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BOOLEAN ALGEBRAS AND RAISING MAPS TO
ZERO-DIMENSIONAL SPACES

BY
JAN van MILL

ABSTRACT. Let X be a separable metric space and let % be a
family of countably many self-maps of X. Then there is a countable
subalgebra @ of the Boolean algebra of regular open subsets of X
which is a base for X such that for each fe % the function ®;:B—
A defined by ®,(B)=(f"'(B))° is a homomorphism.

0. Definitions. All spaces under discussion are separable metric. If X is a
space and A = X, then A° (A~ or A) denotes the interior (the closure) of A in
X. A subset A < X is called regular open provided that A = A™°. The collec-
tion of all regular open subsets of X is denoted by RO(X). If U, Ve RO(X)
put UAV=UNYV,
UvV=UUV)",
and

U =(X-U)\"

It is well-known, and easy to prove, that (RO(X), A, v, 0, 1,") with 0= J and
1=X is a complete Boolean algebra, see e.g. [5, §2].

1. Introduction. Let X be a space and let f: X — X be continuous. The
function ®;: RO(X) — RO(X) defined by

D(U)=f 1),

is a very natural operator from RO(X) into RO(X). Unfortunately, simple
examples show that ®; need not be a homomorphism. This suggests the
question whether one can always find a subalgebra 8< RO(X) such that
®; | B:B—RO(X) is a homomorphism. Of course, this question has a very
simple answer. If B={J, X}, then B is as required. Therefore one should ask
the question whether one can always find a large subalgebra 8 < RO(X) such
that @; | %B:8—>RO(X) is a homomorphism. A large subalgebra of RO(X)
should be dense in RO(X) (dense as a subset of RO(X)) and therefore we are
interested in subalgebras < RO(X) which are a m-base, or even a base, for
the topology of X.
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If 3< RO(X) is a subalgebra such that ®; | 8:8—RO(X) is a homomorph-
ism, then ®;|®:(B) need not be a homomorphism. If a large subalgebra
@B < RO(X) exists such that ®; | % is a homomorphism, then one could ask the
question whether one can find a subalgebra €< RO(X) such that
D; | 8, D; | (), Df | Dp(D4(8)), . . ., are all homomorphisms. The aim of this
paper is to construct such subalgebras.

1.1 THEOREM. Let X be a space and let & be a collection of countably many
self-maps of X. Then there is a countable subalgebra < RO(X) which is a base
for X such that

(1) @ | B is a homomorphism for all fe &,

(2) OB =B for all fe F;

(3) if feF is onto then ®;:B— B is a (Boolean algebra) embedding;

(4) if feF is a homeomorphism then ®;:B— B is an isomorphism.

To prove this Theorem we construct a countable open basis U for X such that
(1) U =« RO(X), (2) U is closed under finite unions and finite intersections, (3)
if €= A is finite then N E=(N &), (4) if Uc U and fe F then f(U) =
(FFYU))", and (5) if fe F and Ue U then f'(U)e U. We then let B be the
smallest subalgebra of RO(X) containing 4. The properties of U are used to
prove that & is as required.

Countable bases are usually constructed by induction using at each step of
the induction that only finitely many basis elements have been constructed so
far. However, in our situation, if we want to define a certain element of %, say
U, we must define it in such a way that we are allowed to add f~"(U) to U for
each neN and fe %. Consequently, already after the first step of the induction
we have a countably infinite collection. This causes some technical problems.

Let X, Y be spaces and let f: X — X be continuous. The mapping f can be
raised to Y provided that there exists a continuous surjection 7: Y — X and a
map f:Y—Y such that for=7°f. Anderson [2], showed that any map
defined on a compact space X can be raised to a map defined on a compact
zero-dimensional space. There is a clever proof of this fact which is due to de
Groot and which is simpler than Anderson’s argument and which can easily be
generalized to the effect that countably many mappings can always be simul-
taneously raised to a zero-dimensional space, Baayen [3, 3.4.19]. The reason I
became interested in Theorem 1.1 is that I tried to understand why Anderson’s
result is true. Obviously, Theorem 1.1 implies Anderson’s result. For if Y is
the Stone space of %, then Y maps onto X by a natural map 7 (X is compact)
and the functions f: Y — Y can be defined by

f(p) ={Be®B:D(B)ep}.

For details see Section 3. This gives not only a new proof of Anderson’s
Theorem but shows also that Y can be chosen in such a way that RO(X) and
RO(Y) are isomorphic.
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2. Boolean algebras. In this section we will give the proof of Theorem 1.1.
Our results rely on an interesting technique due to Berney [4].

2.1 LEMMA. Let X be a space and let A = X be uncountable. If < is any total
ordering on A then there is a point a € A such that

ac{xeA: x<a} N{xeA:a<x}.

Proof. If not, then without loss of generality a¢{xe A: x<a} for each
a€A. Let U be a countable open basis for X and for each a€ A take U, € U
such that ac U, and U,N{x€ A: x<a}=.

Since A is uncountable, there have to be distinct a, b € A such that U, = U,,
but this is impossible, since if, e.g. a<b then a¢ U,. [

2.2 REMARK. This Lemma is well-known and the proof is only included for
completeness sake. The fact that this Lemma is very useful in constructing
special bases, was first observed by Berney [4].

2.3 LEMMA. Let X be a space and let & be a countable collection of maps from
X into [0,1]. In addition, let B< X be open. If <% is finite, then
{6€(0,1): Niew (f'[0,8) NB#(Nyes f'[0,8)NB)} is countable.

Proof. We induct on the cardinality of 4. If |¢] =0, then there is nothing to
prove. Therefore assume the lemma to be true for all $= % of cardinality n
and let $= % have cardinality n+1. Assume that the set

A= {6 €(0,1): fD@ (f7'[0,8) NB# <Qg 710, 9)N B>A}

is uncountable and for each 6 € A take a point
a®< (N (710, 8) N B)-(N '10.8)NB)
fe¥ fe¥g

Claim. Take f,e%. Then {§ € A: fy(a(8)) # 8} is countable.

Suppose, to the contrary, that {§€ A: fy(a(8))#8}=A, is uncountable.
Clearly fy,(a(8))< 8 for each 6 € A,. Consequently, a(8) e f, '[0, 8). If for some
deA,,

a(8)e< N f“[O,S)ﬂB)i

feg—{fo}
then, since f,'[0, 8) is open and contains a(8),
a@<( N F10.8nBALY0.8) =(Nf10.508)
feG—{foh feg
which is impossible. We therefore conclude that
a@<( N ¢, nB)-( N 70,508)
feg—{fo} feg—{fo}

for each & € A,. But this contradicts our inductive assumptions.
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Put A={56cA: f(a(8)) =8 for each fe%}. By the claim A is uncountable.
Let F={a(8): 6§ € A} and define an order < on F by putting

a(8y)<a(d,) iff §,<8,.

Notice that a(8,) # a(8,) iff 5, # &, so that this order is well-defined. By Lemma
2.1 we can find a(8,) € F such that

a(dg)efa(8)e F: 6§ <8, .

Let V be any neighborhood of a(8,) and take a(8;) € F with 8, <§, such that
a(8,)e V. Since f(a(8,)) =6,<8, for each fe¥, we have that

a(6)eVnNn f71[0> &)

feg
and consequently, since a(8,)€ B,
VAN £0,8)NB# .
fesg

We conclude that a(8) € (Ve f'[0, 8o) N B)~, which is a contradiction. [J

2.4 LEMMA. Let X be a space and let % be a countable collection of maps from
X into [0, 1]. In addition, let B< X be regular open. If G <% is finite, then
{8€(0,1): Usee f7'[0, 8) U B¢ RO(X)} is countable.

Proof. The proof is similar to the proof of Lemma 2.3. We induct on |¥|.
Assume the Lemma to be true for all < % of cardinality n and let < % have
cardinality n+1. Assume that the set

A :{56(0, 1): U f'[0,8)UB¢ RO(X)}
fe¥
is uncountable and for each 6 € A take a point
* ) “'[o B_O— “10,8)UB).
(%) a@e(U ro.5uB) (U 0.9UB)

Claim. Take f,€%. Then Ay={8€ A: f,(a(8)) # 8} is countable.
Suppose that A, is uncountable. Clearly fy(a(8))> 8 for each 6 € A,. Conse-
quently,

a(8)e(f9§f”[0, 8)UB>*O—f5‘[0, a]c(f U o, 8)UB>70.

e9—{fo}

Since obviously a(8) ¢ Uscw—iz,y f~'[0, 8) U B, we conclude that
-0
a@<( U f'0.5UB) -( U f'08UB)
fe9—{fo} feg—{fo}

for each 6 € A,. But this contradicts our inductive assumptions.
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Put A={8€cA: f~(a(8)) =§ for each fe¥}. By the claim A is uncountable.
Let F={a(8): §c A} and define an order < on F by putting
a(8y)<a(dy) iff §,<8;.
By Lemma 2.1 we can find a(§,) € F such that
a(8y)e{a(d)eF: §,< 8} .

By (*) we can choose a(8,) e % with §,<5; and

ad)e (}39 £7110, 85) U B>_O

and since f(a(8,)) =8, for each fe€ ¥ this implies that

a(8,)e (U f7'[o, SO)UB)V —fugf“l[o, 8,J=B°=B,

feg
since B is regular open. But this contradicts (*). [

2.5 LEMMA. Let X be a space and let & be a countable collection of maps from
X into [0, 1]. Then {6 (0, 1): Af € F such that (f [0, 8§))~ #f [0, 81} is count-
able.

Proof. If not, then we can find an uncountable subset A < (0, 1) and an fe &
such that for any 6 € A there is a point

a(®8)ef'[0,8]-(f7'[0,8))".

Clearly f(a(8)) =86 for each 8 € A, so, by Lemma 2.1, we can find §,€ A such

that
a(8y)e{a(d): e A and 6§ <§,} .

Let V be any neighborhood of a(8,) and take & <§, such that a(8)€ V. Then
a(8)e vNfo, &)

and since V was arbitrary, this implies that a(8,) e (f'[0, 8y))".
Contradiction. [

If & is a collection of sets, then v.A.€ denotes the ring generated by &, i.e.
the collection of all finite unions of finite intersections of elements of &.

2.6 THEOREM. Let X be a space and let & be a collection of countably many
self-maps of X. Then there is a countable open basis U for X such that

(1) % =RO(X);

(2) U is closed under finite unions and finite intersections

(3) if €=U is finite then Nges E=(N &);

(4) if UeU and feF then f 1(U)=(f "(U));

(5) if UeU and fe%F then f {(U)e U.
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Proof. Without loss of generality assume that foge % for all f,ge % and
that idx € . Enumerate % as {f,,: neN}. Let 3 be a countable open basis for
X and for any By, B,€® with B,< B, choose a Urhsohn function g: X — I
such that g(B,)=0 and g(X—B,)=1. Let {g,.: keN} denote the set of func-
tions chosen in this way

For each k,neN let g ,X — I be defined by

gk,n = gk Ofn'

By induction on k we will construct a point &§ €(0,1) such that if &=
v.A{gial0, 8): 1<k, ,neN}and F = v.A{gi [0, &): neN} then

(1) ENF=ENFfor all Ec€U% and Fe%;

(2) EUFeRO(X) for all E€& and Fe %,

(3") (80, &)™ = gicnl0, 8] for each neN.
Assume that we have completed the construction for all [ <k so that (1)—(3')
hold. Let 9 be the set of all functions {g, ,: n € N}, along with all finite sups of
such functions. Choose 8, =6 by 2.3-2.5 so that for all B €&, for all finite
G U{g} < % the following conditions hold:

@ Nies (F7'[0,8)) " NB=(Nes f'[0,8)NB)",

®) Usea /[0, 8)UB e RO(X),

(©) (g7'[0,8)) =g [0, 8]
Now if G is a finite subset of %, then it is easy to check that
(Neec € 10, &))" =MNeec g [0, &1 Now (1)—~(3') are easily checked, using
finite sups for (2'). Put

6 ={gil0, 8): k,neN}.
If g;1[0,8,) €% and if f,e%F then
5 ' 8inl0, &) =, ' fn '8 [0, &) = f1 "2« '[0, 8.) = g a0, &)

for certain q eN. This implies that f;*(9) = ¥ for all n eN. If we put U =v.A.%,
then U is as required. The only thing we have to check is (4). To this end, take
ki,...,k,eN and for each 1 =i=<n let F;, =N be finite. Put

U= ﬂﬂgi[Oﬁk

i=1jeF

Take p eN. Then

@ =£((A N etio.a0) )
(

&:l10,5,1) (by (1) and (3)

uD:

D=

n f;lg;,,l][oa Ski]

i jeF;
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=0 N Gof) g '0.5,]

i=1j

Il

N NG f) (@0, 50)) by 3)

i=1jeF;
n
(AN

[
-

N G fy) sl 5, (by (1)

-

]E

Il

u:):

N £ e0.5))

jeF;

(0 N e a0)

(7 (A 0 tto.0))

=(f, " (U))".
This easily implies that 4 satisfies (1), (2), (3), (4) and (5). O

:):

1jeF,

That each space has a basis which satisfies (3) was first shown by Aarts [1] and

Steiner and Steiner [6]. We are now prepared to give the proof of Theorem
1.1.

2.7 Proof of Theorem 1.1. We may assume that ¢ 'e% for all
homeomorphisms ¢ € . Let U be as in Theorem 2.6 and let B={(U)), the
smallest Boolean subalgebra of RO(X) containing AU. We claim that & is as
required. Take fe% and define F:U—>%U by FU)=f'(U). Take
U,U,...,U,€eWU and V,, V,,..., V, €U. Then

(*) A FUA N FV)y= N )N N (X=f1(V)

l=i=n l=sj=k l=i=n 1=j=k

= ﬂ f- 1(U)ﬁ ﬂ (X—=f"Y(V))) (by (4) of 2.6)

= N N N @E-v)

(N un 0 x=0)=r( A us A V)

1=i=n 1=sj=k l=i=n 1=sj=k

Consequently, if Ao, UAAZj= V/=0 then A<z, F(U)ANA <=k
(F(V;)) =0. This implies that there is a unique homomorphism ¥ :3— 3 that
extends F,[5,2.15]. We claim that W(B)=®:(B)=f"'(B)™° for each Be%.
First observe that since U is closed under finite unions,

V U= U U

1=i=n I=i=n
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for all U,e WU (1=<i=<n). This implies that if

4¢={UAV': U, Ve,

then for each B €@ there are finitely many G, G, ..., G, €% such that
B=V G
I=i=n

Claim. If neN and G; €% for all 1=i=n then f YUi<i=n G;) is dense in

‘P(\/lsisn G;)
If n =1, then there is nothing to prove since by formula (*) it is true that

¥(G)=f"1(G)

for all G €9 (observe that ¥ extends F). So assume the Claim to be true for n
and take G1,G,,...,G. €9 Since V(Vi<iz=ni1 G) =Y Vi=i=n GV
V(G,.,) and since ¥(\/1<i=. G;)) UV(G,.,) is clearly dense in ¥(\/ <=, Gi) Vv
¥(G,.1), by induction hypothesis,

(U 6)urGa=r( U a)

l=i=n l=<i=n

is dense in q’(VISiSn Gi)V\II(Gn+1) =‘I,(v15i5n+1 G)).
Now take B €. We claim that

¥(B) = ®;(B).

Assume this is not the case. Find G4, ..., G, €9 such that B=\/,_;-, G;. By
the Claim, f "(U;=i<. G;) is dense in ¥(B).
Since f—l(UlsiSn G)c f—I(\/lsisn G),

v@)=r( U 6) <(r( v a))

1=i=<b l=si=n

and consequently,

e-({ ) (o)) o

Then f(E)< (Ui=i=n Gi) —(Ui=i=n Gi). If AcX, let Bd(A) denote the
boundary of A. For each 1=i=<n find U,, V, e % such that

G =UNV..
Observe that Bd(G;) = Bd(U;) UBd(V!) =Bd(U;) UBd(V;). Since

(U 6)-(U 6)e U BaGI= U Baw)UBAV)

l=<i=n lsis=n lsi=n l=<i=n
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it follows that
Ecf Y (Ui=i=n BA(U) UBA(V)))) =Ui=i= (f '(BA(U)) U (BA(V)).
Since, by (1) and (4) of Theorem 2.6,
f7'(Bd(U)) =Bd(f (1))

for all Ue, it follows that U,<;—, (f '(Bd(U,))Uf (Bd(V;))) is nowhere
dense, which contradicts E being open and nonempty (observe that the union
of finitely many nowhere dense sets is nowhere dense). Therefore, ¥ = ®;. Now
suppose that f is onto. Take distinct E,, E, € B. Then, without loss of general-
ity, E,# E,. Hence, since f is onto, f '(E,— E,) # & and open. This obviously
implies that ®;(E,) # ®;(E,).

Now let ¢ €% be a homeomorphism. If Ue U then also ¢(U)e€ AU since

e(U)=(e7 ") (V),
and ¢ '€ %. This easily implies that @, is an isomorphism. [J

3. Raising maps to zero-dimensional spaces. In this section we show that the
results of Anderson, de Groot and Baayen previously cited, easily follow from
Theorem 1.1.

3.1 THeorReM. Let X be a compact space and let F be a family of
countably many self-maps of X. Then there is a zero-dimensional compact space
Y and a continuous surjection 7: Y — X such that for any f€ % there is a map
f: Y=Y such that

(D) ref=fer;

(2) if f is onto then f is onto;

(3) if f is a homeomorphism then f is a homeomorphism.

Moreover, the function 7 : RO(Y) — RO(X) defined by +#(U)=X—1(Y —U) is
an isomorphism.

Proof. Let & be as in Theorem 1.1 and let Y be the Stone space of %, i.e.
the space of all ultrafilters of % and observe that Y is a compact zero-
dimensional metric space (since @ is countable). Define 7: Y — X by

{r(p)k= N B.

As is well-known, since @ is a basis for X, 7 is well-defined, continuous and
onto. In addition, since %4 is a subalgebra of RO(X), the function 7#: RO(Y) —
RO(X) defined by +#(U)=X—+(Y—U) is an isomorphism. It is now clear
how to define the functions f(fe€ %), simply put

f(p)={Be®B:®(B)ep}.

An easy check shows that rof=for. O

https://doi.org/10.4153/CMB-1983-012-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1983-012-3

1983] BOOLEAN ALGEBRAS 79

REFERENCES

1. J. M. Aarts, Every metric compactification is a Wallman-type compactification, Proc. Int.
Symp. on Topology and its Applications, Herceg-Novi (Yugoslavia) (1968).

2. R. D. Anderson, On raising flows and mappings, Bull. Amer. Math. Soc. 69 (1963) 259-264.

3. P. C. Baayen, Universal morphisms, Mathematical Centre Tracts 9, Amsterdam (1964).

4. E. S. Berney, On Wallman compactifications, Notices Am. Math. Soc. 17 (1970) 215.

5. W. W. Comfort and S. Negrepontis, The theory of ultrafilters, Die Grundlehren der Math.
Wissenschaften in Einzeldarstellungen, Band 211, Springer Verlag, Berlin and New York (1974).

6. A. K. Steiner and E. F. Steiner, Products of compact metric spaces are regular Wallman, Indag.
Math. 30 (1968) 428-430.

SUBFACULTEIT WISKUNDE
VRUE UNIVERSITEIT
DE BOELELAAN 1081
AMSTERDAM
THE NETHERLANDS

https://doi.org/10.4153/CMB-1983-012-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1983-012-3

