < 1.
A (d, c,v)-polarized log Calabi—Yau pair is a polarized log Calabi—Yau pair (X,A), N such that
dimX = d, A = ¢D for some integral divisor D, and vol(N) = v.

Let f : X — S be a flat morphism of schemes with S, fibers of pure dimension. A closed subscheme
D c X is arelative Mumford divisor over S if there is an open subset U C X such that

codimension of X; \ Uy is > 2 for every s € S,

D]y is a Cartier divisor,

Supp(D|y) does not contain any irreducible component of any fiber Uy,
D is the closure of D]y, and

X — S is smooth at the generic points of Xg N D for every s € S.

O O O O O

Definition 4.2. Let S be a reduced scheme. A (d, ¢, v)-polarized log Calabi—Yau family over S consists
of a projective morphism f : X — S of schemes, a Q-divisor A and an integral divisor N on X such that

https://doi.org/10.1017/fms.2024.149 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.149

Forum of Mathematics, Sigma 9

(X,A +uN) — S is a stable family for some rational number u > 0 with fibers of pure dimension d,
A = c¢D, where D > 0 is a relative Mumford divisor,

N > 0 is a relative Mumford divisor,

KX/S + A ~Q,S 0, and

for any fiber X, of f, vol(N|x,) = v.

O O O O O

Lemma 4.3. There exist a positive rational number t and a natural number r both depending only
on d,c,v such that rc,rt € N satisfying the following. Assume (X,A), N is a (d,c,v)-polarized log
Calabi-Yau pair. Then

o (X,A +tN) is an slc pair,
o A +tN uniquely determines A, N and
o r(Kx + A +tN) is very ample with

h (mr(Kx +A +tN)) =0

form,j > 0.
Proof. This is Lemma 7.7 in the first arXiv version of [6]. m]
The following definition comes from Chapter 7 in the first arXiv version of [6].

Definition 4.4. Let #,7 be as in Lemma 4.3. To simplify notation, let ® = (d,c,v,t,r). A strongly
embedded ®-polarized log Calabi—Yau family over a reduced scheme S is a (d, ¢, v)-polarized log
Calabi-Yau family f : (X,A), N — S together with a closed embedding g : X — P such that

n=h(r(Kx, + Ag +tNy)) for a closed point s € S,

(X,A +tN) — S is a stable family,

f = ng, where rr denotes the projection Pg — §,

letting £ := g*Opg (1), we have RY f. L = Rqﬂ'*O]pg (1) for all g, and
for every s € S, we have

O O O O O

Ls = Ox, (r(Kx, + As +tNy)).

We denote the family by f : (X c P, A),N — S.
Define the functor £5PCYg on the category of reduced schemes by setting

E*PCYe(S) = {strongly embedded ®-polarized log Calabi—Yau families over S}.

Proposition 4.5. The functor E5PCYq is represented by a reduced separated scheme S := E*PCYg
together with a universal family (X c P, D),N — S.

Proof. This is Proposition 7.8 in the first arXiv version of [6]. ]

5. Boundedness of log places
The main result in this section is the following.

Theorem 5.1. Fix a natural number d and positive rational numbers c,v. Then there exist a natural
number | and a bounded family of projective varieties VW — T both depending only on d, ¢, v, such that:

Suppose X is a normal quasi-projective variety, (X, A) is an lc pair, and f : X — C is a projective
morphism of relative dimension d over a smooth curve C (possibly non-proper), such that

o Kx +A ~g,c 0, and
o there is a divisor N on X such that a general fiber (X4, Ag), Ng isa (d, c,v)-polarized log Calabi—Yau
pair.
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Let O € C be a closed point and P an Ic place of (X, A +1ct(X, A; f*0) f*0). Then there is a closed
point t € T and a rational map W; --> P which is a finite cover over the generic point of P with degree
less or equal to min{l/, multp f*0}.

Lemma 5.2. Let (X,D’) — S be a locally stable morphism over a smooth variety S, and D be a
Q-divisor such that D < D’ and K~ + D is Q-Cartier. Then the set

{V | Vis a log center of (X, D;) for some closed point s € S}
is bounded.

Proof. After passing to a stratification of S, we may assume that (X,D) — S has a fiberwise log
resolution ¢ : Y — X and S is smooth. Define Dy, by Ky + Dy ~q é"(Kx + D). Then we have

Ky, + Dy, ~g " (Kx, + D)

for any closed point s € S. It is easy to see that every log center of (X, D) is dominated by a log center
of (ys» D)/s)-

By the construction, (), Supp(Dy)) is log smooth over S, and we denote its strata by V;,i € I. Then
V; — & is smooth for all i € I. Because (), Supp(Dy,)) is log smooth for all s € S, then any log
center of (), Dy, ) is Vi|y, for some i € I. Then any log center of (Xy, Dy) is isomorphic to £(V;)|x,
for some i € I, and the set of families £(V;) — S,i € I parametrizes all log center of (X, D;). The
result follows. O

Lemma 5.3. Let f : X — T be a flat morphism from a normal variety to a smooth curve T. Let
.S — T be a ramified cover and Y — X Xt S the normalization of the main component, and denote
the projectionY — S by fy.

Fix a closed point t € T, and let s € n~'t be a closed point. Suppose P is an irreducible component
of f*t and Q is an irreducible component of the preimage of P in Y such that fy(Q) = s. Denote the
ramified index of © along s by rs, the multiplicity of f*t along P by mp. Then the degree of the finite
morphism ng : Q — P is less or equal to min{rg,mp}.

Proof. By assumption, we have the following diagram:

o
e

M<—T

y
-

N

CA%’%<—)(Q
p
<

_
T

Denote the ramified index of 7y along the generic point of Q by rg and multg f7's by mg.
Next, we calculate the multiplicity of 7y, f*¢ along Q. By the definition of the ramified index, we have

multgny £t = mpmultony P = mprg.
However, since my f = fym, we have
multg fy 7't = remultg fys = rsmg.

Then we have mprg = rsmg.
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Choose a general point x € P. The degree of 7 is equal to the number of points in 713 (x). By
comparing the preimages of x in Y (with multiplicity), we have

deg(mp)ro <rs.

After multiplying both sides by m ¢, we have
deg(mg)romg < rsmg =romp.

Then we have deg(rmg)mgo < mp. Since rg,mg are positive integers, deg(mp) is less or equal to
min{rs,mp}. m]

Proof of Theorem 5.1. Suppose (X, A) — C is a fibration, and N is a divisor on X such that

o Kx +A ~Q,C 0, and
o ageneral fiber (Xg,A,), Ng is a (d, ¢, v)-polarized log Calabi—Yau pair.

By Lemma 4.3, there exist a positive rational number ¢ and a natural number r such that (Xg, A, +1Ng)
is an slc pair and r(Kx, + Ay +tNg) is very ample without higher cohomology. By [9, §3, Theorem
12.11], r(Kx,, + Ay +tNy ) is very ample over an open subset U C C, and it defines a closed embedding
g: Xy — P, wheren = ho(r(KXg +Ag+tN,)). Alsobecause (Xy, Ay +tNy) — U is astable family,
then fy : (Xy € P;,Ay), Ny — U is a strongly embedded polarized log Calabi—Yau family over U.
Since £°PCYeg has a fine moduli space S with the universal family (X c P, D), N' — S according to
Proposition 4.5, we have (Xy,Ay) = (X,D) Xs U, where U — S is the moduli map defined by fy.
We denote this moduli map by ¢y. Note (X, D) — S is a (d, ¢, v)-polarized log Calabi—Yau family
over S. In particular, Kx/s + D ~o s 0 is Q-Cartier.

After replacing S by a dense open subset, we may assume that S is smooth and there is a fiberwise
log resolution ¢ : (), Dy) — (&, D) over S, where Dy is the Q-divisor such that Ky /s + Dy ~q
&"(Kx/s+D). Then Y is smooth. Let S be a smooth compactification of S such that S”\ S is a divisor
and (S’, §’\S) is log smooth, Y’ a smooth compactification of ) such that ) — S extends to a projective
morphism )’ — S’ and )’ \ ) is pure of codimension 1. Let R’ be the reduced divisor whose support is
equal to the sum of " \ ) and the closure of Supp(Dy) in }’. Then (}’,R’) Xs S = (Y, Supp(Dy)).
Because (), Supp(Dy)) is log smooth over S, then ()’,R’) — S’ is almost semistable over S.

By Theorem 3.8, there is a generically finite cover 7 : S — S’ and a birational morphism ¢ : ) —
)’ x5 S such that

x: (V. R) - (S, B)

is an almost semistable morphism, where B > S\ r"!Sand R > y 'BUy (D’ xs S) are reduced
divisors. Perhaps after replacing S by a dense open subset, we may assume there is a Q-divisor DS_; on

Y such that

o 7 is a finite cover over S,
o every component of Supp(ng) is horizontal over S,

(Ky + 7_)37”3750 ~q.5 0, where 8¢ := 7718, V50 1=V x5 :S_’”,_and )
for every point p € S° (not necessarily closed), the fiber of (), Ds_;) — S over p is crepant birationally
equivalent to the base change of the fiber of (X, D) — S over 7(p).

[¢]

o

Because Ky;s + Dy ~q §"(Kx/s + D), a general fiber of (X, D) — S is slc, (Y, Supp(Dy)) is log
smooth over S, and R © y~'BUy (D’ x5 S). Then we have DS_] <R.Since y : (V,R) — (S, B) is

almost semistable, Vis Q-factorial according to [15, Proposition 5.15]. Also because every component
of Supp(Da_;) is horizontal over S, then (), Dg_; . 0) — S is locally stable.
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Note we replace S by a dense open subset. Then after applying the same argument on the comple-
mentary set, we get a stratification of S. We also replace U by an open subset so that ¢y : U — S is
still a morphism.

Let C be the closure of U := U x5 8°. Then there is a finite cover 7 : C — C. We choose 0 to
be a closed point of 77!(0). Because S is proper, the moduli map ¢y : U — S defines a morphism
$:C — S. DefineY := Y xgC and D' = D’ xg C. It is easy to see that f' : (¥,D’) — C

is the base change of (y, DS}) — S via & : C — &. Because (37, 2537 >0) — Sis locally stable,
then f” : (¥,D’;) — C is also locally stable. Let R be the base change of R on ¥; by Lemma 3.9,
(Y,R) — (C,0) is a also toroidal morphism with reduced fibers. Because 253_) <R, we have D’ < R.

Define (Y7, Dy,) := (Y, D’) x¢ U. Then (Yg, Dy is equal to the pull-back of (), 1537) x5 S° via
¢lg : U — S°. Because (Ky + Z_)S-})IJ-;S_U ~q.50 0, then there is a Q-divisor D on ¥ such that

o

Dy, =D,

D <D,

Supp(D) does not contain the whole fiber Y5 and
Ky + D ~0.C 0.

O O O

It is easy to see that D is the largest Q-divisor on ¥ such that D < D’ and Ky + D ~q ¢ 0.

Because f* : (¥,D’,;) — Cis locally stable and D < D’, then (¥, D + ¥5) is sub-Ic and Ky + D +
Y() ~Q,C KY +D + (f’)*O ~0,C 0.

Let X be the normalization of the main component of X xc C, nx denote the projection X — X
and f denote the projection X — C. We replace A by A + Ict(X, A; £%0) £*0. Then we may assume
lct(X, A; £*0) = 0. By the Hurwitz’s formula, there is a Q-divisor A such that

Kg +A ~g iy (Kx +A).

Note we only add a Q-divisor which is vertical over C. Then the generic fiber of (X,A) — C is
unchanged.

Suppose P is an Ic place of (X,A). Let X* — X be a dIt modification of (X, A) such that P is a
divisor on X’, X’ the normalization of the main component of X’ X¢ C, and P an irreducible component
of the preimage of P on X’. By [12, 2.41], P is an Ic place of (X, A).

By Lemma 5.3, we have

deg(P — P) < min{deg(x), multp f*0}.

By the definition of C, deg(n) is equal to the degree of the finite cover S — S. Let [ be the degree of
the finite morphism S — S. Then min{deg(7), multp f*0} is less or equal to min{/, multp f*0}. Thus,
we only need to prove that P is birationally bounded.

Note (Y7, Dy,) is equal to the pull-back of (), 2537) X5 S viadlg : U — S. Because (Xy,Ay) =
(X,D) xs U and X is the normalization of the main component of X X¢ C, then (X,A) xs U’ — U’
is isomorphic to the pull-back of (X, D) Xs S via @l : U’ — S for an open subset U’ c C. Also
because the fiber of (), D’. ) — S over p is crepant birationally equivalent to the base change of the

fiber of (X,D) — S over T(p) for every point p € S, then the generic fiber of f : (X,A) — C
is crepant birationally equivalent to the generic fiber of f : (Y,D +Y:) — C. Since Ky + A ~0,¢
0,Ky +D + Y5 ~ ~g,¢ 0, then there is a Q-divisor F on C such that (X, A + f*F) is crepant birationally
equivalent to (Y,D + Yp). Since both (X,A) and (¥,D + Yo) have an lc place dominating 0, then
0 ¢ Supp(F). After replacing C by an open neighborhood of 0, we may assume that (X, A) is crepant
birationally equivalent to (¥, D + ¥;). In particular, a divisor P is an lc place of (X, A) if and only if it
is an lc place of (Y, D +Yj).
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Recall that (¥,R) — (C,0) is a toroidal morphism and D < R. Since (¥, D + ¥) is sub-Ic, by
Lemma 3.10, P is birationally equivalent to V x P", where V is the image of P on Y. Because P is an Ic
place of (¥, D +Y;), then V is an Ic center of (Y, D + ¥j).

To prove P is birationally bounded, we only need to show that all Ic centers of (¥, D + ¥;) are
bounded. Let W be the normalization of an irreducible component of ¥j such that V is contained in the
image of W on Y;.

If V has codimension 1 in ¥, then P is just W. Since Y; is in a bounded family J) — S and W is the
normalization of an irreducible component of ¥, P is birationally bounded.

If V has codimension > 2 in ¥, by applying the adjunction on (Y, D + ¥;), we have

(KY +D+Y())|W =Kw +Dw.

By the inverse of adjunction (see [12, Theorem 4.9]), an lc center of (¥, D + ¥j) intersecting W
corresponds to an Ic center of (W, Dy ), hence also an Ic center of ()_’(), D;? 0). Let s € S be the image

of C in S. By the definition of ¥, we have the isomorphism
(Y5, D} ) = (V5. D5,).

By Lemma 5.2, all Ic centers of (), Z_?S_)‘) are in a bounded family. Then all Ic centers of (Y, D + Y;)
are in a bounded family. ' m}

6. Proof of main theorems

Lemma 6.1. Fix a natural number d and positive rational numbers €, c € (0, 1). Suppose (X, A) is an
€-lc pair of dimension d, —(Kx + A) is big and nef and coeff (A) > c. Then (X, A) is log bounded.

Proof. By the main theorem of [4], X is bounded. Then there exist a natural number n, two constants
V1, V,» depending only on d and €, and a very ample divisor H on X defining an embedding X c P" such
that HY < V; and H4™!' - Kx > —V,. Because coeff(A) > ¢, we have

cHY' . Supp(A) < HI71 - A
=H"' . (Kx +A) - H¥' Ky
< —HI Ky

< V.

By the boundedness of the Chow variety, both X and Supp(A) are parametrized by a subscheme of the
Hilbert scheme. Then (X, A) is log bounded. O

Proof of Theorem 1.1. Because f has reduced fibers, then Xy = f*0, and we have Kx + A + Xo ~q,c 0.
By adjunction, we have Kx, + Ag ~g (Kx + A + Xo)|x,. Because (Xo, Ag) is slc, then its normalization
(Xy,Ap) is lc. Also because X is a normal variety, by inverse of adjunction, (X, A + f*0) is Ic over an
open neighborhood of 0 € C. It is easy to see that every irreducible component of Xj is an Ic place of
(X, A + f*0). After replacing C by an open neighborhood of 0, we may assume (X, A + f*0) is lc.
Because multp f*0 = 1 for every irreducible component P C Xy, by Theorem 5.1, there exists a
bounded family W — 7 and a finite dominant rational map W; --» P whose degree is a factor of
min{/, multp f*0} = 1. Then W, --» P is a birational map, which means P is birationally bounded. O

Proof of Corollary 1.2. By the proof of Theorem 1.1, (X, A + Xp) is Ic over an open neighborhood of
0 € C, and every irreducible component of Xj is an lc place of (X, A + Xp). After replacing C by an
open neighborhood of 0, we may assume (X, A + Xp) is lc. Also because Xy = f*0 is a Cartier divisor,
then (X, A) is Ic, and its Ic centers are not contained in Xj. After replacing C by an open neighborhood
of 0, we may assume every lc center of (X, A) dominates C.
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Because a general fiber (X,,A,) of f is e-Ic, by inverse of adjunction, (X,A + X,) is plt in a
neighborhood of X,. Also because every Ic center of (X, A) dominates C, then (X, A) is kit. Because
—(Kx +A) is ample over C, let B € | — (Kx + A)|g/c be a general member. Then (X, A + B) is kIt and
Kx + A + B ~q,c 0. Thus, X is Fano type over C.

Because —(Kx +A +Xp) ~q,c —(Kx+A) is ample over C, X is Fano type over C and coeff (A +Xo) C
(NN [0,1]) U {1} is in a finite set, by [3, Theorem 1.8]. After replacing C by an open neighborhood
of 0, there exist a natural number / depending only on d, ¢ and a Q-divisor A on X such that

o A=A+ X,
o I(Kx +A) ~c 0and
o (X,A)islec.

Because A > A + Xp, then every irreducible component of Xj is an Ic place of (X, A).

Since I[(Kx + A) ~c 0, then I[(Kx, + Ag) ~ 0, where (Xg, Ag) is a general fiber of (X,A) — C.
Because (X, A + Xp) is Ic, then (Xg, Ag) is a Calabi—Yau pair and coeffA, C %N.

Because a general fiber X, is e-lc, —(Kx, + Ag) is ample, and coeff(Ag) > ¢, by Lemma 6.1,
(Xg,Ag) islog bounded. Then there exist a natural number m depending only on d, € and an open subset
U c C such that -m(Kx, + A,) is very ample without higher cohomology for every u € U. Thus,
-m(Kx,, + Ay) is relatively very ample over U. Choose a general member N € | — m(Kx, + Ay)|.
Because N, is ample and (X,, Ag) is log bounded, then vol(N,) = Ng is in a finite set. To prove the
result, we may assume vol(Ng) = v is fixed. Because N € | —m(Kx,, + Ay)| is a general member, then
there is a sufficiently small positive rational number ¢ such that (Xg, Ag +tN,) is Ic. Thus, (X4, Ag), Ng
isa(d, % v)-polarized log Calabi—Yau pair. Then apply Theorem 1.1. O
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