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Tracially Quasidiagonal Extensions

Huaxin Lin

Abstract. It is known that a unital simple C* -algebra A with tracial topological rank zero has real rank
zero. We show in this note that, in general, there are unital C*-algebras with tracial topological rank
zero that have real rank other than zero.

Let0 — ] — E — A — 0 be a short exact sequence of C*-algebras. Suppose that J and A have
tracial topological rank zero. It is known that E has tracial topological rank zero as a C*-algebra if and
only if E is tracially quasidiagonal as an extension. We present an example of a tracially quasidiagonal
extension which is not quasidiagonal.

1 Introduction

The tracial topological rank was introduced as a noncommutative analog of the cov-
ering dimension for topological spaces ([Ln2] and [Ln3]). It plays an important
role in the classification of amenable C*-algebras (see [Ln3], [Ln5] and [Ln6]). A
unital commutative C*-algebra C(X) has tracial topological rank k if and only if
dimX = k. It was shown in [HLX1] that if dimX = k and TR(A) = m then
TR(C(X) ® A) < k + m. At this moment, the most interesting case is that of a
C*-algebra with tracial topological rank no more than 1.

If A is a unital separable simple C*-algebra with tracial topological rank zero, it
was shown in [Ln4] that A is quasidiagonal and has real rank zero, stable rank one
and weakly unperforated ordered Ky-group. We are also interested in the case of
C*-algebras that are not simple. Let

0—-J—=E—>A—0

be a short exact sequence with TR(J) = 0 = TR(A). It is known that TR(E) = 0
if and only if the extension is tracially quasidiagonal [HLX2]. The definition of tra-
cially quasidiagonal extension is stated in Definition 4.1. Quasidiagonal extensions
are tracially quasidiagonal. A natural question is whether there are any tracially qua-
sidiagonal extensions which are not quasidiagonal. We will show in this note that
there are tracially quasidiagonal extensions which are not quasidiagonal.

In the case that A is simple, as mentioned above, it has been proved that TR(A) =
0 implies that A has real rank zero. The question remained, if, in general, TR(A) = 0
implies that A has real rank zero. In this note, we will construct a tracially quasi-
diagonal extension of C*-algebras which is not quasidiagonal. We will show that the
C*-algebra of this extension has tracial topological rank zero but real rank not equal
to zero.
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2 The Construction

Definition 2.1 Let Ay be a unital separable simple C*-algebra with tracial topologi-
cal rank zero and with K; (Ag) = Z@®7Z which satisfies the Universal Coefficient Theo-
rem. For example, Ay may be chosen to be a unital simple AT-algebra. Let B = C(S?).
As is known, Ky (B) may be written as Z®7 and Ko(B); = {(n,m) : n > 0}U{(0,0)}.
Consider the extension E:

0—-I—ESB—0,

where I = Ay ® X and the boundary map ind: K;(B) — Ky(I) is zero and the
boundary map 0: Ky(B) — K;(I) is nonzero with 9(0, 1) # 0. It follows from [BD]
that E is a quasidiagonal C*-algebra. We will use the fact that if E is quasidiago-
nal as a C*-algebra, then there is an injective homomorphism which maps E into
[, Mikn)/ @,, Mi(n) for some increasing sequence {k(n)}.

Set E; = E. Let {¢;;} denote the matrix units for X. Write e, = Z?:l i, N =
1,2,... . Here we identify e;; with 14,.
Definition 2.2  Let A be a C*-algebra, § C A be a finite subset and ¢ > 0 be
a positive number. Recall that a positive linear map L: A — B (where B is a C*-
algebra) is said to be §-e-multiplicative if

IL(@)L(b) — L(ab)| <

foralla,b € G.

Let A = M,, ® M, ® --- @ M,,. By a set of standard generators of A, we mean
{(a1,a,,...,ar)}, where a; = 0, or g; is an element in the matrix units of M,,,.

Proposition 2.3  For any ¢ > 0, thereis d(,n) > 0 such thatif L: A — Bisa G-9-
multiplicative contractive completely positive linear map, where A is a C*-algebra with
dim A < #n, B is a unital C*-algebra, and G contains a set of standard generators of A,
then there is a homomorphism h: A — B such that

IL—h|| <e.

Proof Since the unit ball of A is compact, there is a finite subset F of the unit ball
such that, for any x € A with ||x|| < 1, dist(x, F) < &/3. It is well known that there
is & > 0 such that, for any §-§-multiplicative contractive completely positive linear
map L, there is a homomorphism h: A — B such that |L(a) — h(a)|| < €/3 for all
a € JF. Therefore

IIL—h| <e. [ |
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Definition 2.4  In the above proposition, let ¢ = 1/2". We denote by 4, the corre-
sponding §. We may assume that 0 < d,,4; < J, < L.

Definition 2.5  For any k, we will use mx: My(E) — My (B) for the quotient map
induced by 7. Let {£1,&, ...} be a dense sequence of S?, where each point repeats
infinitely many times. Let {a;, a3, . .., } be a dense sequence of the unit ball of E. Let
Gn = {0,1g,a1,...,a,}, n = 1,2,..., and let F; = G;. Since E is quasidiagonal,
there is a (unital) contractive completely positive linear map v, : E; — M) which
is F1-1/2 - 1/2 - 1/2*-multiplicative with [|¢1(a)|| > (1/2)||a|| for alla € F;. Let
p1 = 14, ® exy. So py C I'and ¢ is viewed as a map from E; to p;(C - 14, ® K)p;.
Put ¢y (a) = m(a)(&1) - (1, — p1). Define Ly : E; — E; = M,(E;) by

Li(a) = diag(a, ¢1(a),11(a))

fora € E;. SetCy = d)](E) S5 pl((c . le ® jC)pl and Cl/ = pl((C . le ® :K)pl

Set I, = M, (I). Let F, be a finite subset of E, containing L, (F}), {(aij)ﬁjzl tajj =
0, a, or 4, }, a set of standard generators for C; and {uij}%_jzl, a matrix unit, where
uy; and uy, are identified with diag(1g,,0), diag(0, 15, ). Since E is quasidiagonal,
there is a (unital) F,~1/3 - 1/2? - d4imc, /2°-multiplicative contractive completely
positive linear map ,: E; — Mj(2) such that (¢),)|a,(c.1;) is @ homomorphism and
l2(a)|| > (1 — 1/4)||a|| for all a € F,, and such that there is homomorphism
hy: Ciy — My such that

[(W2)le, — hafl < 1/4

(by Proposition 2.3, such h; exists). Let E3 = M,y (E;) = Mj3/(E) and I; = M4 (I).
Let pj = 1a, ® ey and p, = diag(ps, p5) € L. Define (;5(12)((1) = m(a)(&) for
a € E, but the image of ¢(12) is identified with M,(C - 1g). Define ¢,(a) = m,(a)(&;)
for a € E, but the image of ¢, is identified with Mz((C - (1 — pé)) . Let Uy(a) =
diag(wz(a),wz(a)) for a € E;. We now view Uy: E; — poMy(C - 14, @ K)p, C
p2L2ps. In particular W, (1g,) = p,. Define L,: E; — E; by

Ly(a) = diag(a, ¢{”(a), $2(a), ¥1(a)).
It should be noted that diag( $(a), ¥»(a)) is in E; and L, is unital. Let

Cy = ¢P(Ey) @ ¢2(Ey) @ pa(C- 14, @ K)p, and  Cj = po(C - 14, @ K)pa.

Let Ey = My(E;) and I, = My(I3). Let D, be a finite subset containing 1¢, and
the standard generators of C,. Let J; be a finite subset of E; containing L,(33),
{(aij)?j:zl :aij = 0,ay,a, or as}, D, and {“ij}ij:p a matrix unit and where u;; is
identified with a diagonal element with 1, on the i-th place and zero elsewhere.

Since E is quasidiagonal and E; = M3(E), there is a F5—1/4 - 1/2° - gimc,/2°-
multiplicative contractive completely positive linear map v3: Es — M) such that
(¥3)|My(c15) is @ homomorphism with [[¢3(a)|| > (1 — 1/2%)||a]| for a € F5 and
there is a homomorphism hs: C; — M) such that

[s]c, — hs|| < 1/2°.
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Define ¢§3)(a) = m3(a)() for a € E; but the image of (bl(-a) is identified with
M3 (C - 1), i = 1,2. Let p§ = 1a, ® exs) and p; = diag(ps, ..., p}), where p}
repeats 3! times. So p; € L. Let W3(a) = diag(¢s(a), ..., vs(a)) for a € Es, where
13(a) repeats 3! many times. We view W;3: E; — psM;3(C - 14, ® K)ps. Define
¢3(a) = m31(a)(&) for a € E; but its image is identified with M3 ((C - (1 — pg)) (so
its unit is 1z, — p3). Define L3: E; — E, by (for any a € E3)

Ly(a) = diag(a, ¢ (a), 65 (a), ¢3(a), Us(a)) .

Note that diag ( o¢3(a), \113((1)) € E;. Put

2
Cs = @ ¢1(-3)(Es)€9¢3(53)€9P3M3!((C'1A0®5<)P3 and Cj = p3M3(C-14,0K)ps.
i=1

We continue the construction in this fashion. With C,, = @1":_11 ¢§”) (E,) ® ¢u(E,) ®
pn(Mnl((C . le by K)) Pn> let E, = Mn+l(En) and I = MnJrl(In)- Let Dn be a
finite subset of C,, containing 1¢, and a standard set of generators of C,, and JF,,;; be
a finite subset of E,.;1 containing L,(F,), {(aij)?,!j:l tajj =0,a,...,0ra,}, D, and
{wij}};_,> a matrix unit, where w;; is identified with diag(0, ..., 0, 1g,, 0,...,0) (the
i-th place is 1g,). Since E is quasidiagonal and E,y; = Mu+1y1(E), there is a unital
For1=1/(n+2) - 1/2" - §4imc, /2™ -multiplicative contractive completely positive
linear map ¥,,41: Eyv1 — Mi(ne1) such that (wn+l)‘M<n+l)! (C-1g) is a homomorphism,
[ne1(a)|| = (1—1/2"1)||a|| fora € F,41 and there is a homomorphism A1 : C, —
Mi(ns1) such that

| (ns)lc, — Bun |l < 1/2”“.

Define ¢\""™(a) = m(ui1)(a)(&) for a € E,;) and identify the image of ¢{""") with
M (C - 1p), i = 1,2,...,n. Let p:Hl = 14, @ €k(n+1) and ppy1 = diag(p,gﬂ, cee
pli1), where p/, | repeats (n+1)! times. Put ¥,,,;(a) = diag(wnﬂ(a), . ,wnﬂ(a)) ,
where 1,11 (a) repeats (n + 1)! many times. Thus the image of W, is identified
with 1M1 (C - 14y ® K)pii. Note that W, (1g,,,) = puii1. Define ¢,41(a) =
T (1) (a)(Eqe1) but identify its image with M(HH);((C - (1 — p,’,ﬂ)) (so its unit is
1g,,, — Pn+1). Define

Ly (a) = diag(a, 6" (a), 67 (a), . . ., 6" (a), dpar (@), Wpir ()

where a € E,;,. Note that diag(¢n+1(a), \I/,,H(a)) € E, 1. Let

Cpy1 = @ ¢,(‘n+l)(En+1) E dni2(Enr) P Pn+1((c 214 ® fK)Pnﬂ and

i=1

Cri1 = PrstMsn(C - 14 @ K) P

It is easy to verify that (E,, L,) forms a generalized inductive limit in the sense
of [BE]. Denote by A the C*-algebra defined by this inductive limit. We will use
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Ly p+k: En — E,4 for the decomposition Lyg—y 0 --- oL, and L, o : E,, — A for the
map induced by the inductive limit. We will also use the fact that |L,(a)|| = ||a]| =
ILnoo(a)|| foralla € E,,n=1,2,....

Let} = I, Ijy1 = Ms1n(I). Then I, =2 Ay ® X and I, is an ideal of E,,. Set
Jo= Usil Ln,oo(In) and J= ]_O-

Proposition 2.6 ] is an ideal of A.

Proof Leta € A and b € ]J. We want to show that ab, ba € J. For any ¢ > 0, there
area’ € |2, Luoo(E,) and b" € Jysuch that [ja — a’|| < eand ||b—b'|| <e. It
suffices to show that a’b’,b’a’ € J. To simplify notation, without loss of generality,
we may assume that a € U;ﬁl Ly oo(E,) and b € J. Therefore, there is an integer

n > 0suchthata = L, (a;) and b = L, oo (b1), where a, € E, and b; € I,,. There
is an integer N > n such that

|| Ly vk © Ly (@) Ly Nk © Ly (B1) — Ly ek (Lo (@) Lan (b)) || < &
for all k > 0. By the definition of L, , L, n(b1) € Iy. Therefore

Ly n+k(Lun (@) Lyn(b1)) € Ingk-

This implies that

dist(ab, J) < e
foralle > 0. Hence ab € J. Similarly ba € J. |
Definition 2.7  Let By = C($*) and Byyy = M(4ny(C(8)), n = 1,2,.... De-

fine h,: B, — By by h,(b) = diag(b, b(&),.. .,b(fn)) ,n=12,....Let B, =
lim, (B,, h,). Then B, is a unital simple C*-algebra with TR(Bo,) = 0 (see Def-
inition 3.2), Ki(Bs) = {0} and Ko(B) = Q. & Z with (Ko(Bso))+ = {(r,m) :
re Q. \{0},mez} U{(0,0)}.

Proposition 2.8 Let m: A — A/ ] be the quotient map. Then w(A) = Bx.

Proof We first show that, for each n, L,, o (E,) N ] = Ly, oo (I).
Leta € E, \ I,. Then, by the construction, for all m > 0,

diSt(Ln,m(a)7 In+rn) Z ||7rn!(a)||7
where 7, : E, — E, /I, is the quotient map. This implies that
dist(Lyoc(a), J) = [|[mm(a)].

Therefore L, oo (E,) N ] = L,, oo (I,,).
Now we have

Lyoo(En)/] = By.
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From the construction there is an isomorphism from L,,(E,) /I,;+1 to L, o (E,)/ J. De-

note by ju: Lyoo(En)/] — Lu+1,00(En+1)/J the map induced by L, and by ~, the
isomorphism from L, o (E,)/J onto B,. We obtain the following intertwining:

Jn
Ln,oo(En)/] —— Ln+1,o<>(En)/]

l Tl l T (n+1)!
h

n,00

Bn e Bn+l .
This implies that B, =2 A/ ]. [ |

3 The Tracial Topological Rank of the C*-Algebra A

Throughout the rest of the paper, we will use fgil (where 0 < 9, < d; < 1) for the
following non-negative continuous function on [0, 00) defined by

1 tZ(S],
] »
=1 F=% & <t<d,
0 t <6,

Definition 3.1 ~ Let a and b be two positive elements in a C*-algebra A. We write
[a] < [b] if there exists x € A such that a = x*x and xx* € bAD, and [a] = [b] if
a = x*x and b = xx*. For more information on this relation, see [Cul], [Cu2] and
[HLX1].

Definition 3.2 ([Ln4] and [HLX1]) Recall that a unital C*-algebra A is said to have
tracial topological rank zero if the following holds: for any ¢ > 0, any finite subset
F C A containing a nonzero elementa € A,,and 0 < 04 < 03 < 0, < 07 < 1,
there is a projection p € A and a finite dimensional C*-subalgebra Bof Awith 15 = p
such that

(1) |lxp — px|| < eforallx € &,
(2) pxp €. Bforallx € F, and
3) [fZ(A=pal—p)] <[f7(pap)].

If A has tracial topological rank zero, we will write TR(A) = 0. If A is non-unital,
we will say that A has tracial topological rank zero if TR(A) = 0.

Lemma 3.3 Let0 < o4 < 03 < 1, thereis 6; = 6(03,04) > 0 such that for any
C*-algebra A, any a,b € A, andx € Awith ||x|| < 1, ||la]| < 1, ||b|| < 1 and any oy,
oy with o3 < 03 < 01 < 1, then ||x*x — a|| < 6 and ||xx* — b|| < &, imply

(7 (@)] < [f5: ()]
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03—04

Proof Leto, = o4 + and let o3 = 04 + 257 It follows from Lemma 1.8 of
[HLX1] that there is 0 (depending only on 04 < 0} < 04 < 03) such that

@] < (£ (")

if |x*x — a|| < d with 0 < 0} < 0, < 01 < 1. On the other hand, by Lemma 1.8 of
[HLX1] that there is (04, 03) > 0, such that if ||xx* — b|| < 0(04, 03),

[f% (ex™)] < [f5 (D).

Since , ,
L7 ) = 1 )
we conclude that

[f7) (@] < [f52(b)].
Note both § and §(oy4, 03) depend only on o3 and o4. [ |

Lemma 3.4 TR(A) =0.

Proof By 1.11 in [HLX1], it suffices to show the following: for any ¢ > 0, any 0 <
0, < o1 < 1, any finite subset F of A and a nonzero element a € A,, there is a
projection p € A and a finite dimensional C*-subalgebra C C A with 1 = p such
that

(1) ||xp — px|| < eforallx € &,
(2) dist(pxp,C) < eforallx € F, and
(3) [ (;721((1 — pla(l — p))} < [f72(pap)] for some 0 < 0y < 03 < 0.

Without loss of generality, we may assume that |ja]] = 1. Fix0 < d, < d; <
min{1/8,0,}. Let 6(d;,d>) > 0 be as in Lemma 3.3. There is an integer n such
that 1/n < £/4, and a finite subset S C E, such that F U {a} C L, (S). Suppose
that L, oo(b) = a, where 0 < b < 1isin E, and ||b]] = 1. We may also assume
Lyoo(S') C Ljoo(F)) where S = SU {cd : ¢,d € S} and where J; is as in Defini-
tion 2.5. Choose a large integer | > (n+1)? such that max{1/2'2,1/I} < 6(d,,d,)/2
and ||1/11(Ln7l,1(b)) H > (1/2)||Lyj—1(B)|| = (1/2)]|b||. Fors € S, we may write (in
E; for some contractive completely positive linear map L)

Lyi(s) = diag(s7 L(s)) with L, (1) = diag( 1g,, L(lEn)) ,

where L(s) € C;. Since Lo is F1—1/(1 + 1)2! - 64imc,/2!-multiplicative, by Proposi-
tion 2.3, there is a homomorphism h: C; — A such that

Ltsolc, = AIF < 1/2'1.
Let p’ = diag(0,L(1g,)). Then p’ € C;. So there is a projection p € h(C;) such

that ||L; o (p’) — p|| < min{1/2/7! &/2}. Since L; o is F1=1/(I + 1)2 - Saimc,/2-
multiplicative, we have
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(1) ||px —xp|| < eforx € Fand
(2) pxp €. h(Cy) forx € F.

To show (3) we consider two cases. The case that b € E, \ I, is rather standard.
We start with case (i): b € (I,,)+. We may assume that

leb — b|| < min{d(dy,d,)/4,e/4}.
Let by = ejbe;and by = Ly, ;—1(by). So ¢y(b]) # 0. In fact ||1;(b])|| > 1/4. We have
Ly i(by) = diag(bl, D, (by), u(by), . . ., ?ﬁl(b{)) )

where ®,,: I, — I; is a contractive completely positive linear map such that ®,,(I,,)
is contained in C/ and ;(b{) repeats I times. Note that ||¢;(b])|| > 1/4. So
diag ([ (b{),...,1/(b])) has an eigenvalue A with A > 1/4 and its rank (in C/)
at least /. We have

[bi] <[e] and (1/4)[e] < [diag(yi(by),...,%i(b))) ],

where 9;(b]) repeats I times. Put ¢ = diag((O, D,(by), (b)), ..., @[J;(b{))) and
b’ = diag(b,0,...,0). Since {”ij}g,j:1 C JF, there is x € JF; such that
X*x=0b" and xx* €C’,

where C’ = ¢,C [e;. Moreover, ¢ admits an eigenvalue A such that A > 1/4 with cor-
responding spectral projection e larger than a projection in C; with rank I. Therefore
there exists v € C; such that

viv=¢ with ¢€C/ and w*<e

Note that fl/4

18 (¢) > e. This implies that z € C; such that

Z*z=xx* and zz*fll/;(c) = zz*.

Let y = Ljoo(x) and "' = (1 — p)Lioo(b')(1 — p). Since L; o is F=1/(1 + 1)2" -
Sdimc,/2!-multiplicative and ||L; oo |, — k|| < 1/2'7}, we have

ly*y =b"[ <1/2'7% and |lyy* — h(xx")| < 1/2'7%
We also estimate that
" = (1 = p)a(1 — p)| < 1/2"7% and ||h(e) — pap| < 1/2".

Moreover,

h(z*z) = h(xx*) and h(zz*)h(fll/;(c)) = h(zz").
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Therefore, by Lemma 3.3,
[ (= plaCt = p) ] < [f3 (hGex") ]
We also have that [ dil (h(xx*))} [ ;l( (zz* )) ]. Therefore

[f(hzz)] < hzz)] < [£2(h©)].
It then follows from Lemma 3.3 again that there are 0 < 04 < 03 < d, such that
(A5 (W)] < 17 (pap)).

Therefore
[£2((1 = p)at = p)) ] < [£7(pap)].
Case (ii): b € (E,)+ \ J,. This part of the proof is just a slight modification of that

of case (i). We note that (for0 < i <nanda € E,) d)(”ﬂ) o L,(a) has the form:

diag (mu(@)(&), 8" (a), ..., 8\ (@), Tu(a) (&) -

Since {&,} is dense in S?, without loss of generality, we may assume that 7, (b) # 0
and n < m < (m+ 1)m < l. By the construction, we may write

Lyi(b) = diag (b, L' (0), ¢}V (), ..., 1"V (b), L"' (b))
where ¢,,(b) repeats m many times and L’ (b), L'’ (b) € C;. Note that
diag(0,L'(b), o0 (D), ..., oWV (), 1" (b))
> diag (0,0, 87"V (D),..., ¢ (D), 0).

Since {u;;} C JF), there is z; € Fj such that

Zizr = diag(b,0,0,...,0) and zz; = diag(0,...,0,b,0),
where b is on the k + 1 place. We also have (in My, (C - 1g,))

[15,] < [diag(0, U™ (D), ..., o0 (b),0)].

There is ¢ € M(j) /i (C - 1g,) such that

c“c=1p and " < diag(0, A (D), L, U (b)), 0).

n

Note also diag(0,b,0,...,0) < diag(0,1g,,0,...,0). Since (Ll,oo)|Mu((C-lsl) isa
homomorphism, the same argument in the proof of case (i) shows that this implies
that

[f7(( = pla(l = p)) ] <[5 (pap)]-
This shows that TR(A) = 0. |

Corollary 3.5 TR(]) =0.

Proof A similar proof shows that TR(J) = 0. [ |
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4 Tracially Quasidiagonal Extensions

Definition 4.1 Let
0—-I—=E—A—0

be a short exact sequence of C*-algebras. Recall that (E, I) is said to be quasidiagonal
if there exists an approximate identity {e,} for I consisting of projections such that

|lena — aey|| — 0 foralla € E.

In [HLX2], the extension (E, I) is said to be tracially quasidiagonal if, for any € > 0,
any nonzero a € E,, any finite subset ¥ C Eandany 0 < 04 < 03 < 0, < 01 < 1,
there exists a C*-subalgebra D C E with 1, = p such that

(1) ||px —xp|| <eforallx € &,

(2) pxp e.Dforallx € F,

(3) DNI= plIpand (D,DN]I) is quasidiagonal, and
@) [f2((1=plat = p))] < [f7 (pap)].

In [HLX2] we showed that if TR(I) = 0 = TR(A) = 0 then TR(E) = 0 if and
only if (E, I) is tracially quasidiagonal.

It is clear that if (E, I) is quasidiagonal, then (E, I) is tracially quasidiagonal. The-
orem 4.4 says that there are tracially quasidiagonal extensions that are not quasidiag-
onal.

Theorem 4.2  The extension
0—-J—A—Byx—0
is tracially quasidiagonall.

Proof One can show directly that the extension is tracially quasidiagonal, but the
proof will be similar to that of Lemma 3.4. Note, however, we have TR(J) = TR(B)
= 0. It follows from [HLX2] that TR(A) = 0 if and only if the extension is tracially
quasidiagonal. ]

Lemma 4.3 Let A, be a sequence of C*-algebras and A = lim,_,(A,, L,) be a
generalized inductive limit (in the sense of [BE]). Suppose that ||L,(a)|| = |\al| for all
a€ A, n=12 ... n Supposealso that p € A is a projection. Then, for any e > 0,
there is n > 0 and a projection e € A, such that

”Ln,oo(e) - P|| <e.
Proof By the definition, there is a sequence {L,, o (ax)}, where a; € A, such that it
converges to p. By replacing ax by (ax + a;)/2, we may assume that a is self-adjoint.

Since p? = p, we have that L, «(a;) — p. Therefore we may assume that

[ Liyoo(ar — ad)|| < 1/281 and  ||L,.00(al) — p|| < 17281
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Since ||L,(a)|| = ||a|| foralla € A,, n = 1,2,..., we may assume that
lap — a2 <172 k=1,2,....
Thus for large k, there is a projection py € A such that
llax — pill < 1/2%,

We have
P — Lioo (Pl < €

provided that k is large enough. ]
Theorem 4.4 RR(A) # 0.

Proof Suppose that RR(A) = 0. Then RR(J) = 0. It follows from [Zh] that the
following holds. If p € A/] is a projection, then there is a projection g € A such
that 7(g) = p. Since By is a simple unital AT-algebra, there is a projection p € By,
such that [p] = (1, 1). If there were a projection q € A such that w(q) = p, then, by
Lemma 4.3, there were an integer n > 0 and a projection e € E, such that

ILnoo(e) — gl < 1/4.

Let 7, : E, — B, be the quotient map. From the commutative diagram

Lyoo

E, — A

n,00

B, —— By
we conclude that m,y(e) = p,, is a projection in B, and hy, o (p,) = m 0 L, o (e). Set
r=mo L, (e). Thenr € By is a projection such that

[r—pll <1/4.

Therefore [r] = [p] in Ko(Bo). In other words, [h,o(ps)] = [p] = (1,1) in
Ky(Bso). From the definition, this implies that [p,] = (n!,1) in Ky(B,) and
(ma)«([e]) = (n!,1). However, since d(n!,1) # 0 in K;(I,), such e (in E,) does
not exist, a contradiction. So RR(A) # 0. [ |

Corollary 4.5  The extension
0—J]—A—By,—0
is not quasidiagonal.

Proof The proof of Theorem 4.4 shows that 9: Ky(Bo,) — K;(J) is not zero. It
follows from [S] (see also [Sch]) that the extension is not quasidiagonal. This also
follows from the fact: If ] is o-unital, the extension is quasidiagonal and RR(J) =
RR(Bs,) = 0, then RR(A) = 0. |
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