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EXISTENCE THEOREMS FOR NONLINEAR BOUNDARY
VALUE PROBLEMS

W. L. McCANDLESS

1. Introduction. Let C(J) denote the linear space of continuous functions
from the compact interval I = [a, b] into n-dimensional real arithmetic space
R,, and let C’(I) be the subspace of continuously differentiable functions on I.
A general boundary value problem for a first-order system of # ordinary
differential equations on [ is given by

(1.1) & 4+ F(x,¢t) =0, flx) =0.

We assume that f is a mapping from a subset of C([) into R,,, where m and n
are not necessarily equal. Problem (1.1), referred to as a nonlinear boundary
value problem, includes as special cases such familiar boundary conditions as
two-point and multi-point conditions. It also encompasses less common
problems such as those involving integral conditions and conditions at an
infinite set of points in /. This paper deals with the establishment of a con-
structive technique for proving the existence of solutions for such problems.

The nonlinear boundary value problem will first be reformulated as an
operator equation between normed linear spaces. Banach’s contraction mapping
principle will then be used to obtain the desired existence criteria for solutions.
The resulting theory is very extensive in that it applies to nonlinear differential
equations subject to broad classes of both linear and nonlinear boundary
conditions. The conditions for existence are correspondingly general in nature.
For specific classes of problems and particular examples, conditions which are
far more precise than those given here can readily be formulated. As an example
we will consider a special case of (1.1) in which the boundary operator involves
the values of a solution at a countably infinite subset of 1.

2. An equivalent problem. Boundary value problem (1.1) will now be
formulated as a functional analytic operator equation. We begin by making
C(I) into a Banach space with the uniform norm defined by

[lel| = max [lx@)], x € C(D).
The space C'(I) will be treated as a normed linear subspace of C(I) with the

same norm. We shall also need to consider the product space ¥ = C(I) X R,,,
which is a Banach space under the norm

[y, o]l = max {[[¢]], [loll},  [¥,0] € V.
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In any normed linear space the open ball with centre at x and radius 7 will be
denoted by S(x,r) and its closure by S(x, 7). The identity mapping on a
linear space will be denoted by E.

We assume that the function F in (1.1) is continuously differentiable on
U X I where U is an open subset of R,. The domain of the operator f is
assumed to be an open subset D of C(I), and we shall require that x(¢) € U,
¢t € I, for every choice of x € D. Hence we can define an operator T" : D — C(I)
by

T(x)(t) = F(x@),1t), a £t =0

Let 4 be an # X »n matrix with continuous entries on I = [q, 0], and let L
be a linear operator from C(I) into R,,. Define the linear operator M from
C’(I) into Y by
(2.1) My =[x + Ax, Lx].

Let M+ be any operator from Y into C'(I) such that MM+ = E, the identity
mapping on V. We are led to the following basic result, in which 4 and L are
assumed to have the properties just described.

TuaEOREM 1. Let R and S be the operators on D given by
R(x) = Ax — T'(x), S(x) = Lx — f(x).
Assume the operator M defined in (2.1) has a right inverse M* and define the
operator Q : D — C'(I) by
(2.2)  Qx) = MH[R(x), S(x)].
If x* is a fixed point of Q, then x* is a solution of the boundary value problem (1.1).

Proof. Let x* be a fixed point of Q. Thus Q(x*) = x* and we have that
x* € DN C’'(I). Hence

x* = MH[R(x*), S(x*)]

and applying M to both sides, we obtain
Mx* = [R(x*), S(x*)].

Hence, using (2.1), we have

(2.3) [+ T'(x*), f(x*)] = 0.

From the definition of the operations on Y and the form of (2.3) it follows
immediately that x* is a solution of (1.1). This completes the proof.

Theorem 1 makes it possible to find solutions of nonlinear boundary value
problems by seeking fixed points for operators of the form (2.2). In particular
we are interested in using contraction mapping methods to solve Q(x) = x.
We shall apply Banach’s well-known contraction mapping principle in the
following form (for a proof, see [3, pp. 65-66]).
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THEOREM 2. Let D be an open subset of a Banach space X. Suppose P is an
operator from D into X. For xo € D assume there exist constants n > 0 and
a € [0, 1) such that

@) lleo = Pxo)|l = m;

(i) [[P() — PO)I| £ allx — 31| for all %,y € S(xo, 70)

where

Yo = —1“7—7‘—, S(xo, 1’0) C D.
¢ 4

Then the contraction mapping sequence {x,} for P starting at x,, namely
xn+l.=P(xn)v n=07172y"‘r

is defined, remains in S(xq, ro), and converges to a fixed point x* of P in S(xq, ro).
The rate of convergence is given by

[le* — x,|| < a7y, n=2012..
Remark. An operator that satisfies (ii) for « € [0, 1) is called a contraction

mapping on the set S(xq, 70).

3. The existence theorem. The following lemma deals with the existence
of right inverses for the operator M.

LEMMA. Suppose M : C'(I) — Y is defined as in (2.1). Let ® be a fundamental
matrix on I for

x'+A4x =0

and define the linear operator N : R, - R,, by Nt = L(®¢), £ € R,. Let B be
an m X n matrix representation of N and assume there exists an n X m matrix
B+ such that BB = E,, (the m X m identity matrix). Then for any x, € C'(I)
there exists an operator M+ : Y — C'(I) such that both

3.1) MMt =E
and
(3.2)  (M*M)(x0) = =0

Proof. Right inverses for M can be calculated by dealing with linear boundary
value problems of the form

B3) ' +Ax =y
34) Lx=wv

where [¢,v] € V. If we let Hx = x’ + Ax, it follows that the inverse image of
any ¢ € C(I) under H is the set of solutions of (3.3) and is represented by the
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following linear variety of C'(I):

{ J <1><t><1>‘1<s>¢<s)ds} @),

where A4 (H) denotes the null space of H. Thus H maps C’(I) onto C(I) and
equation (3.3) has solutions for every choice of ¢ € C(I). Furthermore the
null space of H is isomorphic to R, under the isomorphism defined by

(3.5) teo @  EcR,

Because the operator H is onto, it has right inverses, and one such right
inverse is given by

@6 = [ 206 6y, asis
Hence, using (3.5), we see that all solutions of (3.3) can be represented by
(3.6) «x = ®t 4+ HYY, £ e R,
Therefore x will be a solution of (3.3), (3.4) if £ € R, is a solution of
(3.7) Bt =v — LH*%Y.
By assumption B has a right inverse B+, and thus
E=t + Bt(v— LHY)
is a solution of (3.7) for each & € A (N). By (3.6) it follows that for
every such &, an operator Mt satisfying (3.1) is given by
M+, v] = ®(B*v + & — BYLHYY) + H+y.

We now seek a right inverse which also satisfies (3.2). Using (2.1) and an
integration by parts, we obtain

(M+M) (x0) = Pto + 29 — ®P~1(a)x0(a) + ®BTBI1(a)xo(a).
Therefore if we choose

fo = &' (a)xo(a) — BYBE(a)xo(a),
it follows that By = 0 and (3.2) holds. This establishes the lemma.

It is necessary that certain relationships hold among the norms introduced
on the various spaces of matricesin the problem. To be specific, let.%/, % ,and ¥
be respectively the linear spaces of j X &,k X/, and j X [ real matrices with cor-
responding norms |[||1, ||-||2, and ||-||s. Then the norms are said to be compatible
if for all 4 € & and B € & we have ||[AB||s < ||4]]1]|B||2- If we make the
natural identification of elements of R, with # X 1 matrices, then this notion
of compatibility is a generalization of the concept defined in [2, p. 427]. We
require that the arithmetic spaces R, and R,, be given norms which are com-
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patible with the norms introduced on the other spaces of matrices in the
forthcoming development.

Since the function F in (1.1) is assumed to be continuously differentiable on
U X I, it follows that the operator I" is continuously Fréchet differentiable
on D. For any x¢ € D, the value of 77(x,) at x € C(I) can be represented as

(T’ (x0)x) (1) = G()x(t), a=t=0D,

where G is an # X % matrix of continuous functions and the indicated multi-
plication is ordinary multiplication of a matrix by a vector (see [3, p. 95]).

We are now ready to establish the main result concerning the existence of
solutions for (1.1).

THEOREM 3. Suppose D is an open subset of C(I) and let D' = D M C'(I).
Assume the operator f is continuously Fréchet differentiable on D. For x, € D’
define the linear operator M : C'(I) = Y by

Mx = [x, + Tl(xo)xvf,(xﬂ)x]r
and let ® be a fundamental matrix on I for
x' + T (x0)x = 0.

Define the linear operator N on R, by NE = f'(xo) (®E), and let B be an m X n
matrix representation of N. Assume that

(1) B has a right inverse B+,
Letting

(3.8) & = ¥ (a)xe(a) — BtBd(a)x,(a),
define the operator M+ : Y — C'(I) by

My, v] = Hit[y, v] + @&
for all [y, v] € YV where

Hy'[y,v] = ®B'v — @B'f'(s)H "y + H'Y,

@O = [ 80 OeEds, s,

Further suppose there exist non-negative constants o, 8, K such that
i) [llxo’ + T (60), fx0)]l] < a;
(iii) Kal|BH|| + KiK2(b — a) (1 + Kuf|BH]] ||f " (x0)]]) = B
where

Ky =max [[2@)]], K.=max|[&"0)];
€r er

(iv) [[T" (o) — T7(x), f"(x0) — f' ()| = K for all x € S(x0, r0)
where

af
1—-BK’

S(xo, 70) CD, BK < 1.

Yo =
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Conclusion. The contraction mapping sequence {x,} for
Qx) = MHT' (xo)x — T'(x), f'(xo)x — f(x)]
starting at x,, namely

Xpr1 = Q(x,), n=012...,

is defined, remains in S(xo, 70), and converges to a solution x* € S(xo, 7o) of
the boundary value problem (1.1). The rate of convergence is given by

@BEK) 019 .

ot =l = U

Proof. By an argument strictly analogous to that given in the lemma, it
follows that hypothesis (i) and the definitions of ®, &, BT, and H;* are suffi-
cient to guarantee that M* is a right inverse for M. Thus by Theorem 1 it
suffices to show that the operator Q defined on D satisfies the hypotheses of
Theorem 2.

We first consider the operator H;*, which is clearly linear from Y into
C’(I). To show that H;* is bounded, consider

I . rler HonT10,0 { Al

Using the boundedness of f ’ (x9) and the compatibility of the norms, we obtain
for each fixed ¢ € I that

(IHH 0] O] < Kl |BH] (o] + (0 — o) KIKs|[BH] (I o)l [1¥]]
+ KK, (b — a)”n[x”
Therefore by hypothesis (iii) it follows that

3.9 [HH| =8

We now show that Q is a contraction mapping on S (%, 79). Denote 77 (x,) by
A and f ' (xo) by L. Since T and f are continuously Fréchet differentiable on D,
we have for any x, v € S(x,, 7o) that

0@ — Q)| = [[Hi"[A(x — v)
- fo T6x + (1 — 0)y) (¢ — y)db,

L= = [ 5/6c+ @ - 096~ nal]l.

Using inequality (3.9) and the boundedness of 77 and f’ at each point of
S (%, 70), we obtain

Q@) — 0l =8 sup |[|[4 —T'@),L—f @I [lx— yll.

2€8(x0,70)
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Therefore by hypothesis (iv) it follows that

Q&) — Wl = BK|lx — yl|

forallx, y € S(xo, 70). Since K < 1 by assumption, Q is a contraction mapping
on S(xo, 70).
From the definition of Q we obtain

llxo — Qxo)|| = [[xo — MF[Axg — T'(x0), Lo — f(x0)]|l-
By (3.8) and the lemma we see that the operator M+ satisfies (M+M) (xy) = xo.
Thus

lfeo — Qxo)[| = [[(M*M) (x0) — MH[Axo — T (%), Lo — f(x0)]|
[[H1*[oo” + T'(x0), f(x0)]]|
= |[HM] |leo” + (o), fxo)]l]-

Hence by (3.9) and hypothesis (ii), [|[xo — Q(x0)|| = af. Sincea/(1 — BK) =
ro by assumption, it follows that the hypotheses of Theorem 2 are satisied and
so an appeal to Theorem 1 finishes the proof.

(3.10)

IA I

4. Applications. The proof of Theorem 3 yields useful information concern-
ing the application of the above technique in specific cases. It is essential to
have a practical means for obtaining initial approximations to fixed points of
the operator Q. Such initial guesses would be almost impossible to obtain
directly since the form of Q itself depends upon the specific choice of initial
point. However, from (3.10) we see that in general a “‘good’ initial approxima-
tion to a solution of the nonlinear boundary value problem (1.1) will correspond
to a suitable first guess for a fixed point of Q. The only restriction is that the
norm of the operator H;+ must be reasonably small. Since it is quite natural
and easy to work directly with problem (1.1), this procedure provides a practi-
cal means for obtaining a starting point for the iterations and for defining
precisely the iteration function Q.

As with all local iterative techniques, the quality of the initial approximation
xo is the key factor which governs whether or not this method can be applied
to a particular boundary value problem. The choice of initial point determines
the value of the number 8 in hypothesis (iii) since, by (3.9), 8 is a bound for
the operator H;*. The value for 8 obtained from the calculation indicated in
hypothesis (iii) is often only a crude bound for the operator. In specific
examples an alternative approach is to calculate H; explicitly and then obtain
the operator norm by a direct computation. Although such a procedure general-
ly yields a smaller value for the operator norm, the expression for 8 in Theorem
3 has the advantage of being independent of any special properties of a
particular ordinary differential equation or boundary operator.

The value for B then determines a range of permissible values for the
constant K in hypothesis (iv). The final step in verifying the assumptions is
the calculation of a suitable 7y so that one of these values for K is a bound for
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the operator norm in (iv). As noted before, the quality of the initial approxi-
mation largely determines whether the technique can be applied in a specific
case. In particular, since the operator

(41)  x—=[T"), f'(x)]

is continuous at xy, a sufficiently small value for « in hypothesis (ii) will
guarantee that a suitable 7, can be found. The properties of the operators 7"
and f’ are also important factors in the success or failure of the technique in
applications. If, for instance, the operator (4.1) is approximately constant,
then it can be expected that K will be small for a large range of values for 7,.
In this case it is most likely that the technique can be applied for moderately
large values of B with less restrictive conditions on the quality of the initial
approximation.

To illustrate these points, we shall treat a problem which has been touched
upon in linear form (see [1, pp. 148-149]) but for which no general nonlinear
theory exists. Consider the nonlinear boundary value problem given by

(4.2) % FF@ ) =0, > Balr) =c
i=1

We assume that F(x, ) has the properties outlined in Section 2 and that

c € R™ 7, ¢ Ifori =1,2,...,and {B;} is a sequence of real m X % matrices
such that
Z:l [1Bi]| < 0.

In this case we have

B = 2_:1 Biq)(Ti)

and f ' (x) = f'(x0) for every x € D. Hence, for the given initial approximation
x¢, the calculation of 7, and K in hypothesis (iv) depends only upon the
operator 1

(7" (x0) — T"(x)]|| £ K for all x € S(xo, 70).

If the nonlinearities in the operator T are such that 7" is almost constant, then
in general the method will yield the existence of a solution for boundary value
problem (4.2) with only moderate restrictions needed on the quality of the
initial guess.

We now deal with a specific example from the class of problems described
by (4.2). The following boundary value problem on I = [0, 3] is chosen
to illustrate the wide range of nonlinearities that can be treated by using the
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technique of Theorem 3:

1
(32)" + (x — %)

3 = 3 — Sil’l3(t3),

(4.3) %+ log (20 + &%) +

1 1 1
(4.4) Z;?x(rn)——2, To =g n=12....

n=

The linear space Rj; is given the norm
|lo]} = max{loal, [va, [vs]}
and the linear space &/ of 1 X 3 real matrices is normed by
1Al = las + laol + las|.

We choose

O v

Xo =
0

as the initial approximation, which yields @ = 0.0033 as a suitable value in
hypothesis (ii). If we choose ® to be the principal matrix solution of x’ +
T’ (x9)x = 0 on I, then the matrix B of hypothesis (i) is given by

B =(11/51/34).
Clearly B has right inverses, and we choose
170/209

B+ = | 170/209
170/209/ .

By calculating Hit explicitly in this case, we find that 8 = 3.00 satisfies the
requirement of hypothesis (iii). Another direct computation shows that

[T (xo) — T (x), f'(x0) — f'(x)]]| < 0.224

for any choice of 7¢. Since K = 0.224 yields BK < 1, the conditions of Theorem
3 are satisfied. Hence we can conclude that the nonlinear boundary value
problem (4.3), (4.4) has a solution x* which lies in S(x,, 0.03) and is the limit
of the contraction mapping sequence defined in Theorem 3.
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